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Preface

The second edition of this book contains several major improvements over the first edition.
Some of these improvements involve format and presentation philosophy, and some of the
changes involve old material which has been deleted and new material which has been
added.

Each chapter begins with a chapter table of contents. The first figure carries a sketch
of the application used as the example problem in the chapter. Section 1 of each chapter is
an introduction to the chapter, which discusses the example application, the general subject
matter of the chapter, special features, and solution approaches. The objectives of the
chapter are presented, and the organization of the chapter is illustrated pictorially. Each
chapter ends with a summary section, which presents a list of recommendations, dos and
don’ts, and a list of what you should be able to do after studying the chapter. This list is
actually an itemization of what the student should have learned from the chapter. It serves
as a list of objectives, a study guide, and a review guide for the chapter.

Chapter 0, Introduction, has been added to give a thorough introduction to the book
and to present several fundamental concepts of relevance to the entire book.

Chapters 1 to 6, which comprise Part I, Basic Tools of Numerical Analysis, have
been expanded to include more approaches for solving problems. Discussions of pitfalls of
selected algorithms have been added where appropriate. Part I is suitable for second-
semester sophomores or first-semester juniors through beginning graduate students.

Chapters 7 and 8, which comprise Part II, Ordinary Differential Equations, have
been rewritten to get to the methods for solving problems more quickly, with less emphasis
on theory. A new section presenting extrapolation methods has been added in Chapter 7.
All of the material has been rewritten to flow more smoothly with less repetition and less
theoretical background. Part II is suitable for juniors through graduate students.

Chapters 9 to 15 of the first edition, which comprised Part III, Partial Differential
Equations, has been shortened considerably to only four chapters in the present edition.
Chapter 9 introduces elliptic partial differential equations. Chapter 10 introduces parabolic
partial differential equations, and Chapter 11 introduces hyperbolic partial differential
equations. These three chapters are a major condensation of the material in Part III of the
first edition. The material has been revised to flow more smoothly with less emphasis on
theoretical background. A new chapter, Chapter 12, The Finite Element Method, has been
added to present an introduction to that important method of solving differential equations.

A new section, Programs, has been added to each chapter. This section presents
several FORTRAN programs for implementing the algorithms developed in each chapter
to solve the example application for that chapter. The application subroutines are written in
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a form similar to pseudocode to facilitate the implementation of the algorithms in other
programming languages.

More examples and more problems have been added throughout the book.
The overall objective of the second edition is to improve the presentation format and

material content of the first edition in a manner that not only maintains but enhances the
usefullness and ease of use of the first edition.

Many people have contributed to the writing of this book. All of the people
acknowledged in the Preface to the First Edition are again acknowledged, especially my
loving wife, Cynthia Louise Hoffman. My many graduate students provided much help
and feedback, especially Drs. D. Hofer, R. Harwood, R. Moore, and R. Stwalley. Thanks,
guys. All of the figures were prepared by Mr. Mark Bass. Thanks, Mark. Once again, my
expert word processing specialist, Ms. Janice Napier, devoted herself unsparingly to this
second edition. Thank you, Janice. Finally, I would like to acknowledge my colleague, Mr.
B. J. Clark, Executive Acquisitions Editor at Marcel Dekker, Inc., for his encouragement
and support during the preparation of both editions of this book.

Joe D. Hoffman
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Introduction

0.1. Objective and Approach
0.2. Organization of the Book
0.3. Examples
0.4. Programs
0.5. Problems
0.6. Significant Digits, Precision, Accuracy, Errors, and Number Representation
0.7. Software Packages and Libraries
0.8. The Taylor Series and the Taylor Polynomial

This Introduction contains a brief description of the objectives, approach, and organization
of the book. The philosophy behind the Examples, Programs, and Problems is discussed.
Several years’ experience with the first edition of the book has identified several simple,
but significant, concepts which are relevant throughout the book, but the place to include
them is not clear. These concepts, which are presented in this Introduction, include the
definitions of significant digits, precision, accuracy, and errors, and a discussion of number
representation. A brief description of software packages and libraries is presented. Last,
the Taylor series and the Taylor polynomial, which are indispensable in developing and
understanding many numerical algorithms, are presented and discussed.

0.1 OBJECTIVE AND APPROACH

The objective of this book is to introduce the engineer and scientist to numerical methods
which can be used to solve mathematical problems arising in engineering and science that
cannot be solved by exact methods. With the general accessibility of high-speed digital
computers, it is now possible to obtain rapid and accurate solutions to many complex
problems that face the engineer and scientist.

The approach taken is as follows:

1. Introduce a type of problem.
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2. Present sufficient background to understand the problem and possible methods
of solution.

3. Develop one or more numerical methods for solving the problem.
4. Illustrate the numerical methods with examples.

In most cases, the numerical methods presented to solve a particular problem proceed from
simple methods to complex methods, which in many cases parallels the chronological
development of the methods. Some poor methods and some bad methods, as well as good
methods, are presented for pedagogical reasons. Why one method does not work is almost
as important as why another method does work.

0.2 ORGANIZATION OF THE BOOK

The material in the book is divided into three main parts.:

I. Basic Tools of Numerical Analysis
II. Ordinary Differential Equations

III. Partial Differential Equations :

Part I considers many of the basic problems that arise in all branches of engineering
and science. These problems include: solution of systems of linear algebraic equations,
eigenproblems, solution of nonlinear equations, polynomial approximation and interpola-
tion, numerical differentiation and difference formulas, and numerical integration. These
topics are important both in their own right and as the foundation for Parts II and III.

Part II is devoted to the numerical solution of ordinary differential equations
(ODEs). The general features of ODEs are discussed. The two classes of ODEs (i.e.,
initial-value ODEs and boundary-value ODEs) are introduced, and the two types of
physical problems (i.e., propagation problems and equilibrium problems) are discussed.
Numerous numerical methods for solving ODEs are presented.

Part III is devoted to the numerical solution of partial differential equations (PDEs).
Some general features of PDEs are discussed. The three classes of PDEs (i.e., elliptic
PDEs, parabolic PDEs, and hyperbolic PDEs) are introduced, and the two types of physical
problems (i.e., equilibrium problems and propagation problems) are discussed. Several
model PDEs are presented. Numerous numerical methods for solving the model PDEs are
presented.

The material presented in this book is an introduction to numerical methods. Many
practical problems can be solved by the methods presented here. Many other p[actical
problems require other or more advanced numerical methods. Mastery of the material
presented in this book will prepare engineers and scientists to solve many of their ex)eryday
problems, give them the insight to recognize when other methods are required, and give
them the background to study other methods in other books and journals.

0.3 EXAMPLES

All of the numerical methods presented in this book are illustrated by applying them to
solve an example problem. Each chapter has one or two example problems, which are
solved by all of the methods presented in the chapter. This approach allows the analyst to
compare various methods for the same problem, so accuracy, efficiency, robustness, and
ease of application of the various methods can be evaluated.
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Most of the example problems are rather simple and straightforward, thus allowing
the special features of the various methods to be demonstrated clearly. All of the example
problems have exact solutions, so the errors of the various methods can be compared. Each
example problem begins with a reference to the problem to be solved, a description of the
numerical method to be employed, details of the calculations for at least one application of
the algorithm, and a summary of the remaining results. Some comments about the solution
are presented at the end of the calculations in most cases.

0.4 PROGRAMS

Most numerical algorithms are generally expressed in the form of a computer program.
This is especially true for algorithms that require a lot of computational effort and for
algorithms that are applied many times. Several programming languages are available for
preparing computer programs: FORTRAN, Basic, C, PASCAL, etc., and their variations,
to name a few. Pseudocode, which is a set of instructions for implementing an algorithm
expressed in conceptual form, is also quite popular. Pseudocode can be expressed in the
detailed form of any specific programming language.

FORTRAN is one of the oldest programming languages. When carefully prepared,
FORTRAN can approach pseudocode. Consequently, the programs presented in this book
are written in simple FORTRAN. There are several vintages of FORT_RAN: FORTRAN I,
FORTRAN II, FORTRAN 66, 77, and 90. The programs presented in this book are
compatible with FORTRAN 77 and 90.

Several programs are presented in each chapter for implementing the more
prominent numerical algorithms presented in the chapter. Each program is applied to
solve the example problem relevant to that chapter. The implementation of the numerical
algorithm is contained within a completely self-contained application subroutine which
can be used in other programs. These application subroutines are written as simply as
possible so that conversion to other programming languages is as straightforward as
possible. These subroutines can be used as they stand or easily modified for other
applications.

Each application subroutine is accompanied by a program main. The variables
employed in the application subroutine are defined by comment statements in program
main. The numerical values of the variables are defined in program main,which then calls
the application subroutine to solve the example problem and to print the solution. These
main programs are not intended to be convertible to other programming languages. In
some problems where a function of some type is part of the specification of the problem,
that function is defined in a function subprogram which is called by the application
subroutine.

FORTRAN compilers do not distinguish between uppercase and lowercase letters.
FORTRAN programs are conventionally written in uppercase letters. However, in this
book, all FORTRAN programs are written in lowercase letters.

0.5 PROBLEMS

Two types of problems are presented at the end of each chapter:

1. Exercise problems
2. Applied problems
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Exercise problems are straightforward problems designed to give practice in the
application of the numerical algorithms presented in each chapter. Exercise problems
emphasize the mechanics of the methods.

Applied problems involve more applied engineering and scientific applications
which require numerical solutions.

Many of the problems can be solved by hand calculation. A large number of the
problems require a lot of computational effort. Those problems should be solved by
writing a computer program to perform the calculations. Even in those cases, however, it is
recommended that one or two passes through the algorithm be made by hand calculation to
ensure that the analyst fully understands the details of the algorithm. These results also can
be used to validate the computer program.

Answers to selected problems are presented in a section at the end of the book. All of
the problems for which answers are given are denoted by an asterisk appearing with the
corresponding problem number in the problem sections at the end of each chapter. The
Solutions Manual contains the answers to nearly all of the problems.

0.6 SIGNIFICANT DIGITS, PRECISION, ACCURACY, ERRORS, AND
NUMBER REPRESENTATION

Numerical calculations obviously involve the manipulation (i.e., addition, multiplication,
etc.) of numbers. Numbers can be integers (e.g., 4, 17, -23, etc.), fractions (e.g., 
-2/3, etc.), or an inifinite string of digits (e.g., n--3.1415926535...). When dealing
with numerical values and numerical calculations, there are several concepts that must be
considered: ,

1. Significant digits
2. Precision and accuracy
3. Errors
4. Number representation

These concepts are discussed briefly ha this section.

Significant Digits

The significant digits, or figures, in a number are the digits of the number which are
known to be correct. Engineering and scientific calculations generally begin with a set of
data having a known number of significant digits. When these numbers are processed
through a numerical algorithm, it is important to be able to estimate how many significant
digits are present in the final computed result.

Precision and Accuracy

Precision refers to how closely a number represents the number it is representing.
Accuracy refers to how closely a number agrees with the true value of the number it is
representing.

Precision is governed by the number of digits being carried in the numerical
calculations. Accuracy is governed by the errors in the numerical approximation, precision
and accuracy are quantified by the errors in a numerical calculation.
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Errors

The accuracy of a numerical calculation is quantified by the error of the calculation.
Several types of errors can occur in numerical calculations.

1. Errors in the parameters of the problem (assumed nonexistent).
2. Algebraic errors in the calculations (assumed nonexistent).
3. Iteration errors.
4. Approximation errors.
5. Roundoff errors.

Iteration error is the error in an iterative method that approaches the exact solution
of an exact problem asymptotically. Iteration errors must decrease toward zero as the
iterative process progresses. The iteration error itself may be used to determine the
successive approximations to the exact solution. Iteration errors can be reduced to the limit
of the computing device. The errors in the solution of a system of linear algebraic
equations by the successive-over-relaxation (SOR) method presented in Section 1.5 are
examples of this type of error.

Approximation error is the difference between the exact solution of an exact
problem and the exact solution of an approximation of the exact problem. Approximation
error can be reduced only by choosing a more accurate approximation of the exact
problem. The error in the approximation of a function by a polynomial, as described in
Chapter 4, is an example of this type of error. The error in the solution of a differential
equation where the exact derivatives are replaced by algebraic difference approximations,
which have mmcation errors, is another example of this type of error.

Rouudoff error is the error caused by the finite word length employed in the
calculations. Roundoff error is more significant when small differences between large
numbers are calculated. Most computers have either 32 bit or 64 bit word length,
corresponding to approximately 7 or 13 significant decimal digits, respectively. Some
computers have extended precision capability, which increases the number of bits to 128.
Care must be exercised to ensure that enough significant digits are maintained in numerical
calculations so that roundoff is not significant.

Number Representation

Numbers are represented in number systems. Any number of bases can be employed as
the base of a number system, for example, the base 10 (i.e., decimal) system, the base 
(i.e., octal) system, the base 2 (i.e., binary) system, etc. The base 10, or decimal, system 
the most common system used for human communication. Digital computers use the base
2, or binary, system. In a digital computer, a binary number consists of a number of binary
bits. The number of binary bits in a binary number determines the precision with which the
binary number represents a decimal number. The most common size binary number is a 32
bit number, which can represent approximately seven digits of a decimal number. Some
digital computers have 64 bit binary numbers, which can represent 13 to 14 decimal digits.
In many engineering and scientific calculations, 32 bit arithmetic is adequate. However, in
many other applications, 64 bit arithmetic is required. In a few special situations, 128 bit
arithmetic may be required. On 32 bit computers, 64 bit arithmetic, or even 128 bit
arithmetic, can be accomplished using software enhancements. Such calculations are
called double precision or quad precision, respectively. Such software enhanced pre-
cision can require as much as 10 times the execution time of a single precision calculation.
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Consequently, some care must be exercised when deciding whether or not higher precision
arithmetic is required. All of the examples in this book are evaluated using 64 bit
arithmetic to ensure that roundoff is not significant.

Except for integers and some fractions, all binary representations of decimal
numbers are approximations, owing to the finite word length of binary numbers. Thus,
some loss of precision in the binary representation of a decimal number is unavoidable.
When binary numbers are combined in arithmetic operations such as addition, multi-
plication, etc., the true result is typically a longer binary number which cannot be
represented exactly with the number of available bits in the binary number capability of
the digital computer. Thus, the results are rounded off in the last available binary bit. This
rounding off gives rise to roundoff error, which can accumulate as the number of
calculations increases.

0.7 SOFTWARE PACKAGES AND LIBRARIES

Numerous commercial software packages and libraries are available for implementing the
numerical solution of engineering and scientific problems. Two of the more versatile
software packages are Mathcad and Matlab. These software packages, as well as several
other packages and several libraries, are listed below with a brief description of each one
and references to sources for the software packages and libraries.

A. Software Packages

Excel Excel is a spreadsheet developed by Microsoft, Inc., as part of Microsoft Office. It
enables calculations to be performed on rows and columns of numbers. The calculations to
be performed are specified for each column. When any number on the spreadsheet is
changed, all of the calculations are updated. Excel contains several built-in numerical
algorithms. It also includes the Visual Basic programming language and some plotting
capability. Although its basic function is not numerical analysis, Excel can be used
productively for many types of numerical problems. Microsoft, Inc. www.microsoft.com/
office/Excel.

Macsyma Macsyma is the world’s first artificial intelligence .based math engine
providing easy to use, powerful math software for both symbolic and numerical comput-
ing. Macsyma, Inc., 20 Academy St., Arlington, MA 02476-6412. (781) 646-4550,
webmaster@macsyma.com, www.macsyma.com.

Maple Maple 6 is a technologically advanced computational system with both
algorithms and numeric solvers. Maple 6 includes an extensive set of NAG (Numerical
Algorithms Group) solvers forcomputational linear algebra. Waterloo Maple, Inc., 57 Erb
Street W., Waterloo, Ontario, Canada N2L 6C2. (800) 267-6583, (519) 747-2373,
info@maplesoft.com, www.maplesoft.com.

Mathematica Mathematica 4 is a comprehensive software package which p,erforms
both symbolic and numeric computations. It includes a flexible and intuitive programming
language and comprehensive plotting capabilities. Wolfram Research, Inc., 100 Trade
Center Drive, Champaign IL 61820-7237. (800) 965-3726, (217) 398-0700, info@
wolfram.corn, www.wolfram.com.

Mathcad Mathcad 8 provides a free-form interface which permits the integration of
real math notation, graphs, and text within a single interactive worksheet. It includes
statistical and data analysis functions, powerful solvers, advanced matrix manipulation,
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and the capability to create your own functions. Mathsoft, Inc., 101 Main Street,
Cambridge, MA 02142-1521. (800) 628-4223, (617) 577-1017, info@mathsoft.com,
www.mathcad.com.

Matlab Matlab is an integrated computing environment that combines numeric
computation, advanced graphics and visualization, and a high-level programming
language. It provides core mathematics and advanced graphics tools for data analysis,
visualization, and algorithm and application development, with more than 500 mathe-
matical, statistical, and engineering functions. The Mathworks, Inc., 3 Apple Hill Drive,
Natick, MA 01760-2090. (508) 647-7000, info@mathworks.com, www.mathworks.com.

B. Libraries

GAMS GAMS (Guide to Available Mathematical Software) is a guide to over 9000
software modules contained in some 80 software packages at NIST (National Institute for
Standards and Technology) and NETLIB. gams.nist.gov.

IMSL IMSL (International Mathematics and Statistical Library) is a comprehensive
resource of more than 900 FORTRAN subroutines for use in general mathematics and
statistical data analysis. Also available in C and Java. Visual Numerics, Inc., 1300 W. Sam
Houston Parkway S., Suite 150, Houston TX 77042. (800) 364-8880, (713) 781-9260,
info@houston.vni.com, www.vni.com.

LAPACK LAPACK is a library of FORTRAN 77 subroutines for solving linear
algebra problems and eigenproblems. Individual subroutines can be obtained through
NETLIB. The complete package can be obtained from NAG.

NAG NAG is a mathematical software library that contains over 1000 mathematical
and statistical functions. Available in FORTRAN and C. NAG, Inc., 1400 Opus Place,
Suite 200, Downers Grove, IL 60515-5702. (630) 971-2337, naginfo@nag.com,
www.nag.com.

NETLIB NETLIB is a large collection of numerical libraries, netlib@research.att.
com, netlib@ornl.gov, netlib@nec.no.

C. Numerical Recipes

Numerical Recipes is a book by William H. Press, Brian P. Flarmery, Saul A. Teukolsky,
and William T. Vetterling. It contains over 300 subroutines for numerical algorithms.
Versions of the subroutines are available in FORTRAN, C, Pascal, and Basic. The source
codes are available on disk. Cambridge University Press, 40 West 20th Street, New York,
NY 10011. www.cup.org.

0.8 THE TAYLOR SERIES AND THE TAYLOR POLYNOMIAL

A power series in powers of x is a series of the form

Y~.anx~ = ao + a~x + azx2 +...
n=O

A power series in powers of (x - x0) is given 

~ an(x - Xo)" = o +at(x - Xo) + az(x -- X0)2 --{ - ¯ ¯ ¯
n=0

(0.1)

(0.2)
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Within its radius of convergence, r, any continuous function, f(x), can be represented
exactly by a power series. Thus,

f(x) = ~ a,(x - Xo)" (0.3)
n=0

is continuous for (x0 - r) < x < (xo + r).

A. Taylor Series in One Independent Variable

If the coefficients, an, in Eq. (0.3) are given by the rule:
a0 =f(xo) ’ al = ~.f,(xo) ’ a2 1 " x ,

= ~f (0) ... (0.4)

then Eq. (0.3) becomes the Taylor series off(x) at x o.Thus,

f(x) =f(xo) ~.f’(xo)(X - Xo) + ~ f" (xo)(X - Xo)2 +... (0.5)

Equation (0.5) can be written in the simpler appearing form

, 1 ,, ~ lf(n)Ax~f(x) =fo +f~Ax + -~f~ ~ +. .. + n! o + "" (0.6)

wherefo = f (xo),f(n) = df(") / ", and Ax= (x - Xo)Equation (056)can bewrittenin the
compact form

f(x) = Y~ ~fot")(x - Xo)" , (0.7)
n=0 n!

When x0 = 0, the Taylor series is known as the Madaurin series. In that case, Eqs.
(0.5) and (0.7) become

f(x) =f(0) + f’(O)x + ½ f"(O)x2 +... (0.8)

f(x) = (n)(0)x~ (0.9)

It is, of course, impractical to evaluate an infinite Taylor series term by term. The
Taylor series can be written as the finite Taylor series, also known as the Taylor formula or
Taylor polynomial with remainder, as follows:

f(x) =/(Xo) + f’(xo)(X - Xo) + l_g f,,(Xo)( x _ Xo)2 +...

(0.10)1

+ ~.f(")(Xo)(X n + Rn+l

where the term Rn+l is the remainder term given by

R,+I _ 1 f(n+l)(~)(x - Xo)"+1 (0.11)
(n + 1)!~

where ~ lies between x0 and x. Equation (0. i0) is quite useful in numerical analysis, where
an approximation off@) is obtained by truncating the remainder term.
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B. Taylor Series in Two Independent Variables

Power series can also be written for functions of more than one independent variable. For a
function of two independent variables,f (x, y), the Taylor series off(x, y) at 0, Y0) is given
by

f(x,y) =fo + ~-~fx o(X-Xo)+-~ o(y-yo)

~l /°2fl x\ 2.02( (x ~--~f2 o(y-yo)2) 
+ I~x2 °(-xo)~+ oXoylo -Xo)(y-yo)+

"’"

(0.12)

Equation (0.12) can be written in the general form

f(x,Y) = n~=o~ (X- Xo)-~x+ (y- yo)-~ f(x,y)lo (0.13)

where the term (...)n is expanded by the binomial expansion and the resulting expansion
operates on the function f (x, y) and is evaluated at (xo,Yo).

The Taylor formula with remainder for a function of two independent variables is
obtained by evaluating the derivatives in the (n + 1)st term at the point (¢, r/), where (¢, 
lies in the region between points (xo, Yo) and (x, y).



Basic Tools of Numerical Analysis

1.1. Systems of Linear Algebraic Equations
1.2. Eigenproblems
1.3. Roots of Nonlinear Equations
1.4. Polynomial Approximation and Interpolation
1.5. Numerical Differentiation and Difference Formulas
1.6. Numerical Integration
1.7. Summary

Many different types of algebraic processes are required in engineering and science. These
processes include the solution of systems of linear algebraic equations, the solution of
eigenproblems, finding the roots of nonlinear equations, polynomial approximation and
interpolation, numerical differentiation and difference formulas, and numerical integration.
These topics are not only important in their own right, they lay the foundation for the
solution of ordinary and partial differential equations, which are discussed in Parts II and
III, respectively. Figure I. 1 illustrates the types of problems considered in Part I.

The objective of Part I is to introduce and discuss the general features of each of
these algebraic processes, which are the basic tools of numerical analysis.

1.1 SYSTEMS OF LINEAR ALGEBRAIC EQUATIONS

Systems of equations arise in all branches of engineering and science. These equations
may be algebraic, transcendental (i.e., involving trigonometric, logarithmic, exponential,
etc., functions), ordinary differential equations, or partial differential equations. The
equations may be linear or nonlinear. Chapter 1 is devoted to the solution of systems of
linear algebraic equations of the following form:

a] ix1 + al2x2 -q- al3x3 q- ¯ .. + alnXn = b~

a21xI q- a22x2 q- a23x3 q- ¯ ¯ ¯ q- a2,xn = b2

anlX1 q-- an2x2 q- an3X3 q- ... q- annXn = bn

(I.la)

(I. lb)

(I. 1 n)

11
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where xj (j = 1, 2 ..... n) denotes the unknown variables, aid (i,j = 1,2 ..... n) denotes
the coefficients of the unknown variables, and bi (i = 1, 2 ..... n) denotes the nonhomo-
geneous terms. For the coefficients aid, the first subscript i corresponds to equation i, and
the second subscriptj corresponds to variable xj. The number of equations can range from
two to hundreds, thousands, and even millions.

Systems of linear algebraic equations arise in many different problems, for example,
(a) network problems (e.g., electrical networks), (b) fitting approximating functions 
Chapter 4), and (c) systems of finite difference equations that arise in the numerical

¯ solution of differential equations (see Chapters 7 to 12). The list is endless. Figure I.la
illustrates a static spring-mass system, whose static equilibrium configuration is governed
by a system of linear algebraic equations. That system of equations is used throughout
Chapter 1 as an example problem.

(a) Static spring-mass system. (b) Dynamic spring-mass system.

f(x)

(c) Roots of nonlinear equations.

f(x)

Figure 1.1

(d) Polynomial approximation and interpolation.

f(x)’

x x

(f) Numerical integration.

Basic tools of numerical analysis. (a) Static spring-mass system. (b) Dynamic spring-

(e) Numerical differentiation.

mass system. (c) Roots of nonlinear equations. (d) Polynomial approximation and interpolation.
(e) Numerical differentiation. (f) Numerical integration.
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Systems of linear algebraic equations can be expressed very conveniently in terms of
matrix notation. Solution methods can be developed very compactly in terms of matrix
notation. Consequently, the elementary properties of matrices and determinants are
reviewed at the beginning of Chapter 1.

Two fundamentally different approaches can be used to solve systems of linear
algebraic equations:

1. Direct methods
2. Iterative methods

Direct methods are systematic procedures based on algebraic elimination. Several direct
elimination methods, for example, Gauss elimination, are presented in Chapter 1. Iterative
methods obtain the solution asymptotically by an iterative procedure in which a trial
solution is assumed, the trial solution is substituted into the system of equations to
determine the mismatch, or error, and an improved solution is obtained from the mismatch
data. Several iterative methods, for example, successive-over-relaxation (SOR), are
presented in Chapter 1.

The notation, concepts, and procedures presented in Chapter 1 are used throughout
the remainder of the book. A solid understanding of systems of linear algebraic equations
is essential in numerical analysis.

1.2 EIGENPROBLEMS

Eigenproblems arise in the special case where a system of algebraic equations is
homogeneous; that is, the nonhogeneous terms, bi in Eq. (I.1), are all zero, and the
coefficients contain an unspecified parameter, say 2. In general, when bi -~ O, the only
solution to Eq. (I.1) is the trivial solution, 1 =x2... .. x n = 0. However, when the
coefficients aid contain an unspecified parameter, say 2, the value of that parameter can be
chosen so that the system of equations is redundant, and an infinite number of solutions
exist. The unspecified parameter 2 is an eigenvalue of the system of equations. For
example,

(all -- )~)x1 + al2x2 = 0 (I.2a)

azlx1 ~- (a22 -- ),)x2 = 0 (I.2b)

is a linear eigenproblem. The value (or values) of 2 that make Eqs. (I.2a) and (I.2b)
identical are the eigenvalues of Eqs. (I.2). In that case, the two equations are redundant, 
the only unique solution is xI = x2 = 0. However, an infinite number of solutions can be
obtained by specifying either xl or x2, then calculating the other from either of the two
redundant equations. The set of values ofx1 and x2 corresponding to a particular value of 2
is an eigenvector of Eq. (I.2). Chapter 2 is devoted to the solution of eigenproblems.

Eigenproblems arise in the analysis of many physical systems. They arise in the
analysis of the dynamic behavior of mechanical, electrical, fluid, thermal, and structural
systems. They also arise in the analysis of control systems. Figure I.lb illustrates a
dynamic spring-mass system, whose dynamic equilibrium configuration is governed by a
system of homogeneous linear algebraic equations. That system of equations is used
throughout Chapter 2 as an example problem. When the static equilibrium configuration of
the system is disturbed and then allowed to vibrate freely, the system of masses will
oscillate at special frequencies, which depend on the values of the masses and the spring
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constants. These special frequencies are the eigenvalues of the system. The relative values
of x~, x2, etc. corresponding to each eigenvalue 2 are the eigenvectors of the system.

The objectives of Chapter 2 are to introduce the general features of eigenproblems
and to present several methods for solving eigenproblems. Eigenproblems are special
problems of interest only in themselves. Consequently, an understanding of eigenproblems
is not essential to the other concepts presented in this book.

1.3 ROOTS OF NONLINEAR EQUATIONS

Nonlinear equations arise in many physical problems. Finding their roots, or zeros, is a
common problem. The problem can be stated as follows:

Given the continuous nonlinear functionf(x), find the value of x = e such that

f(~) = 

where ~ is the root, or zero, of the nonlinear equation. Figure I.lc illustrates the problem
graphically. The function f (x) may be an algebraic function, a transcendental function, the
solution of a differential equation, or any nonlinear relationship between an input x and a
response f(x). Chapter 3 is devoted to the solution of nonlinear equations.

Nonlinear equations are solved by iterative methods. A trial solution is assumed, the
trial solution is substituted into the nonlinear equation to determine the error, or mismatch,
and the mismatch is used in some systematic manner to generate an improved estimate of
the solution. Several methods for finding the roots of nonlinear equations are presented in
Chapter 3. The workhorse methods of choice for solving nonlinear equations are Newton’s
method and the secant method. A detailed discussion of finding the roots of polynomials is
presented. A brief introduction to the problems of solving systems of nonlinear equations
is also presented.

Nonlinear equations occur throughout engineering and science. Nonlinear equations
also arise in other areas of numerical analysis. For example, the shooting method for
solving boundary-value ordinary differential equations, presented in Section 8.3, requires
the solution of a nonlinear equation. Implicit methods for solving nonlinear differential
equations yield nonlinear difference equations. The solution of such problems is discussed
in Sections 7.11, 8.7, 9.11, 10.9, and 11.8. Consequently, a thorough understanding of
methods for solving nonlinear equations is an essential requirement for the numerical
analyst.

1.4 POLYNOMIAL APPROXIMATION AND INTERPOLATION

In many problems in engineering and science, the data under consideration are known only
at discrete points, not as a continuous function. For example, as illustrated in Figure I. 1 d,
the continuous function f(x) may be known only at n discrete values of x:

Yi = y(xi) (i = 1, 2,..., (1.3)

Values of the function at points other than the known discrete points may be needed
(i.e., interpolation). The derivative of the function at some point may be needed (i.e.,
differentiation). The integral of the function over some range may be required (i.e.,
integration). These processes, for discrete data, are performed by fitting an approximating
function to the set of discrete data and performing the desired processes on the
approximating function. Many types of approximating functions can be used.
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Because of their simplicity, ease of manipulation, and ease of evaluation, poly-
nomials are an excellent choice for an approximating function. The general nth-degree
polynomial is specified by

Pn(X) = 0 q- alx q- a2x2 +... q - anx~ (1.4)

Polynomials can be fit to a set of discrete data in two ways:

1. Exact fit
2. Approximate fit

An exact fit passes exactly through all the discrete data points. Direct fit polynomials,
divided-difference polynomials, and Lagrange polynomials are presented in Chapter 4 for
fitting nonequally spaced data or equally spaced data. Newton difference polynomials are
presented for fitting equally spaced data. The least squares procedure is presented for
determining approximate polynomial fits.

Figure I.ld illustrates the problem of interpolating within a set of discrete data.
Procedures for interpolating within a set of discrete data are presented in Chapter 4.

Polynomial approximation is essential for interpolation, differentiation, and integra-
tion of sets of discrete data. A good understanding of polynomial approximation is a
necessary requirement for the numerical analyst.

1.5 NUMERICAL DIFFERENTIATION AND DIFFERENCE FORMULAS

The evaluation of derivatives, a process known as differentiation, is required in many
problems in engineering and science. Differentiation of the function f(x) is denoted by

d
-~x (f(x)) =f’(x)

(1.5)

The function f(x) may be a known function or a set of discrete data. In general, known
functions can be differentiated exactly. Differentiation of discrete data requires an
approximate numerical procedure. Numerical differentiation formulas can be developed
by fitting approximating functions (e.g., polynomials) to a set of discrete data and
differentiating the approximating function. For polynomial approximating functions, this
yields

Figure I.le illustrates the problem of numerical differentiation of a set of discrete
data. Numerical differentiation procedures are developed in Chapter 5.

The approximating polynomial may be fit exactly to a set of discrete data by the
methods presented in Chapter 4, or fit approximately by the least squares procedure
described in Chapter 4. Several numerical differentiation formulas based on differentiation
of polynomials are presented in Chapter 5.

Numerical differentiation formulas also can be developed using Taylor series. This
approach is quite useful for developing difference formulas for approximating exact
derivatives in the numerical solution of differential equations. Section 5.5 presents a table
of difference formulas for use in the solution of differential equations.

Numerical differentiation of discrete data is not required very often. However, the
numerical solution of differential equations, which is the subject of Parts II and III, is one
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of the most important .areas of numerical analysis. The use of difference formulas is
essential in that application.

h6 NUMERICAL INTEGRATION

The evaluation of integrals, a process known as integration, or quadrature, is required in
many problems in engineering and science. Integration of the functionf(x) is denoted 

I = f(x) (I.7)
a

The function f(x) may be a known function or a set of discrete data. Some known
functions have an exact integral. Many known functions, however, do not have an exact
integral, and an approximate numerical procedure is required to evaluate Eq. (I.7). When 
known function is to be integrated numerically, it must first be discretized. Integration of
discrete data always requires an approximate numerical procedure. Numerical integration
(quadrature) formulas can be developed by fitting approximating functions (e.g., poly-
nomials) to a set of discrete data and integrating the approximating function. For
polynomial approximating functions, this gives

I = dx ~- P,(x) (I.8)

Figure I. 1 f illustrates the problem of numerical integration of a set of discrete data.
Numerical integration procedures are developed in Chapter 6.

The approximating function can be fit exactly to a set of discrete data by direct fit
methods, or fit approximately by the least squares method. For unequally spaced data,
direct fit polynomials can be used. For equally spaced data, the Newton forward-difference
polynomials of different degrees can be integrated to yield the Newton-Cotes quadrature
formulas. The most prominent of these are the trapezoid rule and Simpson’s 1/3 rule.
Romberg integration, which is a higher-order extrapolation of the trapezoid rule, is
introduced. Adaptive integration, in which the range of integration is subdivided auto-
matically until a specified accuracy is obtained, is presented. Gaussian quadrature, which
achieves higher-order accuracy for integrating known functions by specifying the locations
of the discrete points, is presented. The evaluation of multiple integrals is discussed.

Numerical integration of both known functions and discrete data is a common
problem. The concepts involved in numerical integration lead directly to numerical
methods for solving differential equations.

1.7 SUMMARY

Part I of this book is devoted to the basic tools of numerical analysis. These topics are

important in their own fight. In addition, they provide the foundation for the solution of -
ordinary and partial differential equations, which are discussed in Parts II and III,
respectively. The material presented in Part I comprises the basic language of numerical
analysis. Familiarity and mastery of this material is essential for the understanding and use
of more advanced numerical methods.
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The Jacobi iteration method
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1.1 INTRODUCTION

The static mechanical spring-mass system illustrated in Figure 1.1 consists of three masses
m~ to m3, having weights W1 to W3, interconnected by five linear springs K~ to K5. In the
configuration illustrated on the left, the three masses are supported by forces F~ to F3 equal
to weights W~ to W3, respectively, so that the five springs are in a stable static equilibrium
configuration. When the supporting forces F1 to F3 are removed, the masses move
downward and reach a new static equilibrium configuration, denoted by x~, x2, and x3,
where x~, x2, and x3 are measured from the original locations of the corresponding masses.
Free-body diagrams of the three masses are presented at the bottom of Figure 1.1.
Performing a static force balance on the three masses yields the following system of three
linear algebraic equations:

(X 1 q-X 2-~x3)xI -X2x 2-x3x3 = m1

-X2x I + (X2 -~- X4)x2 - X4x3 = m2

-K3x~ - X~x~ + (~3 + x4 + X~)x3 = w3

(1.1a)

(1.1b)

(1.1c)

Vvqaen values ofK1 to Ks and W1 to W3 are specified, the equilibrium displacements xI to
x3 can be determined by solving Eq. (1.1).

The static mechanical spring-mass system illustrated in Figure 1.1 is used as the
example problem in this chapter to illustrate methods for solving systems of linear

KIXI K2 (x2-xI ) K3 (x3-xI )

K3(X3-X1) W1 K2(x2-x1) W2 K4(x3-x2) W3

Figure 1.1 Static mechanical spring-mass system.

K4(X3-X2)

m3

K5x3
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algebraic equations. For that purpose, let K1 = 40 N/cm, K2 = K3 = K4 = 20 N/cm, and
K5 = 90N/cm. Let W1 = W2 = W3 = 20N. For these values, Eq. (1.1) becomes:

80xt - 20x2 - 20x3 = 20

-20xl + 40x2 - 20x3 = 20

-20x~ - 20x2 + 130x3 = 20

(1.2a)

(1.2b)

(1.2c)

The solution to Eq. (1.2) is x~ = 0.6 cm, 2 =1.0 cm, and x3= 0.4cm, which can be
verified by direct substitution.

Systems of equations arise in all branches of engineering and science. These
equations may be algebraic, transcendental (i.e., involving trigonometric, logarithmetic,
exponential, etc. functions), ordinary differential equations, or partial differential equa-
tions. The equations may be linear or nonlinear. Chapter 1 is devoted to the solution of
systems of linear algebraic equations of the following form:

allXt q--al2X2 q-al3x3 q-... q-alnXn = b1 (1.3a)

a21x1 q-- az2x2 -+- az3x3 -~ ... q- a2nXn = b2 (1.3b)

a,~lx~ + a,,2x2 + an3X3 "~- " " -’}- a,,,,x,~ = b,~ (1.3n)

where xj (j = 1, 2 ..... n) denotes the unknown variables, ai, j (i,j = 1, 2 ..... n) denotes
the constant coefficients of the unknown variables, and bi (i = 1, 2 ..... n) denotes the
nonhomogeneous terms. For the coefficients ai,j, the first subscript, i, denotes equation i,
and the second subscript, j, denotes variable xj. The number of equations can range from
two to hundreds, thousands, and even millions.

In the most general case, the number of variables is not required to be the same as
the number of equations. However, in most practical problems, they are the same. That is
the case considered in this chapter. Even when the number of variables is the same as the
number of equations, several solution possibilities exist, as illustrated in Figure 1.2 for the
following system of two linear algebraic equations:

a~ix~ + al2x2 = b~ (1.4a)

azlx1 q- a22x2 = b2 " (1.4b)

The four solution possibilities are:

1. A unique solution (a consistent set of equations), as illustrated in Figure 1.2a
2. No solution (an inconsistent set of equations), as illustrated in Figure 1.2b
3. An infinite number of solutions (a redundant set of equations), as illustrated 

Figure 1.2c
4. The trivial solution, xj = 0 (j = 1,2 ..... n), for a homogeneous set of equa7

tions, as illustrated in Figure 1.2d

Chapter t is concerned with the first case where a unique solution exists.
Systems of linear algebraic equations arise in many different types of problems, for

example:

1. Network problems (e.g., electrical networks)
2. Fitting approximating functions (see Chapter 4)
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x2

(a) Unique solution. (b) No solution.

./
(c) Infinite number of solutions.

~(6) Trivial solution.

xI

Figure 1.2 Solution of a system of two linear algebraic equations.

3. Systems of finite difference equations that arise in the numerical solution of
differential equations (see Parts II and III)

The list is endless.
There are two fundamentally different approaches for solving systems of linear

algebraic equations:

1. Direct elimination methods
2. Iterative methods

Direct elimination methods are systematic procedures based on algebraic elimination,
which obtain the solution in a fixed number of operations. Examples of direct elimination
methods are Gauss elimination, Gauss-Jordan elimination, the matrix inverse method, and
Doolittle LUfactorization. Iterative methods, on the other hand, obtain the solution
asymptotically by an iterative procedure. A trial solution is assumed, the trial solution is
substituted into the system of equations to determine the mismatch, or error, in the trial
solution, and an improved solution is obtained from the mismatch data. Examples of
iterative methods are Jacobi iteration, Gauss-Seidel iteration, and successive-over-relaxa-
tion (SOR).

Although no absolutely rigid rules apply, direct elimination methods are generally
used when one or more of the following conditions holds: (a) The number of equations 
small (100 or less), (b) most of the coefficients in the equations are nonzero, (c) the 
of equations is not diagonally dominant [see Eq. (1.15)], or (d) the system of equations 
ill conditioned (see Section 1.6.2). Iterative methods are used when the number 
equations is large and most of the coefficients are zero (i.e., a sparse matrix). Iterative
methods generally diverge unless the system of equations is diagonally dominant [see
Eq. (1.15)1.

The organization of Chapter 1 is illustrated in Figure 1.3. Following the introductory
material discussed in this section, the properties of matrices and determinants are
reviewed. The presentation then splits into a discussion of direct elimination methods
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Systems of Linear
Algebraic Equations

Properties of Matrices
and Determinants

Direct
Methods

Iterative
Methods

Gauss
Elimination

Matrix
Inverse

LU
Factodzation

~.~ Gauss-JordanElimination

Determinants

Tridiagonal
Systems

Jacobi
Iteration

Gauss-Seidel
Iteration

~__.~ Accuracy andConvergence

Successive
Overrelaxation

P¢ograms

Summary

Figure 1.3 Organization of Chapter 1.

followed by a discussion of iterative methods. Several methods, both direct elimination
and iterative, for solving systems of linear algebraic equations are presented in this chapter.
Procedures for special problems, such as tridiagonal systems of equations, are presented.
All these procedures are illustrated by examples. Although the methods apply to large
systems of equations, they are illustrated by applying them to the small system of only
three equations given by Eq. (1.2). After the presentation of the methods, three computer
programs are presented for implementing the Gauss elimination method, the Thomas
algorithm, and successive-over-relaxation (SOR). The chapter closes with a Summary,
which discusses some philosophy to help you choose the right method for every problem
and lists the things you should be able to do after studying Chapter 1.

1.2 PROPERTIES OF MATRICES AND DETERMINANTS

Systems of linear algebraic equations can be expressed very conveniently in terms of
matrix notation. Solution methods for systems of linear algebraic equations can be
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developed very compactly using matrix algebra. Consequently, the elementary properties
of matrices and determinants are presented in this section.

1.2.1. Matrix Definitions

A matrix is a rectangular array of elements (either numbers or symbols), which are
arranged in orderly rows and columns. Each element of the matrix is distinct and separate.
The location of an element in the matrix is important. Elements of a matrix are generally

identified by a double subscripted lowercase letter, for example, ai,j, where the first
subscript i identifies the row of the matrix and the second subscriptj identifies the column
of the matrix. The size of a matrix is specified by the number of rows times the number of
columns. A matrix with n rows and m columns is said to be an n by m, or n x m, matrix.
Matrices are generally represented by either a boldface capital letter, for example, A, the

general element enclosed in brackets, for example, [ai4], or the full array of elements, as
illustrated in Eq. (1.5):

A = [ai,j] = I
all a12 ...... aim

(i=1,2 ..... n; j=’l,2 ..... m)

(1.5)

Comparing Eqs. (1.3) and (1.5) shows that the coefficients of a system of linear algebraic
equations form the elements of an n × n matrix.

Equation (1.5) illustrates a convention used throughout this book for simplicity 
appearance. When the general element ai4 is considered, the subscripts i and j are
separated by a comma. When a specific element is specified, for example, a31, the
subscripts 3 and 1, which denote the element in row 3 and column 1, will not be separated
by a comma, unless i orj is greater than 9. For example, a37 denotes the element in row 3
and column 7, whereas a1~,17 denotes the element in row 13 and column 17.

Vectors are a special type of matrix which has only one column or one row. Vectors
are represented by either a boldface lowercase letter, for example, x or y, the general
element enclosed in brackets, for example, [xi] or [Yi], or the full column or row of
elements. A column vector is an n × 1 matrix. Thus,

x = [xi] = x2 (i = 1,2 ..... n) (1.6a)

A row vector is a 1 x n matrix. For example,

Y=[Yj]=[Yl Y2 "’" Y,I (j=l,2 ..... n) (1.6b)

Unit vectors, i, are special vectors which have a magnitude of unity. Thus,

;2-~1/2 l (1.7)

where the notation Ilill denotes the length of vector i. Orthogonal systems of pnit vectors,
in which all of the elements of each unit vector except one are zero, are used to define
coordinate systems.
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There are several special matrices of interest. A square matrix S is a matrix which
has the same number of rows and columns, that is, m = n. For example,

Falla12 ¯.. aln1
S = / .a~].,, .a.~., .’ : :., .a.~: / (1.8)

[_ant an2 "’" ann_]

is a square n x n matrix. Our interest will be devoted entirely to square matrices. The left-
to-right downward-sloping line of elements from all to ann is called the major diagonal of
the matrix. A diagonal matrix D is a square matrix with all elements equal to zero except
the elements on the major diagonal. For example,

Fall 0 0 i 1

D = L i a2200 a3300 a44 (1.9)

is a 4 x 4 diagonal matrix. The identity matrix I is a diagonal matrix with unity diagonal
elements. The identity matrix is the matrix equivalent of the scalar number unity. The
matrix

I---- 0 1 0 (1.10)0 0 1
0 0 0

is the 4 x 4 identity matrix.
A triangular matrix is a square matrix in which all of the elements on one side of the

major diagonal are zero. The remaining elements may be zero or nonzero. An upper
triangular matrix U has all zero elements below the major diagonal. The matrix

iall
a12 a13 al41

U =
0 a22 a23 a24 ]

0 0 a33
a34 /0 0 0 a44 /

(1.11)

is a 4 x 4 upper triangular matrix. A lower triangular matrix L has all zero elements above
the major diagonal. The matrix

Fall 0 0 0 ]
a22 0 0

(1.12)
L~ /a31/a21 a32 a33 0

L a41 a42 a43 a44

is a 4 x 4 lower triangular matrix.
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A tridiagonal matrix T is a square matrix in which all of the elements not on the
major diagonal and the two diagonals surrounding the major diagonal are zero. The
elements on these three diagonals may or may not be zero. The matrix

~all a12 0 0

i ]

/a2t a22 a23 0
T = [ i

a32 a33 a34
0 a43 a44 a45
0 0 a54 a55 _]

is a 5 x 5 tridiagonal matrix.
A banded matrix B has all

example,

all a12 0 a14 0 1

a~l
a22 a23 0 a25

B = a32 a33 a34 0

~ a~)1
0 a43 a44 a45

a52 0 a54 a55

(1.13)

zero elements except along particular diagonals. For

(1.14)

is a 5 x 5 banded matrix.
The transpose of an n x m matrix A is the m x n matrix, AT, which has elements

a.r. = aj, i. The transpose of a column vector, is a row vector and vice versa. Symmetric
square matrices have identical corresponding elements on either side of the major
diagonal. That is, aid = aj, i. In that case, A = AT.

A sparse matrix is one in which most of the elements are zero. Most large matrices
arising in the solution of ordinary and partial differential equations are sparse matrices.

A matrix is diagonally dominant if the absolute value of each element on the major
diagonal is equal to, or larger than, the sum of the absolute values of all the other elements
in that row, with the diagonal element being larger than the corresponding sum of the other
elements for at least one row. Thus, diagonal dominance is defined as

[ai,il >_ ~ laid I (i = 1 ..... n) (1.15)

with > true for at least one row.

1.2.2. Matrix Algebra

Matrix algebra consists of matrix addition, matrix subtraction, and matrix multiplication.
Matrix division is not defined. An analogous operation is accomplished using the matrix
inverse.

Matrix addition and subtraction consist of adding or subtracting the corresponding
elements of two matrices of equal size. Let A and B be two matrices of equal size. Then,

A + B = [aid ] -[- [bid ] = [aid + bid] -~- [cid ] ~-- C (1.16a)

A - B = [aid ] - [bi,j] = [aid - bid] ~- [cid ] = C (1.16b)

Unequal size matrices cannot be added or subtracted. Matrices of the same size are
associative on addition. Thus,

A + (B + C) = (A+B) (1.17)
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Matrices of the same size are commutative on addition. Thus,

A+B=B+A

Example 1.1. Matrix addition.

25

(1.18)

Add the two 3 x 3 matrices A and B to obtain the 3 x 3 matrix C, where

A = 1 4 and B = -4 1 2
4 3 2 3 -1

(1.19)

From Eq. (1.16a),

Ci~j = aid + bid
(1.20)

Thus, ell = all + bll = 1 + 3 = 4, ¢12 = a12 + b12 = 2 + 2 = 4, etc. The result is

I(1+3)

(2+2) (3+1)’] I 4 4 
A+B =’ (2-4) (1+1) (4+2)|= -2 2 6 

(1+2) (4+3) (3-1)/ 3 7 2
(1.21)

Matrix multiplication consists of row-element to column-element multiplication and
summation of the resulting products. Multiplication of the two matrices A and B is defined
only when the number of columns of matrix A is the same as the number of rows of matrix
B. Matrices that satisfy this condition are called conformable in the order AB. Thus, if the
size of matrix A is n x m and the size of matrix B is m x r, then

AB = [aid][bid ] = [ci,j] = C ci~ j = ~ ai,kbkj
k=l

(i= 1,2 ..... n, j= 1,2 ..... r)

(1.22)

The size of matrix C is n x r. Matrices that are not conformable cannot be multiplied.
It is easy to make errors when performing matrix multiplication by hand. It is helpful

to trace across the rows of A with the left index finger while tracing down the columns of
B with the right index finger, multiplying the corresponding elements, and summing the
products. Matrix algebra is much better suited to computers than to humans.

Multiplication of the matrix A by the scalar ~ consists of multiplying each element
of A by ~. Thus,

eA = e[aij ] = [eaid] = [bid] = B (1.23)

Example 1.2. Matrix multiplication.

Multiply the 3 x 3 matrix A and the 3 x 2 matrix B to obtain the 3 x 2 matrix C, where

A= 2 1 4 and B= 2 (1.24)
1 4 3 1
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From Eq. (1.22),

3

Ci~[ = Z ai,kblq~ (i = 1, 2, 3, j = 1,2)
k=l

Evaluating Eq. (1.25) yields

C~l = allbll + al2b21 + a13b31 = (1)(2) + (2)(1) + (3)(2) 

C12 = allbl2 -~ a12bz2 + a13b32 = (1)(1) + (2)(2) + (3)(1) 

C32 -~- a31b12 + a32b22 + a33b32 = (1)(1) + (4)(2) + (3)(1) 

Thus,

(1.25)

(1.26a)

(1.26b)

(1.26c)

C = [cij ] = 13 8 (1.27)
12 12

Multiply the 3 × 2 matrix C by the scalar ~ = 2 to obtain the 3 × 2 matrix D. From
Eq. (1.23), dll = O~Cll = (2)(10) = 20, d12 = ~c12 = (2)(8) = 16, etc. The result 

0=~c=2c= (2)(13) (2)(8) = 26 16 
(2)(12) (2)(12) 

Matrices that are suitably conformable are associative on multiplication. Thus,

A(BC) = (AB)C (1.29)

Square matrices are conformable in either order. Thus, if A and B are n x n matrices,

AB = C and BA = D

where C and D are n × n matrices. However square
commutative on multiplication. That is, in general,

AB -~ BA

(1.30)

matrices in general are not

(1.31)

Matrices A, B, and C are distributive if B and C are the same size and A is conformable to
B and C. Thus,

A(B + C) = AB + AC (1.32)

Consider the two square matrices A and B, Multiplying yields

AB = C (1.33)

It might appear logical that the inverse operation of multiplication, that is, division, would
give

A = C/B (1.34)

Unfortunately, matrix division is not defined. However, for square matrices, an analogous
concept is provided by the matrix inverse.
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Consider the two square matrices A and B. If AB = I, then B is the inverse of A,
which is denoted as A-1. Matrix inverses commute on multiplication. Thus,

AA-1 = A-1A = I (1.35)

The operation desired by Eq. (1.34) can be accomplished using the matrix inverse.
Thus, the inverse of the matrix multiplication specified by Eq. (1.33) is accomplished 
matrix multiplication using the inverse matrix. Thus, the matrix equivalent of Eq. (1.34) 
given by

A = B-~C (1.36)

Procedures for evaluating the inverse of a square matrix are presented in Examples 1.12
and 1.16.

Matrix factorization refers to the representation of a matrix as the product of two
other matrices. For example, a known matrix A can be represented as the product of two
unknown matrices B and C. Thus,

A ----- BC (1.37)

Factorization is not a unique process. There are, in general, an infinite number of matrices
B and C whose product is A. A particularly useful factorization for square matrices is

A = LU (1.38)

where L and I5 are lower and upper triangular matrices, respectively. The LU factorization
method for solving systems of linear algebraic equations, which is presented in Section
1.4, is based on such a factorization.

A matrix can be partitioned by grouping the elements of the matrix into submatrices.
These submatrices can then be treated as elements of a smaller matrix. To ensure that the
operations of matrix algebra can be applied to the submatrices of two partitioned matrices,
the partitioning is generally into square submatrices of equal size. Matrix partitioning is
especially convenient when solving systems of algebraic equations that arise in the finite
difference solution of systems of differential equations.

1.2.3. Systems of Linear Algebraic Equations

Systems of linear algebraic equations, such as Eq. (1.3), can be expressed very compactly
in matrix notation. Thus, Eq. (1.3) can be written as the matrix equation

~ (1.39)

where

Fall
a12 "’" alnl

A : :: :...a.2.n/
L an 1 an2 " " " ann ~J

Equation (1.3) can also be written 

~ ai,jx j = bi (i : 1 ..... n)
j=l

(1.40)

(1.41)
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or equivalently as

ai,ix j = bi (i,j = 1 ..... n) (1.42)

where the summation convention holds, that is, the repeated index j in Eq. (1.42) 
summed over its range, 1 to n. Equation (1.39) will be used throughout this book 
represent a system of linear algebraic equations.

There are three so-called row operations that are useful when solving systems of
linear algebraic equations. They are:

1. Any row (equation) may be multiplied by a constant (a process known 
scaling).

2. The order of the rows (equations) may be interchanged (a process known 
pivoting).

3. Any row (equation) can be replaced by a weighted linear combination of that
row (equation) with any other row (equation) (a process known eli mination).

In the context of the solution of a system of linear algebraic equations, these three
row operations clearly do not change the solution. The appearance of the system of
equations is obviously changed by any of these row operations, but the solution is
unaffected. When solving systems of linear algebraic equations expressed in matrix
notation, these row operations apply to the rows of the matrices representing the system
of linear algebraic equations.

1.2,4. Determinants

The term determinant of a square matrix A, denoted det(A) or IAI, refers to both the
collection of the elements of the square matrix, enclosed in vertical lines, and the scalar
value represented by that array. Thus,

all a12 ¯.. aln

det(A) IAI = a21 a22 "’" azn (1.43)

anl an2 " " " ann

Only square matrices have determinants.
The scalar value of the determinant of a 2 × 2 matrix is the product of the elements

on the major diagonal minus the product of the elements on the minor diagonal.
Thus,

det(A) IAI all a12 (1.44)= ~__ = alla22 -- a21a12
a21 a22

The scalar value of the determinant of a 3 × 3 matrix is composed of the sum of six triple
products which can be obtained from the augmented determinant:

all a12 a13 all a12
a21 a22 a23 a21 a22 (1.45)

a31 a32 a33 a31 a32

The 3 × 3 determinant is augmented by repeating the first two columns of the determinant
on the right-hand side of the determinant. Three triple products are formed, starting with
the elements of the first row multiplied by the two remaining elements on the right-
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downward-sloping diagonals. Three more triple products are formed, starting with the
elements of the third row multiplied by the two remaining elements on the right-upward-
sloping diagonals. The value of the determinant is the sum of the first three triple products
minus the sum of the last three triple products. Thus,

det(A) IAI = al la22a33 + a12a23a31 + a13a21a32

-- a31a22a13 -- a32a23all -- a33a21a12 (1.46)

Example 1.3. Evaluation of a 3 x 3 determinant by the diagonal method.

Let’s evaluate the determinant of the coefficient matrix of Eq. (1.2) by the diagonal
method. Thus,

80 -20
= -20 (1.47)A -20 40

-20 -20 130

The augmented determinant is

80 -20 -20 80 -20
-20 40 -20 -20 40 (1.48)
-20 -20 130 -20 -20

Applying Eq. (1.46) yields

det(A) IAI = (80)(40)(130) + (- 20)(-20)(-20) + (-

- (-20)(40)(-20) - (-20)(-20)(80)

- (130)(-20)(-20) = 416,000 - 8,000 - 

- 16,000 - 32,000 - 52,000 = 300,000 (1.49)

The diagonal method of evaluating determinants applies only to 2 x 2 and 3 x 3
determinants. It is incorrect for 4 x 4 or larger determinants. In general, the expansion of
an n x n determinant is the sum of all possible products formed by choosing one and only
one element from each row and each column of the determinant, with a plus or minus sign
determined by the number of permutations of the row and column elements. One formal
procedure for evaluating determinants is called expansion by minors, or the method of
cofactors. In this procedure there are n! products to be summed, where each product has n
elements. Thus, the expansion of a 10 x 10 determinant requires the summation of 10!
products (10! = 3,628,800), where each product involves 9 multiplications (the product 
10 elements). This is a total of 32,659,000 multiplications and 3,627,999 additions, not
counting the work needed to keep track of the signs. Consequently, the evaluation of
determinants by the method of cofactors is impractical, except for very small determinants.

Although the method of cofactors is not recommended for anything larger than a
4 x 4 determinant, it is useful to understand the concepts involved. The minor Mij is the
determinant of the (n - 1) x (n - 1) submatrix of the n x n matrix A obtained by deleting
the ith row and the jth column. The cofactor Aij associated with the minor Mi~ is
defined as

Ai, j = (--1)i+Jmi,j (1.50)
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Using cofactors, the determinant of matrix A is the sum of the products of the elements of
any row or column, multiplied by their corresponding cofactors. Thus, expanding across
any fixed row i yields

n n
det(A) = IAI = ai jAi, j = ~- ~(-1)i+JaijMi,j (1.51)

Alternatively, expanding down any fixed column j yields

det(A) = IAI = ai,iAi J = ~(- 1) i+JaijMid (1.52)
i=1 i=1

Each cofactor expansion reduces the order of the determinant by one, so there are n
determinants of order n- 1 to evaluate. By repeated application, the cofactors are
eventually reduced to 3 × 3 determinants which can be evaluated by the diagonal
method. The amount of work can be reduced by choosing the expansion row or column
with as many zeros as possible.

Example 1.4. Evaluation of a 3 × 3 determinant by the cofactor method.

Let’s rework Example 1.3 using the cofactor method. Recall Eq. (1.47):

A = -20 40 -20
-20 -20 130

Evaluate IAI by expanding across the first row. Thus,

(80) 40 -20_ (-20) -20-20130 (-20) IA] = -20 130
-20 + -20 -20

[AI = 80(5200 ÷ 400) - (-20)(-2600 + 400) + (-20)(400 

= 384000 - 60000 - 24000 = 300000

(1.53)

(1.54)

(1.55)

If the value of the determinant of a matrix is zero, the matrix is said to be singular. A
nonsingular matrix has a determinant that is nonzero. If any row or column of a matrix has
all zero elements, that matrix is singular.

The determinant of a triangular matrix, either upper or lower triangular, is the
product of the elements on the major diagonal. It is possible to transform any nonsingular
matrix into a triangular matrix in such a way that the value of the determinant is either
unchanged or changed in a well-defined way. That procedure is presented in Section 1.3.6.
The value of the determinant can then be evaluated quite easily as the product of the
elements on the major diagonal.

1.3 DIRECT ELIMINATION METHODS

There are a number of methods for the direct solution of systems of linear algebraic
equations. One of the more well-known methods is Cramer’s rule, which requires the
evaluation of numerous determinants. Cramer’s rule is highly inefficient, and thus not
recommended. More efficient methods, based on the elimination concept, are recom-
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mended. Both Cramer’s rule and elimination methods are presented in this section. After
presenting Cramer’s rule, the elimination concept is applied to develop Gauss elimination,
Gauss-Jordan elimination, matrix inversion, and determinant evaluation. These concepts
are extended to LU factorization and tridiagonal systems of equations in Sections 1.4 and
1.5, respectively.

1.3.1. Cramer’s Rule

Although it is not an elimination method, Cramer’s rule is a direct method for solving
systems of linear algebraic equations. Consider the system of linear algebraic equations,
Ax = b, which represents n equations. Cramer’s rule states that the solution for
xy (j = 1 ..... n) is given 

det(Aj)
(j = 1 ..... n) (1.56)xj- det(A)

where Aj is the n x n matrix obtained by replacing column j in matrix A by the column
vector b. For example, consider the system of two linear algebraic equations:

allX1 -t- a12x2 = bt (1.57a)

a21xI + a22x2 --- b2 (1.57b)

Applying Cramer’s rule yields

b1 a12] all bl
b2 a22] a2 b2

(1.58)xt -all
a12 and x2 -- lall-----1 a12

a21 a22 [ a21 a22

The determinants in Eqs. (1.58) can be evaluated by the diagonal method described 
Section 1.2.4.

For systems containing more than three equations, the diagonal method presented in
Section 1.2.4 does not work. In such cases, the method of cofactors presented in Section
1.2.4 could be used. The number of multiplications and divisions N required by the
method of cofactors is N = (n - 1)(n + 1)!. For a relatively small system of 10 equations
(i.e., n = 10), N = 360,000,000, which is an enormous number of calculations. For
n = 100, N = 10157, which is obviously ridiculous. The preferred method for evaluating
determinants is the elimination method presented in Section 1.3.6. The number of
multiplications and divisions required by the elimination method is approximately
N = n3 ÷ n2 -- n. Thus, for n = 10, N = 1090, and for n = 100, N = 1,009,900.
Obviously, the elimination method is preferred.

Example 1.5. Cramer’s rule.

Let’s illustrate Cramer;s rule by solving Eq. (1.2). Thus,

80X1 -- 20x2 -- 20x3 = 20

--20x1 + 40x2 -- 20x3 = 20

--20x1 -- 20x2 + 130x3 = 20

(1.59a)

(1.59b)

(1.59c)
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First, calculate det(A). From Example 1.4,

det(A) 
80 -20 -20

-20 40 -20
-20 -20 130

= 300,000

Next, calculate det(A1), det(A2), and det(A3). For det(A1),

ii -20 -20
det(A l) = 20 40 -20

-20 130

(1.60)

= 180,000 (1.61)

In a similar manner, det(A2) = 300,000 and det(A3) = 120,000. Thus,

det(A~) 180,000 300,000 120,000
x~ det(A) - 300,000 - 0.60 x2 - 300,000 - 1.00 x3 - 300,000 -- 0.40

(1.62)

1.3.2. Elimination Methods

Elimination methods solve a system of linear algebraic equations by solving one equation,
say the first equation, for one of the unknowns, say x~, in terms of the remaining
unknowns, x2 to x,, then substituting the expression for x1 into the remaining n- 1
equations to determine n - 1 equations involving x2 to xn. This elimination procedure is
performed n - 1 times until the last step yields an equation involving only x,. This process
is called elimination.

The value of xn can be calculated from the final equation in the elimination
procedure. Then x,_~ can be calculated from modified equation n - 1, which contains
only x, and x~_l. Then x,_2 can be calculated from modified equation n- 2, which
contains only x,, x,_~, and x,_2. This procedure is performed n - 1 times to calculate x,_~
to x~. This process is called back substitution.

1.3.2.1. Row Operations

The elimination process employs the row operations presented in Section 1.2.3, which are
repeated below:

1. Any row (equation) may be multiplied by a constant (scaling).
2. The order of the rows (equations) may be interchanged (pivoting).
3. Any row (equation) can be replaced by a weighted linear combination of that

row (equation) with any other row (equation) (elimination).

These row operations, which change the values of the elements of matrix A and b, do not
change the solution x to the system of equations.

The first row operation is used to scale the equations, if necessary. The second row
operation is used to prevent divisions by zero and to reduce round-off errors. The third row
operation is used to implement the systematic elimination process described above.
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1.3.2.2. Elimination

Let’s illustrate the elimination method by solving Eq. (1.2). Thus,

80xI - 20x2 - 20x3 = 20 (1.63a)

-20xI + 40x2 - 20x3 = 20 (1.63b)

-20x1 - 20x2 + 130x3 = 20 (1.63c)

Solve Eq. (1.63a) for xl. Thus,

xt = [20 - (-20)x2 - (-20)x3]/80 (1.64)

Substituting Eq. (1.64) into Eq. (1.63b) gives

-20{[20 - (-20)x2 - (-20)x3]/80} + 40x2 - 20x3 = 20 (1.65)

which can be simplified to give

35x2 - 25x3 = 25 (1.66)

Substituting Eq. (1.64) into Eq. (1.63c) gives

-20{[20 - (-20)x2 - (-20)x3]/80} - 20x2 + 130x3 -- 20 (1.67)

which can be simplified to give

-25x~ + 125x3 = 25 (1.68)

Next solve Eq. (1.66) for 2. Thus,

x2 = [25 - (-25)x3]/35 (1.69)

Substituting Eq. (1.69) into Eq. (1.68) yields

-25{[25 - (-25)x3]/35} + 125x3 = 25 (1.70)

which can be simplified to give

"~9"X 3 = ~ (1.71)

Thus, Eq. (1.63) has been reduced to the upper triangular system

80x1 - 20x2 - 20x3 -- 20 (1.72a)

35x2 - 25x3 --- 25 (1.72b)

7_570 X3 300 (1.72c)-- 7

which is equivalent to the original equation, Eq. (1.63). This completes the elimination
process.

1.3.2.3. Back Substitution

The solution to Eq. (1.72) is accomplished easily by back substitution. Starting with Eq.
(1.72c) and working backward yields

x3 = 300/750 = 0.40 (1.73a)

x2 = [25 - (-25)(0.40)]/35 = (1.73b)

Xl = [20 - (-20)(1.00) - (-20)(0.40)]/80 (1.73c)
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Example 1.6. Elimination.

Chapter 1

Let’s solve Eq. (1.2) by elimination. Recall Eq. (1.2):

80xZ - 20x2 - 20x3 = 20

-20x1 + 40x2 - 20x3 = 20

-20xl - 20x2 + 130x3 = 20

(1.74a)

(1.748)

(1.74c)

Elimination involves normalizing the equation above the element to be eliminated by the
element immediately above the element to be eliminated, which is called the pivot element,
multiplying the normalized equation by the element to be eliminated, and subtracting the
result from the equation containing the element to be eliminated. This process system-
atically eliminates terms below the major diagonal, column by column, as illustrated
below. The notation Ri - (em)Rj next to the ith equation indicates that the ith equation is 
be replaced by the ith equation minus em times the jth equation, where the elimination
multiplier, em, is the quotient of the element to be eliminated and the pivot element.

For example, R2 -(-20/40)R~ beside Eq. (1.75.2) below means replace 
(1.75.2) by Eq. (1.75.2)-(-20/40)xEq. (1.75.1). The elimination multiplier,
em = (-20/40), is chosen to eliminate the first coefficient in Eq. (1.75.2). All of 
coefficients below the major diagonal in the first columaa are eliminated by linear
combinations of each equation with the first equation. ,Thus,

I 80x 1-20xz- 20x3=201
-20x1 -t- 40x2 - 20x3 = 20J R2 - (-20/80)R1

-20xI - 20x2 -t- 135x3 = 20 R3 - (-20/80)R=

(1.75.1)
(1.75.2)
(1.75.3)

The result of this first elimination step is presented in Eq. (1.76), which also shows
the elimination operation for the second elimination step. Next the coefficients below the
major diagonal in the second column are eliminated by linear combinations with the
second equation. Thus,

I80x - 20x2 - 20x3 = 207
0x1 + 35x2 25x3 25
0x1 25x2 + 125x3 25 R3 - (-25/35)R2

(1.76)

The result of the second elimination step is presented in Eq. (1.77):

I80x~ -20x2- 20x3= 201
0x~+35xz 25x3= 25
Oxi+ Ox2+750/7x3=300/7

(1.77)

This process is continued until all the coefficients below the major diagonal are eliminated.
In the present example with three equations, this process is now complete, and Eq. (1.77)
is the final result. This is the process of elimination.

At this point, the last equation contains only one unknown, x3 in the present
example, which can be solved for. Using that result, the next to last equation can be solved
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for x2. Using the results for x3 and x2, the first equation can be solved for x~. This is the
back substitution process. Thus,

x3 = 300/750 = 0.40 (1.78a)

x2 = [25 - (-25)(0.40)]/35 = (1.78b)

x~ = [20 - (-20)(1.00) - (-20)(0.40)/80 (1.78c)

The extension of the elimination procedure to n equations is straightforward.

1.3.2.4. Simple Elimination

The elimination procedure illustrated in Example 1.6 involves manipulation of the
coefficient matrix A and the nonhomogeneous vector b. Components of the x vector are
fixed in their locations in the set of equations. As long as the colurnns are not interchanged,
column j corresponds to x/. Consequently, the xj notation does not need to be carried
throughout the operations. Only the numerical elements of A and b need to be considered.
Thus, the elimination procedure can be simplified by augmenting the A matrix with the b
vector and performing the row operations on the elements of the augmented A matrix to
accomplish the elimination process, then performing the back substitution process to
determine the solution vector. This simplified elimination procedure is illustrated in
Example 1.7.

Example 1.7. Simple elimination.

Let’s rework Example 1.6 using simple elimination. From Example 1.6, the A matrix
augmented by the b vector is

I 2°1
80 -20 -201

= 20[AIb] -20 40 -201
-20 -20 130120

Performing the row operations

80 -20 -20120
-20 40 -20120
-20 -20 130120

to accomplish the elimination process yields:

IR - (-20/80)R~
R3 -- (-20/80)R1

(1.79)

(1.80)

I8i

-20

-201201

35 -25125
-25 125125 83 -- (-25/35)R2

(1.81)

I8 i -20

-20120

J

Xl = [20 - (-20)(1’00) - (-20)(0"40)]/80
= 0.6035 -25125 --~

0 750/71300/7
x2=[25-(-25)(0.4)]/35 = 
x3 = 300/750 = 0.40

(1.82)

The back substitution step is presented beside thetfiangulafized augmented Amatfix.
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1.3.2.5. Multiple b Vectors

If more than one b vector is to be considered, the A matrix is simply augmented by all of
the b vectors simultaneously. The elimination process is then applied to the multiply
augmented A matrix. Back substitution is then applied one column at a time to the
modified b vectors. A more versatile procedure based on matrix factorization is presented
in Section 1.4.

Example 1.8. Simple elimination for multiple b vectors.

Consider the system of equations presented in Example 1.7 with two b vectors,
bl~ = [20 20 20] and b2~ = [20 10 20]. The doubly augmented A matrix is

I 80 -20 -20[20120J
[Alb 1 b2] = -20 40 -20120 I 10 (1.83)

-20 -20 130120120

Performing the elimination process yields

-20 -20 [ 20

201

35 -25 I 25 15
0 750/7 1300/7 250/7

(1.84)

Performing the back substitution process one column at a time yields

0.60]

xl = 1.00 and x2 = /2/3|
0.40 L 1/3 ]

(1.85)

1.3.2.6. Pivoting

The element on the major diagonal is called the pivot element. The elimination procedure
described so far fails immediately if the first pivot element alx is zero. The procedure also
fails if any subsequent pivot element ai, i is zero. Even though there may be no zeros on the
major diagonal in the original matrix, the elimination process may create zeros on the
major diagonal. The simple elimination procedure described so far must be modified to
avoid zeros on the major diagonal. This result can be accomplished by rearranging the
equations, by interchanging equations (rows) or variables (columns), before each elimina-
tion step to put the element of largest magnitude on the diagonal. This process is called
pivoting. Interchanging both rows and columns is calledfullpivoting. Full pivoting is quite
complicated, and thus it is rarely used. Interchanging only rows is called partialpivoting.
Only partial pivoting is considered in this book.

Pivoting eliminates zeros in the pivot element locations during the elimination
process. Pivoting also reduces round-off errors, since the pivot element is a divisor during
the elimination process, and division by large numbers introduces smaller round-off errors
than division by small numbers. When the procedure is repeated, round-off errors can
compound. This problem becomes more severe as the number of equations is increased.
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Example 1.9. Elimination with pivoting to avoid zero pivot elements.

37

Use simple elimination with partial pivoting to solve the following system of linear
algebraic equations, Ax = b:

4 t -1 x2 = -3 (1.86)
-2 3 -3 x 3 5

Let’s apply the elimination procedure by augmenting A with b. The first pivot element is
zero, so pivoting is required. The largest number (in magnitude) in the first column under
the pivot element occurs in the second row. Thus, interchanging the first and second rows
and evaluating the elimination multipliers yields

0 2 1 I R2- (0/4)R 1 (1.87)
-2 3 -3 I R3 - (-2/4)R1

Performing the elimination operations yields

2 l 15 (1.88)
7/2 -7/2 [7/2

Although the pivot element in the second row is not zero, it is not the largest element in the
second column underneath the pivot element. Thus, pivoting is called for again. Note that
pivoting is based only on the rows below the pivot element. The rows above the pivot
element have already been through the elimination process. Using one of the rows above
the pivot element would destroy the elimination already accomplished. Interchanging the
second and third rows and evaluating the elimination multiplier yields

Ii 1 -11-31
7/2 -7/217/2 (1.89)
2 1 I 5 R3 -- (4/7)R2

Performing the elimination operation yields

7/2 -7/2 ] --~ x2 : 2 (1.90)
0 313 ] x3=l

The back substitution results are presented beside the triangularized augmented A matrix.

1.3.2.7. Scaling

The elimination process described so far can incur significant round-off errors when the
magnitudes of the pivot elements are smaller than the magnitudes of the other elements in
the equations containing the pivot elements. In such cases, scaling is employed to select
the pivot elements. After pivoting, elimination is applied to the original equations. Scaling
is employed only to select the pivot elements.

Scaled pivoting is implemented as follows. Before elimination is applied to the first
column, all of the elements in the first column are scaled (i.e., normalized) by the largest
elements in the corresponding rows. Pivoting is implemented based on the scaled elements



38 Chapter 1

in the first column, and elimination is applied to obtain zero elements in the first column
below the pivot element. Before elimination is applied to the second column, all of the
elements from 2 to n in column 2 are scaled, pivoting is implemented, and elimination is
applied to obtain zero elements in column 2 below the pivot element. The procedure is
applied to the remaining rows 3 to n - 1. Back substitution is then applied to obtain x.

Example 1.10. Elimination with scaled pivoting to reduce round-off errors.

Let’s investigate the advantage of scaling by solving the following linear system:

-3 = (1.91)
1

which has the exact solution x1 = -1.0, x2 = 1.0, and x3 = 1.0. To accentuate the effects
of round-off, carry only three significant figures in the calculations. For the first column,
pivoting does not appear to be required. Thus, the augmented A matrix and the first set of
row operations are given by

2 105 I 104"]
-3 103 I 98| R: -(0.667)R1 (1.92)

3 ]3 ] R3 -- (0.333)R1

which gives

-4.33
0.334

1051 104 ~
33.01 28.6| (1.93)

-32.0 I -31.6] R3 - (-0.0771)R2

Pivoting is not required for the second column. Performing the elimination indicated in
Eq. (1.93) yields the triangularized matrix

-4.33 33.01 28.9 (1.94)
0 -29.51-29.4

Performing back substitution yields x3 = 0.997, x2 = 0.924, and xl = -0.844, which does
not agree very well with the exact solution x3 = 1.0, x2 = 1.0, and x~ = -1.0. Round-off
errors due to the three-digit precision have polluted the solution.

The effects of round-off can be reduced by scaling the equations before pivoting.
Since scaling itself introduces round-off, it should be used only to determine if pivoting is
required. All calculations should be made with the original unscaled equations.

Let’s rework the problem using scaling to determine if pivoting is required. The first
step in the elimination procedure eliminates all the elements in the first column under
element all. Before performing that step, let’s scale all the elements in column 1 by the
largest element in each row. The result is

F3/1057 F0"02861
a~ = 12/103l -- 10.0194 (1.95)

[_ 1/3 ] [_0.3333

where the notation a1 denotes the column vector consisting of the scaled elements from
the first column of matrix A. The third element of al is the largest element in a~, which
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indicates that rows 1 and 3 of matrix A should be interchanged. Thus, Eq. (1.91), with the
elimination multipliers indicated, becomes

2 -3 103 I 98 R2- (2/1)R~ (1.96)
3 2 1051104 R3- (3 /1)R1

Performing the elimination and indicating the next elimination multiplier yields

3,310 -5 97192 (1.97)
0 -1 96 I 95 R3 - (1/5)R2

Scaling the second and third elements of column 2 gives

-1/96J L-0.0104
(1.98)

Consequently, pivoting is not indicated. Performing the elimination indicated in Eq. (1.97)
yields

I
1.0 1.0 3.0 3.0 1

0.0 -5.0 97.0 92.0 (1.99)
0.0 0.0 76.6 76.6]

Solving Eq. (1.99) by back substitution yields 1 =1.00, x2= 1.00, andx3 =-1.00,
which is the exact solution. Thus, scaling to determine the pivot element has eliminated the
round-off error in this simple example.

1.3.3. Gauss Elimination

The elimination procedure described in the previous section, including scaled pivoting, is
commonly called Gauss elimination. It is the most important and most useful direct
elimination method for solving systems of linear algebraic equations. The Gauss-Jordan
method, the matrix inverse method, the LU factorization method, and the Thomas
algorithm are all modifications or extensions of the Gauss elimination method. Pivoting
is an essential element of Gauss elimination. In cases where all of the elements of the
coefficient matrix A are the same order of magnitude, scaling is not necessary. However,
pivoting to avoid zero pivot elements is always required. Scaled pivoting to decrease
round-off errors, while very desirable in general, can be omitted at some risk to the
accuracy of the solution. When performing Gauss elimination by hand, decisions about
pivoting can be made on a case by case basis. When writing a general-purpose computer
program to apply Gauss elimination to arbitrary systems of equations, however, scaled
pivoting is an absolute necessity. Example 1.10 illustrates the complete Gauss elimination
algorithm.

When solving large systems of linear algebraic equations on a computer, the
pivoting step is generally implemented by simply keeping track of the order of the rows
as they are interchanged without actually interchanging rows, a time-consuming and
unnecessary operation. This is accomplished by using an order vector o whose elements
denote the order in which the rows of the coefficient matrix A and the fight-hand-side
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vector b are to be processed. When a row interchange is required, instead of actually
interchanging the two rows of elements, the corresponding elements of the order vector are
interchanged. The rows of the A matrix and the b vector are processed in the order
indicated by the order vector o during both the elimination step and the back substitution
step.

As an example, consider the second part of Example 1.10. The order vector has the
initial value or = [1 2 3]. After scaling, rows 1 and 3 are to be interchanged. Instead of
actually interchanging these rows as done in Example I. 10, the corresponding elements of
the order vector are changed to yield or = [3 2 1]. The first elimination step then uses
the third row to eliminate x1 from the second and first rows. Pivoting is not required for the
second elimination step, so the order vector is unchanged, and the second row is used to
eliminate x2 from the first row. Back substitution is then performed in the reverse order of
the order vector, o, that is, in the order 1, 2, 3. This procedure saves computer time for
large systems of equations, but at the expense of a slightly more complicated program.

The number of multiplications and divisions required for Gauss elimination is
approximately N = (n3/3 - n/3) for matrix A and n2 for each b. For n = 10, N = 430,
and for n = 100, N = 343,300. This is a considerable reduction compared to Cramer’s
rule.

The Gauss elimination procedure, in a format suitable for programming on a
computer, is summarized as follows:

1. Define the n x n coefficient matrix A, the n x 1 column vector b, and the n x 1
order vector o.

2. Starting with column 1, scale column k (k = 1, 2 ..... n - 1) and search for the
element of largest magnitude in column k and pivot (interchange rows) to put
that coefficient into the ak,k pivot position. This step is actually accomplished by
interchanging the corresponding elements of the n x 1 order vector o.

3. For column k (k = 1, 2 ..... n - 1), apply the elimination procedure to rows
i (i = k + 1, k + 2 ..... n) to create zeros in column k below the pivot element,
ak,~. Do not actually calculate the zeros in column k. In fact, storing the
elimination multipliers, em = (ai,l~/al~,k), in place of the eliminated elements,
ai,k, creates the Doolittle LU factorization presented in Section 1.4. Thus,

{ai,k’~ a .
aij = ai,j -- ~kak,k} I~,1

bi = bi- (ai’k]bk

\ak,k]

(i,j=k+l,k+2 ..... n) (1.~00a)

(i=k + l,k + 2 ..... n) (1.100b)

After step 3 is applied to all k columns, (k = 1,2 ..... n - 1), the original 
matrix is upper triangular.
Solve for x using back substitution. If more than one b vector is present, solve
for the corresponding x vectors one at a time. Thus,

b, (1.101a)

X"n

bi - ~
j=i+l

xi -- (i = n- 1,n-2 ..... 1) (1.101b)
ai,i
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1.3.4. Gauss-Jordan Elimination

Gauss-Jordan elimination is a variation of Gauss elimination in which the elements above
the major diagonal are eliminated (made zero) as well as the elements below the major
diagonal. The A matrix is transformed to a diagonal matrix. The.rows are usually scaled to
yield unity diagonal elements, which transforms the A matrix to the identity matrix, I. The
transformed b vector is then the solution vector x. Gauss-Jordan elimination can be used
for single or multiple b vectors.

The number of multiplications and divisions for Gauss-Jordan elimination is
approximately N = (n3/2- n/2)+ n2, which is approximately 50 percent larger than
for Gauss elimination. Consequently, Gauss elimination is preferred.

Example 1.11. Gauss-Jordan elimination.

Let’s rework Example 1.7 using simple Gauss-Jordan elimination, that is, elimination
without pivoting. The augmented A matrix is [see Eq. (1.79)]

80 -20 -20 [201
-20 40 -20 120
-20 -20 130120

R1/80
(1.102)

Scaling row 1 to give all = 1 gives

1 --1/4 --1/411/41
-20 40 -201 20 R2-(- 20)
-20 -20 1301 20 R3 - (-20)R1

(1.103)

Applying elimination below row 1 yields

[i -1/4 -1/41 1/4"]
35 -251 25/Rz/35

-25 1251 25 J
(1.104)

Scaling row 2 to give a22 = 1 gives

-1/4 -1/411/4"]R1-(-1/4)R2
1 -5/715/7/

-25 1251 25 ] R3 -- (-25)R2
(1.105)

Applying elimination both above and below row 2 yields

-3/7
-5/7

750/7

I 3/7 ]
I 5/7
1300/7 R3/(750/7)

(1.106)

Scaling row 3 to give a33 = 1 gives

Ii 0 -3/713/71 R1-(-3/7)R3
1 --5/715/7 R2- (-5/7)R3
0 1 1215

(1.107)
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Applying elimination above row 3 completes the process.

1 0l 1.00 (1.108)
0 1 10.40

The A matrix has been transformed to the identity matrix I and the b vector has been
transformed to the solution vector, x. Thus, x~" = [0.60 1.00 0.40].

The inverse of a square matrix A is the matrix A-1 such that AA-1 = A-1A = I.
Gauss-Jordan elimination can be used to evaluate the inverse of matrix A by augmenting A
with the identity matrix I and applying the Gauss-Jordan algorithm. The transformed A
matrix is the identity matrix I, and the transformed identity matrix is the matrix inverse,
A-1 . Thus, applying Gauss-Jordan elimination yields

[[A]I]--> [IIA-1]] (1.109)

The Gauss-Jordan elimination procedure, in a format suitable for programming on a
computer, can be developed to solve Eq. (1.109) by modifying the Gauss elimination
procedure presented in Section 1.3.C. Step 1 is changed to augment the n x n A matrix
with the n x n identity matrix, I. Steps 2 and 3 of the procedure are the same. Before
performing Step 3, the pivot element is scaled to unity by dividing all elements in the row
by the pivot element. Step 3 is expanded to perform elimination above the pivot element as
well as below the pivot element. At the conclusion of step 3, the A matrix has been
transformed to the identity matrix, I, and the original identity matrix, I, has been
transformed to the matrix inverse, A-l .

Example 1.12. Matrix inverse by Gauss-Jordan elimination.

Let’s evaluate the inverse of matrix A presented in Example 1.7. First, augment matrix A
with the identity matrix, I. Thus,

80 -20 -201 1 0 0]
[All]= -20 40 -2010 1 0 (1.110)

-20 -20 13010 0 1

Performing Gauss-Jordan elimination transforms Eq. (1.110) 

1 0 012/125 1/100 1/250]
0 1 011/100 1/30 1/150 (1.111)
0 0 11 1/250 1/150 7/750

from which

F2/125 1/100 1/2501 r0.016000 0.010000 0~000460606071.
A-l= /1/100 1/30 1/150 = /0.010000 0.033333

/1/250 1/150 7/750 /0.004000 0.006667 0.009333_]

(1.112)

Multiplying A times A-1 yields the identity matrix I, thus verifying the computations.
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1.3.5. The Matrix Inverse Method

Systems of linear algebraic equations can be solved using the matrix inverse, A-1.

Consider the general system of linear algebraic equations:

Ax = b (1.113)

Multiplying Eq. (1.113) by -1 yields

A-lAx = Ix --- x = A-lb (1.114)

from which

x = A-Ib
(1.115)

Thus, when the matrix inverse A-l of the coefficient matrix A is known, the solution
vector x is simply the product of the matrix inverse A-1 and the right-hand-side vector b.
Not all matrices have inverses. Singular matrices, that is, matrices whose determinant is
zero, do not have inverses. The corresponding system of equations does not have a unique
solution.

Example 1.13. The matrix inverse method.

Let’s solve the linear system considered in Example 1.7 using the matrix inverse method.
The matrix inverse A-a of the coefficient matrix A for that linear system is evaluated in
Example 1.12. Multiplying A-1 by the vector h from Example 1.7 gives

~2/125 1/100 1/250"~I201
x----A-’b----/1/100 1/30 1/150 / 20 (1.116)

/1/250 1/150 7/750.~ 20

Performing the matrix multiplication yields

Xl = (2/125)(20) + (1/100)(20) + (1/250)(20) 
x2 = (1/100)(20) + (1/30)(20) + (1/150)(20) 

x3 = (1/250)(20) + (1/150)(20) + (7/750)(20) 

(1.117a)

(1.117b)

(1.117c)

Thus, xT = [0.60 1.00 0.40].

1.3.6. Determinants

The evaluation of determinants by the cofactor method is discussed in Section 1.2.4 and
illustrated in Example 1.4. Approximately N ---- (n - 1)n! multiplications are required 
evaluate the determinant of an n x n matrix by the cofactor method. For n = 10,
N = 32,659,000. Evaluation of the determinants of large matrices by the cofactor
method is prohibitively expensive, if not impossible. Fortunately, determinants can be
evaluated much more efficiently by a variation of the elimination method.
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First, consider the matrix A expressed in upper triangular form:

Jail a12 a13 "’" aln1
| 0 a22 a23 ... a2n|

A----[ 0.

0 a33 ... agn] (1.118)

o ....; ....
Expanding the determinant of A by cofactors down the first column gives all times the
(n - 1) x (n - 1) determinant having a22 as its first element in its first column, with 
remaining elements in its first column all zero. Expanding that determinant by cofactors
down its first column yields a22 times the (n - 2) x (n - 2) determinant having a33 as 
first element in its first column with the remaining elements in its first column all zero.
Continuing in this manner yields the result that the determinant of an upper triangular
matrix (or a lower triangular matrix) is simply the product of the elements on the major
diagonal. Thus,

det(A) IAI = l~I ai,i (1.119)
i=1

where the 1"] notation denotes the product of the ai, i. Thus,

det(A) = IAI al la22""ann (1.120)

This result suggests the use of elimination to triangularize a general square matrix,
then to evaluate its determinant using Eq. (1.119). This procedure works exactly as stated
if no pivoting is used. When pivoting is used, the value of the determinant is changed, but
in a predictable manner, so elimination can also be used with pivoting to evaluate
determinants. The row operations must be modified as follows to use elimination for
the evaluation of determinants.

1. Multiplying a row by a constant multiplies the determinant by that constant.
2. Interchanging any two rows changes the sign of the determinant. Thus, an even

number of row interchanges does not change the sign of the determinant,
whereas an odd number of row interchanges does change the sign of the
determinant.

3. Any row may be added to the multiple of any other row without changing the
value of the determinant.

The modified elimination method based on the above row operations is an efficient way to
evaluate the determinant of a matrix. The number of multiplications required is approxi-
mately N = n3 + n2 - n, which is orders and orders of magnitude less effort than the
N = (n - 1)n! multiplications required by the cofactor method.

Example 1.14. Evaluation of a 3 x 3 determinant by the elimination method.

Let’s rework Example 1.4 using the elimination method. Recall Eq. (1.53):

-20 180 -20
-20 40 -20
-20 -20 130

(1.121)
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From

There
Thus,

det(A) = IAI = (80)(35)(750/7) = 

Example 1.7, after Gauss elimination, matrix A becomes

0 35 -25 (1.122)
0 0 750/7

are no row interchanges or multiplications of the matrix by scalars in this example.

(1.123)

1.4 LU FACTORIZATION

Matrices (like scalars) can be factored into the product of two other matrices in an infinite
number of ways. Thus,

A = BC (1.124)

When B and C are lower triangular and upper triangular matrices, respectively, Eq. (1.124)
becomes

A = LU (1.125)

Specifying the diagonal elements of either L or U makes the factoring unique. The
procedure based on unity elements on the major diagonal of L is called the Doolittle
method. The procedure based on unity elements on the major diagonal of U is called the
Crout method.

Matrix factoring can be used to reduce the work involved in Gauss elimination when
multiple unknown b vectors are to be considered. In the Doolittle LU method, this is
accomplished by defining the elimination multipliers, em, determined in the elimination
step of Gauss elimination as the elements of the L matrix. The U matrix is defined as the
upper triangular matrix determined by the elimination step of Gauss elimination. In this
manner, multiple b vectors can be processed through the elimination step using the L
matrix and through the back substitution step using the elements of the U matrix.

Consider the linear system, Ax = b. Let A be factored into the product LU, as
illustrated in Eq. (1.125). The linear system becomes

LUx = b (1.126)

Multiplying Eq. (1.126) by -1 gives

L-1LUx = IUx = Ux = L-lb (1.127)

The last two terms in Eq. (1.127) give

Ux = L-lb (1.128)

Define the vector b’ as follows:

b’ = L-lb (1.129)

Multiplying Eq. (1.129) by L gives

Lb’ = LL-lb = Ib = b (1.130)
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Equating the first and last terms in Eq. (1.130) yields

Lb’ = b (1.131)

Substituting Eq. (1.129) into Eq. (1.128) yields

Ux = b’ (1.132)

Equation (1.131) is used to transform the b vector into the b’ vector, and Eq. (1.132)
is used to determine the solution vector x. Since Eq. (1.131) is lower triangular, forward
substitution (analogous to back substitution presented earlier) is used to solve for b’. Since
Eq. (1.132) is upper triangular, back substitution is used to solve for 

In the Doolittle LU method, the U matrix is the upper triangular matrix obtained by
Gauss elimination. The L matrix is the lower triangular matrix containing the elimination
multipliers, em, obtained in the Gauss elimination process as the elements below the
diagonal, with unity elements on the major diagonal. Equation (1.131) applies the steps
performed in the triangularization of A to U to the b vector to transform b to b’. Equation
(1.132) is simply the back substitution step of the Gauss elimination method. Conse-
quently, once L and U have been determined, any b vector can be considered at any later
time, and the corresponding solution vector x can be obtained simply by solving Eqs.
(1.131) and (1.132), in that order. The number of multiplicative operations required 
each b vector is n2.

Example 1.15. The Doolittle LU method.

Let’s solve Example 1.7 using the Doolittle LU method. The first step is to determine the L
and U matrices. The U matrix is simply the upper triangular matrix determined by the
Gauss elimination procedure in Example 1.7. The L matrix is simply the record of the
elimination multipliers, em, used to transform A to U. These multipliers are the numbers in
parentheses in the row operations indicated in Eqs. (1.80) and (1.81) in Example 1.7. Thus,
L and U are given by

L = -1/4 1 and U= 35 -25
[_-1/4 -5/7 0 750/7

Consider the first b vector from Example 1.8: b~" = [20

-1/4 1 0 /b,z = 20
-1/4 -5/7 1 Lb3 20

Performing forward substitution yields

b’1 = 20

b~ = 20 - (-1/4)(20) 

b~ = 20 - (-1/4)(20) - (-5/7)(25) 

(1.133)

20 20]. Equation (1.131) gives

(1.134)

(1.135a)

(1.135b)

(1.135c)
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The b’ vector is simply the transformed b vector determined in Eq. (1.82). Equation
(1.132) gives

Performing back substitution yields x~ = [0.60
b~r=

(1.136)

1.00 0.40]. Repeating the process for

[20 10 20] yields

-1/4 t 0 |b!| = 10 b i 15 (1.137)
[_-1/4 -5/7 1 [-b3... ] 20 b~=250/7

0 35 -25 x2 = 15 x2 2/3
0 0 750/7 x3 250/7 x3 1/3

(1.138)

When pivoting is used with LU factorization, it is necessary to keep track of the row
order, for example, by an order vector o. When the rows of A are interchanged during the
elimination process, the corresponding elements of the order vector o are interchanged.
When a new b vector is considered, it is processed in the order corresponding to the
elements of the order vector o.

The major advantage .of LU factorization methods is their efficiency when multiple
unknown b vectors must be considered. The number of multiplications and divisions
required by the complete Gauss elimination method is N = (n3/3- n/3)÷ 2. The
forward substitution step required to solve Lb’= b requires N = n2/2- n/2 multi-
plicative operations, and the back substitution step required to solve Ux = b’ requires
N = n2/2 ÷n/2 multiplicative operations. Thus, the total number of multiplicative
operations required by LU factorization, after L and U have been determined, is n2,

which is much less work than required by Gauss elimination, especially for large systems.
The Doolittle LU method, in a format suitable fo{ programming for a computer, is

summarized as follows:

1. Perform steps 1, 2, and 3 of the Gauss elimination procedure presented in
Section 1.3.3. Store the pivoting information in the order vector o. Store the row
elimination multipliers, em, in the locations of the eliminated elements. The
results of this step are the L and U matrices.

2. Compute the b’ vector in the order of the elements of the order vector o using
forward substitution:

bti=bi - ~li,kbtk (i= 2,3 ..... n) (1.139)
k=l

where li, k are the elements of the L matrix.
3. Compute the x vector using back substitution:

k=i+ I

where ui, ~ and ui, i are elements of the U matrix.
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As a final application of LU factorization, it can be used to evaluate the inverse of
matrix A, that is, A-~. The matrix inverse is calculated in a column by column manner
using unit vectors for the right-hand-side vector b. Thus, if bl r = [1 0 ... 0], x1 will
be the first column of A-1. The succeeding columns of A-~ are calculated by letting
ber=[0 1 ... 0], by=[0 0 1 ... 0], etc., and bnr=[0 0 ... l]. The
number of multiplicative operations for each column is n2. There are n columns, so the
total number of multiplicative operations is n3. The number of multiplicative operations
required to determine L and U are (n3/3 - n/3). Thus, the total number of multiplicative
operations required is 4n3/3 -n/3, which is smaller than the 3n3/2- n/2 operations
required by the Gauss-Jordan method.

Example 1.16. Matrix inverse by the Doolittle LU method.

Let’s evaluate the inverse of matrix A presented in Example 1.7 by the Doolittle LU
method:

I 80

-20

-201

A= -20 40 -20 (1.141)
-20 -20 130

Evaluate the L and U matrices by Doolittle LU factorization. Thus,

L = -1/4 1 and U = 35 -25 (1.142)
-1/4 -5/7 0 7s0/7

Letb~r=[1 0 0].Then, Lb’~ =b~ gives

-1/4 1 b 2 = --~ h’~ = 1/4 (1.143a)
L-l/4 -5/7 b~ 3/7J

Solve Ux = b~ to determine x~. Thus,

I8i -20 -20 l[x~ 1 I 1 1

F2/1251
35 -25 x2 ----- 1/4 -~ x, -- 11/lOO/ (1.143b)
0 750/7 x 3 L3/7_] k 1/250J

where x1 is the first column of A-1. Letting b2r=[0 1 0] gives x~=
[1/100 1/30 1/150],andlettingb3 r = [0 0 1] givesx~ = [1/250 1/150 7/750].
Thus, A- ~ is given by

F2/125 1/100 1/250]

A-~ = [xl x2 x3] = /1/100 1/30 1/150

L1/25° 1/150 7/750

 o.o16ooo O.OlOOOO

o.oo4ooo]= / 0.01000 0.033333
0.006667 (1.143c)

L 0.004000 0.006667 0.009333

which is the same result obtained by Gauss-Jordan elimination in Example 1.12.
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1.5 TR|DtAGONAL SYSTEMS OF EQUATIONS

When a large system of linear algebraic equations has a special pattern, such as a
tridiagonal pattern, it is usually worthwhile to develop special methods for that unique
pattern. There are a number of direct elimination methods for solving systems of linear
algebraic equations which have special patterns in the coefficient matrix. These methods
are generally very efficient in computer time and storage. Such methods should be
considered when the coefficient matrix fits the required pattern, and when computer
storage and/or execution time are important. One algorithm that deserves special attention
is the algorithm for tridiagonal matrices, often referred to as the Thomas (1949) algorithm.
Large tridiagonal systems arise naturally in a number of problems, especially in the
numerical solution of differential equations by implicit methods. Consequently, the
Thomas algorithm has found a large number of applications.

To derive the Thomas algorithm, let’s apply the Gauss elimination procedure to a
tridiagonal matrix T, modifying the procedure to eliminate all unnecessary computations
involving zeros. Consider the matrix equation:

(1.144)

where T is a tridiagonal matrix. Thus,

-all a12 0 0 0
a21 a22 a23 0 0
0 a32 a33 a34 0

T = 0 0 a43 a44 a45

0 0 0
0 0 0
0 0 0
0 0 0 (1.145)

0 0 0 0 0 ¯ ¯ ¯ an_l,n_2 an_l,n_1 an_l,n
0 0 0 0 0 "." 0 an,n_~ an,n

Since all the elements of column 1 below row 2 are already zero, the only element to be
eliminated in row 2 is a2~. Thus, replace row 2 by R2 - (a2~/a~)R~. Row 2 becomes

[0 az2-(a2~/a~)a12 a23 0 0 ... 0 0 0] (1.146)

Similarly, only a3z in column 2 must be eliminated from row 3, only a43 in column 3 must
be eliminated from row 4, etc. The eliminated element itself does not need to be calculated.
In fact, storing the elimination multipliers, em = (a21/all), etc., in place of the eliminated
elements allows this procedure to be used as an LU factorization method. Only the
diagonal element in each row is affected by the elimination. Elimination in rows 2 to n is
accomplished as follows:

ai,i = ai,i -- (ai,i_l/ai_l,i_l)ai_l,i (i = 2 ..... n) (1.147)

Thus, the elimination step involves only 2n multiplicative operations to place T in upper
triangular form.

The elements of the b vector are also affected by the elimination process. The first
element b~ is unchanged, The second element b2 becomes

b2 = b2 - (a2l/a~)b1 (1.148)

Subsequent elements of the b vector are changed in a similar manner. Processing the b
vector requires only one multiplicative operation, since the elimination multiplier,
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em = (a21/all), is already calculated. Thus, the total process of elimination, including the
operation on the b vector, requires only 3n multiplicative operations.

The n x n tridiagonal matrix T can be stored as an n x 3 matrix A’ since there is no
need to store the zeros. The first column of matrix At, elements al,1, corresponds to the
subdiagonal of matrix T, elements ai,i_ 1. The second column of matrix A’, elements a’i,2,
corresponds to the diagonal elements of matrix T, elements ai, i. The third column of
matrix At, elements ati,3, corresponds to the superdiagonal of matrix T, elements ai,i+1. The
elements atl,1 and an,3’ do not exist. Thus,

at at at
2,1 2,2 2,3

At =
at at

3,1 3,2 a3,3 (1.149)

an-l,1 an-l,2 an-l,3

an, 1 an,2 --

When the elements of column 1 of matrix At are eliminated, that is, the elements a’i,1,
the elements of column 2 of matrix At become

" ’ (1.150a)al, 2 ~- al,2

ati,2 = ati,2 -- (al,1/ai_l,2)ai_l,3 (i = 2, 3 . .. .. n) (1.150b)

The b vector is modified as follows:

b1 = b1 (1.151a)

bi = bi - (ati,1/a~_l,z)bi_l (i = 2, 3 ..... n) (1.151b)

After ali,2 (i = 2, 3 ..... n) and b are evaluated, the back substitution step is as follows:

Xn = bn/a’n,2 (1.152a)

xi = (bi - ati,3xi+l)/a~,~ (i = n - 1, n - 2 ..... 1) (1.152b)

Example 1.17. The Thomas algorithm.

Let’s solve the tridiagonal system of equatio.ns obtained in Example 8.4, Eq. (8.54). In that
example, the finite difference equation

Ti_1 -- (2 + c~2 z~r2)Ti -]- Tt-+l = 0 (1.153)

is solved for ~ = 4.0 and Ax = 0.125, for which (2 + ~X2 ~2) = 2.25, for i = 2 ..... 8,
with T1 = 0.0 and T9 = 100.0. Writing Eq. (1.153) in the form of the n x 3 matrix 
(where the temperatures T,. of Example 8.4 correspond to the elements of the x vector)
yields

A t ~

-- -2.25 1.0-
1.0 -2.25 1.0
1.0 -2.25 1.0
1.0 -2.25 1.0
1.0 -2.25 1.0
1.0 -2.25 1.0
1.0 -2.25 --

and b =

0.0-

0.0
0.0
0.0
0.0
0.0

-100.0

(1.154)
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The major diagonal terms (the center column of the A’ matrix) are transformed
according to Eq. (1.150). Thus, a’ = -2.25 and a’ is given by1,2 2,2

a2,2 = a2, 2 -- (a2,1/al,2)al, 3 = -2.25 - [1.0/(-2.25)](1.0) = -1.805556 (1.155)

The remaining elements of column 2 are processed in the same manner. The A’ matrix
after elimination is presented in Eq. (1.157), where the elimination multipliers are
presented in parentheses in column 1. The b vector is transformed according to Eq.
(1.151). Thus, b~ = 0.0, and

b2 = b2 - (a’2A/atL2)b~ = 0.0 - [1.0/(-2.25)](0.0) = 0.0 (1.156)

The remaining elements of b are processed in the same manner. The results are presented
in Eq. (1.157). For this particular b vector, where elements b~ to b,,_~ are all zero, the 
vector does not change. This is certainly not the case in general. The final result is:

(-0.444444)
(-0.553846)
(-0.589569)
(-0.602253)
(-0.606889)
,(-0.608602)

-2.250000 1.0"
-1.805556 1.0
-1.696154 1.0
-1.660431 1.0
-1.647747 1.0
-1.643111 1.0
-1.641398 --

and b’ =

The solution vector is computed using Eq. (1.152). Thus,

x7 = b7/a~.2 = (-100)/(-1.641398) = 60.923667

X6 = (b6 - a~,3x7)/a~, 2 = [0 - (1.0)(60.923667)]/(- 1.643111)

= 37.078251

Processing theremaining rows yields the solution vector:

1.966751
4.425190
7.989926

x = 13.552144
22.502398
37.078251
60.923667

Equ~ion (1.158c) is the solution presented in Table 8.9.

0.0-

0.0
0.0
0.0
0.0
0.0

-100.0

(1.157)

(1.158a)

(1.158b)

(1.158c)

Pivoting destroys the tridiagonality of the system of linear algebraic equations, and
thus cannot be used with the Thomas algorithm. Most large tridiagonal systems which
represent real physical problems are diagonally dominant, So pivoting is not necessary.

The number of multiplicative operations required by the elimination step is
N = 2n - 3 and the number of multiplicative operations required by the back substitution
step is N = 3n - 2. Thus, the total number of multiplicative operations is N = 5n - 4 for
the complete Thomas algorithm. If the T matrix is constant and multiple b vectors are to be
considered, only the back substitution step is required once the T matrix has been factored
into L and U matrices. In that case, N = 3n - 2 for subsequent b vectors. The advantages
of the Thomas algorithm are quite apparent when compared with either the Gauss
elimination method, for which N = (n3/3 - n/3) + 2, or t he Doolittle L U method, for
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which N = n2 - n/2, for each b vector after the first one. The Thomas algorithm, in a
format suitable for programming for a computer, is summarized as follows:

1. Store the n x n tridiagonal matrix T in the n x 3 matrix A’. The right-hand-side
vector b is an n x 1 column vector.

2. Compute the a~,2 terms from Eq. (1.150). Store the elimination multipliers,
em = al.1/al_l,2, in place of a~,1.

3. Compute the bi terms from Eq. (1.151).
4. Solve for xi by back substitution using Eq. (1.152).

An extended form of the Thomas algorithm can be applied to block tridiagonal
matrices, in which the elements of T are partitioned into submatrices having similar
patterns. The solution procedure is analogous to that just presented for scalar elements,
except that matrix operations are employed on the submatrix elements.

An algorithm similar to the Thomas algorithm can be developed for other special
types of systems of linear algebraic equations. For example, a pentadiagonal system of
linear algebraic equations is illustrated in Example 8.6.

1.6. PITFALLS OF ELIMINATION METHODS

All nonsingular systems of linear algebraic equations have a solution. In theory, the
solution can always be obtained by Gauss elimination. However, there are two major
pitfalls in the application of Gauss elimination (or its variations): (a) the presence of round-
off errors, and (b) ill-conditioned systems. Those pitfalls are discussed in this section. The
effects of round-off can be reduced by a procedure known as iterative improvement, which
is presented at the end of this section.

1.6.1. Round-Off Errors

Round-off errors occur when exact infinite precision numbers are approximated by finite
precision numbers. In most computers, single precision representation of numbers
typically contains about 7 significant digits, double precision representation typically
contains about 14 significant digits, and quad precision representation typically contains
about 28 significant digits. The effects of round-off errors are illustrated in the following
example.

Example 1.18. Effects of round-off errors.

Consider the following system of linear algebraic equations:

0.0003xl + 3x2 = 1.0002

XI "+ X2 = 1

Solve Eq. (1.159) by Gauss elimination. Thus,

I01.0003 31 1.0002]1]1 R2 - R1/0.0003

[ 0.0~03

3, 1.0002

1.0002
-9999 I 1

0.0003

(1.159a)

(1.159b)

(1A6Oa)

(1.160b)
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Table 1.1. Solution of Eq. (1.162)

Precision x2 xI

3 0.333 3.33
4 0.3332 1.333
5 0.33333 0.70000
6 0.333333 0.670000
7 0.3333333 0.6670000
8 0.33333333 0.66670000

The exact solution of Eq. (1.160) 

1.0002 0.0003 - 1.0002 -0.9999
1

x2 -- 0.0003 _ 0.0003 _ 0.0003 _ ± (1.161a)
-9999 -9999 -9999 3

1.0002- 3x2 _ 1.0002- 3(1/3) 0.0002 2
- (1.161b)

Xl - 0.0003 0.0003 - 0.0003 3

Let’s solve Eq. (1.161) using finite precision arithmetic with two to eight significant
figures. Thus,

1.0002
1 1.0002 - 3x2

x2 -- 0.0003 and x1 - (1.162)
-9999 0.0003

The results are presented in Table 1. I. The algorithm is clearly performing very poorly.
Let’s rework the problem by interchanging rows 1 and 2 in Eq. (1.159). Thus,

xI +x2 = 1 (1.163a)

0.0003x1 + 3x2 = 1.0002 (1.163b)

Solve Eq. (1.163) by Gauss elimination. Thus,

0.0003 3 1.0002 R2-0.0003R~
(1.164a)

1 1 1
0 2.9997 0.9999 (1.164b)

0.9999
x2 -- 2.9997 and x~ = 1 - x2 (1.164c)

Let’s solve Eq. (1.164c) using finite precision arithmetic. The results are presented 
Table 1.2. These results clearly demonstrate the benefits of pivoting.
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Table 1.2.
(1.164c)

Solution of Eq.

Pmcision x2 x1

3 0.333 0.667
4 0.3333 0.6667
5 0.33333 0.66667

Chapter 1

Round-off errors can never be completely eliminated. However, they can be minimized by
using high precision arithmetic and pivoting.

1.6.2. System Condition

All well-posed nonsingular numerical problems have an exact solution. In theory, the exact
solution can always be obtained using fractions or infinite precision numbers (i.e., an
infinite number of significant digits). However, all practical calculations are done with
finite precision numbers which necessarily contain round-off errors. The presence of
round-off errors alters the solution of the problem.

A well-conditioned problem is one in which a small change in any of the elements of
the problem causes only a small change in the solution of the problem.

An ill-conditioned problem is one in which a small change in any of the elements of
the problem causes a large change in the solution of the problem. Since ill-conditioned
systems are extremely sensitive to small changes in the elements of the problem, they are
also extremely sensitive to round-off errors.

Example 1.19. System condition.

Let’s illustrate the behavior of an ill-conditioned system by the following problem:

x1 +x2 = 2 (1.165a)

x1 + 1.0001x2 = 2.0001 (1.165b)

Solve Eq. (1.165) by Gauss elimination. Thus,

[I 1

2 ]
(1.166a)1.0001 2.0001 R2-RI

[10

1 2

]
(1.166b)

0.0001 0.0001

Solving Eq. (1.166b) yields 2 =1 and xI= 1.
Consider the following slightly modified form of Eq. (1.165) in which aa2 

changed slightly from 1.0001 to 0.9999:

xl +x2 =2

x~ ÷ 0.9999x2 = 2.0001

Solving Eq. (1.167) by Gauss elimination gives

1 0.9999 12.0001 R2-R1

-0.0001 I 0.0001

(1.167a)

(1.167b)

(1.168a)

(1.168b)
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Solving Eq. (1.168b) yields 2 =-1andx1 =3, whichis gre atl y differ ent from the
solution of Eq. (1.165).

Consider another slightly modified form of Eq..(1.165) in which b2 is changed
slightly from 2.0001 to 2:

X1 -~-X2 ~- 2 (1.169a)

x1 --~ 1.0001x2 = 2 (1.169b)

Solving Eq. (1.169) by Gauss elimination gives

1 1.0001 R2 -R1
(1.170a)

(1.170b)

Solving Eq. (1.170) yields 2 =0 and xl= 2, which is greatly dif ferent from thesolution
of Eq. (1.165).

This problem illustrates that very small changes in any of the elements of A or b can
cause extremely large changes in the solution, x. Such a system is ill-conditioned.

With infinite precision arithmetic, ill-conditioning is not a problem. However, with
finite precision arithmetic, round-off errors effectively change the elements of A and b
slightly, and if the system is ill-conditioned, large changes (i.e., errors) can occur in the
solution. Assuming that scaled pivoting has been performed, the only possible remedy to
ill-conditioning is to use higher precision arithmetic.

There are several ways to check a matrix A for ill-conditioning. If the magnitude of
the determinant of the matrix is small, the matrix may be ill-conditioned. However, this is
not a foolproof test. The inverse matrix A-~ can be calculated, and AA-1 can be computed
and compared to I. Similary, (A-~)-1 can be computed and compared to A. A close
comparison in either case suggests that matrix A is well-conditioned. A poor comparison
suggests that the matrix is ill-conditioned. Some of the elements of A and/or b can be
changed slightly, and the solution repeated. If a drastically different solution is obtained,
the matrix is probably ill-conditioned. None of these approaches is foolproof, and none
give a quantitative measure of ill-conditioning. The surest way to detect ill-conditioning is
to evaluate the condition number of the matrix, as discussed in the next subsection.

1.6.3, Norms and the Condition Number

The problems associated with an ill-conditioned system of linear algebraic equations are
illustrated in the previous discussion. In the following discussion, ill-conditioning is
quantified by the condition number of a matrix, which is defined in terms of the norms of
the matrix and its inverse. Norms and the condition number are discussed in this section.
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1.6.3.1. Norms

The measure of the magnitude of A, x, or b is called its norm and denoted by IIAII, Ilxll,
and Ilbll, respectively. Norms have the following properties:

IIAII > 0 (1.171a)

IIAII = 0 only if A = 0 (1.171b)

IIkAII = IklllAII (1.171c)

IIA + Bll _< IIAI[ + IIBII (1.171d)

IIABII _< IIAIIIIBll (1.171e)

The norm of a scalar is its absolute value. Thus, Ilkll = Ikl. There are several
definitions of the norm of a vector. Thus,

Ilxl[1 -- ~ ]xi[ Sum of magnitudes (1.172a)

Ilxll2 = IlXlle = (~X~/)1/2 Euclidean norm (1.172b)

II x II o~ = max Ixil Maximum magnitude norm (1.172c)
l<i<n

The Euclidean norm is the length of the vector in n-space.
In a similar manner, there are several definitions of the norm of a matrix. Thus,

n

IIAII1 --- ~a<x, ~ lai~il
l <~_n i= l

n

IIAII~ -- max ~ lai~il
l<i<nj=1

Maximum column sum

Maximum row sum

Spectral norm

Euclidean norm

(1.173a)

(1.173b)

(1.173c)

(1.173d)

IIAII2 : min2i (eigenvalue)

IIAlle \i:~j:~ ’J

1.6.3.2. Condition Number

The condition number of a system is a measure of the sensitivity of the system to small
changes in any of its elements. Consider a system of linear algebraic equations:

Ax = b (1.174)

For Eq. (1.174),

Ilbll _< IIAIIIIxlt (1.175)

Consider a slightly modified form of Eq. (1.174) in which b is altered by fib, which causes
a change in the solution fix. Thus,

A(x + fix) = b + fib (1.176)

Subtracting Eq. (1.174) from Eq. (1.176) gives

A fix = fib (1.177)

Solving Eq. (1.177) for fix gives

~x = A-1 3b (1.178)
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For Eq. (1.178),

116xll _< IIA-tllll,Sbll (1.179)

Multiplying the left-hand and right-hand sides of Eqs. (1.175) and (1.179) gives

I[bllll6xll _< IIAIIIIxlIIIA-lllll6bll (1.180)
Dividing Eqs. (1.180)by Ilbllllxll yields

IlOxll 5 t[A[IIIA-11i ll6bl[ . I[Obll
[I-~ = C(A) I[-~

(1.~81)

where C(A) is the condition number of matrix A:

[ C(A): IIA[IIIA-I[[I (1.182)

Equation (1.182) determines the sensitivity of the solution, II~xll/Ilxll, to changes in
the vector b, ll6bll/llbll. The sensitivity is determined directly by the value of the condition
number C(A). Small values of C(A), of the order of unity, show a small sensitivity of 
solution to changes in b. Such a problem is well-conditioned. Large values of C(A) show 
large sensitivity of the solution to changes in b. Such a problem is ill-conditioned.

It can be shown by a similar analysis that perturbing the matrix A instead of the
vector b gives

II~xll < C(A)~
IIx + ~xll - I1

(1.183)

The use of the condition number is illustrated in Example 1.20.

Example 1.20. Norms and condition numbers.

Consider the coefficient matrix of Eq. (1.159):

A=[0"000313]i

The Euclidian norm of matrix A is

I[AI[e = [(0.0003)2 + 32 + 12 q- 12]1/2 --- 3.3166

The inverse of matrix A is

1

A-1 = (0.0003)9,999
1

(0.0003)9,999

10,000 1

(1.184)

(1.185)

(1.186)

The Euclidian norm of A-1 is IIA-1 lie = 1.1057. Thus, the condition number of matrix A
is

C(A) = I[AllelIA -~ lie = 3.3166(1.1057) = 3.6672 (1.187)
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This relatively small condition number shows that matrix A is well-conditioned. As shown
in Section 1.6.1, Eq. (1.159) is sensitive to the precision of the arithmetic (i.e., round-off
effects), even though it is well-conditioned. This is a precision problem, not a condition
problem.

Consider the coefficient matrix of Eq. (1.165):

A = 1.0001

The Euclidean norm of matrix A is IIAlle = 2.00005. The inverse of matrix A is

A-’ [ 10,001-10,000]
=_ -10,000 10,000.] (1.189)

The Euclidean norm ofA-1 is [I,4, -1 lie = 20,000.5. Thus, the condition number of matrix
A is

C(A) = IlAIlell A-1 lie = (2.00005)20,000.5 = 40,002.0 (1.190)

This large condition number shows that matrix A is ill-conditioned.

1.6.4. Iterative Improvement

In all direct elimination methods, the effects of round-off propagate as the solution
progresses through the system of equations. The accumulated effect of round-off is round-
off error in the computed values. Round-off errors in any calculation can be decreased by
using higher precision (i.e., more significant digits) arithmetic. Rotmd-off errors in direct
elimination methods of solving systems of linear algebraic equations are minimized by
using scaled pivoting. Further reduction in round-off errors can be achieved by a procedure
known as iterative improvement.

Consider a system of linear algebraic equations:

Ax ---- b (1.191)

Solving Eq. (1.191) by a direct elimination method yields ~, where ~ differs from the exact
solution x by the error 6x, where ~ = x + 6x. Substituting ~ into Eq. (1.191) gives

A~ = A(x + 6x) = Ax +A fix = b + 

From the first and last terms in Eq. (1.192), 6b, is given 

fb = A~ - b

Subtracting A~ ---- A(x + fx) ---- b + Afx into Eq. (1.193)
algebraic equations for fx. Thus,

(1.192)

(1.193)

gives a system of linear

A fix = fbJ (1.194)

Equation (1.194) can be solved for fx, which can be added to i to give an improved
approximation to x. The procedure can be repeated (i.e., iterated) if necessary. 
convergence check on the value of fix can be used to determine if the procedure should
be repeated. If the procedure is iterated, LU factorization should be used to reduce the
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computational effort since matrix A is constant. Equation (1.194) should be solved with
higher precision than the precision used in the solution of Eq. (1.191).

1.7 ITERATIVE METHODS

For many large systems of linear algebraic equations, Ax = b, the coefficient matrix A is
extremely sparse. That is, most of the elements of A are zero. If the matrix is diagonally
dominant [see Eq. (1.15)], it is generally more efficient to solve such systems of linear
algebraic equations by iterative methods than by direct elimination methods. Three
iterative methods are presented in this section: Jacobi iteration, Gauss-Seidel iteration,
and successive-over-relaxation (SOR).

Iterative methods begin by assuming an initial solution vector x(°~. The initial
solution vector is used to generate an improved solution vector x(1) based on some strategy
for reducing the difference between x(°) and the actual solution vector x. This procedure is
repeated (i.e., iterated) to convergence. The procedure is convergent if each iteration
produces approximations to the solution vector that approach the exact solution vector as
the number of iterations increases.

Iterative methods do not converge for all sets of equations, nor for all possible
arrangements of a particular set of equations. Diagonal dominance is a sufficient condition
for convergence of Jacobi iteration, Gauss-Seidel iteration, and SOR, for any initial
solution vector. Diagonal dominance is defined by Eq. (1.15). Some systems that are not
diagonally dominant can be rearranged (i.e., by row interchanges) to make them diagonally
dominant. Some systems that are not diagonally dominant may converge for certain initial
solution vectors, but convergence is not assured. Iterative methods should not be used for
systems of linear algebraic equations that cannot be made diagonally dominant.

When repeated application of an iterative method produces insignificant changes in
the solution vector, the procedure should be terminated. In other words, the algorithm is
repeated (iterated) until some specified convergence criterion is achieved. Convergence 
achieved when some measure of the relative or absolute change in the solution vector is
less than a specified convergence criterion. The number of iterations required to achieve
convergence depends on:

1. The dominance of the diagonal coefficients. As the diagonal dominance
increases, the number of iterations required to satisfy the convergence criterion
decreases.

2. The method of iteration used.
3. The initial solution vector.
4. The convergence criterion specified.

1.7.1. The Jacobi Iteration Method

Consider the general system of linear algebraic equations, Ax = b, written in index
notation:

~ ai,jx j = bi (i = 1, 2 ..... n) (1.195)
j=l



60 Chapter 1

In Jacobi iteration, each equation of the system is solved for the component of the solution
vector associated with the diagonal element, that is, Xg. Thus,

1 / i--1 n ~

xi=~i,i~bi--j~=laidxj--j.=~i+lai,jx j) (i= 1,2 ..... n) (1.196)

An initial solution vector x(°) is chosen. The superscript in parentheses denotes the
iteration number, with zero denoting the initial solution vector. The initial solution vector
x(°) is substituted into Eq. (1.196) to yield the first improved solution vector (~). Thus,

i-I n

)

.(1) la i,i \h i - j=l~’aidx!°)J -- j

~
=/~+t a,dxJ°~ (i= 1,2 .....

n) (1.197)

This procedure is repeated (i.e., iterated) until some convergence criterion is satisfied. The
Jacobi algorithm for the general iteration step (k) is:

- S~a x(k) k)xi =-- bi j~----1 id j - (i = 1,2, n) (1.198)
ai,i j 1 aid " " " ’

An equivalent, but more convenient, form of Eq. (1.198) can be obtained by adding
and subtracting x}k) from the right-hand side of Eq. (1.198) to yield

+ 1 (=xi bi- ~ ,vJ (i= 1,2; .... n) (1.199)i
ai,i j=l

Equation (1.199) is generally written in the form

x(k+]) _ ..(~) R~k)

ai,i

n
k

(i : 1,2 ..... n)

(i = 1,2 ..... n)

(1.200a)

(1.200b)
j=l

~(~) where the term ri s called the residual of equation i. The residuals RI~) are simply the net
values of the equations evaluated for the approximate solution vector x(~).

The Jacobi method is sometimes called the method of simultaneous iteration because
all values ofx i are iterated simultaneously. That is, all values ofx~k+l) depend only on the
values of xlk). The order of processing the equations is immaterial.

Example 1.21. The Jacobi iteration method.

To illustrate the Jacobi iteration method, let’s solve the following system of linear algebraic
equations:

-1 4 -1 0 1 x2 1001
0 -1 4 -1 0 X3 = 100/
1 0 --1 4 --1 x4 1001
0 1 0 -1 4 x5 100_]

(1.201)
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Table 1.3. Solution by the Jacobi Iteration Method
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k x1 x2 x3 x4 x5

0
1
2
3
4
5

16
17
18

0.000000 0.000000 0.000000 0.000000 0.000000
25.000000 25.000000 25.000000 25.000000 25.000000
25.000000 31.250000 37.500000 31.250000 25.000000
25.000000 34.375000 40.625000 34.375000 25.000000
25.000000 35.156250 42.187500 35.156250 25.000000
25.000000 35.546875 42.578125 35.546875 25.000000

25.000000 35.714284 42.857140 35.714284 25.000000
25.000000 35.714285 42.857142 35.714285 25.000000
25.000000 35.714285 42,857143 35.714285 25.000000

Equation (1.201), when expanded, becomes

4X1 --X 2 -~-X 4 = 100

--x 1 +4x2 --x 3 +x5 = 100

--X 2 -[- 4X3 -- X4 = 100

X1 -- X3 "]- 4X4 -- X5 = 100

X2 -- X4 -~- 4x5 = 100

(1.202.1)

(1.202.2)

(1.202.3)

(1.202.4)

(1.202.5)

Equation (1.202) can be rearranged to yield expressions for the residuals, Ri. Thus,

R~ = 100-4x~ +x2 -x4

R2 = 100 + xI - 4x2 + x3 - x5

R3 = 100+x2 -4x 3 +x4

R4= 100--xl+x3-4x4+x5

R5 = 100 - x2 + x4 -- 4x5

(1.203.1)

(1.203.2)

(1.203.3)

(1.203.4)

(1.203.5)

To initiate the solution, let x(°)r = [0.0 0.0 0.0 0.0 0.0]. Substituting these
values into Eq. (1.203) gives °) = 100.0 (i = 1.. .. 5). Substituting these values into
Eq. (1.200a) gives x]l)= x~l)= x~)= x]0= x~l)= 25.0. The procedure is then repeated
with these values to obtain x(2~, etc.

The first and subsequent iterations are summarized in Table 1.3. Due to the
symmetry of the coefficient matrix A and the symmetry of the b vector, x1 = x5 and
xz = x4. The calculations were carried out on a 13-digit precision computer and iterated
until all IAx;I changed by less than 0.000001 between iterations, which required 18
iterations.

1.7.2. Accuracy and Convergence of Iterative Methods

All nonsingular systems of linear algebraic equations have an exact solution. In principle,
when solved by direct methods, the exact solution can be obtained. However, all real
calculations are performed with finite precision numbers, so round-off errors pollute the
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solution. Round-off errors can be minimized by pivoting, but even the most careful
calculations are subject to the round-off characteristics of the computing device (i.e., hand
computation, hand calculator, personal computer, work station, or mainframe computer).

Iterative methods are less susceptable to round-off errors than direct elimination
methods for three reasons: (a) The system of equations is diagonally dominant, (b) 
system of equations is typically sparse, and (c) each iteration through the system 
equations is independent of the round-off errors of the previous iteration.

When solved by iterative methods, the exact solution of a system of linear algebraic
equations is approached asymptotically as the number of iterations increases. When the
number of iterations increases without bound, the numerical solution yields the exact
solution within the round-off limit of the computing device. Such solutions are said to be
correct to machine accuracy. In most practical solutions, machine accuracy is not required.
Thus, the iterative process should be terminated when some type of accuracy criterion (or
criteria) has been satisfied. In iterative methods, the term accuracy refers to the number of
significant figures obtained in the calculations, and the term convergence refers to the point
in the iterative process when the desired accuracy is obtained.

1.7.2.1. Accuracy

The accuracy of any approximate method is measured in terms of the error of the method.
There are two ways to specify error: absolute error and relative error. Absolute error is
defined as

Absolute error = approximate value - exact value (1.204)

and relative error is defined as

absolute error
Relative error -- exact valu~ (1.205)

Relative error can be stated directly or as a percentage.
Consider an iterative calculation for which the desired absolute error is +0.001.

If the exact solution is 100.000, then the approximate value is 100.000 -t- 0.001, which has
five significant digits. However, if the exact solution is 0.001000, then the approximate
value is 0.001000 4-0.001, which has no significant digits. This example illustrates the
danger of using absolute error as an accuracy criterion. When the magnitude of the exact
solution is known, an absolute accuracy criterion can be specified to yield a specified
number of significant digits in the approximate solution. Otherwise, a relative accuracy
criterion is preferable.

Consider an iterative calculation for which the desired relative error is 4-0.00001.
If the exact solution is 100.000, then the absolute error must be 100.000x
(4-0.00001) --- 4-0.001 to satisfy the relative error criterion. This yields five significant
digits in the approximate value. If the exact solution is 0.001000, then the absolute error
must be 0.001000 x (4-0.00001)= 4-0.00000001 to satisfy the relative error criterion.
This yields five significant digits in the approximate solution. A relative error criterion
yields the same number of significant figures in the approximate value, regardless of the
magnitude of the exact solution.

1.7.2.2. Convergence

Convergence of an iterative procedure is achieved when the desired accuracy criterion (or
criteria) is satisfied. Convergence criteria can be specified in terms of absolute error or
relative error. Since the exact solution is unknown, the error at any step in the iterative
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process is based on the change in the quantity being calculated from one step to the next¯
Thus, for the iterative solution of a system of linear algebraic equations, the error,
~i = "xi" (k+l) __ Xiexact , is approximated by x}k+l) - x}k). The error can also be specified by.
the magnitudes of the residuals Ri. When the exact answer (or the exact answer to machine
accuracy) is obtained, the residuals are all zero. At each step in the iterative procedure,
some of the residuals may be near zero while others are still quite large. Therefore, care is
needed to ensure that the desired accuracy of the complete system of equations is achieved.

Let 5 be the magnitude of the convergence tolerance. Several convergence criteria are
possible. For an absolute error criterion, the following choices are possible:

n V n "11/2

I(AXi)maxl _<5 ~IAxil _<5 or <5 (1.206)
i=1 ki=l J

For a relative error criterion, the following choices are possible:

_ 5 (1.207)
i=1 i=1 \ Xi /I J --

The concepts of accuracy and convergence discussed in this section apply to all
iterative procedures, not just the iterative solution of a system of linear algebraic equations.
They are relevant to the solution of eigenvalue problems (Chapter 2), to the solution 
nonlinear equations (Chapter 3), etc.

1.7.3. The Gauss-Seidel Iteration Method

In the Jacobi method, all values of x(~+1) are based on x(~). The Gauss-Seidel method is
similar to the Jacobi method, except that the most recently computed values of all xi are
used in all computations. In brief, as better values ofxi are obtained, use them immediately.
Like the Jacobi method, the Gauss-Seidel method requires diagonal dominance to ensure
convergence¯ The Gauss-Seidel algorithm is obtained from the Jacobi algorithm, Eq.

¯ (~+l)(1.198), by using x) values in the summation fromj = 1 to i - 1 (assuming the sweeps
through the equations proceed from i = 1 to n). Thus,

( -- ..(k+l)__ ~ ai,jx~:)) (i= 1 2, .,n)
(1.208)

xlk+l) : 1 bi i~ aid’~J
, ..

ai,i \ j=t j=i+l

Equation (1.208) can be written in terms of the residuals Ri by adding and subtracting xlk)

from the right-hand side of the equation and rearranging to yield

X(k+l) ~_.~ X}k) R}k)

i + -- (i = 1, 2 ..... n)
ai,i

i-1 (k+l) __ ~-, a..x!~) (i = 1, 2 ....
R}k) : bi - ~ ai,jx)

~ ~,J V ’
j=l J=~

(1.209)

(1.210)

The Gauss-Seidel method is sometimes called the method of successive iteration
because the most recent values of all xi are used in all the calculations. Gauss-Seidel
iteration generally converges faster than Jacobi iteration.
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Table 1.4. Solution by the Gauss-Seidel Iteration Method

Chapter 1

k xl x2 x3 x4 x5

0
1
2
3
4
5

13
14
15

0.000000 0.000000 0.000000 0.000000
25.000000 31.250000 32.812500 26.953125 23.925781
26.074219 33.740234 40.173340 34.506226 25.191498
24.808502 34.947586 42.363453 35.686612 25.184757
24.815243 35.498485 42.796274 35.791447 25.073240
24.926760 35.662448 42.863474 35.752489 25.022510

25.000002 35.714287 42.857142 35.714285 25.999999
25.000001 35.714286 42.857143 35.714285 25.000000
25.000000 35.714286 42.857143 35.714286 25.000000

Example 1.22. The Gauss-Seidel iteration method.

Let’s rework the problem presented in Exa.mple 1.21 using Gauss-Seidel iteration. The
residuals are given by Eq. (1.210). Substituting the initial solution vector, x(0)T 
[0.0 0.0 0.0 0.0 0.0], into Eq. (1.210.1)gives R~°)=100.0. Substituting that
result into Eq. (1.209.1) gives l) = 25.0. Substituting xv= [25.0 0.0 0.0 0.0 0.0]
into Eq. (1.210.2) gives

R(1) = (100.0 + 25.0) = 125.0 (1.21 la)2

Substituting this result into Eq. (1.209.2) yields

125.0 31.25
(1.211b)= 0.0 + =

Continuing in this manner yields R~l)= 131.250, x~l)= 32.81250, R(41) = 107.81250,
x(4l) = 26.953125, R~l) = 95.703125, and x~~) = 23.925781.

The first and subsequent iterations are summarized in Table 1.4. The intermediate
iterates are no longer symmetrical as they were in Example 1.21. The calculations were
carried out on a 13-digit precision computer and iterated until all [Axi[ changed by less
than 0.000001 between iterations, which required 15 iterations, which is three less than
required by the Jacobi method in Example 1.21.

1.7.4. The Successive-Over-Relaxation (SOR) Method

Iterative methods are frequently referred to as relaxation methods, since the iterative
procedure can be viewed as relaxing x(°) to the exact value x. Historically, the method of
relaxation, or just the term relaxation, refers to a specific procedure attributed to Southwell
(1940). Southwell’s relaxation method embodies two procedures for accelerating the
convergence of the basic iteration scheme. First, the relaxation order is determined by
visually searching for the residual of greatest magnitude, IRilmax, and then relaxing the
corresponding equation by calculating a new value of xi so that (Ri)ma x = 0.0. This
changes the other residuals that depend on xi. As the other residuals are relaxed, the value
of Ri moves away from zero. The procedure is applied repetitively until all the residuals
satisfy the convergence criterion (or criteria).



Systems of Linear Algebraic Equations 65

relaxation

2 3
Relaxation step k

4

Figure 1.4 Over-relaxation.

Southwell observed that in many cases the changes in xi from iteration to iteration
were always in the same directions. Consequently, over-correcting (i.e., over-relaxing) the
values of xi by the right amount accelerates convergence. This procedure is illustrated in
Figure 1.4.

Southwell’s method is quite efficient for hand calculation. However, the search for
the largest residual is inefficient for computer application, since it can take almost as much
computer time to search for the largest residual as it does to make a complete pass through
the iteration procedure. On the other hand, the over-relaxation concept is easy to
implement on the computer and is very effective in accelerating the convergence rate of
the Gauss-Seidel method.

The Gauss-Seidel method can be modified to include over-relaxation simply by
multiplying the residual RIk) in Eq. (1.209), by the over-relaxation factor, co. Thus, the
successive-over-relaxation method is given by

(1.212)

(l.213)

When co = 1.0, Eq. (1.212) yields the Gauss-Seidel method. When 1.0 < co < 2.0,
the system of equations is over-relaxed. Over-relaxation is appropriate for systems of linear
algebraic equations. When co < 1.0, the system of equations is under-relaxed. Under-
relaxation is appropriate when the Gauss-Seidel algorithm causes the solution vector to
overshoot and move farther away from the exact solution. This behavior is generally
associated with the iterative solution of systems of nonlinear algebraic equations. The
iterative method diverges if co > 2.0. The relaxation factor does not change the final
solution since it multiplies the residual Ri, which is zero when the final solution is reached.
The major difficulty with the over-relaxation method is the determination of the best value
for the over-relaxation factor, co. Unfortunately, there is not a good general method for
determining the optimum over-relaxation factor, coopt.

The optimum value of the over-relaxation factor COopt depends on the size of the
system of equations (i.e., the number of equations) and the nature of the equations (i.e., 
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strength of the diagonal dominance, the structure of the coefficient matrix, etc.). As 
general rule, larger values of coopt are associated with larger systems of equations. In
Section 9.6, Eqs. (9.51) and (9.52), a procedure is described for estimating coopt for 
system of equations obtained when solving the Laplace equation in a rectangular domain
with Dirichlet boundary conditions. In general, one must resort to numerical experimenta-
tion to determine coopt" In spite of this inconvenience, it is almost always worthwhile to
search for.a near optimum value of co if a system of equations is to be solved many times.
In some problems, the computation time can be reduced by factors as large as 10 to 50. For
serious calculations with a large number of equations, the potential is too great to ignore.

Example 1.23. The SOR method.

To illustrate the SOR method, let’s rework the problem presented in Example 1.22 using
co = 1.10. The residuals are given by Eq. (1.213). Substituting the initial solution vector,
x(°)r=[0.0 0.0 0.0 0.0 0.0], into Eq. (1.213.1)gives R~°)= I00.0. Substituting
that value into Eq. (1.212.1) with co = 1.10 gives

100.0
x~1) = 0.0 ÷ 1.10 ~ = 27.500000 (1.214a)

Substituting xr = [27.50 0.0 0.0 0.0 0.0] into Eq. (1.213.2) gives

R~°) = (100.0 ÷ 27.50) = 127.50 (1.214b)

Substituting this result into Eq. (1.212.2) gives

x~1) = 0.0 + 1.10 127.50_ 35.062500 (1.214c)
4

Continuing in this manner yields the results presented in Table 1.5.
The first and subsequent iterations are summarized in Table 1.5. The calculations

were carried out on a 13-digit precision computer and iterated until all IAxil changed by
less than 0.000001 between iterations, which required 13 iterations, which is 5 less than
required by the Jacobi method and 2 less than required by the Gauss-Seidel method. The
value of over-relaxation is modest in this example. Its value becomes more significant as
the number of equations increases.

Table 1.5. Solution by the SOR Method

k x1 X2 X3 X4 X5

0
1
2
3
4
5

11
12
13

0.000000 0.000000 0.000000 0.000000 0.000000
27.500000 35.062500 37.142188 30.151602 26.149503
26.100497 34.194375 41.480925 35.905571 25.355629
24.419371 35.230346 42.914285 35.968342 25.167386
24.855114 35.692519 42.915308 35.790750 25.010375
24.987475 35.726188 42.875627 35.717992 24.996719

24.999996 35.714285 42.857145 35.714287 25.000000
25.000000 35.714286 42.857143 35.714286 25.000000
25.000000 35.714286 42.857143 35.714286 25.000000
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Table 1.6. Number of Iterations k as a Func-
tion of m

~o k ¢o k ¢o k

1.00 15 1.06 13 1.12 13
1.01 14 1.07 13 1.13 13
1.02 14 1.08 13 1.14 13
1.03 14 1.09 13 1.15 14
1.04 14 1.10 13
1.05 13 1.11 13

The optimum value of~o can be determined by experimentation. Ira problem is to be
worked only once, that procedure is not worthwhile. However, if a problem is to be worked
many times with the same A matrix for many different b vectors, then a search for O)opt
may be worthwhile. Table 1.6 presents the results of such a search for the problem
considered in Example 1.23. For this problem, 1.05 < ~o < 1.14 yields the most efficient
solution. Much more dramatic results are obtained for large systems of equations.

1.8. PROGRAMS

Four FORTRAN subroutines for solving systems of linear algebraic equations are
presented in this section:

1. Simple Gauss elimination
2. Doolittle LU factorization
3. The Thomas algorithm
4. Successive-over-relaxation (SOR)

The basic computational algorithms are presented as completely self-contained
subroutines suitable for use in other programs. Input data and output statements are
contained in a main (or drives) program written specifically to illustrate the use of each
subroutine.

1.8.1. Simple Gauss Elimination

The elimination step of simple Gauss elimination is based on Eq. (1.100). For each column
k(k= 1,2 ..... n-l),

aid = aid -- (ai,k/ak,k)ak,j

bi = bi - (ai,k/a~,~)b~

The back substitution step is based on Eq. (1.101):

Xn = bn/an,n

b i - ~ aidxj

j=i+ 1
xi- (i=n--l,n--2 ..... 1)

ai,i

(i,j=k+l,k+2 ..... n)

(i=k+l,k+2 ..... n)

(1.215a)

(1.215b)

(1.216a)

(1.216b)
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A FORTRAN subroutine, subroutine gauss, for solving these equations, without
pivoting, is presented below. Note that the eliminated elements from matrix A have
been replaced by the elimination multipliers, era, so subroutine gauss actually evaluates
the L and U matrices needed for Doolittle LU factorization, which is presented in Section
1.8.2. Program main defines the data set and prints it, calls subroutine gauss to implement
the solution, and prints the solution.

Program 1.1. Simple Gauss elimination program.

c
c

c

c

c

c

1000

I010

1020

program main

main program to illustrate linear equation solvers

ndim array dimension, ndim = 6 in this example

n number of equations, n

a coefficient matrix, A(i,j)

b right-hand side vector, b(i)

x solution vector, x(i)

dimension a(6,6) ,b(6) ,x(6)

data ndim,n / 6, 3 /

data (a(i,l),i=l,3) / 80.0, -20.0, -20.0 

data (a(i,2),i=l,3) /-20.0, 40.0, -20.0 

data (a(i,3),i=l,3) /-20.0, -20.0, 130.0 

data (b(i),i=l,3) / 20.0, 20.0, 20.0 

write (6, 1000)

do i=l,n

write (6,1010) i, (a(i,j),j=l,n),b(i)

end do
call gauss (ndim, n,a,b,x)

write (6, 1020)

do i=l,n
write (6,1010) i, (a(i,j),j=l,n),b(i),x(i)

end do

stop
format (’ Simple Gauss elimination’/’ ’/" A and b’/" ’)

format (i2, 7f12.6)

format (" ’/’ A, b, and x after elimination’/’ ")

end

subroutine gauss (ndim, n,a,b,x)

simple gauss elimination

dimensi on a (ndim, ndim) , b ( ndim) , x (ndim)

forward elimination

do k=l, n-i

do i=k+l,n
em=a (i, k)/a (k, 

a (i, k) =em

b (i) =b (i) -em *b 

do j=k+l,n
a (i, j) =a (i, j) -em*a (k, 

end do

end do

end do
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c back substitution

x (n) =b (n)/a (n, 
do i=n-l,l,-I

x(i)=b(i)
do j=n, i+l, -i

x(i) =x(i) -a (i, j) 

end do

x(i) =x(i) /a (i, 
end do

return

end

The data set used to illustrate subroutine gauss is taken from Example
output generated by the simple Gauss elimination program is presented below.

Output 1.1. Solution by simple Gauss elimination.

1.7. The

Simple Gauss elimination

A and b

1 80.000000 -20.000000 -20.000000 20.000000

¯ 2 -20.000000 40.000000 -20.000000 20.000000

3 -20.000000 -20.000000 130.000000 20.000000

A, b, and x after elimination

1 80.000000 -20.000000 -20.000000 20.000000 0.600000

2 -0.250000 35.000000 -25.000000 25.000000 1.000000

3 -0.250000 -0.714286 107.142857 42.857143 0.400000

1.8.2. Doolittle LU Factorization

Doolittle LU factorization is based on the LU factorization implicit in Gauss elimination.
Subroutine gauss presented in Section 1.8.1 is modified to evaluate the L and U matrices
simply by removing the line evaluating b(/) from the first group of statements and entirely
deleting the second group of statements, which evaluates the back substitution step. The
modified subroutine is named subroutine lufactor.

A second subroutine, subroutine solve, based on steps 2 and 3 in the description of
the Doolittle LU factorization method in Section 1.4, is required to process the b vector to
the b’ vector and to process the b’ vector to the x vector. These steps are given by Eqs.
(1.139) and (1.140):

i-1
b’i = bi - ~ li,kb ~ (i = 2, 3 ..... n) (1.217a)

k=l

xi = b~ - ~ ui,kxk/ui,i (i = n - 1, n - 2 ..... 1) (1.217b)
k=i+ 1

FORTRAN subroutines for implementing Doolittle LU factorization are presented
below. Program main defines the data set and prints it, calls subroutine lufactor to evaluate
the L and U matrices, calls subroutine solve to implement the solution for a specified b
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vector, and prints the solution. Program main below shows only the statements which are
different from the statements in program main in Section 1.8.1.

Program 1.2. Doolittle LU factorization program.

c

c

1000
1010

1020
1030

program main

main program to illustrate linear equation solvers

bp b’ vector, bp(i)
dimension a(6, 6) ,b(6) ,bp(6) 

call lufactor (ndim, n,a)
write (6,1020)

do i=l,n
write (6,1010) i, (a(i,j),j=l,n)

end do

call solve (ndim, n,a,b, bp,x)

write (6,1030)

do i=l,n
write (6,1010) i,b(i),bp(i),x(i)

end do

stop

f o rma t

forma t

format

format

end

(" Doolittle LU factorization’/’ ’/’ A and b’/"

(i2, 7f12.6)

(" "/" L and U stored in A’/’ ’)

(" ’/’ b, bprime, and x vectors’/’ ’)

,)

subroutine lufactor (ndim, n,a)

Doolittle LU factorization, stores L and U in A

dimension a (ndim, ndim)

do k=l,n-i

do i=k+l,n

em=a (i, k)/a (k, 

a (i, k) =era
do j=k+l, n

a (i, j) =a (i, j) -em*a (k, 

end do

end do

end do

return

end

subroutine solve (ndim, n, a, b, bp, x)

processes b to b’ and b’ to x

dimension a ( ndim, ndim ) , b ( ndim ) , bp ( ndim) , x ( 

forward elimination step to calculate b’

bp(1)=b(1)

do i=2,n
bp(i)=b(i)

do j=l, i-I

bp(i)=bp(i)-a(i,j) 

end do

end do
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back substitution step to calculate x

x (n) =bp (n)/a (n, 

do i=n-l, i, -i
x(i)=bp(i)

do j=n, i+l, -I

x(i) =x(i) -a (i, j) 

end do

x(i) =x(i) /a (i, 

end do

return

end

The data set used to illustrate subroutines lufactor and solve is taken from Example 1.15.

The output generated by the Doolittle LU factorization program is presented below.

Output 1.2. Solution by Doolittle LU factorization.

Doolittle LU fac~orization

A and b

1 80.000000 -20.000000 -20.000000

2 -20.000000 40.000000 -20.000000

3 -20.000000 -20.000000 130.000000

L and U matrices stored in A matrix

1 80.000000 -20.000000 -20.000000

2 -0.250000 35.000000 -25.000000

3 -0.250000 -0.714286 107.142857

b, bprime, and x vectors

i 20,000000 20.000000 0.600000
2 20.000000 25.000000 1.000000
3 20.000000 42.857143 0.400000

1.8.3. The Thomas Algorithm

The elimination step of the Thomas algorithm is based on Eqs. (1.150) and (1.151):

al,2 -= a~l,2

a~,2 : a~,2 -- (a~,l/aS_l,2)ai_l, 3 (i = 2, 3 ..... n)

b1 = b1

bi = bi -- (a~,l/a~_l,2)bi_ 1 (i = 2, 3 ..... n)

The back substitution step is based on Eq. (1.152):

Xn = bn/atn,2

xi = (b i - a~i,~Xi+l)/a~i, 2 (i = n - 1, n - 2 ..... 1)

(1.218a)

(1.218b)

(1.218c)

(1.218d)

(1.219a)

(1.219b)
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A FORTRAN subroutine, subroutine thomas, for solving these equations is
presented below. Note that the eliminated elements from matrix A have been replaced
by the elimination multipliers, em, so subroutine thomas actually evaluates the L and U
matrices needed for Doolittle LU factorization. Program main defines the data set and
prints it, calls subroutine thomas to implement the solution, and prints the solution.

Program 1.3. The Thomas algorithm program.

1000
1010
1020

c

c

program main

main program to illustrate linear equation solvers

ndim array dimension, ndim -- 9 in this example

n number of equations, n

a coefficient matrix, A(i,3)

b right-hand side vector, b(i)

x solution vector, x(i)

dimension a(9,3) ,b(9) ,x(9)

data ndim, n / 9, 7 /

data (a(l,j),j=l,3) / 0.0, -2.25, 1.0 

data (a(2,j),j=l,3) / 1.0, -2.25, 1.0 

data (a(3,j),j=l,3) / 1.0, -2.25, 1.0 

data (a(4,j),j=l,3) / 1.0, -2.25, 1.0 

data (a(5, j),j=l,3) / 1.0, -2.25, 1.0 

data (a(6, j),j=l,3) / 1.0, -2.25, 1.0 

data (a(7,j),j=l,3) / 1.0, -2.25, 0.0 

data (b(i),i=l,7) / 0.0, 0.0, 0.0, 0.0, 0.0, 

write (6,1000)

do i=l, n
write (6,1010) i, (a(i,j),j=l,3),b(i)

end do

call thomas (ndim,n,a,b,x)
write (6,1020)

do i=l,n
write (6,1010) i, (a(i,j),j=l,3),b(i),x(i)

end do
s top

format (" The Thomas algorithm’/" "/" A and b’/"

format (i2,6f12.6)

format (’ ’/’ A, b, and x after elimination’/" ")

end

subroutine thomas (ndim, n,a,b,x)
the Thomas algorithm for a tridiagonal system

dimension a ( ndim, 3 ), b ( ndim ) , x ( ndim 
forward elimination

do i=2,n

em=a (i, i)/a (i-l, 

a (i, i) =era

a (i, 2) =a (i, 2) -em*a (i-l, 

b(i) =b(i) -a (i, i) *b(i-l)

end do

-I00.0 /

,)
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c back subscitution
x (n) =b (n)/a (n, 

do i=n-l,l,-I

x(i) = (b(i) -a (i, 3) *x(i+l) )/a 

end do

re t urn

end

The data set used to illustrate subroutine thomas is taken from Example 1.17. The
output generated by the Thomas algorithm program is presented below.

Output 1.3. Solution by the Thomas algorithm.

The Thomas algorithm

A and b

0.000000 -2.250000 1.000000 0.000000
1.000000 -2.250000 1.000000 0.000000
1.000000 -2.250000 1.000000 0.000000

1.000000 -2.250000 1.000000 0.000000
1.000000 -2.250000 1.000000 0.000000

1.000000 -2.250000 1.000000 0.000000

1.000000 -2.250000 0.000000 -100.000000

A, b, and x after elimination

1 0.000000 -2.250000 1.000000 0.000000
2 -0.444444 -1.805556 1.000000 0.000000
3 -0.553846 -1.696154 1.000000 0.000000
4 -0.589569 -1.660431 1.000000 0.000000
5 -0.602253 -1.647747 1.000000 0.000000
6 -0.606889 -1.643111 1.000000 0.000000
7 -0.608602 -1.641398 0.000000 -100.000000

1.966751

4.425190

7.989926

13.552144

22.502398

37.078251

60.923667

1.8.4, Successive-Over-Relaxation (SOR)

Successive-over-relaxation (SOR) is based on Eqs. (1.212) and (1.213):

. (k+l) (k) + ~O--’ (i = 1, 2, ., n)"¢i ~ Xi ¯ ’
ai,i

i-1 - ..(k+~) __ ’a’’x
!k)   (i: 1,2,. ,n)

RI~) = bi - ~ .i,j~j .~. ,j j ..
j=l

(1.220a)

(1.220b)

A FORTRAN subroutine, subroutine sot, for solving these equations is presented
below. Program main defines the data set and prints it, calls subroutine sor to implement
the solution, and prints the solution. Input variable iw is a flag for output of intermediate
results. When iw = 0, no intermediate results are output. When iw = 1, intermediate
results are output.
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Program 1.4. Successive-over-relaxation (SOR) program.

c

c

c n

c a

c b

c x

c i ter

c tol

c omega

c iw

1000

1010

1020

program main

main program to illustrate linear equation solvers

ndim array dimension, ndim = 6 in this example

number of equations, n

coefficient matrix, A(i,j)

right-hand side vector, b(i)

solution vector, x(i)

number of iterations allowed

convergence tolerance

over-relaxation factor

flag for intermediate output: 0 no, 1 yes

dimension a(6,6) ,b(6) ,x(6)

data ndim, n, iter, tol,omega, iw / 6, 5, 25, 0. 000001,1.0,1 /

data (a(i,l),i=l,5) / 4.0, -I.0, 0.0, 0.0 /

data (a(i,2),i=l,5) /-1.0, 4.0, -I.0, 1.0 /

data (a(i,3),i=l,5) / 0.0, -1.0, 4.0, -1.0, 0.0 /

data (a(i,4),i=l,5) / 1.0, 0.0, -i.0, -1.0 /
data (a(i,5),i=l,5) / 0.0, 1.0, 0.0, -1.0, 4.0 /

data (b(i),i=l,5) / I00.0, 100.0, I00.0, 100.0, 100.0 

data (x(i),i=l,5) / 0.0, 0.0, 0.0, 0.0, 0.0 

write (6, 1000)

do i=l,n

write (6,1010) i, (a(i,j),j=l,n),b(i)

end do

write (6,1020)

it=O

write (6,1010) it, (x(i),i=l,n)

call sor (ndim, n, a, b, x, i ter, tol, omega, iw, i t)

if (iw. eq.O) write (6,1010) it, (x(i),i=l,n)

stop

format (’ SOR iteration’/" ’/’ A and b’/" ’)

format (i2, 7f12.6)
format (’ ’/’ i x(1) to x(n)’/’ ’)

end

c

subrou tine sor (ndim, n, a, b, x, i ter, tol , omega, iw, i t)

sor iteration

dimension a (ndim, ndim) , b (ndim) , x (ndim)

do it=l,iter
dxmax=O. 0

do i=l,n

residual =b ( i 
do j=l,n

resi dual =residual -a ( i , j ) *x ( 

end do

if (abs (residual) . gt. dxmax) dxmax=abs (residual)

x (i) =x (i) +omega *residual/a (i, 

end do
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1000
1010

if (iw. eq.l) write (6,1000) it, (x(i),i=l,n)
if (dxmax.lt.tol) return

end do
write (6,1010)
return
format (i2, 7f12.6)

format (" ’/’ Solution
end

failed to converge’/" ’)

The data set used to illustrate subroutine sor is taken from Example 1.23. The output

generated by the SOR program is presented below.

Output 1.4. Solution by successive-over-relaxation (SOR).

SOR iteration

A and b

1 4.000000 -i.000000 0.000000 1.000000 0.000000 i00.000000
2 -1.000000 4.000000 -1.000000 0.000000 1.000000 100.000000

3 0.000000 -1.000000 4.000000 -1.000000 0.000000 100.000000
4 1.000000 0.000000 -1.000000 4.000000 -1.000000 100.000000
5 0.000000 1.000000 0.000000 -1.000000 4.000000 100.000000

i x(1) to x(n)

0 0.000000 0.000000 0.000000 0.000000 0.000000
1 25.000000 31.250000 32.812500 26.953125 23.925781
2 26.074219 33.740234 40.173340 34.506226 25.191498
3 24.808502 34.947586 42.363453 35.686612 25.184757
4 24.815243 35.498485 42.796274 35.791447 25.073240

15 25.000000 35.714286 42.857143 35.714286 25.000000
16 25.000000 35.714286 42.857143 35.714286 25.000000

1.8.5. Packages for Systems of Linear Algebraic Equations

Numerous libraries and software packages are available for solving systems of linear
algebraic equations. Many work stations and mainframe computers have such libraries
attached to their operating systems. If not, libraries such as IMSL (International Mathe-
matics and Statistics Library) or LINPACK (Argonne National Laboratory) can be added
to the operating systems.

Most commercial sottware packages contain solvers for systems of linear algebraic
equations. Some of the more prominent packages are Matlab and Mathcad. The
spreadsheet Excel can also be used to solve systems of equations. More sophisticated
packages, such as Mathematica, Macsyma, and Maple, also contain linear equation
solvers. Finally, the book Numerical Recipes (Press et al., 1989) contains several
subroutines for solving systems of linear algebraic equations.
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1,9 SUMMARY

The basic methods for solving systems of linear algebraic equations are presented in this
chapter. Some general guidelines for selecting a method for solving systems of linear
algebraic equations are given below.

¯ Direct elimination methods are preferred for small systems (n ~< 50 to 100) and
systems with few zeros (nonsparse systems). Gauss elimination is the method 
choice.

¯ For tridiagonal systems, the Thomas algorithm is the method of choice.
¯ LU factorization methods (e.g., the Doolittle method) are the methods of choice

when more than one b vector must be considered.
¯ For large systems that are not diagonally dominant, the round-off errors can be

large.
¯ Iterative methods are preferred for large, sparse matrices that are diagonally

dominant. The SOR method is the method of choice. Numerical experimentation
to find the optimum over-relaxation factor ~Oopt is usually worthwhile if the
system of equations is to be solved for many b vectors.

After studying Chapter 1, you should be able to:

1. Describe the general structure of a system of linear algebraic equations.
2. Explain the solution possibilities for a system of linear algebraic equations:

(a) a unique solution, (b) no solution, (c) an infinite number of solutions, 
(d) the trivial solution.

3. Understand the differences between direct elimination methods and iterative
methods.

4. Understand the elementary properties of matrices and determinants.
5. Recognize the structures of square matrices, diagonal matrices, the identity

matrix, upper and lower triangular matrices, tridiagonal matrices, banded
matrices, and singular matrices.

6. Perform elementary matrix algebra.
7. Understand the concept of diagonal dominance.
8. Understand the concept of the inverse of a matrix.
9. Define the determinant of a matrix.

10. Express a system of linear algebraic equations in matrix form.
11. Understand matrix row operations.
12. Explain the general concept behind direct elimination methods.
13. Apply Cramer’s rule to solve a system of linear algebraic equations.
14. Solve a system of linear algebraic equations by Gauss elimination.
15. Understand pivoting and scaling in Gauss elimination.
16. Evaluate 2 x 2 and 3 x 3 determinants by the diagonal method.
17. Evaluate a determinant by the cofactor method.
18. Evaluate a determinant by Gauss elimination.
19. Solve a system of linear algebraic equations by Gauss-Jordan elimination.
20. Determine the inverse of a matrix by Gauss-Jordan elimination.
21. Solve a system of linear algebraic equations by the matrix inverse method.
22. Explain the concept of matrix factorization.
23. Explain how Doolittle LU factorization is obtained by Gauss elimination.
24. Solve a system of linear algebraic equations by Doolittle LU factorization.
25. Determine the inverse of a matrix by Doolittle LU factorization.
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26. Understand the special properties of a tridiagonal matrix.
27. Solve a tridiagonal system of linear algebraic equation by the Thomas

algorithm.
28. Understand the concept of block tridiagonal systems of linear algebraic

equations.
29. Understand the pitfalls of direct elimination methods.
30. Explain the effects of round-off on numerical algorithms.
31. Explain the concept of system condition.
32. Describe the effects of ill-c0nditioning.
33. Define the norm of a vector or matrix.
34. Define the condition number of a matrix.
35. Explain the significance of the condition number of a matrix.
36. Explain the general concept behind iterative methods.
37. Understand the structure and significance of a sparse matrix.
38. Explain the importance of diagonal dominance for iterative methods.
39. Solve a system of linear algebraic equations by Jacobi iteration.
40. Solve a system of linear algebraic equations by Gauss-Seidel iteration.
41. Solve a system of linear algebraic equations by successive-over relaxation

(SOR).
42. Appreciate the importance of using the optimum overrelaxation factor, ~Oopt.
43. Define the meaning and significance of the residual in an iterative method.
44. Explain accuracy of an approximate method.
45. Understand the difference between absolute error and relative error.
46. Understand convergence of an iterative method and convergence criteria.
47. Choose a method for solving a system of linear algebraic equations based on

its size and structure.

EXERCISE PROBLEMS

Section 1.2. Properties of Matrices and Determinants

The following four matrices are considered in this section:

A= 5 3 B= 1 - C= D= 3 3
2 3 3 3 5

1. Determine the following quantities, if defined: (a) A + B, (b) B + A, 
A+D, (d) A+C, (e) 

2. Determine the following quantities, if defined: (a) A- B, (b) B- A, 
A - O, (d) B - O, (e) A - C, (f) B - C, (g) C - B, (h) 

3. Determine the following quantities, if defined: (a) AC, (b) BC, (c) CA, (d) 
(e) AD, (f) BD, CrA,(h) CrB, (i) C rD, (j) A r, (k) BBr, (1) DOr.

4. (a) Compute AB and BA and show that AB 5~ BA. (b) Compute AD and 
and show that AD 5~ DA. (c) Compute BD and DB and show that BD ~ DB.

5. Show that: (a) (AB)r = BrAr and (b) AB = (Ab~ 2 Ab3) , where bl ,

b2, and b3 are the columns of B.
6. Work Problem 5 for the general 3 x 3 matrices A and B.
7. Verify that (a) A + (B + D) = (A + B) + D and (b) A(BD) 
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8. Calculate the following determinants by the diagonal method, if defined:
(a) det(A) (b) det(B) (c) det(C) (d) det(D) 
(f) det(AD) (g) det(BA) (h) det(I)A) (i) det(CD) 

9. Work Problem 8 using the cofactor method.
10. Show that det(A) det(B) = det(AB).
11. Show that det(A) det(D) = det(AD).
12. Show that for the general 2 × 2 matrices A and B, det(A) det(B) = det(AB).

Section 1,3. Direct Elimination Methods

Consider the following eight systems of linear algebraic equations, Ax = b:

3x1 + 4x2 -- 5x3 ---- 0 (A) 5 3 1 
x1 -- 2X2 q- X3 = -4 2 3 1 -

(B)

X1 + 3X2 -I- 2x3 -- x4 = 9 3 1 - 1 3 4
4x~ + 2x2 + 5x3 + x4 = 27 1 -2 0
3X1 -- 3X2 -’l- 2X3 + 4X4 = 19 (C)

3 2 -2 [Xi] =

-x 1 +2x2- 3x3 ÷5x4 = 14 1 1 5

(D)

1 x 2 = (E) 1 -2//x2/= (F)
- 1 x3 3 4 J kX3 J

- 3 -4 2 = -1 (G) 2 l||x 21 = - (H)

4 3 -2
3 43 [_x3_J

Cramer’s Rule

13. Solve Eq. (A) by Cramer’s rule.
14. Solve Eq. (B) by Cramer’s rule.
15. Solve Eq. (C) by Cramer’s rule.
16. Solve Eq. (D) by Cramer’s rule.
17. Solve Eq. (E) by Cramer’s rule.
18. Solve Eq. (F) by Cramer’s rule.
19. Solve Eq. (G) by Cramer’s rule.
20. Solve Eq. (H) by Cramer’s rule.

Gauss Elimination

21. Solve Eq. (A) by Gauss elimination without pivoting.
22. Solve Eq. (B) by Gauss elimination without pivoting.
23. Solve Eq. (C) by Gauss elimination without pivoting.
24. Solve Eq. (D) by Gauss elimination without pivoting.
25. Solve Eq. (E) by Gauss elimination without pivoting.
26. Solve Eq. (F) by Gauss elimination without pivoting.
27. Solve Eq. (G) by Gauss elimination without pivoting.
28. Solve Eq. (H) by Gauss elimination without pivoting.
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Gauss-Jordan Elimination

29. Solve Eq. (A)
30. Solve Eq. (B)
31. Solve Eq.
32. Solve Eq.
33. Solve Eq.
34. Solve Eq.
35. Solve Eq.
36. Solve

The Matrix Inverse Method

37. Solve Eq.
38. Solve Eq.
39. Solve Eq.
40. Solve Eq.
41. Solve Eq.
42. Solve Eq.
43. Solve Eq.
44. Solve Eq.

by Gauss-Jordan elimination.
by Gauss-Jordan elimination.

(C) by Gauss-Jordan elimination.
(D) by Gauss-Jordan elimination.
(E) by Gauss-Jordan elimination.
(F) by Gauss-Jordan elimination.
(G) by Gauss-Jordan elimination.
(H) by Gauss-Jordan elimination.

(A) using the matrix reverse method.
(B) using the matrix inverse method.
(C) using the matrix inverse method.
(D) using the matrix inverse method.
(E) using the matrix inverse method.
(F) using the matrix inverse method.
(G) using the matrix inverse method.
(H) using the matrix inverse method.

Section 1.4. LU Factorization

45. Solve Eq. (A) by the Doolittle LU factorization method.
46. Solve Eq. (B) by the Doolittle LU factorization method.
47. Solve Eq. (C) by the Doolittle LU factorization method.
48. Solve Eq. (D) by the Doolittle LU factorization method.
49. Solve Eq. (E) by the Doblittle LU factorization method.
50. Solve Eq. (F) by the Doolittle LU factorization method.
51. Solve Eq. (G) by the Doolittle LU factorization method.
52. Solve Eq. (H) by the Doolittle LU factorization method.

Section 1.5. Tridiagonal Systems of Equations

Consider the following tridiagonal systems of linear algebraic equations:

2 1 0 x 2 8 2 3 2 0/Ix2/: 17
1 2 1 x3 ---- 12 (I) 0 2 3 2//x3/ 14 (J)
0 ] 2_]Lx4_] [_]lJ L0 0 2 3_][_x4.] 7

0 x2 2 1 -2 1
0 1 -2 1 x3 -7

(K) 
1 -2 1 / / x3 /

(g)

0 0 1 -2 / kx43 L-1 k 0 0 1 -2 / Lx4J

-1 4 -1 12001 - 2 -1 0
x2 = (N)

0 -1 4 --
[Xi] = 1150/ (M)

-1 2 -1 x3
0 0 -1 [_100_] 0 -1 2 x4
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53. Solve Eq. (I) by the Thomas algorithm.
54. Solve Eq. (J) by the Thomas algorithm.
55. Solve Eq. (K) by the Thomas algorithm.
56. Solve Eq. (L) by the Thomas algorithm.
57. Solve Eq. (M) by the Thomas algorithm.
58. Solve Eq. (N) by the Thomas algorithm.

Section 1.7. Iterative Methods

Solve the following problems by iterative methods. Let x(°)r = [0.0 0.0 0.0 0.0]. For
hand calculations, make at least five iterations. For computer solutions, iterate until six
digits after the decimal place converges.

Jacobi Iteration

59. Solve Eq. (I) by Jacobi iteration.
60. Solve Eq. (K) by Jacobi iteration.
61. Solve Eq. (L) by Jacobi iteration.
62. Solve Eq. (M) by Jacobi iteration.
63. Solve Eq. (N) by Jacobi iteration.

Gauss-Seidel Iteration

64. Solve Eq. (I) by Gauss-Seidel iteration.
65. Solve Eq. (K) by Gauss-Seidel iteration.
66. Solve Eq. (L) by Gauss-Seidel iteration.
67. Solve Eq. (M) by Gauss-Seidel iteration.
68. Solve Eq. (N) by Gauss-Seidel iteration.

Successive Over-Relaxation

69. Solve Eq. (I) by the SOR method with o9 = 1.27.
70. Solve Eq. (K) by the SOR method with o9 = 1.27.
71. Solve Eq. (L) by the SOR method with o9 = 1.27.
72. Solve Eq. (M) by the SOR method with o9 = 1.05.
73. Solve Eq. (N) by the SOR method with ~o = 1.25.
74. Solve Eq. (I) by the SOR method for 1.25 < 09 < 1.35 with Ao9 = 0.01.
75. Solve Eq. (K) by the SOR method for 1.25 < co < 1.35 with Ao9 = 0.01.
76. Solve Eq. (L) by the SOR method for 1.25 < o9 < 1.35 with Ao9 = 0.01.
77. Solve Eq. (M) by the SOR method for 1.00 < o9 = 1.10 with Ao9 = 0.01.
78. Solve Eq. (N) by the SOR method for 1.25 < o9 = 1.35 with Ao9 = 0.01.

Section 1.8. Programs

79. Implement the simple Gauss elimination program presented in Section 1.8.1.
Check out the program using the given data.

80. Solve any of Eqs. (A) to (H) using the Gauss elimination program.
81. Implement the Doolittle LU factorization program presented in Section 1.8.2.

Check out the program using the given data.
82. Solve any of Eqs. (A) to (H) using the Doolittle LU factorization program.
83. Implement the Thomas algorithm program presented in Section 1.8.3. Check

out the program using the given data.
84. Solve any of Eqs. (I) to (N) using the Thomas algorithm program.
85. Implement the SOR program presented in Section 1.8.4. Check out the

program using the given data.
86. Solve any of Eqs. (I) and (K) to (N) using the SOR program.
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Eigenproblems

2.1. Introduction
2.2. Mathematical Characteristics of Eigenproblems
2.3. The Power Method
2.4. The Direct Method
2.5. The QR Method
2.6. Eigenvectors
2.7. Other Methods
2.8. Programs
2.9. Summary

Problems

Examples
2.1. The direct power method
2.2. The inverse power method
2.3. The shifted direct power method for opposite extreme eigenvalues
2.4. The shifted inverse power method for intermediate eigenvalues
2.5. The shifted inverse power method for accelerating convergence
2.6. The direct method for a linear eigenproblem
2.7. The direct method for a nonlinear eigenproblem
2.8. The basic QR method
2.9. Eigenvectors

2.1 INTRODUCTION

Consider the dynamic mechanical spring-mass system illustrated in Figure 2.1. Applying
Newton’s second law of motion, ~ F = m~, to each individual mass gives

K:z(xz - xl) + K3(x3 -- Xl) -- K~x~ = m13~~

-Kz(x2 -Xl) +K4(x3 -x2) = m2572

-K3(x3 - Xl) - K4(x3 - xz) - Ksx3 = m33~3

(2.1a)

(2.1b)

(2.1c).

81
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K3(x3"xl)

K2(x2"xl) ~ K4(x3"x2)

K3(X3"Xl) ~
K4(x~-x~) Ksx~

Figure 2.1 Dynamic mechanical spring-mass system.

Rearranging Eq. (2.1) yields:

--(g I ~- K2 -~- g3)x1 -q- K2x2 --~ g3x3 = ml~1

K2Xl - (K2 -I- g4)x2 -[- K4x3 = m2J~2

g3x1 + g4x2 - (g3 -[-g 4 + g5)x 3 = m3J~3

For steady periodic motion at large time,

x(t) = X sin(cot)

where x(0r = [x~(t) x2(t ) x3(t)], Xr = [X~ X2

(2.2a)

(2.2b)

(2.2c)

(2.3a)

X3] is the amplitude of the oscillation
of the masses, and co is the undamped natural frequency of the system. Differentiating Eq.
(2.3a) gives

dx d2x
~ = i = coX cos(cot) and dt-- T = i/= -co2X sin(cot) (2.3b)

Substituting Eq. (2.3b) into Eq. (2.2) gives

-(KI + K2 + K3)X~ + K2X2 + K3X3 = -m~co~X1 (2.4a)

K2X1 -- (K2 + K4)X2 + KaX3 = -m2co2X2 (2.4b)

K3X1 + K4X2 - (K3 + K4 + K5)X 3 = -m3co2X3 (2.4c)
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Rearranging Eq. (2.4) yields the system equation:

(K 1 A-K 2 q-K3) - mtr_o2)Xl -K2X 2 -K3X 3 = 0

-K2X 1 q- (K 2 q- K4 - m20)Z)x2 K4X3 = 0

-K3X1 - K4X2 q- (K 3 if- K4 q- K5 - m3092)y3 = 

Let’s nondimensionalize Eq. (2.5) using Kref and mref.

(2.5a)

(2.5b)

(2.5c)

Thus, ~ = m/mref and
~(~ = K/Kref. Substituting these definitions into Eq. (2.5) and dividing by Kref gives:

[/~1 dv ~2 q-/~3 -- if/1 ~(mref~2)Kref ]jqX1 -- ~2X2 - ~3X3 =0 (2.6a)

+ [~2 + ~4 -- ~2 ~(mref~2)gref jjqX2 -- ~4X3 =
0 (2.6b)

-- ~4X2 + [~3 + ~4 + ~5 -- ~3~(m~ef~)gref )j]X3 (2.6c)

Define the parameter 2 as follows:

mrefC°2 (2 .7)2- Krof

Substituting Eq. (2.7) into Eq. (2.6) gives nondimensional system equation:

(/~1 + R2 + ~:3 - ~12)xl - ~:2x2 - ~3x3 = 
-~qxl + (~:2 + ~:4 - m22)x: - R4x3 = 

--/~’3Xl --/~4X2 q- (/~’3 -}-/~4 q-/~5 -- ff/32)X3 --~ 

(2.8a)

(2.8b)

(2.8c)

Consider a specific system for which K~ = 40N/cm, K2 = K3 = K4 = 20N/cm,
and Ks = 90 N/cm, and ml = m~ = m3 = 2 kg. Let Kref = 10 N/cm and mref = 2 kg. For
these values, Eq. (2.8) becomes:

(8-- 2)S 1 --2)( 2-2X"3 =0

-2X~ + (4 - 2)Xz - 2X3 = 0

-zx~ - 2x: + (13 - ,~)x3 = 

(2.9a)

(2.9b)

(2.9c)

Equation (2.9) is a system of three homogeneous linear algebraic equations. There
are four unknowns: X~, X2, X3, and 2 (i.e., ~o). Clearly unique values of the foul unknowns
cannot be determined by three equations. In fact, the only solution, bther than the trivial
solution X = 0, depends on the special values of 2, called eigenvalues. Equation (2.9) is 
classical eigenproblem. The values of 2 that satisfy Eq. (2.9) are called eigenvalues.
Unique values of XT = IX1 X2 X3] cannot be determined. However, for every value of
2, relative values ofX~, X~, and X3 can be determined. The corresponding values of X are
called eigenvectors. The eigenvectors determine the mode of oscillation (i.e., the relative
values of X~,Xz,X3). Equation (2.9) can be written 

I (A - 2I)X = (2.10)
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where

A = 4 (2.11)
-2 -~3

Equation (2.10) is a system of homogeneous linear algebraic equations. Equation (2.10) 
the classical form of an eigenproblem.

Chapter 1 is devoted to the solution of systems of nonhomogeneous linear algebraic
equations:

Ax = b (2.12)

As discussed in Section 1.1, Eq. (2.12) may have a unique solution (the case considered 
Chapter 1), no solution, an infinite number of solutions, or the trivial solution, x = 0, if the
system of equations is homogeneous:

Ax = 0 (2.13)

Chapter 2 is concerned with solutions to Eq. (2.13) other than x = 0, which are possible 
the coefficient matrix A contains an unknown parameter, called an eigenvalue.

Every nonsingular square n x n matrix A has a set of n eigenvalues 2i (i = 1 ..... n)
and n eigenvectors xi (i = 1 ..... n) that satisfy the equation

(A - 2I)x = 0 or Ax = 2x (2.14)

The eigenvalues may be real or complex and distinct or repeated. The elements of the
corresponding eigenvectors xi are not tmique. However, their relative magnitudes can be
determined.

Consider an eigenproblem specified by two homogeneous linear algebraic equations:

(all - 2)xl al 2X2 = 0 (2 .15a)

(azlX1 -ff (a22 -- 2)x2 = 0 (2.15b)

Equation (2.15) represents two straight lines in the xlx2 plane, both passing through the
origin x~ = x2 = 0. Rearranging Eq. (2.15) gives

(all -- 2)
X2 = ----Xl = m~x~ (2.16a)

a12

a21X2 -- (a22 _ ~)xI ~-- m2x1 (2.16b)

where m1 and m2 are the slopes of the two straight lines. Figure 2.2 illustrates Eq. (2.16) 
the x~x2 plane. Both straight lines pass through the origin where Xl ---- x2 = 0, which is the
trivial solution. If the slopes ml and m2 are different, there is no other solution, as
illustrated in Figure 2.2a. However, ifm1 = m2 = m, as illustrated in Figure 2.2b, then the
two straight lines lie on top of each other, and there are an infinite number of solutions. For
any value of x~, there is a corresponding value of x2. The ratio of x2 to x1 is specified by
value of the slope m. The values of 2 which make m1 = m2 = rn are called eigenvalues,
and the solution vector x corresponding to 2 is called an eigenvector. Problems involving
eigenvalues and eigenvectors are called eigenproblems.

Eigenproblems arise in the analysis of many physical systems. They arise in the
analysis of the dynamic behavior of mechanical, electrical, fluid, thermal, and structural
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(a)mI ~m2.

~1 ~1~m2 =m

X~
(b) m~ = 2 =m.

Figure 2.2 Graphical representation of Eq. (2.16).

systems. They also arise in the analysis of control systems. The objectives of this chapter
are to introduce the general features of eigenproblems, to present several methods for
solving simple eigenproblems, and to illustrate those methods by examples.

There are several methods for solving eigenproblems. Equation (2.14) can be solved
directly by setting the determinant of (A- 21) equal to zero and solving the resulting
polynomial, which is called the characteristic equation, for 2. An iterative method, called
the power method, is based on the repetitive matrix multiplication of an assumed
eigenvector x by matrix A, which eventually yields both 2 and x. The power method
and the direct method are illustrated in this chapter. A more general and more powerful
method, called the QR method, is based on more advanced concepts. The QR method is
presented in Section 2.5. Serious students of eigenproblems should use the QR method.

The organization of Chapter 2 is illustrated in Figure 2.3. After a discussion of the
general features of eigenproblems in this section, the mathematical characteristics of
eigenproblems are discussed in Section 2.2. The power method and its variations are
presented in Section 2.3. Section 2.4 presents the direct method. The most powerful
method, the QR method, is developed in Section 2.5. The evaluation of eigenvectors is
discussed in Section 2.6. A brief mention of other methods is then presented. Two
programs for solving eigenproblems follow. The chapter closes with a Summary, which
presents some general philosophy about solving eigenproblems, and lists the things you
should be able to do after studying Chapter 2.

2.2 MATHEMATICAL CHARACTERISTICS OF EIGENPROBLEMS

The general features of eigenproblems are introduced in Section 2. l. The mathematical
characteristics of eigenproblems are presented in this section.

Consider a system of nonhomogeneous linear algebraic equations:

Cx = h (2.17)

Solving for x by Cramer’s rule yields

det(Cj)
~’ - det(C) (j-- 1 ..... n) (2.18)

where matrix CJ is matrix C with columnj replaced by the vector h. In general det(C) ~ 
and unique values are found for xj.
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Figure 2.3 Organization of Chapter 2.

Consider a system of homogeneous linear algebraic equations:

Cx = 0 (2.19)

Solving for x by Cramer’s rule yields

det(C j) 0
- (j = 1 ..... n) (2.20)xj- det(C)

Therefore, x = 0 unless det(C) = 0. In general, det(C) ¢ 0, and the only solution is 
trivial solution, x = 0. For certain forms of C that involve an unspecified arbitrary scalar 2,
the value of 2 can be chosen to force det(C) = 0, so that a solution other than the trivial
solution, x = 0, is possible. In that case x is not unique, but relative values of xj can be
found.

Consider the coefficient matrix C to be of the form

C = A - ~,B (2.21)
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where 2 is an unspecified scalar. Then

Cx = (A- 2B)x = (2.22)

The values of 2 are determined so that

det(C) = det(A - 2B) (2.23)

The corresponding values of 2 are the eigenvalues.
The homogeneous system of equations is generally written in the form

Ax = 2Bx (2.24)

In many problems B = I, and Eq. (2.24) becomes

lAx= 2x1 (2.25)

In problems where B -¢ I, define the matrix ~, = (B-~A). Then Eq. (2.24) becomes

I,~x = 2xt (2.26)

which has the same form as Eq. (2.25). Equation (2.25) can be written in the alternate 

(A - 2I)x = (2.27)

which is the most common form of an eigenproblem statement.
The eigenvalues can be found by expanding det(A - 21) = 0 and finding the roots 

the resulting nth-order polynomial, which is called the characteristic equation. This
procedure is illustrated in the following discussion.

Consider the dynamic spring-mass problem specified by Eq. (2.9):

I (8__-~2) -2 -2 (A - 2I)x (4 - 2) -2 x = 
-2 (13 - 2)

(2.28)

The characteristic equation, IA - 2I[ = 0, is

(8 - 2) [(4 - 2)(13 - 2) - 4] - (-2) [(-2)(13 - 2) - 4] + (-2)[4 + 

(2.29)

23 - 2522 + 1762 - 300 = 0 (2.30)

The eigenvalues are

2 = 13.870585, 8.620434, 2.508981 (2.31)
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which can be demonstrated by direct substitution. From Eq. (2.7), the corresponding
natural frequencies of oscillation, in terms off = 2n~o, where 092 = )ur(’ref/mref, are

, 2~r~~ ~ /(13.870585)(10)f~ = 2rrog~ = 2re - z~r~/
~

= 16.656 Hz (2.32a)
~ mref

f2 = 2~zc02 = 2~r,/2~Kr~e -- 21r~/(8"6204z34)(10) = 13.130 (2.32b)
~ mref ¥ Z

j~= 2rcco3 = 2n, 23~r~- 21r~/(2"508~--81)(10) = 7.084 (2.32c)
~/ mref

where Hz = Hertz = 1.0 cycle/sec.
The eigenvectors corresponding to 21 to 23 are determined as follows. For each

eigenvalue 2i(i = 1, 2, 3), find the amplitudes X2 and 3 relative t o the amplitude X~ by
letting X1 = 1.0. Any two of the three equations given by Eq. (2.9) can be used to solve for
X2 and X3 with X1 = 1.0. From Eqs. (2.9a) and (2.9c),

(8 -- 2).~1 -- 2X2 -- 2X"3 = 0 (2.33a)

-2X~ - 2X2 ÷ (13 - 2)X3 = 0 (2.33b)

Solving Eqs. (2.33a) and (2.33b) for X3 and substituting that result in Eq. (2.33a) 

X3 (10-2) 2 and 2 ( 8-2)
- 15 - 2 X3 (2.33c)

Substituting 2~ to 23 into Eq. (2.33c) yields:

For 2t = 13.870586:

X~ = [1.000000 0.491779 -3.427072] (2.34a)

For 22 = 8.620434:

X2 = [1.000000 -0.526465 0.216247] (2.34b)

For 23 = 2.508981:

X3=[1.000000 2.145797 0.599712] (2.34c)

The modes of oscillation corresponding to these results are illustrated in Figure 2.4.
In summary, eigenproblems arise from homogeneous systems of equations that

contain an unspecified arbitrary parameter in the coefficients. The characteristic equation
is determined by expanding the determinant

det(A - 2I) = (2.35)

which yields an nth-degree polynomial in 2. Solving the characteristic equation yields n
eigenvalues 2i (i = 1,2 ..... n). The n eigenvectors i (i =1,2 .. ... n), corresponding to
the n eigenvalues 2i (i = 1, 2 ..... n) are found by substituting the individual eigenvalues
into the homogeneous system of equations, which is then solved for the eigenvectors.

In principle, the solution of eigenproblems is straightforward. In practice, when the
size of the system of equations is very large, expanding the characteristic determinant to
obtain the characteristic equation is difficult. Solving high-degree polynomials for the
eigenvalues presents yet another difficult problem. Consequently, more straightforward
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procedures for solving eigenproblems are desired. An iterative numerical procedure, called
the power method, and its variations are presented in Section 2.3 to illustrate the numerical
solution of eigenproblems. The direct method is presented in Section 2.4. The most
general method, the QR method, is presented in Section 2.5.

2.3 THE POWER METHOD

Consider the linear eigenproblem:

Ax = 2x (2.36)

The power method is based on repetitive multiplication of a trial eigenvector x(°) by matrix
A with a scaling of the resulting vector y, so that the scaling factor approaches the largest
eigenvalue 2 and the scaled y vector approaches the corresponding eigenvector x. The
power method and several of its variations are presented in this section.
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2.3.1. The Direct Power Method

When the largest (in absolute value) eigenvalue of A is distinct, its value can be found
using an iterative technique called the direct power method. The procedure is as follows:

1. Assume a trial value x(°) for the eigenvector x. Choose one component of x to be
unity. Designate that component as the unity component.

2. Perform the matrix multiplication:

Ax(0) = y(1) (2.37i

3. Scale y(1) so that the unity component remains unity:

y0) = 20)x0) (2.38)

4. Repeat steps 2 and 3 with x = x(1). Iterate to convergence. At convergence, the
value 2 is the largest (in absolute value) eigenvalue of A, and the vector x is the
corresponding eigenvector (scaled to unity on the unity component).

The general algorithm for the power method is as follows:

Ax(k) = y(k+O = 2(k+l)x(k+l) [ (2.39)

When the iterations indicate that the unity component could be zero, a different unity
component must be chosen. The method is slow to converge when the magnitudes (in
absolute value) of the largest eigenvalues are nearly the same. When the largest
eigenvalues are of equal magnitude, the power method, as described, fails.

Example 2.1. The direct power method.

Find the largest
matrix given by

A= 4
-2

Assume x(°)r = [1.0
(2.39).

(in absolute value) eigenvalue and the corresponding eigenvector of the
Eq. (2.11):

(2.40)

1.0 1.0]. Scale the third component x3 to unity. Then apply Eq.

Ax (°)= -2 4 1.0 =/°’°°/
-2 -2 ;3 1.0 L9.00_]

2(1) = 9.00

-0.444444 7 [ 1.555555
o.ooooooj : /-2.888888
1.oooooo l_ 12.111111_J

AxO) = -2 4
-2-2 "~3

2(2) = 12.11t111

- 0.444444 -
0.000000
1.000000

(2.41)

I 0.128440q
X(2) -0.238532l

1.000000A

(2.42)
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Table 2.1. The Power Method

k 2 x1 x2 x3

0 1.000000 1.000000 1.000000
1 9.000000 0.444444 0.000000 1.000000
2 12.111111 0.128440 -0.238532 1.000000
3 13.220183 -0.037474 -0.242887 1.000000
4 13.560722 -0.133770 -0.213602 1.000000
5 13.694744 -0.192991 -0.188895 1.000000

29 13.870583 -0.291793 -0.143499 1.000000
30 13.870584 -0.291794 -0.143499 1.000000

The resuks of the first two iterations presented above and subsequent iterations are
presented in Table 2.1. These results were obtained on a 13-digit precision computer. The
iterations were continued until 2 changed by less than 0.000001 between iterations. The
final solution for the largest eigenvalue, denoted as 21, and the corresponding eigenvector

x~ is

)~1 = 13.870584 and x~ = [-0.291794] -0.143499 1.000000] (2.43)

This problem converged very slowly (30 iterations), which is a large number of iterations
for a 3 × 3 matrix. A procedure for accelerating the convergence of a slowly converging
eigenproblem is presented in Example 2.5.

2.3.2. Basis of the Power Method

The basis of the power method is as follows. Assume that A is an n x n nonsingular matrix
having n eigenvalues, 21, 22 ..... 2n, with n corresponding linearly independent eigen-
vectors, xl, x2 ..... xn. Assume further that IAll > 12el >’" > IAnl. Since the eigenvec-
tors, xi (i = 1, 2,..., n), are linearly independent (i.e., they span the n-dimensional space),
any arbitrary vector x can be expressed as a linear combination of the eigenvectors. Thus,

x = Clx1 + C2x2 +... + Cnx, = ~ Cixi (2.44)

Multiplying both sides of Eq. (2.44) by A, 2 . .... A k, etc., where the superscript denotes
repetitive matrix multiplication, and recalling that Axi = )~ixi, yields

Ax = CiAxi : ~ Cil~iX i _~. y0) (2.45)
i=1 i=1

n
A2x = Aye1)

= ~ Ci~iAx i : ~ Cil~2ixi _~_ y(2)

(2.46)
i=1 i=1

Akx = Ay(x-~ = ~. C/2/~-~Axe = ~ Ci2~ixi = y(~) (2.47)
i=1 i=1
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Factoring 2~ out of the next to last term in Eq. (2.47) yields

n i/2 ",~k
Akx = 21~ ~ C/|’°i/ xi = y(~) (2.48)

S~ce 12~1 > 12i1 for i = 2, 3 ..... n, the ratios (2i/2~)~ ~ 0 as k ~ ~, and Eq. (2.48)
approaches the limit

A~x = 2~ClX~ = y(~) (2.49)

Equation (2.49) approaches zero if 1211 < 1 and approaches infini~ if 1211 > 1. Thus,
Eq. (2.49) must be scaled be~een steps.

Scaling c~ be accomplished by scaling any component of vector y(~) to ~ity 
each step in the process. Choose the first component of vector y(~),y~), to be that
component. Thus, x1 = 1.0, and the first component of Eq. (2.49) 

y~k)= 2~C1

Applying Eq. (2.49) one more time (i.e., from k to k + 1) yields

y(k+l) = 21k+lc1
1

Taking the ratio of Eq. (2.51) to Eq. (2.50) gives

y(k+l) 21k+l 
1

(2.50)

(2.51)

(2.52)

. (k+l) . (k+l) . (k+l)Thus, if y~) = 1, then yl = 21. If y~ is scaled by 21 so that Yl = 1, theny~k+2) = 21, etc. Consequently, scaling a particular component of vector y each iteration

essentially factors 21 out of vector y, so that Eq. (2.49) converges to a finite value. In the
limit as k --~ ~o, the scaling factor approaches 21, and the scaled vector y approaches the
eigenvector x1.

Several restrictions apply to the power method.

1. The largest eigenvalue must be distinct.
2. The n eigenvectors must be independent.
3. The initial guess x~°) must contain some component of eigenvector xi, so that

c;¢0.
4. The convergence rate is proportional to the ratio

12,.I

12i_11

where 2 i is the largest (in magnitude) eigenvalue and 2i_1 is the second largest (in
magnitude) eigenvalue.

2.3.3. The Inverse Power Method

When the smallest (in absolute value) eigenvalue of matrix A is distinct, its value can 
found using a variation of the power method called the inverse power method. Essentially,
this involves finding the largest (in magnitude) eigenvalue of the inverse matrix -1,

which is the smallest (in magnitude) eigenvalue of matrix A. Recall the original
eigenproblem:

Ax = 2x (2.53)
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Multiplying Eq. (2.53) by A-1 gives

A-lAx = Ix = x = )],A-ix (2.54)

Rearranging Eq. (2.54) yields an eigenproblem for -~. Thus,

I A-ix = (~)x : 2inverseX (2.55)

The eigenvalues of matrix A-1, that is, A~verse, are the reciprocals of the eigenvalues of
matrix A. The eigenvectors of matrix A-I are the same as the eigenvectors of matrix A.
The power method can be used to find the largest (in absolute value) eigenvalue of matrix
A-1, 2~wrse. The reciprocal of that eigenvalue is the smallest (in absolute value) eigenvalue
of matrix A.

In practice the LU method is used to solve the inverse eigenproblem instead of
calculating the inverse matrix A-1. The power method applied to matrix A-1 is given by

A-lx(k) = y(k+~) (2.56)

Multiplying Eq. (2.56) by A gives

AA-Ix(k) = Ix (k) = x(k) = Ay(k+0 (2.57)

which can be written as

lAy(k+~) = (2.58)X(k)

Equation (2.58) is in the standard form Ax = b, where = y( k+l) and b = x(k). Thus, for a
given x(k), y(k+l) can be found by the Doolittle LU method. The procedure is as follows:

1. Solve for L and U such that LU = A by the Doolittle LU method.
2. Assume x(°). Designate a component of x to be unity.
3. Solve for x’ by forward substitution using the equation

Lx’ = x(° (2.59)

4. Solve for y0) by back substitution using the equation

Uy(1) = X’ (2.60)

5. Scale y(1) so that the unity component is unity. Thus,

y0) (1) = )~inverse 

6. Repeat steps 3 to 5 with x0). Iterate to convergence. At
2 = 1/2i~verse, and x(k+l) is the corresponding eigenvector.

The inverse power method algorithm is as follows:

Lx~ = x(~

Uy(k+l) = X’

y(k+l) (~+0 (~+0= ~inversex

(2.61)

convergence,

(2.62)

(2.63)

(2.64)
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Example 2.2. The inverse power method.

Chapter 2

Find the smallest (in absolute value) eigenvalue and the corresponding eigenvector of the
matrix given by Eq. (2.11):

A = 4 (2.65)
-2 -~3

Assume x(°)r = [1.0 1.0 1.0]. Scale the first component ofx to unity. The first step is to
solve for L and U by the Doolittle LU method. The results are

L= -1/4 1 0 and U= 7/2 -5/2 (2.66)
-1/4 -5/7 1 0 75/7

Solve for x’ by forward substitution using Lx’ = x(°).

-1/4 1 ~ = 1.0

-1/4 -5/7 ~3 1.0

x’~ ---- 1.0

x~ = 1.0 - (-1/4)(1.0) = 

~ = 1.0 - (-1/4)(1.0) - (-5/7)(5/4) (2.67)

Solve for y(l~ by back substitution using Uy(1) = X’.

7/2--5/2 y~2) = 5/4

0 75/7 Ly~ 1) [_15/7/
(l) : [1.0 - (-2.0)(0.5) - (-2)(0.2)]/8 

Yl
(1) = [5/4 - (-5/2)(0.2)]/(7/2) 

Y2

y~) = (15/7)/(75/7) = (2.68)

Scale yO)so that the unity component is unity.

F 0.301 F 1.000ooo q
= ~inverse = 0.300000 ----y(~) |0.50/

(1)
X(1) / 1.666667 (2.69)

[0.201 [0.666667

The results of the first iteration presented above and subsequent iterations are
presented in Table 2.2. These results were obtained on a 13-digit precision computer. The
iterations were continued until 2~verse changed by less than 0.000001 between iterations.

The final solution for the smallest eigenvalue 23 and the corresponding eigenvector
x3 is

1 1
23 - 2inverse -- 0.39856~ -- 2.508981 and

x~=[1.000000 2.145797 0.599712] (2.70)
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Table 2.2. The Inverse Power Method

k ’~inverse Xl X2 X3

1.000000 1.000000 1.000000
0.300000 1.000000 1.666667 0.666667
0.353333 1.000000 1.981132 0.603774
0.382264 1.000000 2.094439 0.597565
0.393346 1.000000 2.130396 0.598460

12 0.398568 1.000000 2.145796 0.599712
13 0.398568 1.000000 2.145797 0.599712

2.3.4. The Shifted Power Method

The eigenvalues of a matrix A may be shifted by a scalar s by subtracting six = sx from
both sides of the standard eigenproblem, Ax = 2x. Thus,

Ax - six = 2x - sx (2.71)

which yields

(A - sI)x = (2 - (2.72)

which can be written as

AshiftedX = 2shiftedx (2.73)

where Ashifte d = (A - sI) is the shifted matrix and ~’shifted = "~" -- S is the eigenvalue of the
shifted matrix. Shifting a matrix A by a scalar, s, shifts the eigenvalues by s. Shifting a
matrix by a scalar does not affect the eigenvectors. Shifting the eigenvalues of a matrix can
be used to:

1. Find the opposite extreme eigenvalue, which is either the smallest (in absolute
value) eigenvalue or the largest (in absolute value) eigenvalue of opposite sign

2. Find intermediate eigenvalues
3. Accelerate convergence for slowly converging eigenproblems

2.3.4.1. Shifting Eigenvalues to Find the Opposite Extreme Eigenvalue

Consider a matrix whose eigenvalues are all the same sign, for example 1, 2, 4, and 8. For
this matrix, 8 is the largest (in absolute value) eigenvalue and 1 is the opposite extreme
eigenvalue. Solve for the largest (in absolute value) eigenvalue, ’~Largest = 8, by the direct
power method. Shifting the eigenvalues by s = 8 yields the shifted eigenvalues
-7, -6, -4, and O. Solve for the largest (in absolute value) eigenvalue of the shifted
matrix, /~shifted,Largest = -7, by the power method. Then /~Smallest = ’~shitied,Largest 3t- 8 ~

-7 + 8 = 1. This procedure yields the same eigenvalue as the inverse power method
applied to the original matrix.

Consider a matrix whose eigenvalues are both positive and negative, for example,
- 1, 2, 4, and 8. For this matrix, 8 is the largest (in absolute value) eigenvalue and - 1 is the
opposite extreme eigenvalue. Solve for the largest (in absolute value) eigenvalue,
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/~Largest = 8, by the power method. Shifting the eigenvalues by s = 8 yields the shifted
eigenvalues -9, -6, -4, and 0. Solve for the largest (in absolute value) eigenvalue of the
shifted matrix, 2shifted,Larges t =--9, by the power method. Then )’Largest,Negative 

"~shif~ed,Largest q- 8 -~- -9 + 8 = -1.
Both of the cases described above are solved by shifting the matrix by the largest (in

absolute value) eigenvalue and applying the direct power method to the shifted matrix.
Generally speaking, it is not known a priori which result will be obtained. If all the
eigenvalues of a matrix have the same sign, the smallest (in absolute value) eigenvalue will
be obtained. If a matrix has both positive and negative eigenvalues, the largest eigenvalue
of opposite sign will be obtained.

The above procedure is called the shifted direct power method. The procedure is as
follows:

1.
2.

3.

4.

Solve for the largest (in absolute value) eigenvalue ~’Largest"

Shift the eigenvalues of matrix A by s = 2Largest to obtain the shifted matrix
Ashitted.
Solve for the eigenvalue ~’shit~ed of the shifted matrix Ashitted by the direct power
method.
Calculate the opposite extreme eigenvalue of matrix A by 2 = 2shitted q- S.

Example 2.3. The shifted direct power method for opposite extreme eigenvalues.

Find the opposite extreme eigenvalue of matrix A by shifting the eigenvalues by
s = )~Largest = 13.870584. The original and shifted matrices are:

8 -2 -2J

A= -2 4 -2

-2 -2 13

(8 - 13.870584) -2 -2

Ashifled = -2 (4 -13.870584) -2

-2 -2 (13 - 13.870584)

-5.870584 -2.000000 -2.0000001
-2.000000 -9.870584 -2.000000

-2.000000 -2.000000 -0.870584

(2.74)

(2.75)

Assume x(°)r = [1.0 1.0 1.0]. Scale the second component to unity. Applying the
power method to matrix Ashifte d gives

I
-5.870584 -2.000000

Ashifiedx(0) = --2.000000 --9.870584

--2.000000 --2.000000

I _9.8705841
= --13.870584 =

--4.870584

--2.000000 / 1.0

--0.870584_] 1.0

(2.76)
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Table 2.3. Shifting Eigenvalues to Find the Opposite
Extreme Eigenvalue

k "~shifted Xl X2 x3

1.000000 1.000000 1.000000
- 13.870584 0.711620 1.000000 0.351145
- 11.996114 0.573512 1.000000 0.310846
- 11.639299 0.514510 1.000000 0.293629
- 11.486864 0.488187 1.000000 0.285948

19 - 11.361604 0.466027 1.000000 0.279482
20 - 11.361604 0.466027 1.000000 0.279482

Scaling the unity component of y(1) to unity gives

[-0.711620-]

"~shifted5(1) = -13.870584 and xO) = [ 1.000000[ (2.77)
/0.351145/

The results of the first iteration presented above and subsequent iterations are presented in
Table 2.3. These results were obtained on a 13-digit precision computer with an absolute
convergence tolerance of 0.000001.

The largest (in magnitude) eigenvalue of Ashifled is )~shifled.Largest =-11.361604.

Thus, the opposite extreme eigenvalue of matrix A is

2 = )’shitted,Largest q- 13.870584 = --11.361604 + 13.870586 = 2.508980 (2.78)

Since this eigenvalue, 2 = 2.508980, has the same sign as the largest (in absolute
value) eigenvalue, 2 = 13.870584, it is the smallest (in absolute value) eigenvalue 
matrix A, and all the eigenvalues of matrix A are positive.

2.3.4.2. Shifting Eigenvalues to Find Intermediate Eigenvalues

Intermediate eigenvalues hinte r lie between the largest eigenvalue and the smallest
eigenvalue. Consider a matrix whose eigenvalues are 1, 2, 4, and 8. Solve for the largest
(in absolute value) eigenvalue, 2Largest = 8, by the power method and the smallest
eigenvalue, ~’Smallest = 1, by the inverse power method. Two intermediate eigenvalues,

)~Inter = 2 and 4, remain to be determined. If "~Inter is guessed to be 2Guess = 5 and the
eigenvalues are shifted by s = 5, the eigenvalues of the shifted matrix are -4, -3, -1, and
3. Applying the inverse power method to the shifted matrix gives ’~shifled = -- 1, from which
2 =)]’shitted -b S = -- 1 + 5 = 4. The power method is not an efficient method for finding
intermediate eigenvatues. However, it can be used for that purpose.

The above procedure is called the shifted inverse power method. The procedure as
follows:

1.
2.
3.

Guess a value 2Guess for the intermediate eigenvalue of the shifted matrix.
Shift the eigenvalues by s = )~Guess tO obtain the shifted matrix Ashitted.

-1Solve for the eigenvalue )]’shifted,inverse of the inverse shifted matrix Ashifled by the
inverse power method applied to matrix Astti~t~.
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4. Solve for *~shifted = 1/)~shifted,inverse’
5. Solve for the intermediate eigenvalue )~Inter = J’shifted q- S.

Example 2.4. The shifted inverse power method for intermediate eigenvalues.

Let’s attempt to find an intermediate eigenvalue of matrix A by guessing its value, for
example, 2Guess = 10.0. The corresponding shifted matrix Ashified is

I(8 - 10.0)

Ashified = (A - 2GuessI) = -2

--2

[-2.0

-2.0

1-2.0
= -2.0 -6.0 -2.0

-2.0 -2.0 3.0

-2 -2

(4- 10.0) -2

-2 (13 - 10.0)

(2.79)

Solving for L and U by the Doolittle LU method yields:

Ii.00.0 0.0
L= .0 1.0 0.0 and

.0 0.0 1.0

--2.0 -2.0-2.0
0.0 -4.0 0.0
0.0 0.0 5.0

(2.80)

Assume x(°)r = [1.0 1.0 1.0]. Scale the first component of x to unity. Solve for xI by
forward substitution using LxI = x(°):

1.0 1.0 0.0 ~ = 1
1.0 0.0 1.0 ~ 1

(2.81)

which yields

x~ = 1.0 - 1.0(1.0) = 0.0

x~ = 1.0 - 1.0(1.0) - 1.0(0.0) = 

(2.82a)

(2.82b)

(2.82c)

Solve for y(1) by back substitution using O) = x’.

(2.83)

which yields

= 0.0/(5.0) = o.o
y~) = [0.0 - (0.0)(0.0)]/(-4.0) 

y~l) = [1.0 -(-2.0)(0.0) - (-2.0)(0.0)]/(-2.0) 

(2.84a)

(2.84b)

(2.84c)
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Table 2.4. Shifting EigenvaIues to Find Intermediate Eigen-
values

k /~shi fled, inverse X 1 X2 X3

1.000000 1.000000 1.000000
-0.500000 1.000000 0.000000 0.000000
-0.550000 1.000000 -0.454545 0.363636
-0.736364 1.000000 -0.493827 0.172840
-0.708025 1.000000 -0.527463 0.233653

14 -0.724865 1.000000 -0.526465 0.216248
15 -0.724866 1.000000 -0.526465 0.216247

Scale y(~) so that the unity component is unity.

F-o.5ol
y(1) 0.00[ ~(1) =--0.50~shifled,inverse

L 0.ooA

1.00 ~
|0.00/" (2.85)
ko.ooA

The first iteration and subsequent iterations are smrmaafized in Table 2.4. These results
were obtained on a 13-digit precision computer with an absolute convergence tolerance of
0.000001.

Thus, the largest (in absolute value) eigenvalue of matrix A~Ifted is 2shifted,inverse =
--0.724866. Consequently, the corresponding eigenvalue of matrix Ashifted is

1 1
/~shifted -- /~shifted,inverse -- -0.724866 - 1.379566 (2.86)

Thus, the intermediate eigenvalue of matrix A is

21 = )-shifted + s = --1.379566 + 10.000000 = 8.620434 (2.87)

and the corresponding eigenvector is xT = [1.0 -0.526465 0.216247].

2.3.4.3. Shifting Eigenvalues to Accelerate Convergence

The shifting eigenvalue concept can be used to accelerate the convergence of the power
method for a slowly converging eigenproblem. When an estimate ;~Est of an eigenvalue of
matrix A is known, for example, from several initial iterations of the direct power method,
the eigenvalues can be shifted by this approximate value so that the shifted matrix has an
eigenvalue near zero. This eigenvalue can then be found by the inverse power method.

The above procedure is called the shifted inverse power method. The procedure is as
follows:

1. Obtain an estimate 2Est of the eigenvalue )-, for example, by several applications
of the direct power method.

2. Shift the eigenvalues by s = )-Est to obtain the shifted matrix, Ashifted-
3. Solve for the eigenvalue "~shifled,inverse of the inverse shifted matrix -1A-shifted by the

inverse power method applied to matrix Ashifte d. Let the first guess for x be the
value of x corresponding to 2~st.
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4. Solve for ~shitted = I/~’shiited,inverse.
5. Solve for ~ = 2~hi~d + S.

Example 2.5. The shifted inverse power method for accelerating convergence.

The first example of the power method, Example 2.1. converged very slowly since the two
largest eigenvalues of matrix A are close together (i.e., 13.870584 and 8.620434).
Convergence can be accelerated by using the results of an early iteration, say iteration
5, to shift the eigenvalues by the approximate eigenvalue, and then using the inverse power
method on the shifted matrix to accelerate convergence. From Example 2.1, after 5
iterations, 2(5) = 13.694744 and x(5)r = [-0.192991 - 0.188895 1.000000]. Thus,
shift matrix A by s = 13.694744:

I-5.694744 -2.000000 -2.00000 1

Ashifled : (A - sI) = -2.000000 -9.694744 -2.00000 (2.88)
-2.000000 -2.000000 -0.694744

The corresponding L and U matrices are

0.000000 0.000000-

1.000000 0.000000

0.144300 1.000000
I1.000000

0.351201

0.351201

I-5.694744

0.000000

0.000000

-2.000000 -2.000000 1

-8.992342 -1.297598/ (2.89)

0.000000 0.194902J

Let x(°~T = x(5~r and continue scaling the third component of x to unity. Applying the
inverse power method to matrix Ashifte d yields the results presented in Table 2.5. These
results were obtained on a 13-digit precision computer with an absolute convergence
tolerance of 0.000001. The eigenvalue 2shif~ed of the shifted matrix Ashified is

1 1
"~shifted -- -- --z~hiaed,~ver~e5.686952 -- 0.175841

(2.90)

Table 2.5. Shifting Eigenvalues to Accelerate Convergence

"~shified, inverse X 1 X2 X3

-0.192991 -0.188895 1.000000
5.568216 -0.295286 -0.141881 1.000000
5.691139 -0.291674 -0.143554 1.000000
5.686807 -0.291799 -0.143496 1.000000
5.686957 -0.291794 -0.143498 1.000000
5.686952 -0.291794 -0.143498 1.000000
5.686952 -0.291794 -0.143498 1.000000
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Thus, the eigenvalue 2 of the original matrix A is

2 = 2shil~ed + S = 0.175841 + 13.694744 = 13.870585 (2.91)

This is the same result obtained in the first example with 30 iterations. The present solution
required only 11 total iterations: 5 for the initial solution and 6 for the final solution.

2.3.5. Summary

In summary, the largest eigenvalue, 2 = 13.870584, was found by the power method; the
smallest eigenvalue, 2 = 2.508981, was found by both the inverse power method and by
shifting the eigenvalues by the largest eigenvalue; and the third (and intermediate)
eigenvalue, 2 = 8.620434, was found by shifting eigenvalues. The corresponding eigen-
vectors were also found. These results agree with the exact solution of this problem
presented in Section 2.2.

2.4 THE DIRECT METHOD

The power method and its variations presented in Section 2.3 apply to linear eigen-
problems of the form

Ax = 2x (2.92)

Nonlinear eigenproblems of the form

[ Ax = B(2)x (2.93)

where B(2) is a nonlinear function of 2, cannot be solved by the power method. Linear
eigenproblems and nonlinear eigenproblems both can be solved by a direct approach
which involves finding the.zeros of the characteristic equation directly.

For a linear eigenproblem, the characteristic equation is obtained from

det(A - 2I) = (2.94)

Expanding Eq. (2.94), which can be time consuming for a large system, yields an nth-
degree polynomial in 2. The roots of the characteristic polynomial can be determined by
the methods presented in Section 3.5 for finding the roots of polynomials.

For a nonlinear eigenproblem, the characteristic equation is obtained from

det[A - B(2)] = (2.95)

Expanding Eq. (2.95) yields a nonlinear function of 2, which can be solved by the methods
presented in Chapter 3.

An alternate approach for solving for the roots of the characteristic equation directly
is to solve Eqs. (2.94) and (2.95) iteratively. This can be accomplished by applying 
secant method, presented in Section 3.4.3, to Eqs. (2.94) and (2.95). Two initial
approximations of 2 are assumed, 2o and 21, the corresponding values of the characteristic
determinant are computed, and these results are used to construct a linear relationship
between 2 and the value of the characteristic determinant. The solution of that linear
relationship is taken as the next approximation to 2, and the procedure is repeated
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iteratively to convergence. Reasonable initial approximations are required, especially for
nonlinear eigenproblems.

The direct method determines only the eigenvalues. The corresponding eigenvectors
must be determined by substituting the eigenvalues into the system of equations and
solving for the corresponding eigenvectors directly, or by applying the inverse power
method one time as illustrated in Section 2.6.

Example 2.6. The direct method for a linear eigenproblem.

Let’s find the largest eigenvalue of the matrix given by Eq. (2.11) by the direct method.
Thus,

A : 4 (2.96)
-2

The characteristic determinant corresponding to Eq. (2.96) 

f(2) = det(A - 2I) (4 - 2) -2 = (2.97)
-2 (13 - 2)

Equation (2.97) can be solved by the secant method presented in Section 3.4.3. Let
2o = 15.0 and 21 = 13.0. Thus,

(8 - 15.0) -2 -2
f(20) =f(15.0) -2 (4- 15.0) -2 = -90.0 (2.98a)

-2 -2 (13 - 15.0)

(8 - i3.0) -2 -2
f(4~) =f(13.0) -2 (4 - 13.0) -2 = 40.0 (2.98b)

-2 -2 (13 - 13.0)

The determinants in Eq. (2.98) were evaluated by Gauss elimination, as described 
Section 1.3.6. Write the linear relationship between 4 and f(4):

f(41 ) -- f(40) f(42 ) -- f()~l -- slope -- (2.99)
41 -- 40 42 -- 41

where f(42) = 0 is the desired solution. Thus,

40.0 - (-90.0) _ -65.0
(2.100)slope = 13.0- 15.0

Solving Eq. (2.99) for 42 to give f(42) = 0.0 gives

42 = 41 f(41) -- 13.0
40.0 _ 13.615385

(2.101)
slope (-65.0)

The results of the first iteration presented above and subsequent iterations are
presented in Table 2.6. The solution is 4 = 13.870585. The solution is quite sensitive to
the two initial guesses. These results were obtained on a 13-digit precision computer.
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Table 2.6. The Direct Method for a Linear Eigen-
problem

k

0
1
2
3
4
5
6
7

~’k (deg) f(~.k) (slope)k

15.000000 -90.000000
13.000000 40.000000 -65.000000
13.615385 14.157487 -41.994083
13.952515 -4.999194 -56.822743
13.864536 0.360200 -60.916914
13.870449 0.008098 - 59.547441
13.870585 -0.000014 -59.647887
13.870585 0.000000

Example 2.6 presents the solution of a linear eigenproblem by the direct method.
Nonlinear eigenproblems also can be solved by the direct method, as illustrated in
Example 2.7.

Example 2.7. The direct method for a nonlinear eigenproblem.

Consider the nonlinear eigenproblem:

x1 ÷ 0.4x2 = sin(2) 1  (2.102a)

0.2x1 + x2 = cos(2) 2 (2.102b)

The characteristic determinant corresponding to Eq. (2.102) 

f(2) = det[A - B(2)] [1
sin(2)] 0.4

0.2 [1 - cos(2)] = 
(2.103)

Let’s solve Eq. (2.103) by the secant method. Let 20 = 50.0 deg and 21 = 55.0 deg. Thus,

f(Xo) = I [1 - sin(50)] 0.4 10.233956: 0.410.003572
0.2 [1 - cos(50)] 0.2 0.357212

(2.104a)

[1 - sin(55)] 0.4 I= 0.180848 0.4 I = -0.002882
f(~l) 0.2 [1 - cos(55)]I 0.2 0.426424

(2.104b)

Writing the linear relationship between 2 and f(~) yields

f(21) - f(2o) f(22) - f(21 
- slope - (2.105)

21 - 20 42 - 2~

wheref(22) = 0.0 is the desired solution, Thus,

(-0.002882) - (-0.003572)
Slope =

55.0 - 50.0
-- -0.001292 (2.106)

Solving Eq. (2.105) for 2 to give f (22) =0.0 yields

(-0.002882)
22 = ,~ f(21) -- 55.0 = 52.767276 (2.107)

slope (--0.001292)



104

Table 2.7. The Direct Method for a Nonlinear
Eigenproblem

2k, deg f(2k) (Slope)k

50.0 0.003572
55.0 -0.002882 -0.001292
52.767276 0.000496 -0.001513
53.095189 0.000049 -0.001365
53.131096 -0.000001

Chapter 2

The results of the first iteration presented above and subsequent iterations are
presented in Table 2.7. The solution is 2 = 53.131096 deg. These results were obtained on
a 13-digit precision computer and terminated when the change in f(2) between iterations
was less than 0.000001.

2.5 THE QR METHOD

The power method presented in Section 2.3 finds individual eigenvalues, as does the direct
method presented in Section 2.4. The QR method, on the other hand, finds all of the
eigenvalues of a matrix simultaneously. The development of the QR method is presented
by Strang (1988). The implementation of the QR method, without proof, is presented 
this section.

Triangular matrices have their eigenvalues on the diagonal of the matrix. Consider
the upper triangular matrix U:

FUll U12 //13 ¯ . . Uln

0 U22 U23 "’" U2n

....
L 0

0 0 ’’’ Un.

The eigenproblem, (U - 2I), is given 

(U - 2I) 

(Ull -- 2) U12 UI3 "’" Uln

0 (U22--2) U23 "’" UZn

0 0 (U33 --2) "’" U3n

0 0 0 "’" (Unn--~)

(2.109)

The characteristic polynomial, IU - 2II, yields

(Ull -- ~) (U22 -- 2) (//33 -- /~)""" (Unn -- ~’) = (2.110)

The roots of Eq. (2.110) are the eigenvalues of matrix U. Thus,

2i =ui,i (i= 1,2 ..... n) (2.111)

The QR method use similarity transformations to transform matrix A into triangular
form. A similarity transformation is defined as A’ = M-~AM. Matrices A and A’ are said
to be similar. The eigenvalues of similar matrices are identical, but the eigenvectors are
different.



Eigenproblems 105

The Gram-Schmidt process starts with matrix A, whose columns comprise the
column vectors a1, a2 ..... an, and constructs the matrix Q, whose columns comprise a set
of orthonormal vectors ql, q2 ..... qn. A set of orthonormal vectors is a set of mutually
orthogonal unit vectors. The matrix that connects matrix A to matrix Q is the upper
triangular matrix R whose elements are the vector products

rid = qfaj (i,j = 1,2 ..... n) (2.112)

The result is the QR factorization:

[ A = QR ) (2.113)

The QR process starts with the Gauss-Schmidt process, Eq2 (2.113). That process 
then reversed to give

A’ = RQ (2.114)

Matrices A and A’ can be shown to be similar as follows. Premultiply Eq. (2.113) by Q-1
to obtain

Q-1A = Q-1QR = IR = R (2.115)

Postmultipty Eq. (2.115) by Q to obtain

Q-1AQ = RQ = A’ (2.116)

Equation (2.116) shows that matrices A and A’ are similar, and thus have the same
eigenvalues.

The steps in the Gram-Schmidt process are as follows. Start with the matrix A
expressed as a set of column vectors:

A = / ’ayl’’ "’a~2"’’i;i "’’ayn" = [al a2 "" an] (2.117)

[_ On 1 gin2 " " " ann

Assuming that the column vectors ai (i = 1, 2 ..... n) are linearly independent, they span
the n-dimensional space. Thus, any arbitrary vector can be expressed as a linear
combination of the column vectors ai (i = I, 2 .... n). An orthonormal set of column
vectors qi (i = 1,2 ..... n) can be created from the column vectors i (i =1,2 ... .. n) by
the following steps.

Choose q~ to have the direction of aI . Then normalize a~ to obtain q~:

alqt = [lal I-’---~ (2.118a)

where Ilal II denotes the magnitude of a~:

~2 11/2 (2.118b)Ila~ II = [a~l + a122 +’" +

To determine q2, first subtract the component of a2 in the direction of ql to determine
vector a~, which is normal to ql. Thus,

a~ = a2 - (q~a2)qi (2.119a)
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Choose q2 to have the direction of a~. Then normalize a~ to obtain q2:

q2 -- Ila~l[ (2.119b)

This process continues until a complete set ofn orthonormal unit vectors is obtained.
Let’s evaluate one more orthonormal vector q3 to illustrate the process. To determine q3,
first subtract the components of a3 in the directions of qt and q2. Thus,

a~ = a3 - (q~ra3)q] - (q~ra3)q2 (2.120a)

Choose q3 to have the direction of a~. Then normalize a~ to obtain q3:

q3 = (2.120b)

The general expression for a’i is

i-1
ai ai ~ T’ = - (qkai)qk (i = 2, 3 ..... n) (2.121)

k=l

and the general expression for qi is

a’i
qi : ~ (i = 1,2 ..... n) (2.122)

The matrix Q is composed of the column vectors qi (i : 1, 2 ..... n). Thus,

Q = [ql q2 "’" qn] (2.123)

The upper triangular matrix R is assembled from the elements computed in the
evaluation of Q. The diagonal elements of R are the magnitudes of the a~ vectors:

ri,~ -- Ila’,-II (i = 1, 2 ..... n) (2.124)

The off-diagonal elements of R are the components of the a~ vectors which are subtracted
from the a~ vectors in the evaluation of the a’i vectors. Thus,

ri, j = qTaj (i = 1,2 ...... n,j = i+ 1 ..... n) (2.125)

The values of ri, i and rid are calculated during the evaluation of the orthonormal unit
vectors qi. Thus, R is simply assembled from already calculated values. Thus,

Vrll r12 ¯.. rln

R= /.0.....r!2....’(.’...r!~. (2.126)

~0 0 ... rnn

The first step in the QR process is to set A(°) = A and factor A(°) by the Gram-
Schrnidt process into Q(0) and (°). The next step is t o reverse the factors Q(0) and R(°) to
obtain

A(0 = R(°)Q(° (2.127)

A0) is similar to A, so the eigenvalues are preserved. A(1) is factored by the Gram-Schmidt

process to obtain Qo) and (1), and the factors are reversed to obtain A(2). Thus,

A(z) = R(1)Q 0) (2.128)
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The process is continued to determine A(3), A(4) ..... A(n). When A(n) approaches
triangular form, within some tolerance, the eigenvalues of A are the diagonal elements.
The process is as follows:

A(k) : Q(’~)R(k

A(k+l) : R(~)Q(~)

(2.129)
(2.130)

Equations (2.129) and (2.130) are the basic QR algorithm. Although it generally
converges, it can be fairly slow. Two modifications are usually employed to increase its
speed:

1. Preprocessing matrix A into a more nearly triangular form
2. Shifting the eigenvalues as the process proceeds

With these modifications, the QR algorithm is generally the preferred method for solving
eigenproblems.

Example 2.8. The basic QR ~nethod.

Let’s apply the QR method to find all the eigenvalues of matrix A given by Eq. (2.11)
simultaneously. Recall:

A= 4
-2 -~3

The colmnn vectors associated with matrix A, A = [a1 a2 a3], are

a1 : a2 ~ 113 :
-- 3

(2.131)

(2.132)

a2’ = - [0.942809 -0.235702

(2.133)

(2.134)

(2.135a)

-0.235702] /-0.235702 |

- L_ -0.235702_]
(2.135b)

of aI . Thus,

Ilal II = [82 -~ (--2)2 -b (--2)2]1/2 = 8.485281

Solving for ql = al/l[al I[ gives

q~r = [0.942809 - 0.235702 -- 0.235702]

Next let’s solve for q2. First subtract the component of a2 in the direction of ql:

a2 = a2 - (q~a2)ql

First let’s solve for ql. Let ql have the direction of al, and divide by the magnitude
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Performing the calculations gives q~a2 = -2.357023 and

I-i -(-2.222222)-(0.555555)
- -(0.555555)

=| 3.444444/
k -2.555557 A

(2.136)

The magnitude of a~ is Ila~ll = 4.294700. Thus, q2 = a~/lla~ll gives

q2 = [0.051743 0.802022 - 0.595049] (2.137)

Finally let’s solve for q3. First subtract the components ofa3 in the directions ofql and q2:

a~ = a3 - (q~a3)ql - (q~’a3)q2

a~ = - - [0.942809 -0.235702

3

-[0.051743 0.802022 -0.595049]

(2.138)

-0.235702 /-0.235702] ~3 -0.235702J

-~1 F 0"0517431
/ 0"8020221

(2.139)

~; k-O.595049J

Performing the calculations gives qlTa3 = --4.478343, q~’a3 = --9.443165, and

I-2 -(-4.222222)

a~ = -2 -(1.055554)
13 -(1.055554) -(-0.488618)1 [2.710840"]

-(-7.573626) = |4.518072|
-(5.619146) [_ 6.325300 d

(2.140)

The magnitude of a~ is Ila~ II : 8.232319. Thus, q3 = a~/lla~ [I gives

q~=[0.329293 0.548821 0.768350] (2.141)

In summary, matrix Q(O) = [q~ q2 1713] is given by

0.942809 0.051743 0.329293

Q(O) = -0.235702 0.802022 0.548821
-0.235702 -0.595049 0.768350

(2.142)

Matrix R(°) is assembled from the elements computed in the calculation of matrix

Q(O). Thus, rll = Ila~ll = 8,485281, r22 = [la~l] =4.294700, and r33 = Ila~ll 
8.232319. The off-diagonal elements are r12 = q~’a2 = -2,357023, r13 =
q~’a3 = -4.478343, and r23 = q~’a3 = -9.443165. Thus, matrix R(°) is given by

R(°) =
-8.485281 -2.357023 -4.478343
0.000000 4.294700 -9.443165
0.000000 0.000000 8.232819J

(2.143)

It can be shown by matrix multiplication that A(°) = Q(°)R(°).
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Table 2.8. The Basic QR Method

k -’],l 22 23

9.611111 9.063588 6.325301
10.743882 11.543169 2.712949
11.974170 10.508712 2.517118
12.929724 9.560916 2.509360

19 13.870584 8.620435 2.508981
20 13.870585 8.620434 2.508981

The next step is to evaluate matrix A(1) = R(°)Q(°). Thus,

F8.485281-2.357023 -4.478343

AO) = /0.000000 4.294700 -9.443165

L0.000000 0.000000 8.232819

0.942809

-0.235702

-0.235702

0.051743

0.802022

-0.595049

0.329293

0.548821

0.768350

(2.144)

(2.146)

13.870585 0.003171 0.000000]

R(19) = 0.000000 8.620434 0.000000

0.000000 0.000000 2.508981

(2.147)

13.870585 0,001215 0.0000001
A(2°) = 0.001215 8.620434 0.000000

0.000000 0.000000 2.508981

(2.148)

The final values agree well with the values obtained by the power method and
summarized at the end of Section 2.3. The QR method does not yield the corresponding
eigenvectors. The eigenvector corresponding to each eigenvalue can be found by the
inverse shifted power method presented in Section 2.6.

1.000000 -0.000141 0.0000001
0.000141 1.000000 0.000000/
0.000000 0.000000 1.O00000J

I 9.611111 1.213505

-1.9403761

A0) = 1.213505 9.063588 -4.898631 (2.145)

-1.940376 -4.898631 6.325301

The diagonal elements in matrix A(~) are the first approximation to the eigenvalues of
matrix A. The results of the first iteration presented above and subsequent iterations are
presented in Table 2.8. The final values of matrices Q, R, and A are given below:
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2.6 EIGENVECTORS

Some methods for solving eigenproblems, such as the power method, yield both the
eigenvalues and the corresponding eigenvectors. Other methods, such as the direct method
and the QR method, yield only the eigenvalues. In these cases, the corresponding
eigenvectors can be evaluated by shifting the matrix by the eigenvalues and applying
the inverse power method one time.

Example 2.9. Eigenvectors.

Let’s apply this technique to evaluate the eigenvector x~ corresponding to the largest
eigenvalue of matrix A, 21 -- 13.870584, which was obtained in Example 2.1. From that
example,

A = -2 4
-2 -2

Shifting matrix A by 2 = 13.870584, gives

[ -5.870584 -2.000000
Ashit~ed = (A - sI) = [ -2.000000 -9.870584

L -2.000000 -2.000000

Applying the Doolittle LU method to Ashitted yields L and U:

1.000000 0.000000 0.0000007
/

L = 0.340682 1.000000 0.000000/

0.340682 0.143498 1.000000_]

I
-5.870584 -2.000000 -2.000000-

U = 0.000000 -9.189221 -1.318637

0.000000 0.000000 0.000001

Let the initial guess for x(°)r = [1.0 1.0
Lx~ : x.

I1.000000 0.000000 0.000000-

0.340682 1.000000 0.000000
0.340682 0.143498 1.000000

-2.000000-
-2.000000
-0.870584

(2.149)

(2.15o)

(2.151)

1.0]. Solve for x’ by forward substitution using

~2 : 1.0 -~ ~2:0.659318
1.0 ~3 = 0.564707

Solve ~r y by back s~stitution using Uy = x’.

I-5.870584-2.000000--2.000000-Iyll 1.000000-0.000000 -9.189221 -1.318637 Y2 = 0.659318
0.000000 0.000000 0.000001 Y3 0.564707

The sol,on, including scaling ~e ~st componem to ~i~ is

y = -0.652404 x 106 ~0.454642 x 106 -0.143498.

0.454642 x 106 L 1.000000J

(2.152)

(2.153)

(2.154)
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Thus, x~’= [-0.291794 -0.143498 1.000000], which is identical to the value
obtained by the direct power method in Example 2.1.

2.7 OTHER METHODS

The power method, including its variations, and the direct method are very inefficient when
all the eigenvalues of a large matrix are desired. Several other methods are available in
such cases. Most of these methods are based on a two-step procedure. In the first step, the
original matrix is transformed to a simpler form that has the same eigenvalues as the
original matrix. In the second step, iterative procedures are used to determine these
eigenvalues. The best general purpose method is generally considered to be the QR
method, which is presented in Section 2.5.

Most of the more powerful methods apply to special types of matrices. Many of them
apply to symmetric matrices. Generally speaking, the original matrix is transformed into a
simpler form that has the same eigenvalues. Iterative methods are then employed to
evaluate the eigenvalues. More information on the subject can be found in Fadeev and
Fadeeva (1963), Householder (1964), Wilkinson (1965), Steward (1973), Ralston 
Rabinowitz (1978), and Press, Flannery, Teukolsky, and Vetterling (1989). Numerous
compute programs for solving eigenproblems can be found in the IMSL (International
Mathematical and Statistics Library) library and in the EISPACK program (Argonne
National Laboratory). See Rice (1983) and Smith et al. (1976) for a discussion of 
programs.

The Jacobi method transforms a symmetric matrix into a diagonal matrix. The
off-diagonal elements are eliminated in a systematic manner. However, elimination of
subsequent off-diagonal elements creates nonzero values in previously eliminated
elements. Consequently, the transformation approaches a diagonal matrix iteratively.
The Given method and the Householder method reduce a symmetric matrix to a
tridiagonal matrix in a direct rather than an iterative manner. Consequently, they are
more efficient than the Jacobi method. The resulting tridiagonal matrix can be expanded,
and the corresponding characteristic equation can be solved for the eigenvalues by iterative
techniques.

For more general matrices, the QR method is recommended. Due to its robustness,
the QR method is generally the method of choice. See Wilkinson (1965) and Strang (1988)
for a discussion of the QR method. The Householder method can be applied to
nonsymmetrical matrices to reduce them to Hessenberg matrices, whose eigenvalues can
then be found by the QR method.

Finally, deflation techniques can be employed for symmetric matrices. After the
largest eigenvalue 21 of matrix A is found, for example, by the power method, a new
matrix B is formed whose eigenvalues are the same as the eigenvalues of matrix A, except
that the largest eigenvalue 21 is replaced by zero in matrix B. The power method can then
be applied to matrix B to determine its largest eigenvalue, which is the second largest
eigenvalue 22 of matrix A. In principle, deflation can be applied repetitively to find all the
eigenvalues of matrix A. However, round-offerrors generally pollute the results a~ter a few
deflations. The results obtained by deflation can be used to shift matrix A by the
approximate eigenvalues, which are then solved for by the shifted inverse power
method presented in Section 2.3.4 to find more accurate values.
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2.8 PROGRAMS

Two FORTRAN subroutines for solving eigenproblems are presented in this section:

1. The power method
2. The inverse power method

The basic computational algorithms are presented as completely self-contained
subroutines suitable for use in other programs. Input data and output statements are
contained in a main (or driver) program written specifically to illustrate the use of each
subroutine.

2.8.1. The Power Method

The direct power method evaluates the largest (in magnitude) eigenvalue of a matrix. The
general algorithm for the power method is given by Eq. (2.39):

Ax(k) = y(k+l) = 2(k+t)X(k+~) (2.155)

A FORTRAN subroutine, subroutine power, for implementing the direct power
method is presented below. Subroutine power performs the matrix multiplication, Ax = y,
factors out the approximate eigenvalue 2 to obtain the approximate eigenvector x, checks
for convergence, and returns or continues. After iter iterations, an error message is printed
out and the iteration is terminated. Program main defines the data set and prints it, calls
subroutine power to implement the solution, and prints the solution.

Program 2.1. The direct power method program.

c

c

c

c
c

c

c

c

c

c

c

c

program main

main program to illustrate eigenproblem solvers

ndim array dimension, ndim = 6 in this example

n number of equations, n

a coefficient matrix, A(i,j)

x eigenvector, x(i)

y intermediate vector, y(i)

norm specifies unity component of eigenvector

iter number of iterations allowed

tol convergence tolerance

shift amount by which eigenvalue is shifted

iw intermediate results output flag: 0 no, 1 yes

dimension a(6,6) ,x(6) ,y(6)

data ndim, n,norm, iter, tol,shift, iw / 6,3,3,50,1.e-6,0.0,1/

data ndim, n,norm, iter, tol,shift, iw/6,3,3,50, l.e-6,13.870584,2/

data (a(i,l),i=l,3) / 8.0, -2.0, -2.0 

data (a(i,2),i=l,3) /-2.0, 4.0, -2.0 

data (a(i,3),i=l,3) /-2.0, -2.0, 13.0 

data (x(i),i=l,3) / 1.0, 1.0, 1.0 

write (6,1000)

do i=l, n
write (6,1010) i, (a(i,j),j=l,n),x(i)

end do
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i000

1005

i010

1020

if (shift.gt.O.0) then

write (6,1005) shift

do i=l,n

a (i, i) =a (i, i) -shift

write (6,1010) i, (a(i,j),j=l,n)

end do

end if

call power (ndim, n, a, x, y, norm, i ter, tol, shift, iw, k, ev2)

write (6, 1020)

write (6,1010) k, ev2, (x(i),i=l,n)

stop
format (’ The power method’/’ ’/’ A and x(O)’/’ 
format (’ "/" A shifted by shift = ",f10.6/" ’)

format (Ix, i3, 6f12.6)
format (" ’/’ k lambda and eigenvector components’/" ")

end

c

subrou tine power (ndim, n, a, x, y, norm, i ter, tol, shift, iw, k, ev2)

the direct power method

dimensi on a (ndim, ndim) , x (ndim) , y (ndim)

evl =O. 0

if (iw. eq.l) write (6,1000)

if (iw. eq.l) write (6,1010) k, evl, (x(i),i=l,n)

do k=l,iter
calculate y(i)

do i=l,n
y(i) =0.0

do j=l,n

y(i)=y(i)+a(i,j) 

end do

end do

calculate lambda and x(i)

ev2=y (norm)

if (abs(ev2) .le.l. Oe-3) 

write (6,1020) ev2

return

else

do i=l,n
x(i) =y(i) 

end do

end if

if (iw. eq.l) write (6,1010) k, ev2, (x(i),i=l,n)

check for convergence

if (abs(ev2-evl).le. tol) 

if (shift.ne.O.O) then
evl =ev2

ev2 =ev2 +shi f t

write (6,1040) evl,ev2
end if

return
else

evl =ev2
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end if

end do

write (6, 1030)

return

1000 format (’ ’/’ k lambda and eigenvector components’/’ ")

1010 format (ix, i3,6f12.6)
1020 format (’ ’/’ lambda = ’,e10.2, ’ approaching zero, stop’)

1030 format (" "/" Iterations did not converge, stop’)

1040 format (’ ’/’ lambda shifted =’,f12.6," and lambda =’,f12.6)

end

The data set used to illustrate the use of subroutine power is taken from Example
2.1. The output generated by the power method program is presented below.

Output 2.1. Solution by the direct power method.

The power method

A and x(O)

1 8.000000 -2.000000 -2.000000 1.000000
2 -2.000000 4.000000 -2.000000 1.000000
3 -2.000000 -2.000000 13.000000 1.000000

k lambda and eigenvector components

0 0.000000 1.000000 1.000000 1.000000
1 9.000000 0.444444 0.000000 1.000000

2 12.111111 0.128440 -0.238532 1.000000

3 13.220183 -0.037474 -0.242887 1.000000

4 13.560722 -0.133770 -0.213602 1.000000

5 13.694744 -0.192991 -0.188895 1.000000

29 13.870583 -0.291793 -0.143499 1.000000

30 13.870584 -0.291794 -0.143499 1.000000

k lambda and eigenvector components

30 13.870584 -0.291794 -0.143499 1.000000

Subroutine power also implements the shifted direct power method. If the input
variable, shift, is nonzero, matrix A is shifted by the value of shift before the direct power
method is implemented. This implements the shifted direct power method. Example 2.3
illustrating the shifted direct power method can be solved by subroutine power simply by
defining norm = 2 and shift = 13.870584 in the data statement. The data statement for this
additional case is included in program main as a comment statement.
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2.8.2. The Inverse Power Method

The inverse power method evaluates the largest (in magnitude) eigenvalue of the inverse
matrix, A-1. The general equation for the inverse power method is given by

A-Ix = 2inverseX (2.156)

This can be accomplished by evaluating A-1 by Gauss-Jordan elimination applied to the
identity matrix I or by using the Doolittle LU factorization approach described in Section
2.3.3. Since a subroutine for Doolittle LU factorization is presented in Section 1.8.2, that
approach is taken here. The general algorithm for the inverse power method based on the
LU factorization approach is given by Eqs. (2.62) to (2.64):

Lx’ = x(k) (2.157a)

Uy(k+l) = x’ (2.157b)

y(k+~) (~+1) x(~+1) (2.157c)-~- --inverse

A FORTRAN subroutine, subroutine invpower, for implementing the inverse power
method is presented below. Program main defines the data set and prints it, calls
subroutine invpower to implement the inverse power method, and prints the solution.
Subroutine invpower calls subroutine lufactor and subroutine solve from Section 1.8.2 to
evaluate L and U. This is indicated in subroutine invpower by including the subroutine
declaration statements. The subroutines themselves must be included when subroutine

~(~+~)invpower is to be executed. Subroutine invpower then evaluates x’, y(~+~), "’inverse, and
x(k+l). Convergence of 2 is checked, and the solution continues or returns. After iter
iterations, an error message is printed and the solution is terminated. Program main in this
section contains only the statements which are different from the statements in program
main in Section 2.8.1.

Program 2.2. The inverse power method program.

c

i000

program main

main program to illustrate eigenproblem solvers

xp intermediate solution vector

dimension a( 6, 6) ,x(6) ,xp(6) 

data ndim,n,norm, iter, tol,shift, iw / 6, 3,1,50,1.e-6,0.0, i /

data ndim, n,norm, iter, tol,shift, iw / 6,3,1,50,1.e-6,10.0,1 /

data ndim, n, norm, i ter, tol , shi ft, iw/6, 3 , 3 , 50, l . e-6,13 . 694 744,1/

data ndim,n,norm, iter, tol,shift, iw/6, 3, 3,1, l.e-6,13.870584,1/

data (x(i),i=l,3) / 1.0, 1.0, 1.0 

data (x(i),i=l,3) /-0.192991, -0.188895, 1.0 
cal I invpower (ndim, n, a, x, xp, y, norm, i ter, tol, iw, shi f t, k, ev2)

format (’ The inverse power method’/’ "/’ A and x(O) ’/’ 

end

subroutlne invpower (ndim, n,a,x, xp,y, norm, iter, tol,iw, shift,k,

1 ev2)
the inverse power method.

dimension a(ndim, ndim),x(ndim),xp(ndim),y(ndim)
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c

c

perform the LU factorization

call lufactor (ndim, n,a)

if (iw. eq.l) then

write (6,1000)

do i=l,n
write (6,1010) i, (a(i,j),j=l,n)

end do

end if

if (iw. eq.l) write (6,1005) (x(i),i=l,n)

iteration loop

do k=l,iter

call solve (ndim, n,a,x, xp,y)

ev2=y (norm)

if (abs (ev2) .le.l. Oe-3) 

write (6,1020) ev2

return

else

do i=l,n

x (i) =y (i)/ev2

end do

end if

if (iw. eq.l) then

write (6,1010) k, (xp(i),i=l,n)

write (6,1015) (y(i),i=l,n)

write (6, 1015) (x(i),i=l,n),ev2

end if
check for convergence

if (abs(ev2-evl).le. tol) 

evl =ev2

ev2=l. O/ev2

if (iw. eq.l) write (6,1040) evl,ev2

if (shift.ne.O.0) then

evl =ev2

ev2 =ev2 +shi f t

if (iw. eq.l) write (6,1050) evl,ev2

end if

return

else

evl =ev2
end if

end do
if (iter. gt.l) write (6,1030)

return

1000 format (’ ’/’ L and U matrices stored in matrix A’/" ")

1005 format (’ ’/’ row i: k, xprime; row 2: y; row 3: x, ev2"

1 /" "/4x, 6f12.6)

1010 format (Ix, i3,6f12.6)

1015 format (4x, 6f12.6)
1020 format (’ ’/’ ev2 = ",e10.2," is approaching zero, stop’)

1030 format (" ’/’ Iterations did not converge, stop’)

1040 format (’ ’/’ lambda inverse =’,f12.6,’ and lambda =’f12.6)
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1050 format (’ ’/’ lambda shifted =’,f12.6,’ and lambda =’,f12.6)

end

subroutine lufactor (ndim,n,a)
implements LU factorization and stores L and U in A

end

c

subrou fine solve (ndim, n, a, b, bp, x)

process b to b’ and b’ to x

end

The data set used to illustrate subroutine invpower is taken from Example 2.2. The

output generated by the inverse power method program is presented below.

Output 2.2. Solution by the inverse power method.

The inverse power method

A and x(O)

1 8.000000 -2.000000 -2.000000 1.000000

2 -2.000000 4.000000 -2.000000 1.000000

3 -2.000000 -2.000000 13.000000 1.000000

L and U matrices stored in matrix A

1 8.000000 -2.000000 -2.000000
2 -0.250000 3.500000 -2.500000

3 -0.250000 -0.714286 10.714286

row i: k, xprime; row 2: y; row 3: x, ev2

2

1.000000

1 000000

0 300000

1 000000

1 000000

0 353333

1 000000

1 000000

0.382264

1.000000

1.000000

0.398568

1.000000

1.000000 1.000000
1.250000 2.142857

0.500000 0.200000

1.666667 0.666667 0.300000
1.916667 2.285714
0.700000 0.213333
1.981132 0.603774 0.353333

2.231132 2.447439

0.800629 0.228428

2.094439 0.597565 0.382264

2.395794 2.560994
0.855246 0.239026

2.145796 0.599712 0.398568

lambda inverse = 0.398568 and lambda = 2.508983

k lambda and eigenvector components

12 2.508983 1.000000 2.145796 0.599712
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Subroutine invpower also implements the shifted inverse power method. If the input
variable, shift, is nonzero, matrix A is shifted by the value of shift before the inverse power
method is implemented. This implements the shifted inverse power method. Example 2.4
illustrating the evaluation of an intermediate eigenvalue by the shifted inverse power
method can be solved by subroutine invpower simply by defining shift = 10.0 in the
data statement. Example 2.5 illustrating shifting eigenvalues to accelerate convergence
by the shifted inverse power method can be solved by subroutine invpower by defining
norm = 3 and shift = 13.694744 in the data statement and defining x(i) = -0.192991,
-0.188895, 1.0. Example 2.9 illustrating the evaluation of the eigenvector corresponding
to a known eigenvalue can be solved by subroutine invpower simply _by defining
shift = 13.870584 and iter = 1 in the data statement. The data statements for these
additional cases are included in program main as comment statements.

2.8.3. Packages for Eigenproblems

Numerous libraries and software packages are available for solving eigenproblems. Many
workstations and mainframe computers have such libraries attached to their operating
systems. If not, libraries such as EISPACK can be added to the operating systems.

Many commercial sol,are packages contain eigenproblem solvers. Some of the
more prominent packages are Matlab and Mathcad. More sophisticated packages, such as
ISML, Mathematica, Macsyma, and Maple, also contain eigenproblem solvers. Finally, the
book Numerical Recipes [Pross et al. (1989)] contains subroutines and advice for solving
eigenproblems.

2.9 SUMMARY

Some general guidelines for solving eigenproblems are summarized below.

¯ When only the l~rgest and/or smallest eigenvalue of a matrix is required, the
power method can be employed.

¯ Although it is rather inefficient, the power method can be used to solve for
intermediate eigenvalues.

¯ The direct method is not a good method for solving linear eigenproblems.
However, it can be used for solving nonlinear eigenproblems.

¯ For serious eigenproblems, the QR method is recommended.
¯ Eigenvectors corresponding to a known eigenvalue can be determined by one

application of the shifted inverse power method.

After studying Chapter 2, you should be able to:

1. Explain the physical significance of an eigenproblem.
2. Explain the mathematical characteristics of an eigenproblem.
3. Explain the basis of the power method.
4. Solve for the largest (in absolute value) eigenvalue of a matrix by the power

method.
5. Solve for the smallest (in absolute value) eigenvalue of a matrix by the inverse

power method.
6. Solve for the opposite extreme eigenvalue of a matrix by shifting the eigen-

values of the matrix by the largest (in absolute value) eigenvalue and applying
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the inverse power method to the shifted matrix. This procedure yields either
the smallest (in absolute value) eigenvalue or the largest (in absolute value)
eigenvalue of opposite sign.

7. Solve for an intermediate eigenvalue of a matrix by shifting the eigenvalues
of the matrix by an estimate of the intermediate eigenvalue and applying the
inverse power method to the shifted matrix.

8. Accelerate the convergence of an eigenproblem by shifting the eigenvalues of
the matrix by an approximate value of the eigenvalue obtained by another
method, such as the direct power method, and applying the inverse power
method to the shifted matrix.

9. Solve for the eigenvalues of a linear or nonlinear eigenproblem by the direct
method.

10. Solve for the eigenvalues of a matrix by the QR method.
11. Solve for the eigenvector corresponding to a known eigenvalue of a matrix by

applying the inverse power method one time.

EXERCISE PROBLEMS

Consider the linear eigenproblem, Ax = 2x, for the matrices given below. Solve the
problems presented below for the specified matrices. Carry at least six figures after the
decimal place. Iterate until the values of 2 change by less than three digits after the decimal
place. Begin all problems with x(°)r = [1.0 1.0 ... 1.0] unless otherwise specified.
Show all the results for the first three iterations. Tabulate the results of subsequent
iterations. Several of these problems require a large number of iterations.

341
1

D= 2

1

G= 3
1 1

2 1 1

E= 1 3

1 1

1
H=

2

1

2.2 Basic Characteristics of Eigenproblems

1. Solve for the eigenvalues of (a) matrix A, (b) matrix B, and (c) matrix 
expanding the determinant of (A - 21) and solving the characteristic equation
by the quadratic formula. Solve for the corresponding eigenvectors by
substituting the eigenvalues into the equation (A - 2I)x = 0 and solving for
x. Let the first component of x be unity.

2. Solve for the eigenvalues of (a) matrix D, (b) matrix E, and (c) matrix 
expanding the determinant of (A - 21) and solving the characteristic equation
by Newton’s method. Solve for the corresponding eigenvectors by substituting
the eigenvalues into the equation (A - 2I)x = 0 and solving for x. Let the first
component of x be unity.
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2.3 The

The Direct

3.

Power Method

Power Method

Solve for the largest (in magnitude) eigenvalue of matrix A and the corre-
sponding eigenvector x by the power method. (a) Let the first component of 
be the unity component. (b) Let the second component of x be the unity
component. (c) Show that the eigenvectors obtained in parts (a) an (b) 
equivalent.

4. Solve for the largest (in magnitude) eigenvalue of matrix A and the corre-
sponding eigenvector x by the power method with x(°)r = [1.0 0.0] and
[0.0 1.0]. (a) For each (°), l et t he f irst c omponent of x betheunity
component. (b) For each (°), l et t he second component of x betheunity
component.

5. Solve Problem 3 for matrix B.
6. Solve Problem 4 for matrix B.
7. Solve Problem 3 for matrix C.
8. Solve Problem 4 for matrix C.
9. Solve for the largest (in magnitude) eigenvalue of matrix D and the corre-

sponding eigenvector x by the power method. (a) Let the first component of 
be the unity component. (b) Let the second component of x be the unity
component. (c) Let the third component ofx be the unity component. (d) 
that the eigenvectors obtained in parts (a), (b), and (c) are equivalent.

10. Solve for the largest (in magnitude) eigenvalue of matrix D and the corre-
sponding eigenvector x by the power method with x(°)r = [1.0 0.0 0.0],
[0.0 1.0 0.0], and [0.0 0.0 1.0]. (a) For each (°), l et t he first c omponent
of x be the unity component. (b) For each (°), l et t he second component of x
be the unity component. (c) For each (°), l et t he third component of x bethe
unity component.

11. Solve Problem 9 for matrix E.
12. Solve Problem 10 for matrix E.
13. Solve Problem 9 for matrix F.
14. Solve Problem 10 for matrix F.
15. Solve for the largest (in magnitude) eigenvalue of matrix G and the corre-

sponding eigenvector x by the power method. (a) Let the first component of 
be the unity component. (b) Let the second component of x be the unity
component. (c) Let the third component of x be the unity component. (d) 
the fourth component of x be the unity component. (e) Show that the
eigenvectors obtained in parts (a) to (d) are equivalent.

16. Solve for the largest (in magnitude) eigenvalue of matrix G and the
corresponding eigenvector x by the power method with x(°)r --
[1.0 0.0 0.0 0.0], [0.0 1.0 0.0 0.0], [0.0 0.0 1.0 0.0], and
[0.0 0.0 0.0 1.0]. (a) For each (°), l et t he f irst c omponent of x bethe
unity component. (b) For each (°), l et t he second component of x betheunity
component. (c) For each (°), l et t he third c omponent of x betheunit y
component. (d) For each (°), l et t he fourth component of x betheunity
component.

17. Solve Problem 15 for matrix H.
18. Solve Problem 16 for matrix
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The Inverse

19.

Power Method

Solve for the smallest (in magnitude) eigenvalue of matrix A and the
corresponding eigenvector x by the inverse power method using the matrix
inverse. Use Gauss-Jordan elimination to find the matrix inverse. (a) Let the
first component of x be the unity component. (b) Let the second component 
x be the unity component. (c) Show that the eigenvectors obtained in parts (a)
and (b) are equivalent.

20. Solve for the smallest (in magnitude) eigenvalue of matrix A and the
corresponding eigenvector x by the inverse power method using the matrix
inverse with x(°)z = [1.0 0.0] and [0.0 1.0]. (a) For each (°), let t he first
component of x be the unity component. (b) For each (°), l et t he second
component of x be the unity component.

21. Solve Problem 19 for matrix B.
22. Solve Problem 20 for matrix B.
23. Solve Problem 19 for matrix C.
24. Solve Problem 20 for matrix C.
25. Solve for the smallest (in magnitude) eigenvalue of matrix D and the

corresponding eigenvector x by the inverse power method using the matrix
inverse. Use Gauss-Jordan elimination to find the matrix inverse. (a) Let the
first component of x be the unity component. (b) Let the second component 
x be the unity component. (c) Let the third component of x be the unity
component. (d) Show that the eigenvectors obtained in parts (a), (b), and 
are equivalent.

26. Solve for the smallest (in magnitude) eigenvalue of matrix D and the
corresponding eigenvector x by the inverse power method using the matrix
inverse with x(°)~=[1.0 0.0 0.0],[0.0 1.0 0.0], and [0.0 0.0 1.0].
(a) For each (°), l et t he first c omponent of x betheunity component. (b) For
each x(°), let the second component of x be the unity component. (c) For each
x(°), let the third component of x be the unity component.

27. Solve Problem 25 for matrix E.
28. Solve Problem 26 for matrix E.
29. Solve Problem 25 for matrix 17.
30. Solve Problem 26 for matrix 17.
31. Solve for the smallest (in magnitude) eigenvalue of matrix G and the

corresponding eigenvector x by the inverse power method using the matrix
inverse. Use Gauss-Jordan elimination to find the matrix inverse. (a) Let the
first component of x be the unity component. (b) Let the second component 
x be the unity component. (c) Let the third component of x be the unity
component. (d) Let the fourth component of x be the unity component. (e)
Show that the eigenvectors obtained in parts (a) to (d) are equivalent.

32. Solve for the smallest (in magnitude) eigenvalue of matrix G and the
corresponding eigenvector x by the inverse power method using the matrix
inverse with x(°)z=[1.0 0.0 0.0 0.0], [0.0 1.0 0.0 0.0], [0.0 0.0
1.0 0.0], and [0.0 0.0 0.0 1.0]. (a) For each (°), l et t he first c omponent
of x be the unity component. (b) For each (°), l et t he second component of x
be the unity component. (c) For each (°), l et t he third component of x bethe
unity component. (d) For each (°), l et t he fourth component of x betheunity
component.
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33. Solve Problem 31 for matrix H.
34. Solve Problem 32 for matrix H.
35. Solve Problem 19 using Doolittle LU factorization.
36. Solve Problem 21 using Doolittle LU factorization.
37. Solve Problem 23 using Doolittle LU factorization.
38. Solve Problem 25 using Doolittle LU factorization.
39. Solve Problem 27 using Doolittle LU factorization.
40. Solve Problem 29 using Doolittle LU factorization.
41. Solve Problem 31 using Doolittle LU factorization.
42. Solve Problem 33 using Doolittle LU factorization.

Shifting Eigenvalues to Find the Opposite Extreme Eigenvalue

43. Solve for the smallest eigenvalue of matrix A and the corresponding elgen-
vector x by shifting the eigenvalues by s = 5.0 and applying the shifted power
method. Let the first component of x be the unity component.

44. Solve for the smallest eigenvalue of matrix B and the corresponding elgen-
vector x by shifting the eigenvalues by s = 6.0 and applying the shifted power
method. Let the first component of x be the unity component.

45. Solve for the smallest eigenvalue of matrix C and the corresponding elgen-
vector x by shifting the elgenvalues by s = 5.0 and applying the shifted power
method. Let the first component of x be the unity component.

46. Solve for the smallest eigenvalue of matrix D and the corresponding elgen-
vector x by shifting the elgenvalues by s = 4.5 and applying the shifted power
method. Let the first component of x be the unity component.

47. Solve for the smallest eigenvalue of matrix E and the corresponding elgen-
vector x by shifting the elgenvalues by s = 4.0 and applying the shifted power
method. Let the first component of x be the unity component.

48. Solve for the smallest eigenvalue of matrix F and the corresponding elgen-
vector x by shifting the elgenvalues by s = 4.0 and applying the shifted power
method. Let the first component of x be the unity component.

49. Solve for the smallest eigenvalue of matrix G and the corresponding elgen-
vector x by shifting the elgenvalues by s = 6.6 and applying the shifted power
method. Let the first component of x be the unity component.

50. Solve for the smallest eigenvalue of matrix H and the corresponding elgen-
vector x by shifting the eigenvalues by s = 6.8 and applying the shifted power
method. Let the first component of x be the unity component.

Shifting Eigenvalues to Find Intermediate Eigenvalues

51. The third eigenvalue of matrix D and the corresponding eigenvector x can be
found in a trial and error manner by assuming a value for 2 between the
smallest (in absolute value) and largest (in absolute value) eigenvalues, shifting
the matrix by that value, and applying the inverse power method to the shifted
matrix. Solve for the third eigenvalue of matrix D by shifting by s = 0.8 and
applying the shifted inverse power method using Doolittle LU factorization.
Let the first component of x be the unity component.

52. Repeat Problem 51 for matrix E by shifting by s = -0.4.
53. Repeat Problem 51 for matrix F by shifting by s = 0.6.
54. The third and fourth eigenvalues of matrix G and the corresponding eigen-
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vectors x can be found in a trial and error manner by assuming a value for 2
between the smallest (in absolute value) and largest (in absolute value)
eigenvalues, shifting the matrix by that value, and applying the shifted inverse
power method to the shifted matrix. This procedure can be quite time
consuming for large matrices. Solve for these two eigenvalues by shifting G
by s = 1.5 and -0.5 and applying the shifted inverse power method using
Doolittle LU factorization. Let the first component of x be the unity
component.

55. Repeat Problem 54 for matrix tt by shifting by s = 1.7 and -0.5.

Shifting Eigenvalues to Accelerate Convergence

The convergence rate of an eigenproblem can be accelerated by stopping the iterative
procedure after a few iterations, shifting the approximate result back to determine an
improved approximation of 4, shifting the original matrix by this improved approximation
of 2, and continuing with the inverse power method.

56. Apply the above procedure to Problem 46. After 10 iterations in Problem 46,
2~1°) = -4.722050 and x(1°)~ -- [1.0 -1.330367 0.047476].

57. Apply the above procedure to Problem 47. After 20 iterations in Problem 47,
2~2°) = --4.683851 and x(2°)T = [0.256981 1.0 -0.732794].

58. Apply the above procedure to Problem 48. After 10 iterations in Problem 48,
2~1°) = -4.397633 and x(1°)~ = [1.0 9.439458 -5.961342].

59. Apply the above procedure to Problem 49. After 20 iterations in Problem 49,
2~2°) = -7.388013 and x(2°)T = [1.0 -0.250521 -1.385861 -0.074527].

60. Apply the above procedure to Problem 50. After 20 iterations in Problem 50,
2~2°) = -8.304477 and x(2°)v = [1.0 -1.249896 0.587978 -0.270088].

2.4 The Direct Method

61. Solve for the largest eigenvalue of matrix D by the direct method using the
secant method. Let 2(°) = 5.0 and 2(1) = 4.0.

62. Solve for the largest eigenvalue of matrix E by the direct method using the
secant method. Let 2°) : 5.0 and 20) = 4.0.

63. Solve for the largest eigenvalue of matrix F by the direct method using the
secant method. Let 2(°) = 5.0 and 4(1) = 4.0.

64. Solve for the largest eigenvalue of matrix G by the direct method using the

secant method. Let )o(0) = 7.0 and (1) =6.0.
65. Solve for the largest eigenvalue of matrix H by the direct method using the

secant method. Let 2(o) = 7.0 and 2(~) = 6.0.
66. Solve for the smallest eigenvalue of matrix D by the direct method using the

secant method. Let 2(°) = 0.0 and 2~) = -0.5.
67. Solve for the smallest eigenvalue of matrix E by the direct method using the

secant method. Let 2(°) = -0.5 and 20) --- -1.0.
68. Solve for the smallest eigenvalue of matrix F by the direct method using the

secant method. Let 4(0) = -0.5 and 20) = -1.0.
69. Solve for the smallest eigenvalue of matrix G by the direct method using the

secant method. Let 2(°) = -0.8 and 2(1) : -1.0.
70. Solve for the smallest eigenvalue of matrix H by the direct method using the

secant method. Let 2(o) : -1.1 and 2(~) : -1.5.
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2.5

2.6

2.8

Chapter 2

The

71.
72.
73.
74.
75.
76°
77.

QR Method

Solve for the elgenvalues
Solve for the elgenvalues
Solve
Solve
Solve
Solve
Solve
Solve

for the elgenvalues
for the e~genvalues
for the elgenvalues
for the e~genvalues
for the e~genvalues
for the e~genvalues

of matrix A by the
of matrix B by the
of matrix C by the
of matrix D by the
of matrix E by the

QR method.
QR method.
QR method.
QR method.
QR method.

of matrix F by the QR method.
of matrix G by the QR method.
of matrix H by the QR method.

Eigenvectors

79. Solve for the eigenvectors of matrix A corresponding to the eigenvalues found
in Problem 71 by applying the shifted inverse power method one time. Let the
first component of x be the unity component.

80. Solve for the elgenvectors of matrix B corresponding to the eigenvalues found
in Problem 72 by applying the shifted inverse power method one time. Let the
first component of x be the unity component.

81. Solve for the elgenvectors of matrix C corresponding to the elgenvalues found
in Problem 73 by applying the shifted inverse power method one time. Let the
first component of x be the unity component.

82. Solve for the elgenvectors of matrix D corresponding to the elgenvalues found
in Problem 74 by applying the shifted inverse power method one time. Let the
first component of x be the unity component.

83. Solve for the e~genvectors of matrix E corresponding to the elgenvalues found
in Problem 75 by applying the shifted inverse power method one time. Let the
first component of x be the unity component.

84. Solve for the elgenvectors of matrix F corresponding to the elgenvalues found
m Problem 76 by applying the shifted inverse power method one time. Let the
first component of x be the unity component.

85. Solve for the elgenvectors of matrix G corresponding to the e~genvalues found
in Problem 77 by applying the shifted inverse power method one time. Let the
first component of x be the unity component.

86. Solve for the elgenvectors of matrix H corresponding to the elgenvalues found
~n Problem 78 by applying the shifted inverse power method one time. Let the
first component of x be the unity component.

Programs

87. Implement the direct power method program presented in Section 2.8.1. Check
out the program using the given data set.

88. Solve any of Problems 3 to 18 using the direct power method program.
89. Check out the shifted direct power method of finding the opposite extreme

eigenvalue using the data set specified by the comment statements.
90. Solve any of Problems 43 to 50 using the shifted direct power method

program.
91. Implement the inverse power method program presented in Section 2.8.2.

Check out the program using the given data set.
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92. Solve any of Problems 19 to 34 using the inverse power method program.
93. Check out the shifted inverse power method for finding intermediate eigen-

values using the data set specified by the comment statements.
94. Solve any of Problems 51 to 55 using the shifted inverse power method

program.
95. Check out the shifted inverse power method for accelerating convergence using

the data set specified by the comment statements.
96. Solve any of Problems 56 to 60 using the shifted inverse power method

program.
97. Check out the shifted inverse power method program for evaluating eigen-

vectors for a specified eigenvalue using the data set specified by the comment
statements.

98. Solve any of Problems 79 to 86 using the shifted inverse power method
program.
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Nonlinear Equations

3.1. Introduction
3.2. General Features of Root Finding
3.3. Closed Domain (Bracketing) Methods
3.4. Open Domain Methods
3.5. Polynomials
3.6. Pitfalls of Root Finding Methods and Other Methods of Root Finding
3.7. Systems of Nonlinear Equations
3.8. Programs
3.9. Summary

Problems

Examples
3.1.

3.2.
3.3.
3.4.
3.5.
3.6.
3.7.
3.8.
3.9.

3.10.
3.11.
3.12.

Interval halving (bisection)
False position (regula falsi)
Fixed-point iteration
Newton’s method
The secant method
Muller’s method
Newton’s method for simple roots
Polynomial deflation
Newton’s method for multiple roots
Newton’s method for complex roots
Bairstow’s method for quadratic factors
Newton’s method for two coupled nonlinear equations

3.1 INTRODUCTION

Consider the four-bar linkage illustrated in Figure 3.1. The angle e = 04 - n is the input to
this mechanism, and the angle q5 = 02 is the output. A relationship between e and ~b can be
obtained by writing the vector loop equation:

(3.1)

127
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Figure 3.1 Four-bar linkage.

Input

Let 7t lie along the x axis. Equation (3.1) can be written as two scalar equations,
corresponding to the x and y components of the 7 vectors. Thus,

r2 c0s(02) -~- 3 c0s(03) q- r 4 c0s(04) -1 = 0

r2 sin(02) q-/’3 sin(03) + sin(04) ~-- 0

(3.2a)

(3.2b)

Combining Eqs. (3.2a) and (3.2b), letting 02 = 4 04 =G --~n, and simplif ying yields
Freudenstein’s (1955) equation:

e cos(G) - 2 c0s(4) - [-R 3 - cos(~ - 4)~-- - 0 ]
(3.3)

where

R, = r_~ R2_-- r_~ R3 = rl~ + 4 + r3~ + ~ (3.4)
r2 r4 2r2r4

Consider the particular four-bar linkage specified by r1 = 10, r2 = 6, r3 = 8, and
r4 = 4, which is illustrated in Figure 3.1. Thus, R1 = I’ R2 = I, R3 = !~, and Eq. (3.3)
becomes

cos(G) - ~ cos(4) + ~ - cos(G - 4) (3.5)

The exact solution of Eq. (3.5) is tabulated in Table 3.1 and illustrated in Figure 3.2. Table
3.1 and Figure 3.2 correspond to the case where links 2, 3, and 4 are in the upper half-
plane. This problem will be used throughout Chapter 3 to illustrate methods of solving for
the roots of nonlinear equations. A mirror image solution is obtained for the case where
links 2, 3, and 4 are in the lower hall-plane. Another solution and its mirror image about
the x axis are obtained if link 4 is in the upper half plane, link 2 is in the lower half-plane,
and link 3 crosses the x axis, as illustrated by the small insert in Figure 3.1.
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Table 3.1. Exact Solution of the Four-Bar Linkage Problem

129

~, deg ~b, deg ~, deg q~, deg c~, deg ~b, deg

0.0 0.000000 70.0 54.887763 130.0 90.124080
10.0 8.069345 80.0 62.059980 140.0 92.823533
20.0 16.113229 90.0 68.888734 150.0 93.822497
30.0 24.104946 100.0 75.270873 160.0 92.734963
40.0 32.015180 110.0 81.069445 170.0 89.306031
50.0 39.810401 120.0 86.101495 180.0 83.620630
60.0 47.450827

Many problems in engineering and science require the solution of a nonlinear
equation. The problem can be stated as follows:

Given the continuous nonlinear functionf(x),

find the value x = ~ such thatf(~) = 

Figure 3.3 illustrates the problem graphically. The nonlinear equation, f (x) = 0, may be 
algebraic equation (i.e., an equation involving +, -, x,/, and radicals), a transcendental
equation (i.e., an equation involving trigonometric, logarithmic, exponential, etc., func-
tions), the solution of a differential equation, or any nonlinear relationship between an
input x and an output f(x).

There are two phases to finding the roots of a nonlinear equation: bounding the root
and refining the root to the desired accuracy. Two general types of root-finding methods
exist: closed domain (bracketing) methods which bracket the root in an ever-shrinking
closed interval, and open domain (nonbracketing) methods. Several classical methods of
both types are presented in this chapter. Polynomial root finding is considered as a special
case. There are numerous pitfalls in finding the roots of nonlinear equations, which are
discussed in some detail.

90

00
I I I I I I I I I I I ~ ~

90
Input c~, deg

180

Figure 3.2 Exact solution of the four-bar linkage problem.
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f(¢1) = 0

f(x)l

f(~2) = 0

Figure 3.3 Solution of a nonlinear equation.

Figure 3.4 illustrates the organization of Chapter 3. After the introductory material
presented in this section, some of the general features of root finding are discussed. The
material then splits into a discussion of closed domain (bracketing) methods and open
domain methods. Several special procedures applicable to polynomials are presented.
After the presentation of the root finding methods, a section discussing some of the pitfalls
of root finding and some other methods of root finding follows. A brief introduction to
finding the roots of systems of nonlinear equations is presented. A section presenting
several programs for solving nonlinear equations follows. The chapter closes with a
Summary, which presents some philosophy to help you choose a specific method for a
particular problem and lists the things you should be able to do after studying Chapter 3.

3.2 GENERAL FEATURES OF ROOT FINDING

Solving for the zeros of an equation, a process known as root finding, is one of the oldest
problems in mathematics. Some general features of root finding are discussed in this
section.

There are two distinct phases in finding the roots of a nonlinear equation: (1)
bounding the solution and (2) refining the solution. These two phases are discussed in
Sections 3.2.1 and 3.2.2, respectively. In general, nonlinear equations can behave in many
different ways in the vicinity of a root. Typical behaviors are discussed in Section 3.2.3.
Some general philosophy of root finding is discussed in Section 3.2.4.

3.2.1. Bounding the Solution

Bounding the solution involves finding a rough estimate of the solution that can be used as
the initial approximation, or the starting point, in a systematic procedure that refines the
solution to a specified tolerance in an efficient manner. If possible, the root should be
bracketed between two points at which the value of the nonlinear function has opposite
signs. Several possible bounding procedures are:

1. Graphing the function
2. Incremental search
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Roots of I
Nonlinear Equations

General Features of
Root Finding

I Closed Domain
(Bracketing) Methods

I Polynomials I

Root Finding
Other Methods
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Nonlinear Equations

Pr#grams I

Summary

Open Domain
Methods

Figure 3.4 Organization of Chapter 3.

3. Past experience with the problem or a similar problem
4. Solution of a simplified approximate model
5. Previous solution in a sequence of solutions

Graphing the function involves plotting the nonlinear function over the range of
interest. Many hand calculators have the capability to graph a function simply by defining
the function and specifying the range of interest. Spreadsheets generally have graphing
capability, as does software like Matlab and Mathcad. Very little effort is required. The
resolution of the plots is generally not precise enough for an accurate result. However, the
results are generally accurate enough to bound the solution. Plots of a nonlinear function
display the general behavior of the nonlinear equation and permit the anticipation of
problems.
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Figure 3.5 Graph of Eq. (3.5) for ~t = 40 deg.

As an example of graphing a functiOn to bound a root, consider the four-bar linkage
problem presented in Section 3.1. Consider an input of ~ = 40 deg. The graph of Eq. (3.5)
with ~ = 40 deg is presented in Figure 3.5. The graph shows that there are two roots of Eq.
(3.5) when ~ = 40deg: one root between ~b = 30deg and q~ = 40deg, and one root
between q5 = 350 (or -10)deg and ~b = 360 (or 0)deg.

An incremental search is conducted by starting at one end of the region of interest
and evaluating the nonlinear function at small increments across the region. When the
value of the function changes sign, it is assumed that a root lies in that interval. The two
end points of the interval containing the root can be used as initial guesses for a refining
method. If multiple roots are suspected, check for sign changes in the derivative of the
function between the ends of the interval.

To illustrate an incremental search, let’s evaluate Eq. (3.5) with ~ = 40 deg for 
from 0 to 360 deg for Aq5 = 10 deg. The results are presented in Table 3.2. The same two
roots identified by graphing the function are located.

Table 3.2. Incremental Search for Eq. (3.5) with ~ = 40 deg

~b, deg f(~b) q~, deg f(~b) ~b, deg f(q~) q~, deg f(q~)

0.0 -0.155970 100.0 3.044194 190.0 6.438119 280.0 3.175954
10.0 -0.217971 110.0 3.623104 200.0 6.398988 290.0 2.597044
20.0 -0.178850 120,0 4.186426 210.0 6.259945 300.0 2.033722
30.0 -0.039797 130,0 4.717043 220.0 6.025185 310.0 1.503105
40.0 0.194963 140.0 5.198833 230.0 5.701851 320.0 1.021315
50.0 0.518297 150.0 5.617158 240.0 5.299767 330.0 0.602990
60.0 0.920381 160,0 5.959306 250.0 4.831150 340.0 0.260843
70.0 1.388998 170.0 6.214881 260.0 4.310239 350.0 0.005267
80.0 1.909909 180.0 6.376119 270.0 3.752862 360.0 -0.155970
90.0 2.467286
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Whatever procedure is used to bound the solution, the initial approximation must
be sufficiently close to the exact solution to ensure (a) that the systematic refinement
procedure converges, and (b) that the solution converges to the desired root of the
nonlinear equation.

3.2.2. Refining the Solution

Refining the solution involves determining the solution to a specified tolerance by an
efficient systematic procedure. Several methods for refining the solution are:

1. Trial and error
2. Closed domain (bracketing) methods
3. Open domain methods

Trial and error methods simply guess the root, x = e, evaluatef(~), and compare 
zero. Iff(e) is close enough to zero, quit. If not, guess another e, and continue untilf(e) 
close enough to zero. This approach is totally unacceptable.

Closed domain (bracketing) methods are methods that start with two values of x
which bracket the root, x = cq and systematically reduce the interval while keeping the root
trapped within the interval. Two such methods are presented in Section 3.3:

1. Interval halving (bisection)
2. False position (regula falsi)

Bracketing methods are robust in that they are guaranteed to obtain a solution since the
root is trapped in the closed interval. They can be slow to converge.

Open domain methods do not restrict the root to remain trapped in a closed interval.
Consequently, they are not as robust as bracketing methods and can actually diverge.
However, they use information about the nonlinear function itself to refine the estimates of
the root. Thus, they are considerably more efficient than bracketing methods. Four open
domain methods are presented in Section 3.4:

1. The fixed-point iteration method
2, Newton’s method
3. The secant method
4. Muller’s method

3.2.3. Behavior of Nonlinear Equations

Nonlinear equations can behave in various ways in the vicinity of a root. Algebraic and
transcendental equations may have distinct (i.e., simple) real roots, repeated (i.e., multiple)
real roots, or complex roots. Polynomials may have real or complex roots. If the
polynomial coefficients are all real, complex roots occur in conjugate pairs. If the
polynomial coefficients are complex, single complex roots can occur.

Figure 3.6 illustrates several distinct types of behavior of nonlinear equations in the
vicinity of a root. Figure 3.6a illustrates the case of a single real root, which is called a
simple root. Figure 3.6b illustrates a case where no real roots exist. Complex roots may
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(a)

f(x)! f(x)
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(b)
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f(x)
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(Z2 --- 0,3
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Figure 3.~i Solution behavior. (a) Simple root. (b) No real roots. (e) Two simple roots. (d) 
simple roots. (e) Two multiple roots. (f) Three multiple roots. (g) One simple and two multiple 
(h) General case.

exist in such a case. Situations with two and three simple roots are illustrated in Figure 3.6c
and d, respectively. Situations with two and three multiple roots are illustrated in Figure
3.6e and f, respectively. A situation with one simple root and two multiple roots is
illustrated in Figure 3.6g. Lastly, Figure 3.6h illustrates the general case where any number
of simple or multiple roots can exist.

Many problems in engineering and science involve a simple root, as illustrated in
Figure 3.6a. Almost any root-finding method can find such a root if a reasonable initial
approximation is furnished. In the other situations illustrated in Figure 3.6, extreme care
may be required to find the desired roots.
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3.2.4. Some General Philosophy of Root Finding

There are numerous methods for finding the roots of a nonlinear equation. The roots have
specific values, and the method used to find the roots does not affect the values of the
roots. Howev6r, the method can determine whether or not the roots can be found and the
amount of work required to find them. Some general philosophy of root finding is
presented below.

1. Bounding methods should bracket a root, if possible.
2. Good initial approximations are extremely important.
3. Closed domain methods are more robust than open domain methods because

they keep the root bracketed in a closed interval.
4. Open domain methods, when they converge, generally converge faster than

closed domain methods.
5. For smoothly varying functions, most algorithms will always converge if the

initial approximation is close enough. The rate of convergence of most
algorithms can be determined in advance.

6. Many, if not most, problems in engineering and science are well behaved and
straightforward. In such cases, a straightforward open domain method, such as
Newton’s method presented in Section 3.4.2 or the secant method presented in
Section 3.4.3, can be applied without worrying about special cases and
peculiar behavior. If problems arise during the solution, then the peculiarities
of the nonlinear equation and the choice of solution method can be reevaluated.

7. When a problem is to be solved only once or a few times, the efficiency of the
method is not of major concem. However, when a problem is to be solved
many times, efficiency of the method is of major concern.

8. Polynomials can be solved by any of the methods for solving nonlinear
equations. However, the special techniques applicable to polynomials should
be considered.

9. If a nonlinear equation has complex roots, that must be anticipated when
choosing a method.

10. Analyst’s time versus computer time must be considered when selecting a
method.

11. Blanket generalizations about root-finding methods are generally not possible.

Root-finding algorithms should contain the following features:

1. An upper limit on the number of iterations.
2. If the method uses the derivativef’(x), it should be monitored to ensure that 

does not approach zero.
3. A convergence test for the change in the magnitude of the solution, [xi+~ - xi[,

or the magnitude of the nonlinear function, [f(xi+l)[, must be included.
4. When convergence is indicated, the final root estimate should be inserted into

the nonlinear function f(x) to guarantee that f(x)= 0 within the desired
tolerance.

3.3 CLOSED DOMAIN (BRACKETING) METHODS

Two of the simplest methods for finding the roots of a nonlinear equation are:

1. Interval halving (bisection)
2. False position (regula falsi)
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In these two methods, two estimates of the root which bracket the root must first be found
by the bounding process. The root, x = e, is bracketed by the two estimates. The objective
is to locate the root to within a specified tolerance by a systematic procedure while keeping
the root bracketed. Methods which keep the root bracketed during the refinement process
are called closed domain, or bracketing, methods.

3.3.1, Interval Halving (Bisection)

One of the simplest methods for finding a root of a nonlinear equation is interval halving
(also known as bisection). In this method, two estimates of the root, x = a to the left of the
root and x = b to the right of the root, which bracket the root, must first be obtained, as
illustrated in Figure 3.7, which illustrates the two possibilities withf’(x) > 0 andf(x) 
The root, x --- ~, obviously lies between a and b, that is, in the interval (a, b). The interval
between a and b can be halved by averaging a and b. Thus, c = (a + b)/2. There are now
two intervals: (a, c) and (c, b). The interval containing the root, x = e, depends on 
value off(c). Iff(a)f(c) < 0, which is the case in Figure 3.7a, the root is in the interval
(a, c). Thus, set b = c and continue. Iff(a)f(c) > 0, which is the case in Figure 3.7b, the
root is in the interval (c, b). Thus, set a = c and continue. Iff(a)f(c) = O, istheroot.
Terminate the iteration. The algorithm is as follows:

Iff(a)f(c) < 0:

Iff(a)f(c) > 0:

a+b
C--

2

a = a and b = c

a = c and b = b

(3.6)

(3.7a)

(3.7b)

Interval halving is an iterative procedure. The solution is not obtained directly by a
single calculation. Each application of Eqs. (3.6) and (3.7) is an iteration. The iterations 
continued until the size of the interval decreases below a prespecified tolerance e~, that is,

[bi - ai[ < el, or the value off(x) decreases below a prespecified tolerance ez, that is,
[f(ci)[ < ez, or both.

Ifa nonlinear equation, such asf(x) 1/(x - d)which hasa singularity at x = d, is
bracketed between a and b, interval halving will locate the discontinuity, x = d. A check
on If(x)l as x ---> d would indicate that a discontinuity, not a root, is being found.

fix)

(a)

f(x)

(b)

Figure 3.7 Interval halving (bisection).
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Example 3.1. Interval halving (bisection).

Let’s solve the four-bar linkage problem presented in Section 3.1 for an input of
e = 40 deg by interval halving. In calculations involving trigonometric functions, the
angles must be expressed in radians. However, degrees (i.e., deg) are a more common unit
of angular measure. Consequently, in all of the examples in this chapter, angles are
expressed in degrees in the equations and in the tabular results, but the calculations are
performed in radians. Recall Eq. (3.5) with c~ = 40.0 deg:

f(~b) = 35-cos(40.0) - ~ cos(qS) + !~ _ cos(40.0 - ~b) (3.8)

From the bounding procedure presented in Section 3.2, let ~a = 30.0deg and

~bb = 40.0 deg. From Eq. (3.8),

f(~ba) =f(30.0) = ~cos(40.0) - ~cos(30.0) + ~ - cos(a0.0 

= -0.03979719 (3.9a)

f(~bb) =f(40.0) = ~ cos(40.0) - ~ cos(no.o) + !~ _ cos(a0.0 

= o. 19496296 (3.9b)

Thus, ~ba = 30.0 deg and ~bb = 40.0 deg bracket the solution. From Eq. (3.6),

q~c -- ~a + ~b _ 30.0 +40.0 _ 35.0 deg (3.10)
2 2

Substituting q5c = 35.0 deg into Eq. (3.8) yields

f(q~c) =/(35.0) = ~ cos(40.0) -~ cos(35.0) + ~ - cos(40.0 - 35.0) = 

(3.11)

Sincef(~a)f(c~c) < O, ~b : ~9c for the next iteration and ~a remains the same.
The solution is presented in Table 3.3. The convergence criterion is

[q5a -~bg[ < 0.000001 deg, which requires 24 iterations. Clearly, convergence is rather
slow. The results presented in Table 3.3 were obtained on a 13-digit precision computer.

Table 3.3. Interval Halving (Bisection)

~a, deg f(~b,) q~b, deg f(~b) ~Pc, deg f(qSc)i

1
2
3
4
5
6
7

30.0 -0.03979719
30.0 -0.03979719
30.0 -0.03979719
31.250 -0.01556712
31.8750 -0.00289347
31.8750 -0.00289347
31.8750 -0.00289347

40.0 0.19496296 35.0 0.06599926
35.0 0.06599926 32.50 0.01015060
32.50 0.01015060 31.250 -0.01556712
32.50 0.01015060 31.8750 -0.00289347
32.50 0.01015060 32.18750 0.00358236
32.18750 0.00358236 32.031250 0.00033288
32.031250 0.00033288 31.953125 -0.00128318

32.015181 0.00000000 32.015178 -0.00000004
32.015181 0.00000000 32.015179 -0.00000002
32.015181 0.00000000 32.015180 -0.00000001

22 32.015176 -0.00000009
23 32.015178 -0.00000004
24 32.015179 -0.00000002

32.015180 -0.00000001
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The results in the table are rounded in the sixth digit after the decimal place. The final
solution agrees with the exact solution presented in Table 3.1 to six digits after the decimal
place.

The interval halving (bisection) method has several advantages:

1. The root is bracketed (i.e., trapped) within the bounds of the interval, so the
method is guaranteed to converge.

2. The maximum error in the root is Ibn - an[.
3. The number of iterations n, and thus the number of function evaluations,

required to reduce the initial interval, (b0 -a0), to a specified interval,
(bn - an), is given by

1
(bn - an) = ~ (bo - ao)

since each iteration reduces the interval size by a factor of 2. Thus, n is given by

1 1 /’b° - a°’~

(3.12)

(3.13)

The major disadvantage of the interval halving (bisection) method is that the solution
converges slowly. That is, it can take a large number of iterations, and thus function
evaluations, to reach the convergence criterion.

3.3.2. False Position (Regula Falsi)

The interval-halving (bisection) method brackets a root in the interval (a, b) 
approximates the root as the midpoint of the interval. In the false position (regula fals0
method, the nonlinear functionf(x) is assumed to be a linear function g(x) in the interval
(a, b), and the root of the linear function g(x), x = c, is taken as the next approximation of
the root of the nonlinear function f(x), x = e. The process is illustrated graphically in
Figure 3.8. This method is also called the Bnear interpolation method. The root of the
linear function g(x), that is, x = c, is not the root of the nonlinear functionf(x). It is a false
position (in Latin, regula falsi), which gives the method its name. We now have two
intervals, (a, c) and (c, b). As in the interval-halving (bisection) method, the interval
containing the root of the nonlinear function f(x) is retained, as described in Section 3.3.1,
so the root remains bracketed.

The equation of the linear function g(x) is

f(c) - f(b) _ g’(x)
(3.14)

c-b

wheref(c) = 0, and the slope of the linear function g’(x) is given 

g’(x) f(b)-f(a) (3.15)
b-a

Solving Eq. (3.14) for the ~¢alue of c which givesf(c) = 0 yields

c = b f(b) (3.16)
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f(x)’

g(xi~f(x)

Figure 3.8 False position (regula falsi).

Note thatf(a) and a could have been used in Eqs. (3.14) and (3.16) instead off(b) 
Equation (3.16) is applied repetitively until either one or both of the following two
convergence criteria are satisfied:

Ib - al _< el and/or If(c)l _< (3.17)

Example 3.2. False position (regula falsi).

As an example of the false position (regula falsi) method, let’s solve the four-bar linkage
problem presented in Section 3.1. Recall Eq. (3.5) with ~ = 40.0 deg:

f(4,) = ~ cos(40.0) - ~ cos(4,) + ~! _ cos(40.0 - 4’) (3.18)

Let 4’a = 30.0 deg and 4’b = 40.0 deg. From Eq. (3.18),

f(4’a) =f(30.0) = ~ cos(40.0) - ~ cos(30.0) ÷ ~ - cos(40.0 

= -0.03979719 (3.19a)

f(4’b) =f(40.0) = ~ cos(40.0) -- ~ cos(a0.0) + ~ -- cos(a0.0 -- 

= 0.19496296 (3.19b)

Thus, 4’a = 30.0 deg and 4’b = 40.0 deg bracket the solution. From Eq. (3.15),

g’(4’b) = 0.1949629640.0-- --(--0"03979730.019) = 0.02347602 (3.20)

Substituting these results into Eq. (3.16) yields

f(4’b) 40.0 0. 19496296 _ 31.695228 deg (3.21)4’c = 4’b g’(4’b)
0.02347602
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Table 3.4. False Position (Regula Falsi)

Chapter 3

q~a, deg f(~b~) ~bb, deg f(c~b) dpc, deg

30.0 -0.03979719 40.0 0.19496296 31.695228 -0.00657688
31.695228 -0.00657688 40.0 0.19496296 31.966238 -0.00101233
31.966238 -0.00101233 40.0 0.19496296 32.007738 -0.00015410
32.007738 -0.00015410 40.0 0.19496296 32.014050 -0.00002342
32.014050 -0.00002342 40.0 0.19496296 32.015009 -0.00000356
32.015009 -0.00000356 40.0 0.19496296 32.015154 -0.00000054
32.015154 -0.00000054 40.0 0.19496296 32.015176 -0.00000008
32.015176 -0.00000008 40.0 0.19496296 32.015180 -0.00000001
32.015180 -0.00000001 40.0 0.19496296 32.015180 -0.00000000
32.015180 0.00000000

Substituting ~bc into Eq. (3.18) gives

f(4)c) = ~ cos(40.0) - ~ cos(31.695228) + ~1 _ cos(40.0 - 31.695228) = -0.00657688

(3.22)
Sincef(C~a)f(4c) > 0.0, q~a is set equal to ~bc and q50 remains the same. This choice of q~a
and ~bb keeps the root bracketed.

These results and the results of subsequent iterations are presented in Table 3.4. The
convergence criterion, Iq~b - ~ba[ -< 0.000001 deg, is satisfied on the ninth iteration. Notice
that ~bb does not change in this example. The root is approached monotonically from the
left. This type of behavior is common for the false position method.

3.3.3. Summary

Two closed domain (bracketing) methods for finding the roots of a nonlinear equation are
presented in this section: interval halving (bisection) and false position (regula falsi). 
of these methods are guaranteed to converge because they keep the root bracketed within a
continually shfi~aking closed interval. The interval-halving method gives an exact upper
bound on the error of the solution, the interval size. It converges rather slowly. The false
position method generally converges more rapidly than the interval halving method, but it
does not give a bound on the error of the solution.

Both methods are quite robust, but converge slowly. The open domain methods
presented in Section 3.4 are generally preferred because they converge much more rapidly.
However, they do not keep the root bracketed, and thus, they may diverge. In such cases,
the more slowly converging bracketing methods may be preferred.

3.4 OPEN DOMAIN METHODS

The interval halving (bisection) method and the false position (regula falsi) method
presented in Section 3.3 converge slowly. More efficient methods for finding the roots of a
nonlinear equation are desirable. Four such methods are presented in this section:

1. Fixed-point iteration
2. Newton’s method
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3. The secant method
4. Muller’s method

These methods are called open domain methods since they are not required to keep the
root bracketed in a closed domain during the refinement process.

Fixed-point iteration is not a reliable method and is not recommended for use. It is
included simply for completeness since it is a well-known method. Muller’s method is
similar to the secant method. However, it is slightly more complicated, so the secant
method is generally preferred. Newton’s method and the secant method are two of the most
efficient methods for refining the roots of a nonlinear equation.

3,4,1. Fixed-Point Iteration

The procedure known as fixed-point iteration involves solving the problem f(x) = 0 by
rearranging f(x) into the form x = g(x), then finding x = e such that e = g(e), which 
equivalent to f(e) = 0. The value of x such that x g(x) iscalled a f ixed point of the
relationship x = g(x). Fixed-point iteration essentially solves two functions simulta-
neously: x(x) and g(x). The point of intersection of these two functions is the solution
to x = g(x), and thus to f(x) = 0. This process is illustrated in Figure 3.9.

Since g(x) is also a nonlinear function, the solution must be obtained iteratively. An
initial approximation to the solution x~ must be determined by a bounding method. This
value is substituted into the function g(x) to determine the next approximation. The
algorithm is as follows:

[ xi+l = g(xi) (3.23)

The procedure is repeated (iterated) until a convergence criterion is satisfied. For example,

Ixi+~ -xil < ~ and/or If(xi+~)l < ee (3.24)

g(x)!
x(x)

Figure 3.9 Fixed-point iteration.
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Example 3.3. Fixed-point iteration.

Chapter 3

Let’s solve the four-bar linkage problem presented in Section 3.1 by fixed-point iteration.
Recall Eq. (3.3):

f(~b) = R~ cos(s) 2 cos(~b) ÷ R3 - cos(~z - ~b)--- (3.25)

Equation (3.25) can be rearranged into the form q5 = g(~b) by separating the 
cos(~ - ~) and solving for ~. Thus,

~ : ~ -- COS-1 [R1 cos(s) - 2 cos(~b) +R3] = ~ - co-1 [U( ~)] : g(qS) (3.26)

where

U(~b) = 1 cos(~z) -- R2 COS(b) +R3 (3.27)

The derivative ofg(~b), that is, g’(q~), is of interest in the analysis of convergence presented
at the end of this section. Recall

1
d(cos-1 (U)) -- du (3.28)

Differentiating Eq. (3.26) gives

1 du
g’(qS) _ l~/~Z~_ u2 dq~ (3.29)

which yields

R2 sin(q~)g’(q~) -- 7¢/~ (3.30)

For the four-bar linkage problem presented in Section 3.1, R1 = 35-, Re ----~, and
R3 = !~. Let’s find the output q~ for an input ~ = 40 deg. Equations (3.27), (3.26), 
(3.30) become

U(~)i) = ~ cos(40.O) - ~ cos(~bi) (3.31)

~bi+l = g(cki) = 40.0 - cos-1 [u(~b/)] (3.32)

5 sin(~bi)
(3.33)g’(49i) = 2 ~/1

[u(~i)]2

Let qSl=30.0deg. Substituting qS~=30.0deg into Eq. (3.25) gives f(~b~)=
-0.03979719. Equations (3.31) to (3.33) 

u(30.0) = ~ cos(a0.0) - ~ cos(30.0) ÷ ~! = 0.945011 (3.34)

q52 = 40.0 - cos-~(0.945011) = 20.910798 deg (3.35)

g’(20.910798) -25"sin(20"910798) = 2.728369 (3.36)
~/1 - (0.945011)2

Substituting ~be = 20.910798 deg into Eq. (3.25) givesf(q52) = -0.17027956. The entire
procedure is now repeated with q~2 = 20.910798 deg.
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Table 3.5. Fixed-Point Iteration for the First Form of g(qS)
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i

1
2
3
4
5

@, deg f(Oi) U(~i) g’(@) ~iq-1, deg f(q~i+l)

30.000000 -0.03979719 0.94501056 2.548110 20.910798 -0.17027956
20.910798 -0.17027956 0.77473100 0.940796 0.780651 -0.16442489
0.780651 -0.16442489 0.61030612 0.028665 - 12.388360 0.05797824

- 12.388360 0.05797824 0.66828436 -0.480654 -8.065211 -0.03348286
-8.065211 -0.03348286 0.63480150-0.302628 - 10.594736 0.01789195

29 -9.747104 0.00000002 0.64616253-0.369715 - 9.747106 0.00000001
30 -9.747106 -0.00000001 0.64616254 -0.369715 -9.747106 -0.00000001

-9.747105 -0.00000001

These results and the results of 29 more iterations are summarized in Table 3.5. The
solution has converged to the undesired root illustrated by the small insert inside the
linkage illustrated in Figure 3.1. This configuration cannot be reached if the linkage is
connected as illustrated in the large diagram. However, this configuration could be reached
by reconnecting the linkage as illustrated in the small insert.

The results presented in Table 3.5 illustrate the major problem of open (nonbracket-
ing) methods. Even though the desired root is bracketed by the two initial guesses, 30 deg
and 40 deg, the method converged to a root outside that interval.

Let’s rework the problem by rearranging Eq. (3.25) into another form of q5 = g(qS)
by separating the term R2 cos(~b) and solving for ~b. Thus,

~b = COS-1 [R 1 cos(~) -~-R 3 - cos(~ - 4)] ~- cos-l[~/(~)] g(qS) (3.37)

where

1 R
= [ i cos(a) + e3 - cos( (3.38)

The derivative of g(~b) 

g’(qS) sin(~ -
R2%//~ __/g2

(3.39)

For the four-bar linkage problem presented in Section 3.1, R1 ---= ~,R2 = I’ and
R3 = ~. Let’s find the output q5 for the input c~ = 40 deg. Equations (3.38), (3.37), 
(3.39) become

u(qS) = 52- [I cos(40.0) + ~! _ cos(40.0 - 

(~i-t-1 = g(dPi) = COS-1

2 sin(40.0 - q~i)

(3.40)

(3.41)

(3.42)
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Table 3.6. Fixed-Point Iteration for the Second Form of g(~b)
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q~i, deg f(qSi) u(c/)i) g’(O) Oi+~ deg f(Oi+l)

30.000000 -0.03979719 0.85010653 0.131899 31.776742 -0.00491050
31.776742 -0.00491050 0.84814233 0.107995 31.989810 -0.00052505
31.989810 -0.00052505 0.84793231 0.105148 32.012517 -0.00005515
32.012517 -0.00005515 0.84791025 0.104845 32.014901 -0.00000578
32.014901 -0.00000578 0.84790794 0.104814 32.015151 -0.00000061
32.015151 -0.00000061 0.84790769 0.104810 32.015177 -0.00000006
32.015177 -0.00000006 0.84790767 0.104810 32.015180 -0.00000001
32.015180 -0.00000001 0.84790767 0.104810 32.015180 -0.00000000
32.015180

Let q51=30.0deg. Substituting ~b1 =30.0deg into Eq. (3.25) gives f(~l)=

-0.03979719. Equations (3.40) to (3.42) 

u(30.0) -- -28 [~ cos(40.0) + ~! _ cos(a0.0 - 30.0)] --- 0.850107 (3.43)

q~2 = g(~bl) = g(30.0) = cos-l[u(30.0)] = cos-~(0.850107) = 31.776742 

2 sin(40.0 - 30.0)

(3.44)

g’(30.0) = 0.131899 (3.45)
5 ~/1 - (0.850107)2

Substituting ~b2 = 31.776742 into Eq. (3.25) gives f(q~2)=-0.00491050. The entire
procedure is now repeated with q62 = 31.776742 deg.

These results and the results of the subsequent iterations are presented in Table 3.6.
The convergence criterion is ]~i+1 -- t~i] ~ 0.000001 deg, which requires eight iterations.
This is a considerable improvement over the interval halving (bisection) method presented
in Example 3.1, which requires 24 iterations. It is comparable to the false position (regula
falsi) method presented in Example 3.2, which requires nine iterations.

Convergence of the fixed-point iteration method, or any iterative method of the form
xi+1 = g(xi), is analyzed as follows. Consider the iteration formula:

Xi+l =" g(xi) (3.46)

Let x = ~ denote the solution and let e = (x - ~) denote the error. Subtracting ~ = g(~)
from Eq. (3.46) gives

xi+~ - ~ = ei+1 = g(xi) - g(~) (3.47)

Expressing g(~) in a Taylor series about xi gives:

g(o0 = g(xi) + g’(¢) (~ - "-1- ’’’ (3.48)

where xi < ~ < o~. Truncating Eq. (3.48) after the first-order term, solving for
[g(xi) -g(~)], and substituting the result into Eq. (3.47) yields

[ei+ 1 = g’(~)ei] (3.49)



Nonlinear Equations 145

Equation (3.49) can be used to determine whether or not a method is convergent, and
if it is convergent, its rate of convergence. For any iterative method to converge,

ei+l : Ig’(~)l < 1 (3.50)

Consequently, the fixed-point iteration method is convergent only if Ig’(¢)l < 1. Conver-
gence is linear since el+1 is linearly dependent on ei. If Ig’(~)l > 1, the procedure diverges.
If [g’(~)l < 1 but close to 1.0, convergence is quite slow. For the example presented 
Table 3.5, g’(~) = 9.541086, which explains why that form of ¢p = g(qS) diverges. For 
example presented in Table 3.6, g’(00 = 0.104810, which means that the error decreases
by a factor of approximately 10 at each iteration. Such rapid convergence does not occur
when Ig’(~)l is close to 1.0. For example, for [g’(~)l = 0.9, approximately 22 times 
many iterations would be required to reach the same convergence criterion.

If the nonlinear equation, f(tp)= 0, is rearranged into the form q5 = ~b 
f(~b) = g(qS), the fixed-point iteration formula becomes

~i+1 = ~i q-f(¢i) = g(c~i) (3.51)

and g’(~b) is given 

gt(c~) = 1 + 2 sin(qS) -sin(~ - (3.52)

Substituting the final solution value, qS=32.015180deg, into Eq. (3.52) gives
g’(~b) -- 2.186449, which is larger than 1.0. The iteration method would not converge 
the desired solution for this rearrangement off(~b) = 0 into ~b = g(¢). In fact, the solution
converges to ~b = -9.747105 deg, for which g’(qS) = -0.186449. This is also a solution 
the four-bar linkage problem, but not the desired solution.

Methods which sometimes work and sometimes fail are undesirable. Consequently,
the fixed-point iteration method for solving nonlinear equations is not recommended.

Methods for accelerating the convergence of iterative methods based on a knowl-
edge of the convergence rate can be developed. Aitkens A2 acceleration method applies to
linearly converging methods, such as fixed-point iteration, in which ei+1 = kei. The
method is based on starting with an initial approximation xi for which

xi = O~ q- ei (3.53a)

Two more iterations are made to give

Xi+1 = O~ -~" ei+1 = o~ -1- kei (3.53b)

Xi+2 = ~ + ei+2 = o~ + kei+1 : o~ + k2 ei (3.53c)

There are three unknowns in Eqs. (3.53a) to (3.53c): ei, ~, and k. These three equations can
be solved for these three unknowns. The value of ~ obtained by the procedure is not the
exact root, since higher-order terms have been neglected. However, it is an improved
approximation of the root. The procedure is then repeated using ~ as the initial
approximation. It can be shown that the successive approximations to the root, c¢, converge
quadratically. When applied to the fixed-point iteration method for finding the roots of a
nonlinear equation, this procedure is known as Steffensen’s method. Steffensen’s method is
not developed in this book since Newton’s method, which is presented in Section 3.4.2, is a
more straightforward procedure for achieving quadratic convergence.
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3.4.2. Newton’s Method

Newton’s method (sometimes called the Newton-Rhapson method) for solving nonlinear
equations is one of the most well-known and powerful procedures in all of numerical
analysis. It always converges if the initial approximation is sufficiently close to the root,
and it converges quadratically. Its only disadvantage is that the derivative f’(x) of the
nonlinear function f(x) must be evaluated.

Newton’s method is illustrated graphically in Figure 3.10. The function f(x) is
nonlinear. Let’s locally approximate f(x) by the linear function g(x), which is tangent 
f(x), and find the solution for g(x) -- 0. Newton’s method is sometimes called the tangent
method. That solution is then taken as the next approximation to the solution off(x) -- 
The procedure is applied iteratively to convergence. Thus,

f’(xi) = slope off(x)
Xi+ 1 -- Xi

(3.54)

Solving Eq. (3.54) for xi+1 withf(Xi+l) = 0 yields

f(xi)
Xi+ 1 ~-- Xi ft(xi) (3.55)

Equation (3.55) is applied repetitively until either one or both of the following convergence
criteria are satisfied:

[xi+l -xi[ ~ el and/or If(Xi+l)[ ~ e2 (3.56)

Newton’s method also can be obtained from the Taylor series. Thus,

f(Xi+l) = f(xi) + f’(xi)(xi-bl -- Xi) "~- " "" (3.57)

f(x)

f(

/ Xi+l Xi

Figure 3.10 Newton’s method.

X
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Truncating Eq. (3.57) after the first derivative term, setting f(Xi+l) 0, andsolving for
xi+1 yields

f(xi) (3.58)xi+1 = xi f,(xi)

Equation (3.58) is the same as Eq. (3.55).

Example 3.4. Newton’s method.

To illustrate Newton’s method,
Section 3.1. Recall Eq. (3.3):

f(¢) = 1 cos(a) -2 cos(~b) + R3 - cos(~ - ~b)= 0

The derivative off(q~),f’(qS) 

f’(qS) = 2 sin(~b) -sin(~ - 

Thus, Eq. (3.55) becomes

let’s solve the four-bar linkage problem presented in

(3.59)

(3.60)

f(Oi)~i-t-1 = (9i f’(~)i) (3.61)

For R~ = 2, R2 = 2, R3 = ~!, and ~ = 40.0 deg, Eqs. (3.59) and (3.60) yield

f(~b) = ~cos(40.O) -~ cos(C) + ~ - cos(40.O 

f’(qS) = ~ sin(qS) - sin(40.O 

(3.62)

(3.63)

For the first iteration let q51 = 30.0 deg. Equations (3.62) and (3.63) 

f(¢~) = ~cos(40.0) - ~cos(30.0) + ~! _ cos(40.0 - 30.0) = -0.03979719 

f’(¢~) = ~ sin(30.0) - sin(40.0 - 30.0) = 1.07635182 (3.65)

Substituting these results into Eq. (3.61) yields

(-0.03979719)(180/~)
~b2 = 30.0 -

1.07635182
= 32.118463 deg (3.66)

Substituting q~2 = 32.118463 deg into Eq. (3.62) gives f(qS~) = 0.00214376.
These results and the results of subsequent iterations are presented in Table 3.7. The

convergence criterion, Iq~i+l -- ~bil ~ 0.000001 deg, is satisfied on the fourth iteration. This
is a considerable improvement over the interval-halving method, the false position method,
and the fixed-point iteration method.

Convergence of Newton’s method is determined as follows. Recall Eq. (3.55):

f(xi)
Xi-t-1 ~-- Xi f,(xi) (3.67)
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Table 3.7. Newton’s Method
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i @, deg f(~)i) f’(4)i) @+1, deg f(@+l)

30.000000 -0.03979719 1.07635164 32.118463 0.00214376
32.118463 0.00214376 1.19205359 32.015423 0.00000503
32.015423 0.00000503 1.18646209 32.015180 0.00000000
32.015180 0.00000000 1.18644892 32.015180 0.00000000
32.015180 0.00000000

Equation (3.67) is of the form

xi+1 = g(xi) (3.68)

where g(x) is given by

g(x) = x - f(x.~) (3.69)
f’(x)

As shown by Eq. (3.50), for convergence of any iterative method in the form of Eq. (3.68),

Ig’(¢)l < 1 (3.70)

where { lies between xi and e. From Eq. (3.69),

g’(x) = _f(x) f (x) - f( x)f"(x) _f(x (3.71)
[f’(x)]2 [f’(x)]2

At the root, x = e andf(~) = 0. Thus, g’(e) = 0. Consequently, Eq.(3.70) is satisfied, 
Newton’s method is convergent.

The convergence rate of Newton’s method is determined as follows. Subtract e from
both sides of Eq. (3.67), and let e = x - ~ denote the error. Thus,

f(xi) f(xi) (3.72)Xi+l -- ~ = ei+l = xi -- ~ f,(xi) -- ei f,(xi)

Expressing f(x) in a Taylor series about xi, truncating after the second-order term, and
evaluating at x = ̄  yields

f(~) =f(xi) q-f’(xi)(o~ - xi) -I- ½f"({)(~ - xi) 2 = 0 Xi < { < ~ (3.73)

Letting ei = xi -- ~ and solving Eq. (3.73) for f(xi) gives

f(xi) = f’(xi)e i - ½f"({)~ (3.74)

Substituting Eq. (3.74) into Eq. (3.72) gives

f(xi)e i -- ½f"({)~ If"({) 
(3.75)ei+l = ei

ft(xi)
-- -~ i

In the limit as i --~ c~, xi --> ~,f’(xi) --> f’(~),f"(~) --~ f"(~t), and Eq. (3.75) becomes

lf"(~)
ei+l -- 2f’(e) (3.76)
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Equation (3.76) shows that convergence is second-order, or quadratic. The number 
significant figures essentially doubles each iteration.

As the solution is approached, f(xi) "~ 0, and Eq. (3.70) is satisfied. For a poor
initial estimate, however, Eq. (3.70) may not be satisfied. In that case, the procedure may
converge to an alternate solution, or the solution may jump around wildly for a while and
then converge to the desired solution or an alternate solution. The procedure will not
diverge disastrously like the fixed-point iteration method when Ig’(x)l > 1. Newton’s
method has excellent local convergence properties. However, its global convergence
properties can be very poor, due to the neglect of the higher-order terms in the Taylor
series presented in Eq. (3.57).

Newton’s method requires the value of the derivativef’(x) in addition to the value 
the function f(x). When the function f(x) is an algebraic function or a transcendental
function, f ’(x) can be determined analytically. However, when the functionf(x) is a general
nonlinear relationship between an input x and an outputf(x),f’(x) cannot be determined
analytically. In that case, f’(x) can be estimated numerically by evaluating f(x) at xi and
xi + 6, and approximatingf’(xi) as

f,(xi) =f(xi + 6) -f(xi) (3.77)

This procedure doubles the number of function evaluations at each iteration. However, it
eliminates the evaluation of f1(x) at each iteration. If e is small, round-off errors are
introduced, and if ~ is too large, the convergence rate is decreased. This process is called
the approximate Newton method.

In some cases, the efficiency of Newton’s method can be increased by using the same
value off’(x) for several iterations. As long as the sign off’(x) does not change, the iterates
xi move toward the root, x = ~. However, the second-order convergence is lost, so the
overall procedure converges more slowly. However, in problems where evaluation of f ’(x)
is more costly than evaluation off(x), this procedure may be less work. This is especially
true in the solution of systems of nonlinear equations, which is discussed in Section 3.7.
This procedure is called the lagged Newton’s method.

A higher-order version of Newton’s method can be obtained by retaining the second
derivative term in the Taylor series presented in Eq. (3.57). This procedure requires the
evaluation of f "(x) and the solution of a quadratic equation for Ax = xi+1 -xi. This
procedure is not used very often.

Newton’s method can be used to determine complex roots of real equations or
complex roots of complex equations simply by using complex arithmetic. Newton’s
method also can be used to find multiple roots of nonlinear equations. Both of these
applications of Newton’s method, complex roots and multiple roots, are discussed in
Section 3.5, which is concerned with polynomials, which can have both complex roots and
multiple roots. Newton’s method is also an excellent method for polishing roots obtained
by other methods which yield results polluted by round-off errors, such as roots of deflated
functions (see Section 3.5.2.2).

Newton’s method has several disadvantages. Some functions are difficult to
differentiate analytically, and some functions cannot be differentiated analytically at all.
In such cases, the approximate Newton method defined by Eq. (3.77) or the secant method
presented in Section 3.4.3 is recommended. When multiple roots occur, convergence drops
to first order. This problem is discussed in Section 3.5.2 for polynomials. The presence of a
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local extremum (i.e., maximum or minimum) in f(x) in the neighborhood of a root may
cause oscillations in the solution. The presence of inflection points in f(x) in the
neighborhood of a root can cause problems. These last two situations are discussed in
Section 3.6.1, which is concerned with pitfalls in root finding.

When Newton’s method misbehaves, it may be necessary to bracket the solution
within a closed interval and ensure that successive approximations remain within the
interval. In extremely difficult cases, it may be necessary to make several iterations with
the interval halving method to reduce the size of the interval before continuing with
Newton’s method.

3.4.3. The Secant Method

When the derivative function, f’(x), is unavailable or prohibitively costly to evaluate, an
altemative to Newton’s method is required. The preferred alternative is the secant method.

The secant method is illustrated graphically in Figure 3.11. The nonlinear function
f(x) is approximated locally by the linear function g(x), which is the secant tof(x), and the
root of g(x) is taken as an improved approximation to the root of the nonlinear function
f(x). A secant to a curve is the straight line which passes through two points on the curve.
The procedure is applied repetitively to convergence. Two initial approximations, x0 and
xl, which are not required to bracket the root, are required to initiate the secant method.
The slope of the secant passing through two points, xi_~ and xi, is given by

)gt (Xi) ~--- v. ,"i, -- - 1 (3.78)
xi - xi- 1

The equation of the secant line is given by

f(Xi+l) -- f(xi) -- g’(xi)
(3.79)

xi+ 1 -- xi

f(x)

Figure 3.11 The secant method.
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where f(xi+l) = 0. Solving Eq. (3.79) for xi+1 yields

I f(xi) (3.80)xi+l = x, - g’(x,--~

Equation (3.80) is applied repetitively until either one or both of the following two
convergence criteria are satisfied:

Ixi+~ -xil </31 and/or If(xi+l)l --< ’~2 (3.81)

Example 3.5. The secant method.

Let’s solve the four-bar linkage problem presented in Section 3.1 by the secant method.
Recall Eq. (3.3):

f(05) = R1 cos(a) - 2 cos(05) - +- R3 - cos(~ - 05) = (3.82)

Thus, Eq. (3.80) becomes

~b~+1 = q~ f(05i)g,(05i) I
(3.83)

where g’(05i) is given 

g’(Oi) f(05i) - f(05i-~) (3.84)
05i -- 05i--1

For R~ = ~, RE = g 3 and c~ 40.0 deg, Eq. (3.82) yields

[ f(05): 3S-cos(40.0)- ~cos(05)+ ~ -cos(40.0 - 05)] 

For the first iteration, let 050 = 30.0deg and 051 = 40.0deg. Equation (3.85) gives

f(050) = ] cos(40.0) - 25- cos(30.0) + ~! _ cos(40.0 - 30.0) = -0.03979719 

f(05~) = ~ cos(40.0) - ~ cos(40.0) + !~ _ cos(40.0 - 40.0) = 0.19496296 (3.86b)

Substituting these results into Eq. (3.84) gives

g/(051) (0 .19496296)40.0-__(-030.0.03979719) __0.02347602 (3.87)

Substituting g’(051) into Eq. (3.83) yields

0.19496296
052 = 40.0 0.02347602 - 31.695228 deg (3.88)

Substituting 052 = 31.695228 deg into Eq. (3.85) givesf(052) = -0.00657688.
These results and the results of subsequent iterations are presented in Table 3.8. The

convergence criterion, [05i+~ - 05i1 -< 0.000001 deg, is satisfied on the fifth iteration, which
is one iteration more than Newton’s method requires.
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Table 3.8. The Secant Method
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i ~bi, deg f(gPi) g’(dPi) q~i+l’ deg f(q~i+l)

0
1
2
3
4
5

30.000000 -0.03979719
40.000000 0.19496296 0.02347602 31.695228 -0.00657688
31.695228 -0.00657688 0.02426795 31.966238 -0.00101233
31.966238 -0.00101233 0.02053257 32.015542 0.00000749
32.015542 0.00000749 0.02068443 32.015180 -0.00000001
32.015180 -0.00000001 0.02070761 32.015180 0.00000000
32.015180 0.00000000

The convergence rate of the secant method was ~nalyzed by Jeeves (1958), who showed
that

[ 1 f"(00"]0"62"’" 1.62...
ei+l=[~f,-~J ei (3.89)

Convergence occurs at the rate 1.62..., which is considerably faster than the linear
convergence rate of the fixed-point iteration method but somewhat slower than the
quadratic convergence rate of Newton’s method.

The question of which method is more efficient, Newton’s method or the secant
method, was also answered by Jeeves. He showed that if the effort required to evaluate
f’(x) is less than 43 percent of the effort required to evaluatef(x), then Newton’s method 
more efficient. Otherwise, the secant method is more efficient.

The problems with Newton’s method discussed at the end of Section 3.4.2 also apply
to the secant method.

3.4.4, Muller’s Method

Muller’s method (1956) is based on locally approximating the nonlinear functionf(x) 
quadratic function g(x), and the root of the quadratic function g(x) is taken as an improved
approximation to the root of the nonlinear function f(x). The procedure is applied
repetitively to convergence. Three initial approximations x1, x2, and x3, which are not
required to bracket the root, are required to start the algorithm. The only difference
between Muller’s method and the secant method is that g(x) is a quadratic function in
Muller’s method and a linear function in the secant method.

Muller’s method is illustrated graphically in Figure 3.12. The quadratic function g(x)
is specified as follows:

g(x) = a(x - xi) 2 -~- b(x - xi) "~ (3.90)

The coefficients (i.e., a, b, and c) are determined by requiring g(x) to pass through the
three known points (xi,f), (xi_1,f_l), and (xi_2,f_2). Thus

g(xi) ~- fi : a(xi -- 2 q- b(x i - x i) "~- c : c

g(xi-1) : fi-1 : a(xi-1 - 2 q- b(x i-1 - x i) "q- c

g(xi-2) :fi-2 : a(xi-2 - xi) 2 q- b(xi-2 - xi) -1- c

(3.91a)

(3.91b)

(3.91c)
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f(x)

×1-2

fix)

Figure 3.12 Muller’s method.

Equation (3.91a) shows that c =f/. Define the following parameters:

h1 ----- (xi_1 - xi) and h2 = (xi_2 - xi) (3.92a)

61 = (f/_~ -f) and 62 : (f-2 -f) (3.92b)

Then Eqs. (3.91b) and (3.91c) become

h~a -t- h~b = c5~ (3.93a)

hZ2a -I- hzb = c32 (3.93b)

Solving Eq. (3.93) by Cramers rule yields

6~h2 -- ~2h~ 62h~ -a -- and b - (3.94)
h~h2(h~ - h2) h~h2(h~ - h2)

Now that the coefficients (i.e., a, b, and c) have been evaluated, Eq. (3.90) can 
solved for the value of (xi+1 - xi) which gives g(xi+l) = 0. Thus,

g(Xi+l) : a(xi+1 -- Xi) 2 "~- b(xi+1 - xi) -t- c : 0 (3.95)

Solving Eq. (3.95) for (xi+~ - xi) by the rationalized quadratic formula, Eq. (3.112), gives

2c
(xi+~ - xi) = (3.96)

b -4- ~ - 4ac

Solving Eq. (3.96) for xi+~ yields

Xi+1 -~- Xi --
2C

(3.97)

The sign, + or -, of the square root term in the denominator of Eq. (3.97) is chosen to 
the same as the sign of b to keep xi÷1 close to xi. Equation (3.97) is applied repetitively
until either one or both of the following two convergence criteria are satisfied:

[Xi+ 1 --Xi[ ~< /31 and/or If(xi+~)l < e2 (3.98)
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Example 3.6. Muller’s method.

Chapter 3

Let’s illustrate Muller’s method by solving the four-bar linkage problem presented in
Section 3.1. Recall Eq. (3.3):

f(4) --- R1 cos(a) 2 cos(4) + R3 - c os(~ - 4 ) = 0 (3.99)

Thus, Eq. (3.97) becomes

2c
(3.100)4i+1 ~- 4i -- b-b ~

where c =f(4i) and a and b are given by Eq. (3.94). For 1 =~,R2 --- - I’ R3 = ~, and
c~ = 40.0 deg. Eq. (3.99) becomes

If(4)= ~ cos(40.O) - ~cos(4) + !~1 _ cos(40.O (3.101)

For the first iteration, let 41 = 30.0deg, 42 = 30.5 deg, and 43 = 31.0deg. Equa-
tion (3.101) gives f(41) =fl = -0.03979719,f(42) =f2 = -0.03028443, and f(43) 

f3 = -0.02053252. Thus, c =f3 = -0.02053252. Substituting these values of 41,42,fl,
and f2 into Eq. (3.92) gives

(42 - 43) : -0.50 and

(f2 -f3) = -0.97519103

h2 = (41 -- 43) = --1.00 (3.102a)
and ~2 = (fl -f3) = -0.19264670

(3.102b)

Substituting these results into Eq. (3.94) yields

61h 2 - 62h1a -- -- -0.00047830092 (3.103)
hlh2(h1 - h2)

b = 62h~ - 61h~ - 0.019742971 (3.104)
hlhz(hI -- h2)

Substituting these results into Eq. (3.100) yields

4i+1 = 31.0

2.0(-0.02053252)
1

0.019742971 + ~/(0.019742971)2 __ 4.0(0.00047830092)(-0.020532520)

(3.105)

which yields 4i+1 = 32.015031 deg.
These results and the results of subsequent iterations are presented in Table 3.9. The

convergence criterion, 14i+1 - 4il < 0.000001 deg, is satisfied on the third iteration.
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Table 3.9. Muller’s Method
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~bi_2, deg q~i-1, deg ~bi, deg qSi+~, deg f(dpi+~)

30.000000 -0.03979717
30.500000 -0.03028443
31.000000 -0.02053252
30.000000 30.500000 31.000000 32.015031 -0.00000309
30.500000 31.000000 32.015031 32.015180 0.00000000
31.000000 32.015031 32.015180 32.015180 0.00000000
32.015180 0.00000000

The convergence rate of Muller’s method is 1.84, which is faster than the 1.62 rate of
the secant method and slower than the 2.0 rate of Newton’s method. Generally speaking,
the secant method is preferred because of its simplicity, even though its convergence rate,
1.62, is slightly smaller than the convergence rate of Muller’s method, 1.84.

3.4.5. Summary

Four open methods for finding the roots of a nonlinear equation are presented in this
section: the fixed-point iteration method, Newton’s method, the secant method, and
Muller’s; method. The fixed-point iteration method has a linear convergence rate and
converges slowly, or not at all if Ig’(a)l > 1.0. Consequently, this method is not
recommended.

Newton’s method, the secant method, and Muller’s method all have a higher-order
convergence rate (2.0 for Newton’s method, 1.62 for the secant method, and 1.84 for
Muller’s method). All three methods converge rapidly in the vicinity of a root. When the
derivative f’ (x) is difficult to determine or time consuming to evaluate, the secant method
is more efficient. In extremely sensitive problems, all three methods may misbehave and
require some bracketing technique. All three of the methods can find complex roots simply
by using complex arithmetic. The secant method and Newton’s method are highly
recommended for finding the roots of nonlinear equations.

3.5 POLYNOMIALS

The methods of solving for the roots of nonlinear equations presented in Sections 3.3 and
3.4 apply to any form of nonlinear equation. One very common form of nonlinear equation
is a polynomial. Polynomials arise as the characteristic equation in eigenproblems, in
curve-fitting tabular data, as the characteristic equation of higher-order ordinary differ-
ential equations, as the characteristic equation in systems of first-order-ordinary differ-
ential equations, etc. In all these cases, the roots of the polynomials must be determined.
Several special features of solving for the roots of polynomials are discussed in this
section.

3.5.1. Introduction

The basic properties of 13olynomials are presented in Section 4.2. The general form of an
nth-degree polynomial is

} Pn(x) = ao + alx + ~2x2 +...+ anx" [ (3.106)
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where n denotes the degree of the polynomial and a0 to an are constant coefficients. The
coefficients a0 to an may be real or complex. The evaluation of a polynomial with real
coefficients and its derivatives is straightforward, using nested multiplication and synthetic
division as discussed in Section 4.2. The evaluation of a polynomial with complex
coefficients requires complex arithmetic.

The fundamental theorem of algebra states that an nth-degree polynomial has
exactly n zeros, or roots. The roots may be real or complex. If the coefficients are all
real, complex roots always occur in conjugate pairs. The roots may be single (i.e., simple)
or repeated (i.e., multiple). The single roots of a linear polynomial can be determined
directly. Thus,

P~(x) = ax + (3.107)

has the single root, x = e, given by

b~ = -- (3.108)
a

The two roots of a second-degree polynomial can also be determined directly. Thus,

Pz(x) = ax2 ÷ bx ÷ c = 0 (3.109)

has two roots, e~ and e2, given by the quadratic formula:

-b±~
(3.110)0~1, ~2 ~ 2a

Equation (3.110) yields two distinct real roots when b2 > 4ac, two repeated real roots
when b2 = 4ac, and a pair of complex conjugate roots when b2 < 4ac. When b2 >> 4ac,
Eq. (3.110) yields two distinct real roots which are the sum and difference of two nearly
identical numbers. In that case, a more accurate result can be obtained by rationalizing
Eq. (3.110). Thus,

-b ± ~-~ - 4ac (-b :T ~~ (3.111)x =
2a \-b q: ~1

which yields the rationalized quadratic formula:

2c
x = (3.112)

b±~

Exact formulas also exist for the roots of third-degree and fourth-degree polynomials, but
they are quite complicated and rarely used. Iterative methods are used to find the roots of
higher-degree polynomials.

Descartes’ rule of signs, which applies to polynomials having real coefficients, states
that the number of positive roots of Pn(x) is equal to the number of sign changes in the
nonzero coefficients of Pn(x), or is smaller by an even integer. The number of negative
roots is found in a similar manner by considering Pn(--X). For example, the fourth-degree
polynomial

P4(X) = -4 + 2x + 3x2 - 2x3 + x4 (3.113)
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has three sign changes in the coefficients ofPn(x) and one sign change in the coefficients
of Pn(-x)=-4- 2x + 3x2 + 2x3 +xz. Thus, the polynomial must have either three
positive real roots and one negative real root, or one positive real root, one negative real
root, and two complex conjugate roots. The actual roots are -1, 1, 1 + I1, and 1 -I1,
where I = ~-~.

The roots of high-degree polynomials can be quite sensitive to small changes in the
values of the coefficients. In other words, high-degree polynomials can be ill-conditioned.
Consider the factored fifth-degree polynomial:

Ps(x) = (x ~ 1)(x - 2)(x - 3)(x - (3.114)

which has five positive real roots, 1, 2, 3, 4, and 5. Expanding Eq. (3.114) yields the
standard polynomial form:

Ps(x) = -120 + 274x - 225xz + 85x3 - 15x4 + x5 (3.115)

Descartes’ rule of signs shows that there are either five positive real roots, or three positive
real roots and two complex conjugate roots, or one positive real root and two pairs of
complex conjugate roots. To illustrate the sensitivity of the roots to the values of the
coefficients, let’s change the coefficient of xz, which is 225, to 226, which is a change
of only 0.44 percent. The five roots are now 1.0514 .... 1.6191 .... 5.5075 ....
3.4110... ÷I1.0793 .... and 3.4110...- I1.0793 .... Thus, a change of only 0.44
percent in one coefficient has made a major change in the roots, including the introduction
of two complex conjugate roots. This simple example illustrates the difficulty associated
with finding the roots of high-degree polynomials.

One procedure for finding the roots of high-degree polynomials is to find one root by
any method, then deflate the polynomial one degree by factoring out the known root using
synthetic division, as discussed in Section 4.2. The deflated (n - 1)st-degree polynomial 
then solved for the next root. This procedure can be repeated until all the roots are
determined. The last two roots should be determined by applying the quadratic formula to
the Pz(x) determined after all the deflations. This procedure reduces the work as the
subsequent deflated polynomials are of lower and lower degree. It also avoids converging
to an already converged root. The major limitation of this approach is that the coefficients
of the deflated polynomials are not exact, so the roots of the deflated polynomials are not
the precise roots of the original polynomial. Each deflation propagates the errors more and
more, so the subsequent roots become less and less accurate. This problem is less serious if
the roots are found in order from the smallest to the largest. In general, the roots of the
deflated polynomials should be used as first approximations for those roots, which are then
refined by solving the original polynomial using the roots of the deflated polynomials as
the initial approximations for the refined roots. This process is known as root polishing.

The bracketing methods presented in Section 3.3, interval halving and false position,
cannot be used to find repeated roots with an even multiplicity, since the nonlinear function
f(x) does not change sign at such roots. The first derivativef’(x) does change sign at such
roots, but using ft(x) to keep the root bracketed increases the amount of work. Repeated
roots with an odd multiplicity can be bracketed by monitoring the sign off(x), but even 
this case the open methods presented in Section 3.4 are more efficient.

Three of the methods presented in Section 3.4 can be used to find the roots of
polynomials: Newton’s method, the secant method, and Muller’s method. Newton’s method
for polynomials is presented in Section 3.5.2, where it is applied to find a simple root, a
multiple root, and a pair of complex conjugate roots.
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These three methods also can be used for finding the complex roots of polynomials,
provided that complex arithmetic is used and reasonably good complex initial approxima-
tions are specified. Complex arithmetic is straightforward on digital computers. However,
complex arithmetic is tedious when performed by hand calculation. Several methods exist
for extracting complex roots of polynomials that have real coefficients which do not
require complex arithmetic. Among these are Bairstow’s method, the QD (quotient-
difference) method [see Henrici (1964)], and Graeffe’s method [see Hildebrand (1956)].
The QD method and Graeffe’s method can find all the roots of a polynomial, whereas
Bairstow’s method extracts quadratic factors which can then be solved by the quadratic
formula. Bairstow’s method is presented in Section 3.5.3. These three methods use only
real arithmetic.

When a polynomial has complex coefficients, Newton’s method or the secant
method using complex arithmetic and complex initial approximations are the methods
of choice.

3.5.2. Newton’s method

~Newton’s method for solving for the root, x = ~, of a nonlinear equation, f(x) = 0, is
presented in Section 3.4. Recall Eq. (3.55):

xi+ 1 = x i -~ (3.116)

Equation (3.116) will be called Newton’s basic method in this section to differentiate 
from two variations of Newton’s method which are presented in this section for finding
multiple roots. Newton’s basic method can be used to find simple roots of polynomials,
multiple roots of polynomials (where the rate of convergence drops to first order), complex
conjugate roots of polynomials with real coefficients, and complex roots of polynomials
with complex coefficients. The first three of these applications are illustrated in this
section.

3.5.2.1. Newton’s Method for Simple Roots.

Newton’s basic method can be applied directly to find simple roots of polynomials.
Generally speaking, f(x) and f’(x) should be evaluated by the nested multiplication
algorithm presented in Section 4.2 for maximum efficiency. No special problems arise.
Accurate initial approximations are desirable, and in some cases they are necessary to
achieve convergence.

Example 3.7. Newton’s method for simple roots.

Let’s apply Newton’s basic method to find the simple root of the following cubic
polynomial in the neighborhood ofx = 1.5:

f(x) = P3(x) 3 - 3x2 +4x - 2 = 0 (3.117)

Newton’s basic method is given by Eq. (3.116). In this example, f(xi) and f’(xi) will be
evaluated directly for the sake of clarity. The derivative off(x),f’(x), is given by the
second-degree polynomial:

f’(x) = P2(x) = 3x~ - 6x + 4 (3.118)
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Table 3.10. Newton’s Method for Simple Roots
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xi f (xi) ft (xi) xi+1 f(x~+l)

1.50 0.6250 1.750 1.142857 0.14577259
1.142857 0.14577259 1.06122449 1.005495 0.00549467
1.005495 0.00549476 1.00009057 1.000000 0.00000033
1.000000 0.00000033 1.00000000 1.000000 0.00000000
1.000000 0.00000000

Let x1 = 1.5. Substituting this value into Eqs. (3.117) and (3.118) gives
f(1.5) = 0.6250 andf’(1.5) = 1.750. Substituting these values into Eq. (3.116) 

f(xl) -- 1.5 0.6250 1.142857
(3.119)

X2 = Xl f’(Xl) 1.750

These results and the results of subsequent iterations are presented in Table 3.10. Four
iterations are required to satisfy the convergence tolerance, IXi+l - xil < 0.000001.

Newton’s method is an extremely rapid procedure for finding the roots of a
polynomial if a reasonable initial approximation is available.

3.5.2.2. Polynomial Deflation

The remaining roots of Eq. (3.117) can be found in a similar manner by choosing different
initial approximations. An alternate approach for finding the remaining roots is to deflate
the original polynomial by factoring out the linear factor corresponding to the known root
and solving for the roots of the deflated polynomial.

Example 3.8. Polynomial deflation

Let’s illustrate polynomial deflation by factoring out the linear factor, (x,- 1.0), from Eq.
(3.117). Thus, Eq" (3.117) becomes

P3(x) = (x- 1.O)Q2(x) (3.120)

The coefficients of the deflated polynomial Q2(x) can be determined by applying the
synthetic division algorithm presented in Eq. (4.26). Recall Eq. (3.117):

P3 (x) = 3 -3x2 + 4x- 2 (3.121)

Applying Eq. (4.26) gives

b3 = a3 = 1.0

be = a2 + xb3 = -3.0 + (1.0)(1.0) = 

bl = a1 + xb2 = 4.0 + (1.0)(-2.0) = 

Thus, Qz(x) is given by

x2 - 2.0x + 2.0 = 0 (3.123)

(3.122.3)

(3.122.2)

(3.122.1)
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Equation (3.123) is the desired deflated polynomial. Since Eq. (3.123) is a second-degree
polynomial, its roots can be determined by the quadratic formula. Thus,

-b ± v~- 4a¢ -(-2.0) + V/(-2.0) 2 - 4.0(1.0)(2.0)
x = = (3.124)

2a 2(1.0)

which yields the complex conjugate roots, ~1,2 = 1 4- I1.

3.5.2.3. Newton’s Method for Multiple Roots

Newton’s method, in various forms, can be used to calculate multiple real roots. Ralston
and Rabinowitz (1978) show that a nonlinear functionf(x) approaches zero faster than 
derivativef’(x) approaches zero. Thus, Newton’s basic method can be used, but care must
be exercised to discontinue the iterations as f’(x) approaches zero. However, the rate of
convergence drops to first-order for a multiple root. Two variations of Newton’s method
restore the second-order convergence of the basic method:

1. Including the multiplicity rn in Eq. (3.116)
2. Solving for the root of the modified function, u(x) =f(x)/f’(x)

These two variations are presented in the following discussion.
First consider the variation which includes the multiplicity rn in Eq. (3.116):

rn f(xi) (3.125)Xi+ 1 Xi -- ~

Equation (3.125) is in the general iteration form, xi+1 = g(xi). Differentiating g(x) and
evaluating the result at x = ~ yields g’(~) = 0. Substituting this result into Eq. (3.50)
shows that Eq. (3.125) is convergent. Further analysis yields

g"(~) 
ei+~ = Tei (3.126)"

where ~ is between xi and ~, which shows that Eq. (3.125) converges quadratically.
Next consider the variation where Newton’s basic method is applied to the function

.(x):
f(x).(x) -~’(x)

If f (x) has rn repeated roots, f(x) can be expressed as

f (x) = (x - ~)mh(x)
where the deflated function h(x) does not have
Substituting Eq. (3.128) into Eq. (3.127) gives

(x -- r)mh(x)
u(x) m(x - ~)m-l h(x) + (x - ~)mg’(x)

which yields

(x - ~)h(x)
u(x) -- mh(x) + (x - ~z)g/(x)

(3.127)

(3.128)

a root at x = e, that is, h(7)¢ 

(3.129)

(3.130)
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Equation (3.130) shows that u(x) has a single root at x = ~. Thus, Newton’s basic method,
with second-order convergence, can be applied to u(x) to give

Differentiating Eq. (3.127) gives

(3.131)

u’(x) f’ (x)f’(x) - f(x)f (x (3.132)
If ’(x)]2

Substituting Eqs. (3.127) and (3.132) into Eq. (3.131) yields an altemate form Eq.
(3.131):

f(xi)f’(xi)
Xi+1 = Xi -- [f,(xi)]2 -- f(xi)f"(Xi) (3.133)

The advantage of Eq. (3.133) over Newton’s basic method for repeated roots is that
Eq. (3.133) has second-order convergence. There are several disadvantages. There is 
additional calculation for f"(x;). Equation (3.133) requires additional effort to evaluate.
Round-off errors may be introduced due to the difference appearing in the denominator of
Eq. (3.133). This method can also be used for simple roots, but it is less efficient than
Newton’s basic method in that case.

In summary, three methods are presented for evaluating repeated roots: Newton’s
basic method (which reduces to first-order convergence), Newton’s basic method with the
multiplicity m included, and Newton’s basic method applied to the modified function,
u(x) =f(x)/f’(x). These three methods can be applied to any nonlinear equation. They are
presented in this section devoted to polynomials simply because the problem of multiple
roots generally occurs more frequently for polynomials than for other nonlinear functions.
The three techniques presented here can also be applied with the secant method, although
the evaluation of f"(x) is more complicated in that case. These three methods are
illustrated in Example 3.9.

Example 3.9. Newton’s method for multiple roots.

Three versions of Newton’s method for multiple roots are illustrated in this section:

1. Newton’s basic method.
2. Newton’s basic method including the multiplicity m.
3. Newton’s basic method applied to the modified function, u(x) =f(x)/f’(x).

These three methods are specified in Eqs. (3.116), (3.125), and (3.133), respectively, 
are repeated below:

f(xi)
Xi+ 1 = Xi f,(xi) (3.134)

f(xi) (3.135)
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where m is the multiplicity of the root, and

u(xi) f (xi) f’ (xi)
(3.136)Xi+ 1 = Xi U’(Xi) -- i [ f,(xi)]2

where u(x)=f(x)/f’(x) has the same roots as f(x). Let’s solve for the repeated root,
r = 1, 1, of the following third-degree polynomial:

f(x) = P3(x) = (x + 1)(x - 1)(x - 

f(x) =x3 -x z -x+ 1 = 0

From Eq. (3.138),

f (x) = ~ - 2x- 1

f"(x) = 6x - 

Let the initial approximation be x1 = 1.50.

(3.137)

(3.138)

From Eqs. (3.138) 

(3.139)

(3.140)

(3.140),
f(1.50) = 0.6250,f’(1.50) = 2.750, and f"(1.5) = 7.0. Substituting these values 
Eqs. (3.134) to (3.136) gives

0.6250
x2 = 1.5 2.750 -- 2.272727 (3.141)

0.6250x2 = 1.5 -2.0 2.750 - 1.045455 (3.142)

(0.6250)(2.750)x2 = 1.5 - (2.750)2 _ (0.6250)(7.0) - 0.960784 (3.143)

These results and the results of subsequent iterations required to achieve the convergence
tolerance, IAxi+ll < 0.000001, are summarized in Table 3.1 I.

Newton’s basic method required 20 iterations, while the two other methods required
only four iterations each. The advantage of these two methods over the basic method for
repeated roots is obvious.

3.5.2.4. Newton’s Method for Complex Roots

Newton’s method, the secant method, and Muller’s method can be used to calculate
complex roots simply by using complex arithmetic and choosing complex initial
approximations.

Bracketing methods, such as interval halving and false position, cannot be used to
find complex roots, since the sign off(x) generally does not change sign at a complex root.
Newton’s method is applied in this section to find the complex conjugate roots of a
polynomial with real coefficients.

Example 3.10. Newton’s method for complex roots.

The basic Newton method can find complex roots by using complex arithmetic and
choosing a complex initial approximation. Consider the third-degree polynomial:

f(x) = P3(x) = (x- 1)(x- 1 -II)(x- (3.144)

f(x) = x3 - 3xz + 4x - 2 = 0 (3.145)
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Table 3.11. Newton’s Method for Multiple Real Roots

Newton’s basic method, Eq, (3.134)

i xi f(xi) Xiq_1 f(Xi+I)

1
2
3

19
20

1.50 0.6250 1.272727 0.16904583
1.272727 0.16904583 1.144082 0.04451055
1.144082 0.04451055 1.074383 0.01147723

1.000002 0.00000000 1.000001 0.00000000
1.000000 0.00000000 1.000001 0.00000000
1.000001 0.00000000

Newton’s multiplicity method, Eq. (3.135), with m = 

i Xi f(xi) Xi+1 f(Xi+l)

1.50 0.6250 1.045455 0.00422615
1.045455 0,00422615 1.00500 0,00000050
1.005000 0.00000050 1.000000 0.00000000
1.000000 0.00000000 1.000000 0.00000000
1.000000 0.00000000

Newton’s modified method, Eq. (3.136)

Xi f(xi) Xi+l f(xi+l)

1.50 0.6250 0.960784 0.00301543
0.960784 0.00301543 0.999600 0.00000032
0.999600 0.00000032 1.000000 0.00000000
1.000000 0.00000000 1.000000 0.00000000
1.000000 0.00000000

Table 3.12. Newton’s Method for Complex Roots

xi f(xi)

0.500000 + 10.500000
2.000000+I1.000000
1.400000 + I0.800000
1.006386+10.854572
0.987442+11.015093
0.999707 + 10.999904
1.000000+I1.000000
1.000000÷I1.000000

1.75000000 - I0.25000000
1.00000000+17.00000000
0.73600000+11.95200000
0.53189072 + I0.25241794

-0.03425358 - 10.08138309
0.00097047 - 10.00097901

-0.00000002 +I0.00000034
0.00000000 + I0.00000000

-1.00000000 + 10.50000000
5.00000000 + I10.00000000

1.16000000 + I5.12000000
-1.16521249 - 13.45103149
-2.14100172 - 13.98388821
-2.00059447 - 13.99785801
-1.99999953 -I4.00000030

The roots of Eq. (3.144) are r = 1, 1 + I1, and 1 - I1. Let’s find the complex root

r = 1 + I1 starting with x~ = 0.5 + I0.5. The complex arithmetic was performed by a
FORTRAN program for Newton’s method. The results are presented in Table 3.12.
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3.5.3. Bairstow’s Method

A special problem associated with polynomials Pn(x) is the possibility of complex roots.
Newton’s method, the secant method, and Muller’s method all can find complex roots if
complex arithmetic is used and complex initial approximations are specified. Fortunately,
complex arithmetic is available in several programming languages, such as FORTRAN.
However, hand calculation using complex arithmetic is tedious and time consuming. When
polynomials with real coefficients have complex roots, they occur in conjugate pairs,
which corresponds to a quadratic factor of the polynomial Pn(x). Bairstow’s method
extracts quadratic factors from a polynomial using only real arithmetic. The quadratic
formula can then be used to determine the corresponding pair of real roots or complex
conjugate roots.

Consider the general nth-degree polynomial, Pn(x):

Pn(x) = xn ÷ an_lxn-1 ÷... q- -a0 (3.146)

Let’s factor out a quadratic factor from Pn(x). Thus,

Pn(x) = ~ - rx- s )Qn_2(x) ÷ remainder (3.147)

This form of the quadratic factor (i.e., 2 -rx- s) is generally specified. Performing the
division of P,(x) by the quadratic factor yields

P~(x) = 2 - rx- s )( xn-2 ÷ b~_lx n-3 +-.. ÷ b3x÷ b~) + remainder (3.148)

where the remainder is given by

Remainder = b1 (x - r) + 0 (3.149)

When the remainder is zero, (x2 - rx - s) is an exact factor of Pn(x). The roots of the
quadratic factor, real or complex, can be determined by the quadratic formula.

For the remainder to be zero, both b~ and b0 must be zero. Both b~ and bo depend on
both r and s. thus,

bl = bl(r, s) and o =bo(r, s) (3.150)

Thus, we have a two-variable root-finding problem. This problem can be solved by
Newton’s method for a system of nonlinear equations, which is presented in Section 3.7.

Expressing Eq. (3.150) in the form of two two-variable Taylor series in terms 
Ar = (r* - r) as As -- (s* - s), where r* and s* are the values of r and s which yield
bI =b0=0,gives

b~(r*, s*) = b~ + Ob~ Ar + Ob~ As + .... 0 (3.151a)
Or Os

. Obo. . Obo.bo(r*, s*) = OO~-rar + ~-s as + .... 0 (3.151b)

where hi, b0, and the four partial derivatives are evaluated at point (r, s). Truncating Eq.
(3.151) after the first-order terms and solving for Ar and As gives

Ob1 . , Ob~

Or zar +-~s As = -b~
(3.152)

Ob° Ar Ob°
Or ÷ ~-s As = "b° (3.153)
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Equations (3.152) and (3.153) can be solved for Ar and As by Cramer’s rule or Gauss
elimination. All that remains is to relate b1, b0, and the four partial derivatives to the
coefficients of the polynomial Pn(x), that is, ai (i = O, 1,2 ..... n).

Expanding the right-hand side of Eq. (3.148), including the remainder term, and
comparing the two sides term by term, yields

bn = an (3.154.n)

bn_1 = an_1 q- rbn (3.154n-1)

bn_2 = an_2 + rbn_1 + sbn (3.154n-2)

b1 = at + rbz + sb3

bo = ao + rbl + sb2̄

(3.154.1)

(3.154.0)

Equation (3.154) is simply the synthetic division algorithm presented in Section 4.2
applied for a quadratic factor.

The four partial derivatives required in Eqs. (3.152) and (3.153) can be obtained 
differentiating the coefficients bi (i = n, n- 1 ..... b~, bo), with respect to r and s,
respectively. Since each coefficient bi contains bi+1 and bi+~, we must start with the
partial derivatives of bn and work our way down to the partial derivatives of b~ and b0.
Bairstow showed that the results are identical to dividing Qn_2(x) by the quadratic factor,
(x2 - rx - s), using the synthetic division algorithm. The details are presented by Gerald
and Wheatley (1999). The results are presented below.

Cn- 1 = bn- 1 ~- rCn
Cn_2 -= bn_2 q- rcn_1 q- scn

C2 = b2 + rc3 + SC4
c~=b~+rc2+so3

(3.155.n)

(3.155.n-1)

(3.155n-2)

(3.155.2)

(3.155.1)

The required partial derivatives are given by

Ob1 Ob~
Or c2 and -- = c3Os

Ob~o = Obo
Or c l

and
~-s c2

(3.156a)

(3.156b)

Thus, Eqs. (3.152) and (3.153) become

6’2 Ar + c3 As = -b1 I

C~ Ar+c2 As = -b0

(3.157a)

(3.157b)
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where Ar = (r* - r) and As = (s* - s). Thus,

ri+ 1 = r i + Ari

Si+1 = Si ~- ASi

Chapter 3

(3.158a)

(3.158b)

Equations (3.157) and (3.158) are applied repetitively until either one or both of 
following convergence criteria are satisfied:

[Ari[ _< eI and IASi[ < e~ (3.159a)

[(bl)i+ 1 - (bl)i[ < 52 and [(b0)i+ 1 - (b0)i[ </32 (3.159b)

Example 3.11. Bairstow’s method for quadratic factors.

Let’s illustrate Bairstow’s method by solving for a quadratic factor of Eq. (3.145):

f(x) = x3 - 3x~ + 4x - 2 = 0 (3.160)

The roots of Eq. (3.160) are r= 1, 1 +I1, and 1 -I1.
To initiate the calculations, let r1 = 1.5 and s1 --~ -2.5. Substituting these values

into Eq. (3.154) gives

b3 = a3 =

b2 = a2 +

b~ = as +

bo = ao +

Substituting these results into Eq. (3.155) gives

c3 = b3 = 1.0

C2 = b2 + rc3 = -(1.5) + (1.5)(1.0) 

c~ = b1 + rc2 + sc3 = (-0.750) + (1.5)(0.0) + (-2.5)(1.0) 

Substituting the values ofb1, b0, c3, c2, and c~ into Eq. (3.157) gives

(0.0)Ar + (1.0)As = -(-0.75) = 

- 3.250Ar + (0.0)As = -0.6250

1.0

rb3 = (-3.0) if- (1.5)(1) = -1.50

rb2 + sb3 = 4.0 + (1.5)(-1.5) + (-2.5)(1.0) 

rb1 ÷ sb2 = -2.0 + (1.5)(-0.75) ÷ (-2.5)(-1.5) 

(3.161.3)

(3.161.2)

(3.161.1)

(3.161.0)

(3.162.8)

(3.162.2)

(3.162.1)

(3.163a)

(3.163b)

Table 3.13. Bairstow’s Method for Quadratic Factors

i r s Ar As

1.50 -2.50 0.192308 0.750000
1.692308 - 1.750 0.278352 -0.144041
1.970660 -- 1.894041 0.034644 -0.110091
2.005304 -2.004132 -0.005317 0.004173
1.999988 - 1.999959 0.000012 --0.000041
2.000000 -2.000000 0.000000 0.000000
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Solving Eq. (3.163) gives

Ar = 0.192308 and As = 0.750

Substituting Ar and As into Eq. (3.158) gives

rz = r 1 +Ar--- 1.50+ 0.192308 = 1.692308

s2 = s1 + As = --2.50+ 0.750 = --1.750

(3.164)

(3.165a)

(3.165b)

These results and the results of subsequent iterations are presented in Table 3.13. The
convergence criteria, IAril < 0.000001 and IAsil _< 0.000001, are satisfied on the sixth
iteration, where r = 2.0 and s -- -2.0. Thus, the desired quadratic factor is

x2 - rx - s = x2 - 2.0x + 2.0 = 0 (3.166)

Solving for the roots of Eq. (3.166) by the quadratic formula yields the pair of complex
conjugate roots:

-b 4- ~ - 4ac
X-~

-(-2.0) -4- q/(-2.0)2 - 4.0(1.0)(2.0)

2a 2(1.0)
=1+I1,1-I1

(3.167)

3.5.4. Summary

Polynomials are a special case of nonlinear equation. Any of the methods presented in
Sections 3.3 and 3.4 can be used to find the roots of polynomials. Newton’s method is
especially well suited for this purpose. It can find simple roots and multiple roots directly.
However, it drops to first-order for multiple roots. Two variations of Newton’s method for
multiple roots restore the second-order convergence. Newton’s method, like the secant
method and Muller’s method, can be used to find complex roots simply by using complex
arithmetic with complex initial approximations. Bairstow’s method can find quadratic
factors using real arithmetic, and the quadratic formula can be used to find the two roots of
the quadratic factor. Good initial guesses are desirable and may be necessary to find the
roots of high-degree polynomials.

3.6 ¯ PITFALLS OF ROOT FINDING METHODS AND OTHER METHODS OF
ROOT FINDING

The root-finding methods presented in Sections 3.3 to 3.5 generally perform as described.
However, there are several pitfalls, or problems, which can arise in their application. Most
of these pitfalls are discussed in Sections 3.3 to 3.5. They are summarized and discussed in
Section 3.6.1.

The collection of r0ot-finding methods presented in Sections 3.3 to 3.5 includes the
more popular methods and the most well-known methods. Several’ less well-known root-
finding methods are listed in Section 3.6.2.

3.6.1. Pitfalls of Root Finding Methods

Numerous pitfalls, or problems, associated with root finding are noted in Sections 3.3 to
3.5. These include:
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f(x)

X

f(x)’

Figure 3.13 Pitfalls of root finding. (a) Closely spaced roots. (b) Inflection point.

1. Lack of a good initial approximation
2. Convergence to the wrong root
3. Closely spaced roots
4. Multiple roots
5. Inflection points
6. Complex roots
7. Ill-conditioning of the nonlinear equation
8. Slow convergence

These problems, and some strategies to avoid the problems, are discussed in this section.
Probably the most serious pitfall associated with root finding is the lack of a good

initial approximation. Lack of a good initial approximation can lead to convergence to the
wrong root, slow convergence, or divergence. The obvious way to avoid this problem is to
obtain a better initial approximation. This can be accomplished by either graphing the
function or a fine incremental search.

Closely spaced roots can be difficult to evaluate. Consider the situation illustrated in
Figure 3.13. It can be difficult to determine where there are no roots, a double root, or two
closely spaced distinct roots. This dilemma can be resolved by an enlargement of a graph
of the function or the use of a smaller increment near the root in an incremental search.

Multiple roots, when known to exist, can be evaluated as described for Newton’s
method in Section 3.5.2. The major problem concerning multiple roots is not knowing they
exist. Graphing the function or an incremental search can help identify the possibility of
multiple roots.

Roots at an inflection point can send the root-finding procedure far away from the
root. A better initial approximation can eliminate this problem.

Complex roots do not present a problem if they are expected. Newton’s method or
the secant method using complex arithmetic and complex initial approximations can find
complex roots in a straightforward manner. However, if complex roots are not expected,
and the root-finding method is using real arithmetic, complex roots cannot be evaluated.
One solution to this problem is to use Bairstow’s method for quadratic factors.

Ill-conditioning of the nonlinear function can cause serious difficulties in root
finding. The problems are similar to those discussed in section 1.6.2 for solving ill-
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conditioned systems of linear algebraic equations. In root-finding problems, the best
approach for finding the roots of ill-conditioned nonlinear equations is to use a computing
device with more precision (i.e., a larger number of significant digits).

The problem of slow convergence can be addressed by obtaining a better initial
approximation or by a. different root-finding method.

Most root-finding problems in engineering and science are well behaved and can be
solved in a straightforward manner by one or more of the methods presented in this
chapter. Consequently, each problem should be approached with the expectation of
success. However, one must always be open to the possibility of unexpected difficulties
and be ready and willing to pursue other approaches.

3.6.2. Other Methods of Root Finding

Most of the straightforward popular methods for root finding are presented in Sections 3.3
to 3.5. Several additional methods are identified, but not developed in this section.

Brent’s (1978) method uses a supeflinear method (i.e., inverse quadratic interpola-
tion) and monitors its behavior to ensure that it is behaving properly. If not, some interval
halving steps are used to ensure at least linear behavior until the root is approached more
closely, at which time the procedure reverts to the superlinear method. Brent’s method does
not require evaluation of the derivative. This approach combines the efficiency of open
methods with the robustness of closed methods.

Muller’s method (1956), mentioned in Section 3.4.4, is an extension of the secant
method which approximates the nonlinear functionf(x) with a quadratic function g(x), 
uses the root of g(x) as the next approximation to the root off(x). A higher-order version
of Newton’s method, mentioned in Section 3.4.2, retains the second-order term in the
Taylor series forf(x). This method is not used very often because the increased complexity,
compared to the secant method and Newton’s method, respectively, is not justified by the
slightly increased efficiency.

Several additional methods have been proposed for finding the roots of polynomials.
Graeff’s root squaring method (see Hildebrand, 1956), the Lehmer-Schur method (see
Acton, 1970), and the QD (quotient-difference) method (see Henrici, 1964) are three 
methods. Two of the more important additional methods for polynomials are Laguerre’s
method (Householder, 1970) and the Jenkins-Traub method. Ralston and Rabinowitz
(1979) present a discussion of these methods. An algorithm for Laguerre’s method 
presented by Press et al. (1989). The Jenkins-Traub method is implemented in the IMSL
library.

3.7 SYSTEMS OF NONLINEAR EQUATIONS

Many problems in engineering and science require the solution of a system of nonlinear
equations. Consider a system of two nonlinear equations:

f (x, y) = 

g(x, y) = 

(3.168a)

(3.168b)
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~ g(x,y) : 

~ f(x,y) = 

g(x,y) < 0 ,
#

¯

\ / ,/--~x,~,~=oI ,,.-----,,
I /"X ~(x,~,)> ,,,
I/ X. / . ",

...r- \ / ~x,~o<o ,,
.-" I \ "’" I ~(x,y) > o 

I ,, y ~(x,~) = ,

Figure 3.14 Solution of two nonlinear equations.

The problem can be stated as follows:

X

I
Given the continuous functionsf(x, y) and g(x, y), find the
values x = x* and y = y* such thatf(x*, y*) = 0 and g(x*, y*) = 

The problem is illustrated graphically in Figure 3.14. The functions f(x,y) and
g(x, y) may be algebraic equations, transcendental equations, the solution of differential
equations, or any nonlinear relationships between the inputs x and y and the outputsf(x, y)
and g(x, y). Thef(x, y) = 0 and g(x, y) = 0 contours divide the xy plane into regions where
f(x,y) and g(x,y) are positive or negative. The solutions to Eq. (3.168) are the
intersections of the f(x, y) = g(x, y) = 0 contours, if any. The number of solutions is
not known a priori. Four such intersections are illustrated in Figure 3.14. This problem is
considerably more complicated than the solution of a single nonlinear equation.

Interval halving and fixed-point iteration are not readily extendable to systems of
nonlinear equations. Newton’s method, however, can be extended to solve systems of
nonlinear equations. In this section, Newton’s method is extended to solve the system of
two nonlinear equations specified by Eq. (3.168).

Assume that an approximate solution to Eq. (3.168) is known: (xi, Yi). Express
f(x, y) and g(x, in two-variable Taylor series about (xi , Yi), andevaluate the Taylor series
at (x*, y*). Thus,

f(x*, y*) = fi + fx Ii(x* - xi) + fy Ii(Y* - Yi) + .... 0

g(x*, y*) = gi + gx ]i( x* - xi) + gy Ii(Y* - Yi) -I- .... 0

(3.169a)

(3.169b)
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Truncating Eq. (3.169) after the first derivative terms and rearranging yields

fxli ~i +fyli zXy,. = -f

gxli Axi +gyli zXYi = -gi

where Axi and Ayi denote (x* -xi) and (y* -Yi), respectively. Thus,

xi+1 = xi q-- Axi

Yi+l = Yi + Ayi

171

(3.170a)

(3.170b)

(3.171a)

(3.171b)

Equations (3.170) and (3.171) are applied repetitively until either one or both of 
following convergence criteria are satisfied:

IAxil _< ex and [AYil < ey (3.172a)

If(xi+~,yi+~) <_ and Ig(xi+l,Yi+l)[ < eg (3.172b)

Example 3.12. Newton’s method for two coupled nonlinear equations.

As an example of Newton’s method for solving two nonlinear equations, let’s solve the
four-bar linkage problem presented in Section 3.1. Recall the two scalar components of the
vector loop equation, Eq. (3.2):

f(O2, 03) = 2 COS(02) +r3cos(03) -t-4 COS(04) -- r1---= 0

g(O2, 03) = 2 sin(02) ÷3 sin(03) + r4 sin(04) = 0

(3.173a)

(3.173b)

where r~ to r4 are specified, 04 is the input angle, and 02 and 03 are the two output angles.
Let 0~’ and 0~’ be the solution to Eq. (3.173), and 02 and 03 be an approximation 

the solution. Writing Taylor series for f(02, 03) and g(O2, 03) about (02, 03) and evaluating
0*at (2,0~) gives

0*f(2,0~) =flo2,o3 +Jb210~,03 A02 +Jb310:,03 A03 + .... 0 (3.174a)

0*g(2,0~) = glo2,o3 +go~1o2,o3 A02 +go31o2,o3 A03 + .... 0 (3.174b)

where A02 = (0~’ - 02) and A03 = (0~’ - 03). From Eq. (3.173),

j~: = -r 2 sin(02) and Jb~ = -r3 sin(03) (3.175a)

go2 = r2 cos(02) and go3 = r3 c°s(03) (3.174b)

Solving Eqs. (3.174) for A02 and A03 yields the following equations:

(J~2102,03) A02 + (J4~ 3102,03) A03 = --f(02, 03)

(goz 102,03) A02 + (go3102,03) A03 = -g(02, 03)

(3.176a)

(3.176b)

Equations (3.176a) and (3.176b) can be solved by Cramer’s rule or Gauss elimination.
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Table 3.14. Newton’s Method for Two Coupled Nonlinear Equations

Chapter 3

02, deg 03, deg f(02, 03) g(O2, 03) AO2, deg A03, deg

30.000000 0.000000 0.131975E + 00 0.428850E + 00 2.520530 -4.708541
32.520530 -4.708541 -0.319833E--01 -0.223639E--02 -0.500219 0.333480
32.020311-4.375061 -0.328234E--03 -0.111507E-- 03 -0.005130 0.004073
32.015181-4.370988 -0.405454E--07 -0.112109E--07 -0.000001 0.000000
32.015180-4.370987

For the problem presented in Section 3.1, r 1 = 10, r2 = 6, r 3 = 8, and r4 = 4.
Consider the Case where 04 = 220.0 deg. Let 0(21) = 30.0 deg and 1) = 0.0 deg. From
Eq. (3.173):

f(30.0, 0.0) = 6.0 cos(30.0) + 8.0 cos(0.0) + 4.0 cos(220.0) - 10.0 = 

(3.177a)

(3.177b)g(30.0, 0.0) = 6.0 sin(30.0) + 8.0 sin(0.0) + 4.0 sin(220.0) = 

Equations (3.175a) and (3.175b) 

J~2 = -6.0 sin(30.0) = -3.000000 and J~3 = -8.0 sin(0.0) = 0.0 (3.178a)

go2 = 6.0cos(30.0) = 5.196152 and go3 = 8.0 cos(0.0) = 8.0 (3.178b)

Substituting these results into Eq. (3.176) gives

-3.000000 A02 + 0.0 A03 = -0.131975 (3.179a)

5.196152 A02 + 8.0 A03 ---- -0.428850 (3.179b)

Solving Eq. (3.179) gives

A02 = 0.043992(180/~z) = 2.520530 deg (3.180a)

A03 = -0.082180(180/r0 = -4.708541 deg (3.180b)

where the factor (180/re) is needed to convert radians to degrees. Thus,

0z = 32.520530 deg and 03 = -4.708541 deg (3.181)

These results and the results of subsequent iterations are presented in Table3.14. Four
iterations are required’to satisfy the convergence criteria IA02I _< 0.000001and 1031 <
0.000001. These results were obtained on a 13-digit precision computer. As illustrated in
Figure 3.1, 02 = ~b. From Table 3.1, ~b = 32.015180deg, which is the same as 02.

In the general case,

where f(x) r = [J~(x) j~(x)

(3.170) and (3.171) become

AA=f ]

¯ .. L(x)]andxr=[xl xz ""

(3.182)

x,]. In this case, Eqs.

(3.183)
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where A is the n × n matrix of partial derivatives,

(f~)x~(Jl)x~ " (Jq)xo

A= (f~)x~ (fz)x2 "’" (J~)x, (3.184)

(LL, (L)x2 .. (L)xo

A is the column vector of conections,

~r=[~ ~ ... ~.] (3.185)

and f is the col~ vector of ~nction values

fr = [~ A "’" LI (3.186)

The most costly p~ of solving systems of nonline~ equations is ~e evaluation of
the matrix of p~ial derivatives, A. Le~ing A be const~t may yield a much less costly
solution. However, A must be reasonably acetate for ~is procedure to work. A strategy
based on making several co~ections using const~t A, then reevaluating A, may yield the
most economical solution.

In si~ations where the paaial derivatives off(x) cannot be evaluated anal~ically, the
above procedure cannot be applied. One alternate approach is to estimate the pa~ial
derivatives in Eq. (3.184) numerically. Thus,

=f(x + ~j) -f(x) (i,j = 1,2 ..... n) (3.187)

This procedure has ~o disadvantages. First, the number of calculations is increased.
Secon~ if ~j is too small, ro~d-off e~ors pollute the solution, ~d if ~j is too l~ge, the
convergence rate can decrease to first order. Neve~heless, ~is is one procedure for solving
systems of nonlinear equations where the pa~ial derivatives of f(x) cabot be dete~ined
~alytically.

An alternate approach involves constructing a single nonline~ Nnction F(x) 
adding together the sums of the squ~es of the individual Nnctions f(x). The nonlinear
~ction F(x) has a global minimum of zero when all of the individual ~ctions are zero.
Multidimensional minimization tec~iques can be applied to minimize F(x), which yields
the solution to the system of nonlinear equations, f(x) = 0. De~is et al. (1983) discuss
such procedures.

3.8 PROGRAMS

Three FORTRAN subroutines for solving nonlinear equations are presented in this section:

1. Newton’s method
2. The secant method
3. Newton’s method for two simultaneous equations

The basic computational algorithms are presented as completely self-contained
subroutines suitable for use in other programs. Input data and output statements are
contained in a main (or driver) program written specifically to illustrate the use of each
subroutine.
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3.8.1. Newton’s Method

The general algorithm for Newton’s method is given by Eq. (3.55):

f(xi) (3.188)xi+1 = xi f,(xi)

A FORTRAN subroutine, subroutine newton, for implementing Newton’s method is
presented in Program 3.1. Subroutine newton requires a function subprogram, function
funct, which evaluates the nonlinear equation of interest. Function funct must be
completely self-contained, including all numerical values and conversion factors. The
value ofx is passed to function funct, and the values off(x) andf’(x) are returned asf 
j~v, respectively. Every nonlinear equation requires its own individual function funct.
Subroutine newton calls function funct to evaluatef(x) andf’(x) for a specified value of 
applies Eq. (3.188), checks for convergence, and either continues or returns. After iter
iterations, an error message is printed and the solution is terminated. Program 3.1 defines
the data set and prints it, calls subroutine newton to implement the solution, and prints the
solution.

Program 3.1. Newton’s method program.

1000
1010
1020

program main

main program to illustrate nonlinear equation solvers

xl first guess for the root

iter number of iterations allowed

tol convergence tolerance

iw intermediate results output flag: 0 no, 1 yes

data xl,iter, tol,iw / 30.0, I0, 0.000001, 1 /
write (6,1000)

write (6, 1010)

call newton (xl, iter, tol, iw, i 
call funct (xl,fl,fpl)

write (6,1020) i,xl,fl

sto~

format ( ’ Newtons method’)
format (" "/’ i’,6x, "xi’,lOx, "fi’,12x, ’fpi’,llx, "xi+l’/’ ’)

format (i4,f12.4.g, f14.8)

end

c

i000 format

subroutine newton (xl , i ter, tol , iw, i 

Newton "s method

do i=l,iter
call funct (xl,fl,fpl)

dx=-fl/fpl

x2 =xl +dx

if (iw. eq.l) write (6,1000) i,xl,fl,fpl,x2

xl =x2

if (abs(dx).le. tol) return

end do

write (6,1010)

return
(i4, f12.4.g, 2f14.8, f12.6)
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1010 format (" ’/’ Iterations failed to converge’)

end

function funct (x, f, fp)

evaluates the nonlinear function

data rl,r2,r3,alpha / 1.66666667, 2.5, 1.83333333, 40.0 /

rad=acos (-i. 0)/180.0
f=rl *cos (alpha *rad) -r2 *cos (x*rad) +r3-cos ((alpha-x) 

fp= (r2*sin (x*rad) -sin ((alpha-x) *rad) 

return

end

The data set used to illustrate subroutine newton IS taken from Example 3.4. The
output generated by the Newton method program is presented in Output 3.1.

Output 3.1. Solution by Newton’s method.

Newtons method

i xi fi fpi xi +i

1 30.000000 -0.03979719 0.01878588 32.118463

2 32.118463 0.00214376 0.02080526 32.015423

3 32.015423 0.00000503 0.02070767 32.015180

4 32.015180 0.00000000 0.02070744 32.015180

4 32.015180 0.00000000

Subroutine newton can be used to solve most of the nonlinear equations presented
in this chapter. The values in the data statement must be changed accordingly, and
the function subprogram, function funct, must evaluate the desired nonlinear equation.
Complex roots can be evaluated simply by declaring all variables to be complex variables.
As an additional example, function funct presented below evaluates a real coefficient
polynomial up to fourth degree. This function funct is illustrated by solving Example 3.7.
Simple roots can be evaluated directly. Multiple roots can be evaluated in three ways:
directly (which reduces the order to first order), by including the multiplicity m as 
coefficient off(x) in function funct, or by defining u(x) = f(x)/f’(x) in function funct.

Polynomial function funct.

function funct (x, f, fp)
evaluates a polynomial of u;9 to fourth degree

data aO, al,a2,a3,a4 / -2.0, 4.0, -3.0, 1.0, 0.0 /

f=a O+al *x +a2 *x * "2+a3 *x* "3+a4 * x* *4
fp=al +2.0 *a2 *x+3 . 0 *a3 *x* *2+4.0 *a4 *x* *3

return

end
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The data set used to illustrate the polynomial function funct is taken from Example

3.7. The results are presented below.

Solution by Newton’s method.

Newtons method

i xi fi fpi xi +i

1 1.500000 0.62500000 1.75000000 1.142857
2 1.142857 0.14577259 1.06122449 1.005495
3 1.005495 0.00549467 1.00009057 1.000000
4 1.000000 0.00000033 1.00000000 1.000000
4 1.000000 0.00000000

3.8.2. The Secant Method

The general algorithm for the secant method is given by Eq. (3.80):

f(xi)
Xi+ 1 = Xi gt(xi) (3.189)

A FORTRAN subroutine, subroutine secant, for implementing the secant method is
presented below. Subroutine secant works essentially like subroutine newton discussed in

Section 3.8.1, except two values of x, x~ and x2, are supplied instead of only one value.

Program 3.2 defines the data set and prints it, calls subroutine secant to implement the

secant method, and prints the solution. Program 3.2 shows only the statements which are

different from the statements in Program 3.1.

Program 3.2. The secant method program.

c
c

i000

i010

program main

main program to illustrate nonlinear equation solvers

x2 second guess for the root

data xl,x2, iter, tol,iw / 30.0, 40.0, I0, 0.000001, 1 /

call secant (xl,x2, iter, tol, iw, i)

call funct (xl,fl)

format (" The secant method’)
format (" "/" i’,6x, "xi’,lOx, "fi’,12x, "gpi’,llx, "xi+l’/"

end

(xl,x2, iter, tol, iw, i)subroutine secant

the secant method

call funct (xl, fl)

if (iw. eq.l) write (6,1000) i,xl,fl

do i=l, iter

call funct (x2, f2)

gp2= (f2-fl) / (x2-xl)
dx=- f2/gp2

x3 =x2 +dx

,)
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1000
1010

if (iw. eq.l) write (6,1000) i,x2, f2,gp2,x3

xl =x3

if (abs(dx).le. tol) return

xl =x2

fl=f2

x2=x3

end do

write (6, 1010)

return

format (i4,f12.4.g, 2f14.8, f12.6)

format (" "/’ Iterations failed to converge’)

end

function funct (x, f)

evaluates the nonlinear function

end

The data set used to illustrate subroutine secant is taken from Example 3.5. The
output generated by the secant method program is presented in Output 3.2.

Output 3.2. Solution by the secant method.

The secant method

i xi fi gpi xi + 1

0 30.000000 -0.03979719

1 40.000000 0.19496296 0.02347602 31.695228

2 31.695228 -0.00657688 0.02426795 31.966238

3 31.966238 -0.00101233 0.02053257 32.015542

4 32.015542 0.00000749 0.02068443 32.015180

5 32.015180 -0.00000001 0.02070761 32.015180

5 32.015180 0.00000000

3.8.3. Newton’s Method for Two Coupled Nonlinear Equations

The general algorithm for Newton’s method for two simultaneous nonlinear equations is
given by Eqs. (3.170) and (3.17 

fxli Axi + fyli AYi = -fi

gxli Axi ’~ gyli Ayi = --gi

Xi+1 ~- Xi -~- AxiYi+l = Yi ~t_ Ayi

(3.190a)

(3.190b)

(3.191a)

(3.191b)

The general approach to this problem is the same as the approach presented in Section
3.8.1 for a single nonlinear equation. A FORTRAN subroutine, subroutine simul, for
implementing the procedure is presented below. Program 3.3 defines the data set and prints
it, calls subroutine s#nul to implement the solution, and prints the solution.



¯ 178 Chapter 3

Program 3.3. Newton’s method for simultaneous equations program.

c
c
c
c
c

program main

main program to illustrate nonlinear equation solvers

xl,yl first guess for the root

iter number of iterations allowed

tol convergence tolerance

iw intermediate results output flag: 0 no, 1 yes

data xl,yl,iter, tol,iw / 30.0, 0.0, i0, 0.000001, 1 /

write (6,1000)

write (6,1010)
call simul (xl,yl,iter, tol,iw, i)

call funct (xl , yl , fl , gl, fx, fy, gx, gy)

write (6,1020) i,xl,yl,fl,gl

stop

1000 format (" Newtons method for two coupled nonlinear equations’)

1010 format (’ ’/’ i’,6x, "xi’,lOx, "yi’,9x, "fi’,lOx, "gi’,9x, ’dx’,

1 6x, "dy’/" ")

1020 format (i3,2f12.6,2e12.4)

end

i000

1010

subroutine simul (xl,yl, iter, tol, iw, i)

Newton’s method for two coupled nonlinear equations

do i=l,iter

call funct (xl,yl, fl, gl, fx, fy, gx, gy)

del =fx*gy-fy*gx
dx= ( fy*gl -fl *gy/ /del

dy= ( fl *gx-fx*gl )/del

x2 =xl +dx

y2 =yl +dy

if (iw. eq.l) write (6,1000) i,xl,yl,fl,gl,dx, 

xl =x2
yl=y2

if ( (abs (dx) . le. tol) . and. (abs (dy) . le. tol) 

end do

write (6, 1010)

return

format (i3,2f12.6,2e12.4,2f8.4)
format (’ "/" Iteration failed to converge’)

end

c

function funct (x,y,f,g, fx, fy, gx, gy)

evaluates the two nonlinear functions

data rl,r2,r3,r4, theta4 / I0.0, 6.0, 8.0, 4.0, 220.0 /
rad=acos (-I. O)/180.0

f=r2 *cos (x’tad) +r3 *cos (y’tad) +r4 *cos ( theta4 *rad) 

g=r2 *sin (x*rad) +r3 *sin (y*rad) +r4 *sin ( theta4 

fx= (-r2 *sin (x*rad) ) * 

fy= ( -r3 *sin (y*rad) ) 

gx= (r2 *cos (x*rad) ) 

gy= (r3 *cos (y*rad) ) 

return
end



Nonlinear Equations 179

The data set used to illustrate subroutine sitnu[ is taken from Example 3.12. The
output is presented in Output 3.3.

Output 3.3. Solution by Newton’s method for simultaneous equations.

Newtons method for two coupled nonlinear equations

i xi yi fi gi dx dy

1 30.000000 0.000000 0.1320E+00 0.4288E+00 2.5205 -4.7085
2 32.520530 -4.708541 -0.3198E-01 -0.2236E-02 -0.5002 0.3335
3 32.020311 -4.375061 -0.3282E-03 -0.1115E-03 -0.0051 0.0041
4 32.015181 -4.370988 -0.4055E-07 -0.1121E-07 0.0000 0.0000
4 32.015180 -4.370987 0.0000E+00 0.0000E+00

3.8.4. Packages for Nonlinear Equations

Numerous libraries and software packages are available for solving nonlinear equations.
Many workstations and mainframe computers have such libraries attached to their
operating systems.

Many commercial software packages contain nonlinear equation solvers. Some of
the more prominent packages are Matlab and Mathcad. More sophisticated packages, such
as IMSL, Mathematica, Macsyma, and Maple, also contain nonlinear equation solvers.
Finally, the book Numerical Recipes (Press et al., 1989) contains numerous subroutines for
solving nonlinear equations.

3.9 SUMMARY

Several methods for solving nonlinear equations are presented in this chapter. The
nonlinear equation may be an algebraic equation, a transcendental equation, the solution
of a differential equation, or any nonlinear relationship between an input x and a response
f(x).

Interval halving (bisection) and false position (regula falsi) converge very slowly, 
are certain to converge because the root lies in a closed interval. These methods are not
recommended unless the nonlinear equation is so poorly behaved that all other methods
fail.

Fixed-point iteration converges only if the derivative of the nonlinear function is less
than unity in magnitude. Consequently, it is not recommended.

Newton’s method and the secant method are both effective methods for solving
nonlinear equations. Both methods generally require reasonable initial approximations.
Newton’s method converges faster than the secant method (i.e., second order compared to
1.62 order), but Newton’s method requires the evaluation of the derivative of the nonlinear
function. If the effort required to evaluate the derivative is less than 43 percent of the effort
required to evaluate the function itself, Newton’s method requires less total effort than the
secant method. Otherwise, the secant method requires less total effort. For functions whose
derivative cannot be evaluated, the secant method is recommended. Both methods can find
complex roots if complex arithmetic is used. The secant method is recommended as the
best general purpose method.

The higher-order variations of Newton’s method and the secant method, that is, the
second-order Taylor series method and Muller’s method, respectively, while quite effective,
are not used frequently. This is probably because Newton’s method and the secant method
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are so efficient that the slightly more complicated logic of the higher-order methods is not
justified.

Polynomials can be solved by any of the methods for solving nonlinear equations.
However, the special features of polynomials should be taken into account.

Multiple roots can be evalt/ated using Newton’s basic method or its variations.
Complex roots can be evaluated by Newton’s method or the secant method by using

complex arithmetic and complex initial approximations. Complex roots can also be
evaluated by Bairstow’s method for quadratic factors.

Solving systems of nonlinear equations is a difficult task. For systems of nonlinear
equations which have analytical partial derivatives, Newton’s method can be used.
Otherwise, multidimensional minimization techniques may be preferred. No single
approach has proven to be the most effective. Solving systems of nonlinear equations
remains a difficult problem.

After studying Chapter 3, you should be able to:

1. Discuss the general features of root finding for nonlinear equations
2. Explain the concept of bounding a root
3. Discuss the benefits of graphing a function
4. Explain how to conduct an incremental search
5. Explain the concept of refining a root
6. Explain the difference between closed domain (bracketing methods) and open

domain methods
7. List several closed domain (bracketing) methods
8. List several open domain methods
9. Discuss the types of behavior of nonlinear equations in the neighborhood of a

root
10. Discuss the general philosophy of root finding
11. List two closed domain (bracketing) methods
12. Explain how the internal halving (bisection) method works
13. Apply the interval halving (bisection) method
14. List the advantages and disadvantages of the interval halving (bisection)

method
15. Explain how the false position (regula falsi) method works
16. Apply the false position (regula falsi) method
17. List the advantages and disadvantages of the false position (regula falsi)

method
18. List several open domain methods
19. Explain how the fixed-point iteration method works
20. Apply the fixed-point iteration method
21. List the advantages and disadvantages of the fixed-point iteration method
22. Explain how Newton’s method works
23. Apply Newton’s method
24. List the advantages and disadvantages of Newton’s method
25. Explain and apply the approximate Newton’s method
26. Explain and apply the lagged Newton’s method
27. Explain how the secant method works
28. Apply the secant method
29. List the advantages and disadvantages of the secant method
30. Explain the lagged secant method
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31. Explain how Muller’s method works
32. Apply Muller’s method
33. List the advantages and disadvantages of Muller’s method
34. Discuss the special features of polynomials
35. Apply the quadratic formula and the rationalized quadratic formula
36. Discuss the applicability (or nonapplicability) of closed domain methods and

open domain methods for finding the roots of polynomials
37. Discuss the problems associated with finding multiple roots and complex roots
38. Apply Newton’s basic method and its variations to find all the roots of a

polynomial
39. Apply deflation to a polynomial
40. Explain the concepts tmderlying Bairstow’s method for finding quadratic

factors
41. Apply Bairstow’s method to find real or complex roots
42. Discuss and give examples of the pitfalls of root finding

-43. Suggest ways to get around the pitfalls
44. Explain the concepts underlying Newton’s method for a system of nonlinear

equations
45. Apply Newton’s method to a system of nonlinear equations

EXERCISE PROBLEMS

In all of the problems in this chapter, carry at least six significant figures in all calculations,
unless otherwise noted. Continue all iterative procedures until four significant figures have
converged, unless otherwise noted. Consider the following four nonlinear equations:

f(x) = x cos(x) = (A) f(x) = ex - sin(rex/3) = (B)

f(x) = ex - 2x - 2 = 0 (C) f(x) = x3 - 2x2 - 2x + 1 = 0 (D)

3.2

Interval

1.
2.
3.
4.
5.

Closed Domain Methods

Halving

Solve Eq. (A) by interval-halving starting with x = 0.5 and 1.0.
Solve Eq. 03) by interval-halving starting with x = -3.5 and -2.5.
Solve Eq. (C) by interval-halving starting with x = 1.0 and 2.0.
Solve Eq. (D) by interval-halving starting with x = 0.0 and 1.0.
Find the two points of intersection of the two curves y = ex and y = 3x + 2
using interval halving. Use (-1.0 and 0.0) and (2.0 and 3.0) as starting values.

6. Find the two points of intersection of the two curves y = ex and y = x4 using
interval halving. Use (-1.0 and 0.0) and (1.0 and 2.0) as starting values.

7. Problems 1 to 6 can be solved using any two initial values ofx that bracket the
root. Choose other sets of initial values ofx to gain additional experience with
interval halving.

False Position

8. Solve Eq. (A) by false position starting with x = 0.5 and 1.0.
9. Solve Eq. (B) by false position starting with x = -3.5 and -2.5.

10. Solve Eq. (C) by false position starting with x = 1.0 and 2.0.
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11. Solve Eq. (D) by false position starting with x = 0.0 and 1.0.
12. Find the two points of intersection of the two curves y = e~ and y = 3x + 2

using false position. Use (-1.0 and 0.0) and (2.0 and 3.0) as starting values.
13. Find the two points of intersection of the two curves y = ex and y = x4 using

false position. Use (-1.0 and 0.0) and (1.0 and 2.0) as starting values.
14. Problems 8 to 13 can be solved using any two initial values ofx that bracket

the root. Choose other sets of initial values of x to gain additional experience
with false position.

3.4

Fixed-Point Iteration

15. Solve Eq. (A)
16. Solve Eq. (A)
17. Solve Eq. (B)
18. Solve Eq. (B)
19. Solve Eq. (C)
20. Solve Eq. (C)
21. Solve Eq. (D)
22.
23.

Open Domain Methods

by fixed-point iteration with x0 = 0.5.
by fixed-point iteration with x0 = 1.0.
by fixed-point iteration with x0 = -3.5.
by fixed-point iteration with x0 = -2.5.
by fixed-point iteration with x0 = 1.0.
by fixed-point iteration with x0 = 2.0.
by fixed-point iteration with x0 --- 0.0.

Solve Eq. (D) by fixed-point iteration with 0 =1.0.
Problem 5 considers the function f(x)= ex -(3x + 2)= 0, which can 
rearranged into the following three forms: (a) x = x - (2x+2), (
x = (e~ - 2)/3, and (c) x = ln(3x + 2). Solve for the positive root by fixed-
point iteration for all three forms, with xo = 1.0.

24. Solve Problem 6 by fixed-point iteration with x0 = -1.0 and x0 = 1.0.
25. The function f(x) = (x 2)(x - 4)2 - 2x- 8= 0 hasthe two roots

x = -2 and 4. Rearrange f(x) into the form x = g(x) to obtain the root (a)
x = -2 and (b) x = 4, starting with 0 =- 1 and 3,respectively. Thefunction
f(x) can be rearranged in several ways, for example, (a) x 8/(x - 2), (b
x = (2x+ 8)1/2, and (c) x = 2 -8)/2. On e fo rm always converges to
x = -2, one form always converges to x = 4, and one form always diverges.
Determine the behavior of the three forms.

26. For what starting values ofx might the expression x = 1/(x + 1) not converge?
27. The function f(x)= e~ -3x2= 0 has three roots. The function can be re-

arranged into the form x = -I- [e~/3]1/2. Starting with x0 = 0.0, find the roots
corresponding to (a) the + sign (near x = 1.0) and (b) the - sign (near 
(c) The third root is near x = 4.0. Show that the above form will not converge
to this root, even with an initial guess close to the exact root. Develop a form of
x = g(x) that will converge to this root, and solve for the third root.

28. The cubic polynomial f(x) = x3 + 3x2 - 2x - 4 = 0 has a root near x = 1.0.
Find two forms of x = g(x) that will converge to this root. Solve these two
forms for the root, starting with x0 = 1.0.

Newton’s Method

29. Solve Eq. (A) by Newton’s method. Use 0 =1.0 asthestarting value.
30. Solve Eq. (B) by Newton’s method. Use Xo = -3.0 as the starting value.
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31. Solve Eq. (C) by Newton’s method. Use 0 =1.0 asthestarting value.
32. Solve Eq. (D) by Newton’s method. Use 0 =1.0 asthestarting value.
33. Find the positive root off(x) = ~5 -1 = 0 byNewton’s method, starting wit h

x0 -- 1.1.
34. Solve Problem 33 using x = 0.5 as the initial guess. You may want to solve this

problem on a computer, since a large number of iterations may be required.
35. The nth root of the number N can be found by solving the equation

x~ - N = 0. (a) For this equation, show that Newton’s method gives

36.

Xi+l -- n (E)

Use the above result to solve the following problems: (a) (161)t/3, (b)
(21.75)2/4, (c) (238.56)1/5. Use x = 6.0, 2.0, and 3.0, respectively, as starting
values.
Consider the function f(x)= e~ -2x2= 0. (a) Find the two positive roots
using Newton’s method. (b) Find the negative root using Newton’s method.

The Secant Method

37. Solve Eq. (A) by the secant method. Use x = 0.5 and 1.0 as starting values.
38. Solve Eq. (B) by the secant method. Use 0 =-3.0 and -2.5 asstarting

values.
39. Solve Eq. (C) by the secant method. Use 0 =1.0 and 2.0 asstarting values.
40. Solve Eq. (D) by the secant method. Use 0 =0.0 and 1.0 asstarting values.
41. Find the positive root off(x)= 15- 1= 0 bythesecant method using

x = 1.2 and 1.1 as starting values.
42. Solve Problem 41 by the secant method with x = 0.5 and 0.6 as starting

values. You may want to solve this problem on a computer, since a large
number of iterations may be required.

43. Solve Problems 35(a) to (c) by the secant method. Use the starting values given
there for x0 and let x~ = 1. lx0.

44. Solve Problem 36 using the secant method.

3,5, Polynomials

45. Use Newton’s method to find the real roots of the following polynomials:

(a) x3-5x2+7x-3=O (b) x4-9x3+24x2-36x+80=0

(c) 3-2x2-2x+I =0  (d) 3+4x2-8x-2=0

46. Use Newton’s method to find the complex roots of the following polynomials:

(a) x4-9x3-k24x2-36x+80=0 (b) x3-t-2x2q-x-t-2-----0

(c) 5 - 15x4 -1- 85x3 - 226x2 + 274x - 120 = 0
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3.7

3.8,

Chapter 3

Systems of Nonlinear Equations

Solve the following systems of nonlinear equations using Newton’s method.

47. (x -- 1)2 q- (y - 2)2 = 3 and x2/4 +y2/3 = 1. Solve for all roots.
48. y = cosh(x) and z +y~= 2. Solve forbothroots.
49. x2 +y2 = 2x +y and x2/4 +y~ = 1. Solve for all four roots.
50. y2(] _x)=x3 andx2+y2 = 1.
51. X3 _~ y3 _ 3xy = 0 and x2 + y2 = 1.
52. (xz + y~)2 = 2xy and y = 3.

53. (2x) 2/3 +y2/3 = (9)1/3 and x~/4 +y~ = 1.

54.

55.
56.

57.
58.

59.
60.

61.

62.

63.

64.

Programs

Implement the Newton method program presented in Section 3.8.1. Check out
the program using the given data set.
Work any of Problems 29 to 36 using the Newton method program.
Implement the secant method program presented in Section 3.8.2. Check out
the program using the given data set.
Work any of Problems 37 to 44 using the secant method program.
Implement the Newton method program presented in Section 3.8.3 for solving
simultaneous equations. Check out the program using the given data set.
Work any of Problems 5, 6, or 47 to 53 using the Newton method program.
Write a computer program to solve Freudenstein’s equation, Eq. (3.3), by the
secant method. Calculate 05 for ~ = 40deg to 90deg in increments
As = 10deg. For ~ = 40deg, let ~b0 = 25deg and 051 = 30deg. For subse-
quent values of ~, let 05o be the solution value for the previous value of ~, and

051 = 05o + 1.0. Continue the calculations until 05 changes by less than
0.00001 deg. Design the program output as illustrated in Example 3.5.
Write a computer program to solve the van der Waal equation of state, Eq. (G)
in Problem 69, by the secant method. Follow the procedure described in
Problem 69 to initiate the calculations. Design the program output as illustrated
in Example 3.5. For P = 10,000kPa, calculate v corresponding to T = 700,
800, 900, 1000, 1100, 1200, 1300, 1400, 1500, and 1600K. Write the
program so that all the cases can be calculated in one run by stacking input
data decks.
Write a computer program to solve the Colebrook equation, Eq. (I) in Problem
70, by the secant method for the friction coefficientf for specified value of the
roughness ratio e/D and the Reynolds number, Re. Use the approximation
proposed by Genereaux (1939), Eq. (J), and 90 percent of that value as 
initial approximations. Solve Problem 70 using the program.
Write a computer program to solve the M - e equation, Eq. (K) in Problem 71,
by Newton’s method for specified values of ? and 5. (a) Solve Problem 71,
using the program. (b) Construct a table of M versus e for 1.0 < ~ < 10, for
subsonic flow, in increments Ae=0.1. For 5= 1.1, let M0 =0.8. For
subsequent values of 5, let M0 be the previous solution value.
Write a computer program to solve the M - e equation, Eq. (K) in Problem 71,
by the secant method for specified values of 7 and 5. (a) Solve Problem 
using the program. (b) Construct a table of M versus e for 1.0 < e < 10, for
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65.

supersonic flow, in increments Ae = 0.1. For ~ = 1.1 let M0 = 1.2 and

M1 = 1.3. For subsequent values of e, let M0 be the previous solution value
and M~ = 1.1M0.
Write a computer program to solve Eq. (L) in Problem 73 by the secant method
for specified values of y, 3, and M1. (a) Solve Problem 73 using the program.
(b) Construct
a table of M versus 6 for ~ = 1.4 and M~ = 1.0, for 0 < 6 < 40deg, in
increments A6 = 1.0 deg. For 6 = 1.0 deg, let Mo = 1.06 and M~ = 1.08. For
subsequent values of 6, let M0 be the previous solution value and
M~ = 1.01M0.

APPLIED PROBLEMS

Several applied problems from various disciplines are presented in this section. All of
these problems can be solved by any of the methods presented in this chapter. An infinite
variety of exercises can be constructed by changing the numerical values of the parameters
of the problem, by changing the starting values, or both.

66. Consider the four-bar linkage problem presented in Section 3.1. Solve for any
(or all) of the results presented in Table 3.1.

67. Consider the four-bar linkage problem presented in Section 3.1. Rearrange this
problem to solve for the value of r1 such that ~b = 60 deg when a = 75 deg.
Numerous variations of this problem can be obtained by specifying combina-
tions of ~b and a.

68. Solve the four-bar linkage problem for 04 = 210 deg by solving the two scalar
components of the vector loop equation, Eq. (3.2), by Newton’s method. Let
the initial guesses be 02 = 20 deg and 03 = 0 deg. Continue the calculations
until 02 and 03 change by less than 0.00001 deg. Show all calculations for the
first iteration. Summarize the first iteration and subsequent iterations in a table,
as illustrated in Example 3.12.

69. The van der Waal equation of state for a vapor is

where P is the pressure (Pa = N/m2), v is the specific volume (m3/kg), 
the temperature (K), R is the gas constant (J/kg-K), and a and b are empirical
constants. Consider water vapor, for which R=461.495J/kg-K, a=
1703.28Pa-(m3/kg)3, and b=0.00169099(m3/kg). Equation (F) can 
rearranged into the form

Pv3 - (Pb + RT)v2 + av - ab = 0 (G)

Calculate the specific volume v for P = 10,000kPa and T = 800K. Use the
ideal gas law, Pv = RT, to obtain the initial guess (or guesses). Present the
results in the format illustrated in the examples.

70. When an incompressible fluid flows steadily through a round pipe, the pressure
drop due to the effects of wall friction is given by the empirical formula:

AP=-O.5fpV~(~) (H)
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71.

72.

73.

where ~ is the pressure drop, p is the density, V is the velocity, L is the pipe
length, D is the pipe diameter, andf is the D’Arcy friction coefficient. Several
empirical formulas exist for the friction coefficient f as a function of the
dimensionless Reynolds number, Re = DVp/#, where # is the viscosity. For
flow in the turbulent regime between completely smooth pipe surfaces and
wholly rough pipe surfaces, Colebrook (1939) developed the following
empirical equation for the friction coefficient f:

-2 log10 e/D
f~/2

(3.7 + 2.51 "~-
where ~ is the pipe surface roughness. Develop a procedure to determinef for
specified values of ~/D and Re. Use the approximation proposed by Genereaux
(1939) to determine the initial approximation(s):

f = 0.16 Re-° ’] 6 (J)

Solve forf for apipe having e/D = 0.001 for Re = 10n, for n = 4, 5, 6, and 7.
Consider quasi-one-dimensional isentropic flow of a perfect gas through a
variable-area channel. The relationship between the Mach number M and the
flow area A, derived by Zucrow and Hoffman [1976, Eq. (4.29)], is given 

where A* is the choking area (i.e., the area where M = 1) and y is the specific
heat ratio of the flowirlg gas. For each value of e, two values of M exist, one
less than unity (i.e., subsonic flow) and one greater than unity (i.e., supersonic
flow). Calculate both values of M for e = 10.0 and 7 = 1.4 by Newton’s
method. For the subsonic root, let M0 = 0.2. For the supersonic root, let
M0 = 5.0.
Solve Problem 71 by the secant method. For the subsonic root, let M0 = 0.4
and M~ = 0.6. For the supersonic root, let M0 = 3.0 and M~ = 4.0.
Consider isentropic supersonic flow around a sharp expansion comer. The
relationship between the Mach number before the comer (i.e., M~) and after the
comer (i.e., M2), derived by Zucrow and Hoffman [1976, Eq. (8.11)], is given
by

-- ((tan-l((M~ -- 1) 1/2) --tan-l((M? - 1)1/2)) 

where b = (7 + 1)/(7 - 1) and ~ is the specific heat ratio of the gas. Develop 
procedure to solve for M2 for specified values of 7, c5, and M~. For 7 = 1.4,
solve for M2 for the following combinations of M~ and ~: (a) 1.0 and I0.0 deg,

~M! 1.0 and 20.0deg, (c) 1.5 and 10.0deg, and (d) 1.5 and 20.0deg. 0) = 2.0 and M~1) = 1,5.
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4.1 INTRODUCTION

Figure 4.1 illustrates a set of tabular data in the form of a set of [x,f(x)] pairs. The function
f(x) is known at a finite set (actually eight) of discrete values of x. The value of the
function can be determined at any of the eight values of x simply by a table lookup.
However, a problem arises when the value of the function is needed at any value of x
between the discrete values in the table. The actual function is not known and cannot be
determined from the tabular values. However, the actual function can be approximated by
some known function, and the value of the approximating function can be determined at
any desired value ofx. This process, which is called interpolation, is the subject of Chapter
4. The discrete data in Figure 4.1 are actually values of the functionf(x) 1/x, which is

used as the example problem in this chapter.
In many problems in engineering and science, the data being considered are known

only at a set of discrete points, not as a continuous function. For example, the continuous
function

[y =f(x) 

may be known only at n discrete values of x:

[Yi = y(xi) (i = 1,2 ..... n) 

X Xi=

(4.1)

(4.2)

x f(x)
3.20 0.312500
3.30 0.303030
3.35 0.298507
3.40 0.294118
3.5"0 0.285714
3.60 0.277778
3.65 0.273973
3.70 0.270270

Figure 4.1 Approximation of tabular data.
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(a) x (b) x (c) x

Figure 4.2 Applications of approximating functions. (a) Interpolation. (b) Differentiation. 
Integration.

Discrete data, or tabular data, may consist of small sets of smooth data, large sets of
smooth data, small sets of rough data, or large sets of rough data.

In many applications, the values of the discrete data at the specific points are not all
that is needed. Values of the function at points other than the known discrete points may
be needed (i.e., interpolation). The derivative of the function may be required (i.e.,
differentiation). The integral of the function may be of interest (i.e., integration). Thus, 
processes of interpolation, differentiation, and integration of a set of discrete data are of
interest. These processes are illustrated in Figure 4.2. These processes are performed by
fitting an approximating function to the set of discrete data and performing the desired
process on the approximating function.

Many types of approximating functions exist. In fact, any analytical function can be
used as an approximating function. Three of the more common approximating functions
are:

1. Polynomials
2. Trigonometric functions
3. Exponential functions

Approximating functions should have the following properties:

1. The approximating function should be easy to determine.
2. It should be easy to evaluate.
3. It should be easy to differentiate.
4. It should be easy to integrate.

Polynomials satisfy all four of these properties. Consequently, polynomial approximating
functions are used in this book to fit sets of discrete data for interpolation, differentiation,
and integration.

There are two fundamentally different ways to fit a polynomial to a set of discrete
data:

1. Exact fits
2. Approximate fits

An exactfit yields a polynomial that passes exactly through all of the discrete points, as
illustrated in Figure 4.3a. This type of fit is useful for small sets of smooth data. Exact
polynomial fits are discussed in Sections 4.3 to 4.9. An approximate fit yields a polynomial
that passes through the set of data in the best manner possible, without being required to
pass exactly through any of the data points, as illustrated in Figure 4.3b. Several definitions
of best manner possible exist. Approximate fits are useful for large sets of smooth data and
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Polynomial

¯ Discrete points

(a)

Figure 4.3

Polynomial

¯ Discrete points

x (b) x

Polynomial approximation. (a) Exact fit. (b) Approximate 

small or large sets of rough data. In this book, the least squares method is used for
approximate fits.

A set of discrete data may be equally spaced or unequally spaced in the independent
variable x. In the general case where the data are unequally spaced, several procedures can
be used to fit approximating polynomials, for example, (a) direct fit polynomials, (b)
Lagrange polynomials, and (c) divided difference polynomials. Methods such as these
require a considerable amount of effort. When the data are equally spaced, procedures
based on differences can be used, for example, (a) the Newton forward-difference
polynomial, (b) the Newton backward-difference polynomial, and (c) several other
difference polynomials. These methods are quite easy to apply. Both types of methods
are considered in this chapter.

Several procedures for polynomial approximation are developed in this chapter.
Application of these procedures for interpolation is illustrated by examples. Numerical
differentiation and numerical integration are discussed in Chapters 5 and 6, respectively.

Figure 4.4 illustrates the organization of Chapter 4. After the brief introduction in
this section, the properties of polynomials which make them useful as approximating
functions are presented. The presentation then splits into methods for fitting unequally
spaced data and methods for fitting equally spaced data. A discussion of inverse
interpolation follows next. Multivariate interpolation is then discussed. That is followed
by an introduction to cubic splines. The final topic is a presentation of least squares
approximation. Several programs for polynomial fitting are then presented. The chapter
closes with a Summary which summarizes the main points of the chapter and presents a
list of what you should be able to do after studying Chapter 4.

4.2 PROPERTIES OF POLYNOMIALS

The general form of an nth-degree polynomial is

[ P,(x)= o +a~x + a2x2 +... + anx"] (4.3)

where n denotes the degree of the polynomial and a0 to an are constant coefficients. There
are n + 1 coefficients, so n + 1 discrete data points are required to obtain unique values for
the coefficients.
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Polynomial Approximation
and Interpolation

Properties of Polynomials I

I unequally spaced Data

I DirectFitPolynomials I I

I
Lagrange Polynomials

IDivided Difference Polynomials

.
Inverse Interpolation

Equally Spaced Data

Difference Polynomials

Multivariate Interpolation

ILeast Squares Approximation

Programs

Summary

Figure 4.4 Organization of Chapter 4.

The property of polynomials that makes them suitable as approximating functions is
stated by the Weierstrass approximation theorem:

If f(x) is a continuous function in the closed interval a _< x < b,
then for every e > 0 there exists a polynomial P,(x), where the
the value of n depends on the value of e, such that for all x in
the closed interval a < x _<b,

IP.(x) -f(x)l < ~
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Consequently, any continuous function can be approximated to any accuracy by a
polynomial of high enough degree. In practice, low-degree polynomials are employed,
so care must be taken to achieve the desired accuracy.

Polynomials satisfy a uniqueness theorem:

IA polynomial of degree n passing exactly
through n + 1 discrete points is unique

The polynomial through a specific set of points may take many different forms, but all
forms are equivalent. Any form can be manipulated into any other form by simple
algebraic rearrangement.

The Taylor series is a polynomial of infinite order. Thus,

1
f(x) =f(x0) + f’(xo)(X - Xo) ÷ ~.. f"(xo)(X - x0) 2 -[- ¯ ¯ ¯ (4.4)

It is, of course, impossible to evaluate an infinite number of terms. The Taylor polynomial
of degree n is defined by

f(x) = Pn(x) Rn+l(X) (4.5)

where the Taylor polynomial Pn(x), and the remainder term Rn+l(x) are given by

1
P.(x) =f(xo) + f’(xo)(X - Xo) +... + ~ f(")(Xo)(X (4.6)

1
-- X0)n+l (4.7)Rn+~(x) -- (n 1)! f( n+l)(¢)(x x° < ~ <- x

The Taylor polynomial is a truncated Taylor series, with an explicit remainder, or error,
term. The Taylor polynomial cannot be used as an approximating function for discrete data
because the derivatives required in the coefficients cannot be determined. It does have
great significance, however, for polynomial approximation, because it has an explicit error
term.

When a polynomial of degree n, P~(x), is fit exactly to a set of n + 1 discrete data
points, (xo,fo), 1 ,f ~) ..... (Xn,f,), asill ustrated in Figure 4.5, thepolynomial has no error
at the data points themselves. However, at the locations between the data points, there is an
error which is defined by

Error(x) P,(x) -f (x) (4.8)

It can be shown that the error term, Error(x), has the form

1
Error(x) 

(n + 1)!
(X -- Xo)(X Xl) " " " (X-- Xn)f(n +l)(~) (4.9)

where xo < ~ < xn. This form of the error term is used e.xtensively in the error analysis
of procedures based on approximating polynomials. Equation (4.9) shows that the error
in any polynomial approximation of discrete data (e.g., interpolation, differentiation, or
integration) will be the smallest possible when the approximation is centered in the discrete
data because that makes the (x - xi) terms as small as possible, which makes the product
of those terms the smallest possible.
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f(x)!
Pn(x)

Figure 4.5

Error(x)

~rmr(x) ; Pn(x)-f(x)

X

Error in polynomial approximation.

Differentiation of polynomials is straightforward. For the general term aixi,

d
~X (aixi) : iaixi-1

(4.10)

The derivatives of the nth-degree polynomial Pn(x) are

dP.(x) _ P’.(x) 1 + 2azx +.. . + nanxn-1 = Pn_~(x)
(4.1 la)dx

d2Pn(x) 

dx2 - dx I--~-~ d = PE(x) = 2a2 + 6a3x +’.. + n(n - 1)anxn-2 = P._2(x)

(4.1 lb)

P~."~(x) = n!a. (4.1 In)

p~n+~(X) = (4.12)

Integration of polynomials is equally straightforward. For the general term aixi,

laixi dx ai xi+l
/~ + constant

(4.13)

The integral of the nth-degree polynomial P.(x) is

I = J e.(x)dx = I(ao + alx + " " + a.xn)ax

l = aox + a_l x2 + . . . + an xn+l + constant Pn+l(x)2 n+l

(4.14)

(4.15)
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The evaluation of a polynomial, Pn(x), its derivative, P~(x), or its integral, fPn(x) dx,
for a particular value of x, is straightforward. For example, consider the fourth-degree
polynomial, P4(x), its derivative, P~(x), and its integral, fP4(x)dx:

P4(X) = a0 + alx + a2 x2 + a3 x3 q- a4x4 (4.16a)

P~4(x) = al + 2azx + 3a3x2 + 4a4x3 = P3(x) (4.16b)

I
_~

a2 3 -4- a3 x4 + a4 x5
P4(x) dx = aox + 2 +~ x _ -~_ ~+ constant = P5 (x ) ( 4.16

The evaluation of Eq. (4.16a) requires (0 ÷ 1 + 2 + 3 + 4) = 10 multiplications 
four additions; the evaluation of Eq. (4.16b) requires (2 + 3 + 4) -- 9 multiplications 
three additions; and the evaluation of Eq. (4.16c) requires (1 + 2 + 3 + 4 + 5) 
multiplications, four divisions, and five additions. This is a modest amount of work,
even for polynomials of degree as high as 10. However, if a polynomial must be evaluated
many times, or many polynomials must be evaluated, or very high degree polynomials
must be evaluated, a more efficient procedure is desirable. The nested multiplication
algorithm is such a procedure.

The nested multiplication algorithm is based on the following rearrangement of
Eq. (4.16a):

P4(x) = ao + x{a 1 q-x[a 2 q-x(a 3 q-a4x]} (4. ] 7)

which requires four multiplications and four additions. For a polynomial of degree n,
Pn(x), nested multiplication is given by

Pn(x) +x(al +x {a2 +x[a 3 +. .. +x(an_~ + anx)]}) (4.18)a0

which requires n multiplications and n additions. Equation (4.18) can be evaluated 
constructing the nested multiplication sequence:

bn = an

bi = ai q- xbi+1 (i = n -- 1, n -- 2 ..... O)
(4.19)

where Pn (x) = 0. Equations (4.16b) and (4.16c) can be evaluated in asimilar manner wi
minor modifications to account for the proper coefficients. Nested multiplication is
sometimes called Horner’s algorithm.

Several other properties of polynomials are quite useful. The division algorithm
states that

Pn(x) = (x - N)O,_~(x) (4.20)

where N is any number, Qn_l(x) is a polynomial of degree n - 1, and R is a constant
remainder. The remainder theorem states that

Pn(N) = (4.21)

The factor theorem states that ifPn(N) = 0, then (x - N) is a factor of P~(x), which means
that Nis a root, ~, or zero, ofPn(x). That is, (x -N) = 0, and ~ = 

The derivative of a polynomial P~(x) can be obtained from Eq. (4.20). Thus,

P’~(x) = Qn_~(x) + -N)Q’n_~(x) (4.22)
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Atx=N,

P~,(N) = Qn_I(N) (4.23)

Consequently, first derivatives of an nth-degree polynomial can be evaluated from the
(n- 1)st-degree polynomial Qn_l(x). Higher-order derivatives can be determined 
applying the synthetic division algorithm to Qn_l(x), etc.

The (n- 1)st-degree polynomial Qn_~(x), which can be used to evaluate 
derivative Un(x) and the remainder R, which yields P~(N) = R, can be evaluated by the
synthetic division algorithm. Consider P~(x) in the form given by Eq. (4.3):

Pn(x) a0÷ alx + a2x2+... + anxn (4.24a)

and Q,_~(x) in the form

Qn_l(X) = 1 +b2x + b3x2 +. .. + bn_l Xn-2 -] - bn Xn-1 (4.24b)

Substituting Eqs. (4.24a) and (4.24b) into Eq. (4.20) and equating coefficients of 
powers of x yields:

b~ = an (4.25.n)

bn_1 : an_1 + xbn (4.25.n-1)

bl = at + xb2 (4.25.1)

bo = ao + xb1 = R (4.25.0)

Equation (4.25) can be written 

b,, = an
(4.26)

bi = ai + xbi+1 (i = n -- 1, n - 2 ..... O)

Equation (4.26) is identical to the neste~ltiplication algorithm presented in Eq. (4.19).
Substituting x = N into Eq. (4.24b/Ls/ields the value of P’,(N).

Ira root, c~, or zero, of P,(x~is known, Pn(x) can be deflated by removing the factor
(x - c~) to yield the (n - 1)st-degree polynomial, Qn_~(x). From Eq. (4.20), ifc~ is a root 
Pn(x), then P,(c0 = 0 and R = 0, and Eq. (4.20) yields

Qn_~(x) = 0 (4.27)

The deflated polynomial Qn_~(x) has n - 1 roots, or zeros, which are the remaining roots,
or zeros, of the original polynomial, Pn(x).

The properties of polynomials presented in this section make them extremely useful
as approximating functions.

Example 4.1. Polynomial evaluation.

Let’s illustrate polynomial evaluation using nested multiplication, polynomial derivative
evaluation using synthetic division, and polynomial deflation using synthetic division.
Consider the fifth-degree polynomial considered in Section 3.5.1, Eq. (3.115):

Ps(x) = -120 + 274x - 225x2 + 85x3 - 15x4 + x5 (4.28)
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Recall that the roots of Eq. (4.28) are x = 1,2, 3, 4, and 5. Evaluate P5(2.5) and P~(2.5),
and determine the deflated polynomial P4(x) obtained by removing the factor (x - 

Evaluating P5(2.5) by nested multiplication using Eq. (4.19) yields

1.0

-15.0 + 2.5(1.0) = -12.50

85.0 + 2.5(-12.5) = 53.750

-225.0 + 2.5(53.750) = -90.6250

274.0 + 2.5(-90.6250) = 47.43750

- 120.0 + 2.5(47.43750) = - 1.406250

(4.29.5)

(4.29.4)

(4.29.3)

(4.29.2)

(4.29.1)

(4.29.0)

Q4(x) = 47.43750 - 90.6250x + 53.750x2 - 12.50x3 +x4 (4.30)

Evaluating Q4(2.5) by nested multiplication using Eq. (4.19), with bi replaced by ¢i,
gives

c4 = 1.0

c3 = -12.5 + 2.5(1.0) = -10.0

c2 = 53.75 + 2.5(-10.0) = 28.750

c1 = -90.625 + 2.5(28.750) = - 18.750

co = 47.4375 ÷ 2.5(-18.750) = 0.56250

(4.31.4)
(4.31.3)
(4.31.2)
(4.31.1)
(4.31.0)

Thus, P~(2.5) = Q4(2.5) o = 0.56250. This resuh canbe veri fied by direct evaluation
of Eq. (4.30) with x = 2.5.

To illustrate polynomial deflation, let’s deflate Ps(x) by removing the factor (x - 
Applying the synthetic division algorithm, Eq. (4.26), with x = 2.0 yields

1.0

-15.0 + 2.0(1.0) = -13.0

85.0 q- 2.0(-13.0) = 59.0

-225.0 + 2.0(59.0) = -107.0

274.0 + 2.0(-107.0) = 60.0

-120.0 + 2.0(60.0) = 0.0

(4.32.5)

(4.32.4)

(4.32.3)

(4.32.2)

(4.32.1)

4.32.0)

Thus, the deflated fourth-degree polynomial is

Qa(x) = 60.0- 107.0x ÷ 59.0x2 - 13.0x3 +x4 (4.33)

This result can be verified directly by expanding the product of the four remaining linear
factors, Qa(x) = (x - 1)(x - 3)(x - 4)(x 

Thus, P5(2.50)= 0 =-1.406250. This r esult c an be verified b y direct e valuation of
Eq. (4.28) with x = 2.5.

From Eq. (4.23), P~(2.5) = Q4(2.5), where Q4(x) is 
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4.3 DIRECT FIT POLYNOMIALS

First let’s consider a completely general procedure for fitting a polynomial to a set of
equally spaced or unequally spaced data. Given n + 1 sets of data [xo,f(xo)],
Ix1 ,f(x~)] ..... [Xn,f(xn)], which will be written as (x0,J~), 1 ,J]) .. ... (x n,fn), determine
the unique nth-degree polynomial Pn(x) that passes exactly through the n + 1 points:

[ P~(x) = ao + alx + a2x2 +"" "-b anxn (4.34)

For simplicity ofnotation, letf(xi) =fi. Substituting each data point into Eq. (4.34) yields
n + 1 equations:

fo=ao+alxo+a2~+...+a,~

fl =ao-l-alxl-ba2x~-l-’"q-anx~l

f,=ao+alxn+a2X]n+’"+an~

(4:35.0)

(4.35.1)

(4.35.n)

There are n + 1 linear equations containing the n + 1 coefficients a0 to an. Equation (4.35)
can be solved for a0 to an by Gauss elimination. The resulting polynomial is the unique
nth-degree polynomial that passes exactly through the n + 1 data points. The direct fit
polynomial procedure works for both equally spaced data and unequally spaced data.

Example 4.2. Direct fit polynomials.

To illustrate interpolation by a direct fit polynomial, consider the simple function
y =f(x) l/ x, and construct the following set of sixsignificant figu re data:

x f(x)

3.35 0.298507
3.40 0.294118
3.50 0.285714
3.60 0.277778

Let’s interpolate for y at x = 3.44 using linear, quadratic, and cubic interpolation. The
exact value is

1
y(3.44) =f(3.44) -- 3.44 -- 0.290698... (4.36)

Let’s illustrate the procedure in detail for a quadratic polynomial:

P2(x) = a -t- bx + 2 (4.37)
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To center the data around x = 3.44, the first three points are used. Applying Pz(x) at each
of these data points gives the following three equations:

0.298507 = a + b(3.35) + c(3.35)2

0.294118 = a + b(3.40) + c(3.40)2

0.285714 = a + b(3.50) + c(3.50)2

(4.38.1)

(4.38.2)

(4.38.3)

Solving Eqs. (4.38) for a, b, and c by Gauss elimination without scaling or pivoting yields

Pz(x) -- 0.876561 - 0.256080x + 0.0249333x2 (4.39)

Substituting x = 3.44 into Eq. (4.39) gives

P2(3.44) = 0.876561 - 0.256080(3.44) + 0.0249333(3.44)2 = 0.290697 (4.40)

The error is Error (3.44) = P2(3.44) -f(3.44) = 0.290697 - 0.290698 = -0.000001.
For a linear polynomial, use x = 3.40 and 3.50 to center that data around x = 3.44.

The resulting linear polynomial is

P~ (x) -- 0.579854 - 0.0840400x (4.41)

Substituting x = 3.44 into Eq. (4.41) gives P~(3.44) = 0.290756. For a cubic polynomial,
all four points must be used. The resulting cubic polynomial is

P3(x) = 1.121066 - 0.470839x + 0.0878000x2 - 0.00613333x3 (4.42)

Substituting x = 3.44 into Eq. (4.42) gives P3(3.44) = 0.290698.
The results are summarized below, where the results of linear, quadratic, and cubic

interpolation, and the errors, Error(3.44)----P(3.44)- 0.290698, are tabulated. 
advantages of higher-degree interpolation are obvious.

P(3.44) = 0.290756 linear interpolation Error = 0.000058
= 0.290697 quadratic inteqaolation -- -0.000001
= 0.290698 cubic interpolation = 0.000000

The main advantage of direct fit polynomials is that the explicit form of the
approximating function is obtained, and interpolation at several values of x can be
accomplished simply by evaluating the polynomial at each value of x. The work required
to obtain the polynomial does not have to be redone for each value of x. A second
advantage is that the data can be unequally spaced.

The main disadvantage of direct fit polynomials is that each time the degree of the
polynomial is changed, all of the work required to fit the new polynomial must be redone.
The results obtained from fitting other degree polynomials is of no help in fitting the next
polynomial. One approach for deciding when polynomial interpolation is accurate enough
is to interpolate with successively higher-degree polynomials until the change in the result
is within an acceptable range. This procedure is quite laborious using direct fit poly-
nomials.

4.4 LAGRANGE POLYNOMIALS

The direct fit polynomial presented in Section 4.3, while quite straightforward in principle,
has several disadvantages. It requires a considerable amount of effort to solve the system
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of equations for the coefficients. For a high-degree polynomial (n greater than about 4), the
system of equations can be ill-conditioned, which causes large errors in the values of the
coefficients. A simpler, more direct procedure is desired. One such procedure is the
Lagrange polynomial, which can be fit to unequally spaced data or equally spaced data.
The Lagrange polynomial is presented in Section 4.4.1. A variation of the Lagrange
polynomial, called Neville’s algorithm, which has some computational advantages over the
Lagrange polynomial, is presented in Section 4.4.2.

4.4.1. Lagrange Polynomials

Consider two points, [a,f(a)] and [b,f(b)]. The linear Lagrange polynomial Pl(X) which
passes through these two points is given by

P1 (x) - ~)f(a) + (4.43)

Substituting x = a and x = b into Eq. (4.43) yields

(a - b) (a -~a)f
P1(a)- ~f(a) +(b-a) =f(a (4.44a)

(a

Pl(b) - (b - 
(b - a) ....

~f(a) (a ~Z--~j (o) = f(b) (4.44b)

which demonstrates that Eq. (4.43) passes through the two points. Given three points,
[a,f(a)], [b,f(b)], and [c,f(c)], the quadratic Lagrange polynomial Pz(x) which passes
through the three points is given by:

(x - b)(x - c) -’a" (x a)(x - ~))   (x - a)(x - b)
P2(x) - (a b)(a - j( ) -t (b - a )( b f(b ) q ( c a)( f(c) (4.45)

Substitution of the values ofx substantiates that Eq. (4.45) passes through the three points.
This procedure can be applied to any set of n + 1 points to determine an nth-degree

polynomial. Given n + 1 points, [a,f(a)], [b,f(b)] ..... [k,f(k)]. the nth degree Lagrange
polynomial Pn(x) which passes through the n + 1 points is given by:

P.(x) 
(x-b)(x-c)...(x-k) (x-a)(x-c)...(x-k)

(a b)(a c) ..(a k)f(a)+(b a)(b f(b

(x-a)(x-b)’"(x-j)f(k)
+’"+(k a)(k ~Z (k-j)

(4.46)

The Lagrange polynomial can be used for both unequally spaced data and equally
spaced data. No system of equations must be solved to evaluate the polynomial. However,
a considerable amount of computational effort is involved, especially for higher-degree
polynomials.

The form of the Lagrange polynomial is quite different in appearance from the form
of the direct fit polynomial, Eq. (4.34). However, by the uniqueness theorem, the two
forms both represent the unique polynomial that passes exactly through a set of points.
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Example. 4.3. Lagrange polynomials.
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Consider the four points given
y =f(x)= l/x:

x f(x)

3.35 0.298507
3.40 0.294118
3.50 0.285714
3.60 0.277778

in Example 4.2, which satisfy the simple function

Let’s interpolate for y =f(3.44) using linear, quadratic, and cubic Lagrange interpolating
polynomials. The exact value is y = 1/3.44 = 0.290698....

Linear interpolation using the two closest points, x = 3.40 and 3.50, yields

P1(3.44) (3.44 - 3.50)(0.294118) -~(3.44 - 3.40)(0.285714) = 0.290756(3.40 - 3.50) (3.50 - 3.40)

(4.47)

Quadratic interpolation using the three closest points, x --- 3.35, 3.40, and 3.50, gives

(3.44 - 3.40)(3.44 - 3.50) ,, 2985,.,P2(3"44) = ~-.-.~ C ~ _--3.--~ to" u/)

(3.44 - 3.35)(3.44 -__3.50) , 29""
(3.40 3.35)(3.40 3.50)(u" ,4118)

(3.44 - 3.35)(3.44 - 3.40)
-t (3.50

3.35)(3.50
(0.285714) 0.290697 (4.48)

Cubic interpolation using all four points yields

P3(3.44) (3.44 - 3.40)(3.44 - 3.50)(3.44 - 3.60) (0.298507)(3.35 ~=~ 3.60)
(3.44 - 3.35)(3.44 - 3.50)(3.44 - 3.60) .....

1
-~ (3.40 3.35)(3.40 3.50)(3.40 tu’z~‘4 18)

(3.44 - 3.35)(3.44 - 3.40)(3.44 - 3 60)
4(3.50 3.35)(3.50 3.40)(3.50 ~(0.285714)

(3.44 - 3.35)(3.44 - 3.40)(3.44 - 3.50)
-~ (3.60 3.35)(3.60 3.40)(3.60~.~o)

(0.277778) 0.290698

(4.49)

The results are summarized below, where the results of linear, quadratic, and cubic
interpolation, and the errors, Error(3.44)= P(3.44)- 0.290698, are tabulated. 
advantages of higher-degree interpolation are obvious.

P(3.44) = 0.290756 linear interpolation Error = 0.000058
= 0.290697 quadratic interpolation = -0.000001
= 0.290698 cubic interpolation = 0.000000
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These results are identical to the results obtained in Example 4.2 by direct fit polynomials,
as they should be, since the same data points are used in both examples.

The main advantage of the Lagrange polynomial is that the data may be unequally
spaced. There are several disadvantages. All of the work must be redone for each degree
polynomial. All the work must be redone for each value of x. The first disadvantage is
eliminated by Neville’s algorithm, which is presented in the next subsection. Both
disadvantages are eliminated by using divided differences, which are presented in Section
4.5.

4,4.2. Neville’s Algorithm

Neville’s algorithm is equivalent to a Lagrange polynomial. It is based on a series of linear
interpolations. The data do not have to be in monotonic order, or in any structured order.
However, the most accurate results are obtained if the data are arranged in order of
closeness to the point to be interpolated.

Consider the following set of data:

Recall the linear Lagrange interpolating polynomial, Eq. (4.43):

(x-b)r,. (x-a) f(x) ta) 

which can be written in the following form:

(x - a)f(b) - (x - b)f(a)f(x)=
(b - a)

In terms of general notation, Eq. (4.51) yields

f/(n) (X-- xi) f/~? 1)__- (X -- Xiq_n)fi(n-l)
Xi+n -- Xi

(4.50)

(4.51)

(4.52)

where the subscript i denotes the base point of the value (e.g., i, i + 1, etc.) and the
superscript (n) denotes the degree of the interpolation (e.g., zeroth, first, second, etc.).

A table of linearly interpolated values is constructed for the original data, which are
denoted as f(0). For the first interpolation of the data,

-- X )f(O)i+lf.(~) (x - (x - x~+OZ(°)
(4.53)
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x~ ~ =~(~°~

x~ ~,~ = ~(4°~

fl1) =
(x-x~)~°>- (x- x~)(l°~

X2 --X1

(a)

J~--f,~ = flO)

x~ ~ ~o~ ~

f(3~)

X4 f4 = f(40)

fl2) =
,̄0) (x_x~) fl~)(x-x~), 2 -

X3 -X1

(b)

f~3) 
(x-x~)~-(x-x.)~l=~

(c)

Figure 4.6 Neville’s method. (a) First set of linear interpolations. (b) Second set of linear
interpolation. (c) Third set of linear interpolations

as illustrated in Figure 4.6a. This creates a column of n - 1 values off(L). A second
column of n -2 values off/(2) is obtained by linearly interpolating the column off(1)

values. Thus,

f/(2) ~--- (X -- xi)fi(+ll -- (X -- Xi+2)fi(1) (4.54)
Xi+2 -- Xi

which is illustrated in Figure 4.6b. This process is repeated to create a third column off(3)

values, as illustrated in Figure 4.6c, and so on. The form of the resulting table is illustrated
in Table 4.1.

It can be shown by direct substitution that each specific value in Table 4.1 is identical

to a Lagran~e polynomial based on the data points used to calculate the specific value. For
example, f~’) is identical to a second-degree Lagrange polynomial based on points 1, 2,
and 3.

The advantage of Neville’s algorithm over direct Lagrange polynomial interpolation
is now apparent. The third-degree Lagrange polynomial based on points 1 to 4 is obtained
simply by applying the linear interpolation formula, Eq. (4.52), to (2) and f2(2) toobtain
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Table 4.1. Table for Neville’s
Algorithm

,c(o) I
Xl J

fl(1)

fl(2)

X3 f(O)
] f3(1)

AO) I
X4 J4 I

f~(3). None of the prior work must be redone, as it would have to be redone to evaluate 
third-degree Lagrange polynomial. If the original data are arranged in order of closeness to
the interpolation point, each value in the table, f(n), represents a centered interpolation.

Example 4.4. Neville’s algorithm.

Consider the four data points given in Example 4.3. Let’s interpolate for f(3.44) using
linear, quadratic, and cubic interpolation using Neville’s algorithm. Rearranging the data in
order of closeness to x = 3.44 yields the following set of data:

x f~

3.40 0.294118
3.50 0.285714
3.35 0.298507
3.60 0.277778

Applying Eq. (4.52) to the values offi (°) gives

f,<,) : (x - x,)f - (x :
X2 -- X1

(3.44 - 3.40)0.285714 - (3.44 - 3.50)0.294118

3.50 - 3.40

= 0.290756 (4.55a)

Thus, the result of linear interpolation isf(3.44) =f~(’) = 0.290756. To evaluate f~(2),f2(1)
must first be evaluated. Thus,

f2(1 ) = (X -- X2)f3 (0) -- (X -- x3)f2 (0) (3.44 - 3.50)0.298507 - (3.44 - 3.35)0.285714

x3 - x2 3.35 - 3.50

0.290831 (4.55b)

Evaluating f~(2) gives

(x -x~)f~(1) - (x -x3~(~) = (3.44 - 3.40)0.290831 - (3.44 - 3.35)0.290756
x3 -- X1 3.35 - 3.40

0.290696 (4.56)
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Table 4.2. Neville’s Algorithm

Xi fi(0) fi(1) fi(2)
fi(3)

3.40

3.50

3.35

3.60

0.294118
0.290756

0.285714 0.290697
0.290831

0.298507 0.290703
0.291045

0.277778

0.290698

Thus, the result of quadratic interpolation is ft3.44)=f~(2)= 0.290696. To evaluate
fl(3),A(1) and A(2)must first be evaluated. Then fl ( ) can be evaluated. These results, and
the results calculated above, are presented in Table 4.2.

These results are the same as the results obtained by Lagrange polynomials in
Example 4.3.

The advantage of Neville’s algorithm over a Lagrange interpolating polynomial, if
the data are arranged in order of closeness to the interpolated point, is that none of the
work performed to obtain a specific degree result must be redone to evaluate the next
higher degree result.

Neville’s algorithm has a couple of minor disadvantages. All of the work must be
redone for each new value of x. The amount of work is essentially the same as for a
Lagrange polynomial. The divided difference polynomial presented in Section 4.5
minimizes these disadvantages.

4.5 DIVIDED DIFFERENCE TABLES AND DIVIDED DIFFERENCE
POLYNOMIALS

A divided difference is defined as the ratio of the difference in the function values at two
points divided by the difference in the values of the corresponding independent variable.
Thus, the first divided difference at point i is defined as

f[xi, Xi+l] -- f+l -f (4.57)
Xi+ 1 -- Xi

The second divided difference is defined as

f[xi, Xi+I, Xi+2] =f[xi+l’ Xi+2] --f[xi’ Xi+l] (4.58)
Xi+2 -- Xi

Similar expressions can be obtained for divided differences of any order. Approximating
polynomials for nonequally spaced data can be constructed using divided differences.

4.5.1. Divided Difference Tables

Consider a table of data:

x, £

Xo fo
X1 fl

x2 f2
X3 f3
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The first divided differences, in terms of standard notation, are
f[xo’ xl] _ ( f~ - fo)

(4.59a)
(xl - xo)
(f2 -J]) (4.59b)

f[xl, x2] = (x2"----- xt)

etc. Note that

(f+l --f/) (f --f+l)
f[Xi+l,Xi] (4.60)f[xi’ xi+ ~ ] = "(xi+ l - --~i) -- (xi - xi+ 

The second divided difference is defined as follows:
f[xo’ xl, x2] =f[xj , x2] -fix o, x~]

(4.61)
(x2 - xo)

In general,

f[xo, x1 ..... x,] _f[xl, x~ .....
Xn] - f[xo, x~ ..... x,_~]

(4.62)(x. - Xo)
By definition, f[xi] -- fi.

The notation presented above is a bit clumsy. A more compact notation is defined in
the same manner as the notation used in Neville’s method, which is presented in Section
4.4.2. Thus,

f(1) =f[xi, Xi+l] (4.63a)

f/(2) =f[xi, xi+l, xi+2] (4.63b)

In general,

f(") = f[xi, xi+~ ..... xi+,] (4.64)

Table 4.3 illustrates the formation of a divided difference table. The first column
contains the values ofxi and the second column contains the values off(xi) =f, which are
denoted byf(°}. The remaining columns contain the values of the divided differences,
where the subscript i denotes the base point of the value and the superscript (n) denotes the
degree of the divided difference.

The data points do not have to be in any specific order to apply the divided
difference concept. However, just as for the direct fit polynomial, the Lagrange poly-
nomial, and Neville’s method, more accurate results are obtained if the data are arranged in
order of closeness to the interpolated point.

Table 4.3. Table of Divided
differences

Xi f/(0) f/(1) fi(2) 

Xl f/(o)

f2(O)
fl (I) fl(2)

f3(O)
f2(1)

~(22)

f4(O)
f3(1)

fl(3)
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Exa~nple 4.5. Divided difference Table.

Chapter 4

Let’s construct a six-place divided difference table for the data presented in Section 4,1.
The results are presented in Table 4,4.

Table 4.4. Divided Difference Table

xi

3.20

3.30

3.35

3.40

3.50

3.60

3.65

3.70

fi(O) fi(1) fi(2) fi(3) f/(4)

0.312500
-0,094700

0.303030 0.028267
-0,090460

0.298507 0.026800
-0,087780

0.294118 0.024933
-0.084040

0.285714 0.023400
-0.079360

0.277778 0.021733
-0.076100

0.273973 0.020400
-0.074060

0.270270

-0.007335
-- 0.000667

-0.009335
0.010677

-0.006132
-- 0.001787

-0.006668
0.000010

-0.006665

4.5.2. Divided Difference Polynomials

Let’s define a power series for P,(x) such that the coefficients are identical to the divided

differences, f(n). Thus,

G(x) =f]o~ + (x - Xo)J;~1~ + (x - Xo)(X xl)f]2~ +...
+ (x - xo)(x - xl)... (x - xn_~)f(" (4.65)

P~(x) is clearly a polynomial of degree n. To demonstrate that P,(x) passes exactly through
the data points, let’s substitute the data points into Eq. (4.65). Thus,

p,(xo) =f(0) + (0)f(1) +...f(o) (4.66)

P,(x~) =f(o) + (x~ - Xoff~/(1) I -Xo)(0)f/(2) q-... (4.67a)

(A -fo)
Pn(Xl) =fo q- (Xl -- x0) --f0 + (A -fo) :J] (4.67b)

(X1 -- X0)
pn(x2) :f/(o) q_ 2 _ Xo)f(1) 4- (x2- Xo2 - xl)f/ (2

+ (x2 - Xo)(X2 - Xl)(O)f (3) +... (4.68a)

(A -fo)
Pn(x2) :f0 "}- (X2 -- XO) (x~ - x0)

+ (x2 - x0)(x2 - x~) (f~ -fl)/(x2 - x~) - (fl -fo)/(x~ - (4.68b)
(X2 -- X0)

P,(x2) =f0 + (f2 -f~) + (f~ -f0) =J~ (4.68c)

Since Pn(x) is a polynomial of degree n and passes exactly through the n ÷ 1 data points, it
is obviously one form of the unique polynomial passing through the data points.
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Consider the divided difference table presented in Example 4.5. Let’s interpolate for
f(3.44) using the divided difference polynomial, Eq. (4.65), using 0 =3.35 asthebase
point. The exact solution isf(3.44)= 1/3.44 = 0.290698. From Eq. (4.65):

Pn(3.44) =fo(°) + (3.44 - X0)A(1) ÷ (3.44 - Xo)(3.44 - Xl)A(2

+ (3.44 - Xo)(3.44 - xl)(3.44 - 3) (4.69)

Substituting the values ofxo to x2 and~°) tofo(3) into Eq. (4.69) gives

Pn(3.44) = 0.298507 + (3.44 - 3.35)(-0.087780)

+ (3.44 - 3.35)(3.44 - 3.4)(0.024933)

+ (3.44 - 3.35)(3.44 - 3.4)(3.44 - 3.5)(-0.006132) (4.70)

Evaluating Eq. (4.70) term by term gives

Pn(3.44) = 0.298507 - 0.007900 + 0.000089 + 0.000001 (4.71)

Summing the terms yields the following results and errors:

P(3.44) = 0.290607
= 0.290696
= 0.290697

linear interpolation
quadratic interpolation
cubic interpolation

E~or(3.44) = -0.000091
= -0.000002
= -0.000001

The advantage of higher-degree interpolation is obvious.
The above results are not the most accurate possible since the data points in Table

4.4 are in monotonic order, which make the linear interpolation result actually linear
extrapolation. Rearranging the data in order of closeness to x = 3.44 yields the results
presented in Table 4.5. From Eq. (4.65):

Pn(3.44) ----- 0.294118 + (3.44 - 3.40)(--0.084040)

÷ (3.44 - 3.40)(3.44 - 3.50)(0.024940)

+ (3.44 - 3.40)(3.44 - 3.50)(3.44 - 3.35)(-0.006150) (4.72)

Evaluating Eq. (4.72) term by term gives

P,(3.44) = 0.294118 - 0.003362 - 0.000060 + 0.000001 (4.73)

Tabl~ 4.5. Rearranged Divided Difference Table

xi f,.~0~ f,~l~ f,.~2) f,~3~
3.40

3.50

3.35

3.60

0.294118

0.285714

0.298507

0.277778

-0.084040
0.024940

-0.085287
0.023710

-0.082916

-0.006150
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Summing the terms yields the following results and errors:

P(3.44) = 0.290756 linear interpolation Error = 0.000058
= 0.290697 quadratic interpolation = -0.000001
= 0.290698 cubic interpolation = 0.000000

The linear interpolation value is much more accurate due to the centering of the data. The
quadratic and cubic interpolation values are the same as before, except for round-off
errors, because the same points are used in those two interpolations. These results are the
same as the results obtained in the previous examples.

4.6 DIFFERENCE TABLES AND DIFFERENCE POLYNOMIALS

Fitting approximating polynomials to tabular data is considerably simpler when the values
of the independent variable are equally spaced. Implementation of polynomial fitting for
equally spaced data is best accomplished in terms of differences. Consequently, the
concept of differences, difference tables, and difference polynomials are introduced in this
section.

4.6.1. Difference Tables

A difference table is an arrangement of a set of data, [x,f(x)], in a table with the x values in
monotonic ascending order, with additional columns composed of the differences of the
numbers in the preceding column. A triangular array is obtained, as illustrated in Table 4.6.

The numbers appearing in a difference table are unique. However, three different
interpretations can be assigned to these numbers, each with its unique notation. The
forward difference relative to point i is (f+l -f), the backward difference relative to point
i + 1 is (f+a -f), and the centered difference relative to point i + 1/2 is (f+a -f). 
forward difference operator A is defined as

Af(xi) Af= (fi +~ - f i) (4.74)

The backward difference operator V is defined as

Vf(xi+~) = Vf+~ = (f+~ -f) (4.75)

The centered difference operator (5 is defined as

~f(xi+~/2) = 6f+~/2 = (f+l -f) (4.76)

A difference table, such as Table 4.6, can be interpreted as a forward-difference
table, a backward-difference table, or a centered-difference table, as illustrated in Figure

Table 4.6.

x f(x)

xo fo

xl f~

x2 f2

x3 f3

Table of Differences

(f~ -A)
(A -A)

(A -A)

(A -3A+3~-A)
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x f &f &~f A~f

~xo fo
~fo

x~ f~ ~fo
Afl &~fo

x2 f2 A2fl
~f2

x3 f3

x f

x_~

x_~ f_~

x~ f_l

xo fo

Vf V2f V3f

Vf-2
V2f_~

Vf_t V3f~
V~fo

Vfo

Figure 4.7
table.

x f ~f ~:f ~f

xl fl 52ft
8f3~

x2 f2

(a) Forward-difference table. (b) Backward-difference table. (c) Centered-difference

4.7. The numbers in the tables are identical. Only the notation is different. The three
different types of interpretation and notation simplify the use of difference tables in the
construction of approximating polynomials, which is discussed in Sections 4.6.2 to 4.6.4.

Example 4.7. Difference table.

Let’s construct a six-place difference table for the function f(x) 1Ix for 3. 1 < x < 3.9
with Ax = 0.1. The results are presented in Table 4.7, which uses the forward-difference
notation to denote the columns of differences.

Table 4.7. Difference Table

x f(x) Af(x) A2f(x) A3f(x) Aaf(x) ASf(x)

3.1 0.322581
-0.010081

3.2 0.312500 0.000611
-0.009470

3.3 0.303030 0.000558
-0.008912

3.4 0.294118 0.000508
-0.008404

3.5 0.285714 0.000468
-0.007936

3.6 0.277778 0.000428
-0.007508

3.7 0.270270 0.000396
-0.007112

3.8 0.263158 0.000364
-0.006748

3.9 0.256410

-0.000053
0.000003

-0.000050
0.000010

-0.000040
0.000000

-0.000040
0.000008

-0.000032
0.000000

-0.000032

0.000007

-0.000010

0.000008

-0.000008
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Several observations can be made from Table 4.7. The first and second differences
are quite smooth. The third differences, while monotonic, are not very smooth. The fourth
differences are not monotonic, and the fitth differences are extremely ragged. The
magnitudes of the higher-order differences decrease rapidly. If the differences are not
smooth and decreasing, several possible explanations exist:

1. The original data set has errors.
2. The increment Ax may be too large.
3. There may be a singularity in f(x) or its derivatives in the range of the table.

Difference tables are useful for evaluating the quality of a set of tabular data.
Tabular data have a finite number of digits. The last digit is typically rounded off.

Round-off has an effect on the accuracy of the higher-order differences. To illustrate this
effect, consider a difference table showing only the round-off error in the last significant
digit. The worst possible round-off situation occurs when every other number is rounded
off by one-half in opposing directions, as illustrated in Table 4.8. Table 4.8 shows that the
errors due to round-off in the original data oscillate and double in magnitude for each
higher-order difference. The maximum error in the differences is given by

[ Maximum round-off error in Anf = -1-2n-1] (4.77)

For the results presented in Table 4.7, ASf oscillates between -10 and -t-8. From Eq.
(4.77), the maximum round-off error in ASf is 4-25-1 =-t-16. Consequently, the Asf
values are completely masked by the accumulated round-off error.

Polynomial fitting can be accomplished using the values in a difference table. The
degree of polynomial needed to give a satisfactory fit to a set of tabular data can be
estimated by considering the properties of polynomials. The nth-degree polynomial P,,(x)
is given by

P,~(x) = a,,x~ + (Lower Degree Terms) = anXn -t- (LDTs) (4.78)

In Sedtion 4.2, it is shown that [see Eqs. (4.11n) and (4.12)]

P(nn)(x) = n!a. = constant (4.79)

P~n+l)(x) (4.80t

Table 4.8. Difference Table of Round-off
Errors

x f Af Aef A3f A4f

- +1/2
-1

- -1/2 2
1 -4 8

- +1/2 -2
-1 4

- -1/2 2 -8
1 -4

- +1/2 -2
-1

- -1/2
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Let’s evaluate the first forward difference of Pn(x):

A[P.(x)I = A(a.x~) + A(LDTs) (4.81)

A[P.(x)] a.(x + h)" - a.x" + (LDTs) (4.82)

Expanding (x + h)" in a binomial expansion gives

A[P.(x)] = [a.xn + a.nx"-l h +.,. + a.h"] - a,,xn + (LDTs) (4.83)

which yields

A[P.(x)] a.nhx~-~ + (LDTs) = P._l(X) (4.84)

Evaluating the second forward difference of P.(x) gives

A2[P~(x)] A[(a, nh)x"-1] + A(LDTs) (4.85)

which yields

A2[p,(x)] a,n(n - 1)h2xn-2 + (LDTs) (4.86)

In a similar manner it can be shown that

A~P~(x) = a~n!h~ = constant and An+IP~(x) = 0 (4.87)

Note the similarity between P(."l(x) and A"P.(x). In fact, P(.")(x) A"P.(x)/hn. Thus,
if f (x) P.(x), then A"f(x) = constant. Consequently, ifA"f(x) ~ constant, f(x) canbe
approximated by Pn(x).

4.6.2. The Newton Forward-Difference Polynomial

Given n ÷ 1 data points, [x,f(x)], one form of the unique nth-degree polynomial that
passes through the n ÷ 1 points is given by

P.(x) =f0 +sAf0 + ~ A2f0x(x- 1] q s(s - 1)(s3! - 2) A~f°~

+... + s(s -- 1)(s -- 2)... -- (n -- 1)1A"J~
n!

(4.88)

where s is the interpolating variable

x - x0 x - x0 and x = xo + sh (4.89)

Equation (4.88) does not look anything like the direct fit polynomial [see Eq. (4.34)], 
Lagrange polynomial [see Eq. (4.46)], or the divided difference polynomial [see Eq.
(4.65)]. However, if Eq. (4.88) is a polynomial of degree n and passes exactly through 
n ÷ 1 data points, it must be one form of the unique polynomial that passes through this set
of data.

The interpolating variable, s = (x - Xo)/h, is linear in x. Consequently, the last term
in Eq. (4.88) is order n, and Eq. (4.88) is an nth-degree polynomial. Let s = 0. 
x = x0, f =f0, and P,(xo) =f0. Let s = 1. Then x = x0 + h = x~ ,f =J], and Pn(Xl) ~--

f0 + Af0 =J~ + (J] -f0) =f~. In a similar manner, it can be shown that P,(x) =f(x) for
the n + 1 discrete points. Therefore, Pn(x) is the desired unique nth-degree polynomial.
Equation (4.88) is called the Newton forward-difference polynomial.
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The Newton forward-difference polynomial can be expressed in a more compact
form by introducing the definition of the binomial coefficient. Thus,

I (~)=s(s-1)(s-2)’"(s-[i-1])i!
(4.90)

In terms of binomial coefficients, the Newton forward-difference polynomial is

(4.91)

A major advantage of the Newton forward-difference polynomial, in addition to its
simplicity, is that each higher-degree polynomial is obtained from the previous lower-
degree polynomial simply by adding the next term. The work already performed for the
lower-degree polynomial does not have to be repeated. This feature is in sharp contrast
to the direct fit polynomial ahd the Lagrange polynomial, where all of the work must be
repeated each time the degree of the polynomial is changed. This feature makes it simple
to determine when the desired accuracy has been obtained. When the next term in the
polynomial is less than some prespecified value, the desired accuracy has been obtained.

Example 4.8. Newton forward-difference polynomial.

From the six-place difference table for f(x)= l/x, Table 4.7, calculate P(3.44) 
the Newton forward-difference polynomial. The exact solution is f(3.44) 
1/3.44 = 0.290698 .... In Table 4.7, h = 0.1. Choose x0 = 3.40. Then,

x - x0 3.44 - 3.40
s - - - 0.4

h 0.1

Equation (4.88) gives

P(3.44) =/(3.4) 4-s Af(3.4) 4- ~ AZf(3.4) 

(4.92)

s(s - 1)(s 2)A3C(3.4)j +...
3!

(4.93)

Substituting s = 0.4 and the values of the differences from Table 4.7 into Eq. (4.93) gives

P(3.44) = 0.294118 4- (0.4)(-0.008404) 4- (0.4) (0.4 - 1) 
2

d (0.4)(0.4 - 1)(0.4 (-0.000040) 4-... (4.94)
6

Evaluating Eq. (4.94) term by term yields the following results and errors:

P(3.44) = 0.290756 linear interpolation Error(3.44) = 0.000058
= 0.290700 quadratic interpolation = 0.000002
---- 0.290698 cubic interpolation = 0.000000

The advantage of higher-degree interpolation is obvious.
In this example, the base point, x0 = 3.4, was selected so that the point of

interpolation, x = 3.44, falls within the range of data used to determine the polynomial,
that is, interpolation occurs. If x0 is chosen so that x does not fall within the range of fit,
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extrapolation occurs, and the results are less accurate. For example, let x0 = 3.2, for which
s = 2.4. The following results and errors are obtained:

P(3.44) = 0.289772 linear extrapolation Error = -0.000926
= 0.290709 quadratic extrapolation = 0.000011
= 0.290698 cubic interpolation = 0.000000

The increase in error is significant for linear and quadratic extrapolation. For x0 = 3.2, the
cubic yields an interpolating polynomial.

The error term for the Newton forward-difference polynomial can be obtained from
the general error term [see Eq. (4.9)]:

1
Error(x) = ~ (x -- Xo)(X x1) ... (x -- Xn) f(n+l)(~) (4.95)

From Eq. (4.89),

(x - xo) = o + sh) - Xo= s (4.96a)

(x - xl) = o + sh) - xl= sh - ( x~- Xo) = (s1) (4.96b)

(x - xn) = o + sh) - xn= sh - ( n - Xo) = (s.- n)h (4.96n)

Substituting Eq. (4.96) into Eq. (4.95) gives

1
Error(x) ~s(s - 1)(s - 2).-. (s- n )h n+lf(n+l)(~) (4.97)

which can be written as

Error(x) = n + hn+~f(n+~)(~) (4.98)

From Eq. (4.91), for Pn(x), the term after the nth-term is

(Sn+l)An+if° ’ (4.99)

The error term, Eq. (4.98), can be obtained from Eq. (4.99) by the replacement

zx"+ A -+ (4.100)
This procedure can be used to obtain the error term for all polynomials based on a set of
discrete data points.

4.6.3 The Newton Baekaeard-Differenee PolynomMI

The Newton forward-difference polynomial, Eq. (4.88), can be applied at the top or in the
middle of a set of tabular data, where the downward-sloping forward differences illustrated
in Figure 4.7a exist. However, at the bottom of a set of tabular data, the required forward
differences do not exist, and the Newton forward-difference polynomial cannot be used. In
that case, an approach that uses the upward-sloping backward differences illustrated in
Figure 4.7b is required. Such a polynomial is developed in this section.



214 Chapter 4

Given n + 1 data points, [x,f(x)], one form of the unique nth-degree polynomial that
passes through the n + 1 points is given by

Pn(x) = fo + S Vfo + vZj~ q S(S + 1)(S + 2)V3f. 3!

+ " " + s(s + 1)...[s+(n-n!
1)] V"f0

(4.101)

where s is the interpolating variable

x - x0 x - x0 and x = xo + sh (4.102)s- Ax - h

The interpolating variable, s = (x - Xo)/h, is linear in x. Consequently, the last term
in Eq. (4.101) is order n, and Eq. (4.101) is an nth-degree polynomial. Let s = 0. 
X=Xo,f=fo, and Pn(x0)=f0. Let s=-l. Then X=xo-h=X_l,f=f_ ~, and

Pn(x_l) =)Co- Vfo =fo- (fo-f-~) =f-1 In a similar manner, it can be shown that
Pn(x) =f(x) for the n + 1 discrete points. Therefore, P,(x) is the desired unique nth-
degree polynomial. Equation (4.101) is called the Newton backward-difference poly-
nomial.

The Newton backward-difference polynomial can be expressed in a more compact
form using a nonstandard definition of the binomial coefficient. Thus,

s; "] =s(s + l)(s + 2).-.(s + [i- (4.103)

In terms of the nonstandard binomial coefficients, the Newton backward-difference
polynomial is

(4.104)

Example 4.9. Newton backward-difference polynomial.

From the six-place difference table for f(x)= 1/x, Table 4.7, calculate P(3.44) by the
Newton backward-difference polynomial. The exact solution isf(3.44) = 0.290698 .... In
Table 4.7, h = 0.1. Choose x0 = 3.50. Then,

x - x0 3.44 - 3.50
s .... 0.6 (4.105)

h 0.1

Equation (4.101) gives

P(3.44) =f(3.5) + s Vf(3.5) + ~ V2.f(3.5) 
s(s + 1)(s 2)v3q3.5)J ÷...

3!
(4.106)
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Substituting s = -0.6 and the values of the differences from Table 4.7 into Eq. (4.106)
gives

(-0.6)(-0.6 + 
P(3.44) = 0.285714 + (-0.6)(-0.008404) 

2
(0.000508)

(-0.6)(-0.6 + 1)(-0.6 + 2)(-0.000050) +.
(4.107)~ ’’

6

Evaluating Eq. (4.107) term by term yields the following results and errors:

P(3.44) = 0.290756 linear interpolation Error = 0.000058
= 0.290695 quadratic interpolation = -0.000003
= 0.290698 cubic i.nterpolation = 0.000000

The advantages of higher-degree interpolation are obvious.

The error term for the Newton backward-difference polynomial can be obtained
from the general error term, Eq. (4.9), by making the following ~ubstitutions:

(4.108a)

(4.108b)

(x - Xo) = 

(X -- XI) = 0 -J r- sh) - 1 = s h -]- (x 0 - x1) = (s 1)

(x - xn) = (Xo + sh) n = sh + (o - xn) = (s+ n)h

Substituting Eq. (4.108) into Eq. (4.9) yields

1
Error(x) ~s(s + 1)(s + 2)... (s + n- 1)n)hn+lf(n+l)(~)

which can be written as

Error(x) = n+ 

(4.108n

(4.109)

(4.110)

Equation (4.110) can be obtained from Eq. (4.104) by the following replacement in 
(n + 1)st term:

V’~+’fo -~ h"+lf(n+l)(¢) (4.111)

4.6.4. Other Difference Polynomials

The Newton forward-difference polynomial and the Newton-backward-difference poly-
nomial presented in Sections 4.6.2 and 4.6.3, respectively, are examples of approximating
polynomials based on differences. The Newton forward-difference polynomial uses
forward differences, which follow a downward-sloping path in the forward-difference
table illustrated in Figure 4.7a. The Newton backward-difference polynomial uses back-
ward differences, which follow an upward-sloping path in the backward-difference table
illustrated in Figure 4.7b. Numerous other difference polynomials based on other paths
through a difference table can be constructed. Two of the more important ones are
presented in this section.

The Newton forward-difference and backward-difference polynomials are essential
for fitting an approximating polynomial at the beginning and end, respectively, of a set of
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tabular data. However, other forms of difference polynomials can be developed in the
middle of a set of tabular data by using the centered-difference table presented in Figure
4.7c. The base point for the Stifling centered-difference polynomial is point x0. This
polynomial is based on the values of the centered differences with respect to x0. That is, the
polynomial follows a horizontal path through the difference table which is centered on
point x0. As illustrated in Figure 4.7c, even centered differences with respect to x0 exist,
but odd centered differences do not. Odd centered differences are based on the averages of
the centered differences at the half points x-1/2 and xl/2. The Stifling centered-difference
polynomial is

(4.112)

It can be shown by direct substitution that the Stifling centered-difference polynomials of
even degree are order n and pass exactly through the data points used to construct the
differences appearing in the polynomial. The odd-degree polynomials use data from one
additional point.

The base point for the Bessel centered-difference polynomial is point x~/2. This
polynomial is based on the values of the centered differences with respect to xl/2. That is,
the polynomial follows a horizontal path through the difference table which is centered on
point x~/2. As illustrated in Figure 4.7c, odd centered differences with respect to x~/2 exist,
but even centered differences do not. Even centered differences are based on the averages
of the centered differences at points x0 and x~. The Bessel centered-difference polynomial
is:

(4.113)

It can be shown by direct substitution that the Bessel centered-difference polynomials of
odd degree are order n and pass exactly through the data points used to construct the
centered differences appearing in the polynomial. The even-degree polynomials use data
from one additional point.

Centered-difference polynomials are useful in the middle of a set of tabular data
where the centered differences exist to the full extent of the table. However, from the
uniqueness theorem for polynomials (see Section 4.2), the polynomial of degree n that
passes through a specific set of n + 1 points is unique. Thus, the Newton polynomials and
the centered-difference polynomials are all equivalent when fit to the same data points. The
Newton polynomials are somewhat simpler to evaluate. Consequently, when the exact
number of data points to be fit by a polynomial is prespecified, the Newton polynomials are
recommended.
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4.7 INVERSE INTERPOLATION

Interpolation is the process of determining the value of the dependent variable f
corresponding to a particular value of the independent variable x when the function f(x)
is described by a set of tabular data. Inverse interpolation is the process of determining the
value of the independent variable x corresponding to a particular value of the dependent
variablef In other words, inverse interpolation is evaluation of the inverse function x(f).
Inverse interpolation can be accomplished by:

1. Fitting a polynomial to the inverse function x(f)
2. Solving a direct polynomialf(x) iteratively for x(f)

Fitting a polynomial to the inverse function x(f) appears to be the obvious approach.
However, some problems may occur. The inverse function x(f) may not resemble a
polynomial. The valuesoff most certainly are not equally spaced. In such cases, a direct fit
polynomialf(x) may be preferred, even though it must be solved iteratively for x(f), 
example, by Newton’s method.

Example 4.10. Inverse interpolation.

Consider the following set of tabular data, which corresponds to the functionf(x) 1/x:

x f(x) Af(x) 2f(x))

3.3 0.303030 -0.0089123.4 0.294118 0.000508-0.008404
3.5 0.285714

Let’s find the value of x for which f(x)= 0.30. The exact solution is x= 1/
f(x) = 1/0.3 = 3.333333 ....

Let’s evaluate the quadratic Lagrange polynomial, x = x(f), forf = 0.30. Thus,

(0.30 - 0.294118)(0.30 - 0.285714)
x = (0.303030 - 0.294118)(0.303030 - 0.285714) (3.3)

(0.30 - 0.303030)(0.30 - 0.285714)+ (3.4)
(0.294118 - 0.303030)(0.294118 - 0.285714)

(0.30 - 0.303030)(0.30 - 0.294118)
+ (3.5) (4.114)

(0.285714 - 0.303030)(0.285714 - 0.294118)

which yields x = 3.333301. The error is Error= 3.333301 - 3.333333 ---- -- 0.000032.
Alternatively, let’s evaluate the quadratic Newton forward-difference polynomial for

f =f(x). Thus,

f(x) = fo + Af o + ~AZJ~ (4.115)

Substituting the values from the table into Eq. (4.115) yields

= 0.303030 + s(-0.008912) + ~ (0.000508) (4.116)0.30
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Simplifying Eq. (4.116) gives

0.000508s2 - 0.018332s + 0.006060 = 0 (4.117)

Solving Eq. (4.117) by the quadratic formula yields two solutions, s = 0.333654 and
35.752960. The second root is obviously extraneous. Solving for x from the first root
yields

x = xo + sh = 3.3 + (0.333654)(0.1) = 3.333365 (4.118)

The error is Error = 3.333365 - 3.333333 = 0.000032.

4.8 MULTIVARIATE APPROXIMATION

All of the approximating polynomials discussed so far are single-variable, or univariate,
polynomials, that is, the dependent variable is a function of a single independent variable:
y =f(x). Many problems arise in engineering and science where the dependent variable 
a function of two or more independent variables, for example, z =f(x, y) is a two-variable,
or bivariate, function. Such functions in general are called multivariate functions. When
multivariate functions are given by tabular data, multivariate approximation is required for
interpolation, differentiation, and integration. Two exact fit procedures for multivariate
approximation are presented in this section:

1 Successive univariate polynomial approximation
2. Direct multivariate polynomial approximation

Approximate fit procedures for multivariate polynomial approximation are discussed in
Section 4.10.4.

4.8.1, Successive Univariate Polynomial Approximation

Consider the bivariate function z =f(x,y). A set of tabular data is illustrated in Table 4.9.
Simply stated, successive univariate approximation first fits a set of univariate

approximating functions, for example, polynomials, at each value of one of the indepen-
dent variables. For example, at each value of Yi, fit the univariate polynomials
zi(X) -:- Z( Yi, X). Interpolation, differentiation, or integration is then performed on each
of these univariate approximating functions to yield values of the desired operation at the
specified value of the other independent variable. For example, zi(x* ) = zi(Yi, x*). A
univariate approximating function is then fit to those results as a function of the first
independent variable. For example, fit the univariate polynomial z = z(y) to the values

Table 4.9. Bivariate Tabular
Data

X1 X2 x3 x4

Yl Zll Z12 ZI3 ZI4

Y2 ~21 222 Z23 Z24

Y3 z31 Z32 z33 Z34

Y4 z41 z42 Z43 z44
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Zi(X*) = zi( Yi, X*). The final process of interpolation, differentiation, or integration is then
performed on that univariate approximating function. The approximating functions
employed for successive univariate approximation can be of any functional form.
Successive univariate polynomial approximation is generally used.

Example 4.11. Successive univariate quadratic interpolation.

Consider the following values of enthalpy, h(P, T) Btu/lbm, from a table of properties of
steam, Table 4.10.

Use successive univariate quadratic polynomial interpolation to calculate the
enthalpy h at P = 1225 psia and T = l104F (the value from the steam tables is
1556.0 Btu/lbm).

First fit the quadratic polynomial

h(Pi, T) ~- a + bT + eTa (4.119)

at each pressure level Pi, and interpolate for the values of h at T = 1100 E At
P = ll50psia:

a + 800b + (800)2c = 1380.4 (4.120a)

a + 1000b + (1000)2c = 1500.2 (4.120b)

a + 1200b + (1200)2c = 1614.5 (4.120c)

Solving for a, b, and c by Gauss elimination yields

h(1150, T) = 846.20 + 0.72275T - 0.00006875T2 (4.121)

Evaluating Eq. (4.121) at T= 1100 gives h(l150, 1100)= 1558.04Btu/lbm. 
similar manner, at P = 1200psia, h(1200, T) = 825.50 ÷ 0.75725T- 0.00008375T2,

and h(1200, 1100) = 1557.14Btu/tbm. At P= 1250psia, .h(1250, T) = 823.60 
0.75350T- 0.00008000T2, and h(1250, 1100) = 1555.65 Btu/lbm.

Next fit the quadratic polynomial

h(P, 1100) = a + bP + cP2 (4.122)

at T = ll00E and interpolate for the value ofh at P = 1225 psia.

a + 1150b + (1150)2c = 1558.04 (4.123a)

a + 1200b + (1200)2c = 1557.14 (4.123b)

a + 1250b + (1250)2c = 1555.65 (4.123c)

Table 4.10. Enthalpy of Steam

T,F

~ psia 800 1000 1200

1150 1380.4 1500.2 1614.5
1200 1377.7 1499.0 1613.6
1250 1375.2 1497.1 1612.6



220

Solving for a, b, and c by Gauss elimination gives

h(P, 1100) = 1416.59 + 0.258125P - 0.00011750P2

Chapter 4

(4.124)

Evaluating Eq. (4.124) at P = 1225 yields h(1225, 1100) = 1556.5 Btu/lbm. The error 
this result is Error-= 1556.5 - 1556.0 = 0.5 Btu/lbm.

4,8,2. Direct Multivariate Polynomial Approximation

Consider the bivariate function, z =f(x, y), and the set of tabular data presented in Table
4.10. The tabular data can be fit by a multivariate polynomial of the form

z =f(x,y) = a +bx+cy+dxy+ex2 +fy2 +gxZy+hxy2 + ix 3 +jy3 +...

(4.125)

The number of data points must equal the number of coefficients in the polynomial. A
linear bivariate polynomial in x and y is obtained by including the first four terms in Eq.
(4.125). The resulting polynomial is exactly equivalent to successive univariate linear
polynomial approximation if the same four data points are used. A quadratic bivariate
polynomial in x and y is obtained by including the first eight terms in Eq. (4.125). The
number of terms in the approximating polynomial increases rapidly as the degree of
approximation increases. This leads to ill-conditioned systems of linear equations for
determining the coefficients. Consequently, multivariate high-degree approximation must
be used with caution.

Example 4.12. Direct multivariate linear interpolation.

Let’s solve the interpolation problem presented in Example 4.11 by direct multivariate
linear interpolation. The form of the approximating polynomial is

h =a+bT+cP+dTP (4.126)

Substituting the four data points that bracket P= 1225psia and T= ll00F into
Eq. (4.126) gives

1499.0 = a ÷ (1000)b + (1200)c ÷ (1000)(1200)d

1497.1 = a + (1000)b + (1250)c + (1000)(1250)d

1613.6 = a + (1200)b + (1200)c + (1200)(1200)d

1612.6 = a + (1200)b + (1250)c + (1200)(1250)d

(4.127a)

(4.127b)

(4.127c)

(4.127d)

Solving for .a, b, c, and d by Gauss elimination yields

h = 1079.60 + 0.4650T - 0.1280P + 0.0900 x 10-3Tp (4.128)

Substituting T = 1100 and P = 1225 into Eq. (4.128) gives h(1100, 1225) = 1555.5
Btu/lbm. The error in this result is Error=1555.5- 1556.0= -0.5Btu/lbm. The
advantage of this approach is that Eq. (4.128) can be evaluated for other values 
(T, P), if required, without reevaluating the polynomial coefficients.
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4.9 CUBIC SPLINES

Several procedures for fitting approximating polynomials to a set of tabular data are
presented in Sections 4.3 to 4.6. Problems can arise when a single high-degree polynomial
is fit to a large number of points. High-degree polynomials would obviously pass through
all the data points themselves, but they can oscillate wildly between data points due to
round-off errors and overshoot. In such cases, lower-degree polynomials can be fit to
subsets of the data points. If the lower-degree polynomials are independent of each other, a
piecewise approximation is obtained. An alternate approach is to fit a lower-degree
polynomial to connect each pair of data points and to require the set of lower-degree
polynomials to be consistent with each other in some sense. This type of polynomial is
called a spline function, or simply a spline.

Splines can be of any degree. Linear splines are simply straight line segments
connecting each pair of data points. Linear splines are independent of each other from
interval to interval. Linear splines yield first-order approximating polynomials. The slopes
(i.e., first derivatives) and curvature (i.e., second derivatives) are discontinuous at every
data point. Quadratic splines yield second-order approximating polynomials. The slopes of
the quadratic splines can be forced to be continuous at each data point, but the curvatures
(i.e., the second derivatives) are still discontinuous.

A cubic spline yields a third-degree polynomial connecting each pair of data points.
The slopes and curvatures of the cubic splines can be forced to be continuous at each data
point. In fact, these requirements are necessary to obtain the additional conditions required
to fit a cubic polynomial to two data points. Higher-degree splines can be defined in a
similar manner. However, cubic splines have proven to be a good compromise between
accuracy and complexity. Consequently, the concept of cubic splines is developed in this
section.

The name spline comes from the thin flexible rod, called a spline, used by draftsmen
to draw smooth curves through a series of discrete points. The spline is placed over the
points and either weighted or pinned at each point. Due to the flexure properties of a
flexible rod (typically of rectangular cross section), the slope and curvature of the rod are
continuous at each point. A smooth curve is then traced along the rod, yielding a spline
c~trvc.

Figure 4.8 illustrates the discrete x space and defines the indexing convection.
There are n + 1 total points, xi (i = 1, 2 ..... n + 1), n intervals, and n - 1 interior grid
points, xi (i = 2, 3 ..... n). A cubic spline is to be fit to each interval. Thus,

If(x) =ai+bix+cixZ+di x3 (i= 1,2 ..... n) (4.129)

interval 1 interval i-1 interval i interval n

1 2 i-1 i i+1 n n+l

Figure 4.8

n+l grid points, xi (i = 1, 2 ..... n+l)
n intervals, xi < x < xi+1 (i = 1,2 ..... n)
n cubic splines, fi(x) (i = 1, 2 ..... n)
n-1 interior grid points, xi (i = 2, 3 ..... n)

Cubic splines.
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defines the cubic spline in interval i, xi ~ x ~ xi+1 (i = 1, 2 ..... n). Since each cubic
spline has four coefficients and there are n cubic splines, there are 4n coefficients to be
determined. Thus, 4n boundary conditions, or constraints, must be available.

In the direct approach, the following constraints are applied.

1. The function values, f(xi) =f (i = 2, 3 ..... n), must be the same in the two
splines on either side of xi at all of the n - 1 interior points. This constraint
yields 2(n - 1) conditions.

2. The first derivative of the two splines on either side of point x; must be equal at
all of the n - 1 interior points. This constraint yields (n - 1) conditions.

3. The second derivative of the two splines on either side of point xi must be equal
at all of the n - 1 interior points. This constraint yields (n - 1) conditions.

4. The first and last spline must pass through the first (i.e., xl) and last (i.e., Xn+l)
points. That is, fl(Xl) ----fl andfn(X,+l) =fn+l" This constraint yields 2 condi-
tions.

5. The curvature [i.e.,f"(x)] must be specified at the first (i.e., x~) and last (i.e.,
Xn+l) points. That is, fl"(X~) =f~" andf~"(xn+~) = fn’~-l’ This constraint yields 
conditions.

When all of the conditions given above are assembled, 4n linear algebraic equations
are obtained for the 4n spline coefficients ai, bi, ci, and d/ (i--- 1, 2 ..... n). This set 
equations can be solved by Gauss elimination. However, simpler approaches exist for
determining cubic splines. Gerald and Wheatley (1999), Chapra and Canale (1998), 
Press et al. (1989) present three such approaches. The approach presented by Chapra and
Canale is followed below.

From the cubic equation, Eq. (4.129), it is obvious that the second derivative within
each interval, f"(x), is a linear function ofx. The first-order Lagrange polynomial for the
second derivative f"(x) in interval i, xi <_ x <_ xi+~ (i = 1, 2 ..... n), is given by

fitt(x ) -- X--Xi+ 1 ¢q! ± X--X i ¢’t! (4.130)"Ji q- --Ji+l
Xi -- Xi+ 1 Xi+ 1 -- Xi

Integrating Eq. (4.130) twice yields expressions for f’(x) and f/(x). 

f’(x) -- x~ /2 -- XXi+l fitt ~ x2/2 -- XX~ fi~_ 1 "~ C (4.131)
Xi-Xi+1 Xi+l --Xi

f(x) x3/6 - xZxi+~/Z f"(x) -~x3/6 - xZxi/2.fi~-- + C x + D (4.132)
Xi -- Xi+ 1 Xi+ 1 -- Xi

Evaluating Eq. (4.132) at xi and xi+~ and combining the results to eliminate the
constants of integration C and D gives

f" . f~-~
fi(x) -- 6(Xi+l -- Xi) (Xi+1 -- X)35- 6(Xi+l-- -__ Xi) (X -- Xi)3

"q-[~gi+l-fi--xi fitt(Xi+~--Xi)](Xi+l--X)

"~-F" ~f/+__[1 f/~-l(Xiq-1--Xi).](X __Xi)
Lxi+ 1 -- Xi 6

(4.133)
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Equation (4.133) is the desired cubic spline for increment i expressed in terms of the two
unknown second derivatives f" and f~-l.

An expression for the second derivatives at the interior grid points,
f/"(i = 2, 3 ..... n), can be obtained by setting f’_~(xi)=f’(xi). expression forf’(x
can be obtained by differentiating Eq. (4.133). Applying that expression to intervals i - 
and i and evaluating those results at x = x[’ gives expressions for f’_l(Xi) and f’(xi).
Equating those expressions yields

Xi -- X ~ ¢.tt
tt tt :i-1;Ji-1 q- 2(Xi+l -- Xi-1)f/ "~- (Xi+l -- xi)f/+l 6f/+l 6f/

Xi+ 1 -- Xi Xi -- Xi- 1

(4.134)

Applying Eq. (4.134) at the n - 1 interior points gives n - 1 coupled equations for the
n + 1 second derivatives, f/’(i = 1,2 ..... n + 1). Two more values off" are required to
close the system of equations.

The two additional conditions are obtained by specifying the values off{’ andf~’~_|.
Several approaches are available for specifying these two values:

1. Specify f(’ andf,’~q if they are known. Letting f[’ = 0 and/orf,’~q = 0 specifies
a natural spline.

2. Specify f{ and/orf~+l and use Eq. (4.131) to develop a relationship betweenfl~

and/orf~’+~ andf~’,f~" andf~’, etc. This requires the evaluation of the constant of
integration C, which is not developed in this book.

3. Letfl" =f2" andfn’~-l =fn"’
4. Extrapolatef~" andf~q from interior values off/".

The first approach, letting f{’ =fn~_~ = 0, is the most commonly employed approach.

Example 4.13. Cubic splines.

Let’s illustrate the cubic spline by applying it to the data in the following table, which is for
the function f (x) = x -x3.

i x f(x) f"(x)

1 -0.50 0.731531 0.0
2 0.00 1.000000
3 0.25 1.268400
4 1.00 1.718282 0.0

There are n + 1 = 4 grid points, n = 3 intervals, n = 3 cubic splines to be fit, and
n - 1 = 2 interior grid points at which f" must be evaluated.

The first step is to determine the values off" at the four grid points, i = 1 to 4. Let’s
apply the natural spline boundary condition at i = 1 and i = 4. Thus, f~" =f4"= 0.0.
Applying Eq. (4.134) at grid points 2 and 3 gives

i = 2: (x2 -- Xl)fff ~- 2(x3 -- xl)f2" + (x3 -- x2)f3" = J) -j~
X3 -- X2

i = 3: (X 3 --x2)fff +2(X4 --x2)fffq- (X 4 --X3)2[~ t : 6f4 -f3
x4 - x3

6J~ -)q (4.135)
X2 -- X1

6f3 -J~ (4.136)
X3 -- X2
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Substituting values from the table into Eqs. (4.135) and (4.136) gives

(0.5)(0.0) + 2(0.75)f~" + (0.25)£’ .0.268400 0.268469)
\ 0.25 ~-~ J

(0.25)f~ -t- 2(1.0)f3" + (0.75)(0.0) 0.449882 0.268400~
\ 0.75 b-~ )

(4.137a)

(4.137b)

Evaluating Eqs. (4.137) gives

1.50f~" + 0.25f3" = 3.219972

0.25f~" + 2.0f3" = -2.842544

(4.138a)

(4.138b)

Solving Eq. (4.138) by Gauss elimination yields

2.434240 and f3" = -1.725552 (4.139)

The second step is to substitute the numerical values into Eq. (4.133) for the three
intervals, (xl,x2), (x2,x3), and (x3,x4), to determine the cubic splines for the three
intervals. Thus, for interval 1, that is, (x1, x2), Eq. (4.133) becomes

fill f~lJq(x) - 6(x2 _ xl) (x2 - x)3 -~ 6(x2 - x~) (x - x~)3

(4.140)

Similar equations are obtained for intervals 2 and 3. Substituting values into these three
equations gives

2.434240 (_0.731531j~(x) = (0.0) -~ 6(0.5~[x - (-0.5)] 3 + \ 0.5

+[~50 2"4342~-0(0"5)] Ix - (-0.5)]

2.434240 0 25 -1.725552
J~(x)- ~ ( . -x)3+ 6(0.25) (x-0.0)3

+[0{~5 2"4342~(0"25~](0"25 - x)

+ L[1"2684°°~ - 1.725~52(0.25)] (x - 0.0)

o.o)(o.o - 

(4.141a)

(4.141b)

-1.725552 (1.0 - x)3 + (0.0) + 1"268400

6(0.75)k 0.75

[.1.718282 (0.0).~. 75).] (x _ 0.25)

+ L 0.75
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Evaluating Eq. (4.141) yields

f~(x) = 0.811413(x + 0.5) 3 - 1.463062x + 1.797147(x + 0.5)3 (4.142a)

J~(x) = 1.622827(0.25 - 3 - 1.150368x3 + 3.898573(0.25 - x)+ 5.145498x

(4.142b)

f3(x) = -0.383456(1.0 - 3 + 1.906894(1.0 - x)+ 2.291043(x - 0.25) (4.

Equation (4.142) can be verified by substituting the values in the table into the equations.

4.10 LEAST SQUARES APPROXIMATION

Section 4.1 discusses the need for approximating functions for sets of discrete data (e.g.,
for interpolation, differentiation, and integration), the desirable properties of approximat-
ing functions, and the benefits of using polynomials for approximating functions. For small
sets of smooth data, exact fits such as presented in Sections 4.3 to 4.9 are desirable.
However, for large sets of data and sets of rough data, approximate fits are desirable.
Approximate polynomial fits are the subject of this section.

4.10.1 Introduction

An approximate fit yields a polynomial that passes through the set of points in the best
possible manner without being required to pass exactly through any of the points. Several
definitions of best possible manner exist. Consider the set of discrete points,
[xi, Y(xi)] = (xi, Yi), and the approximate polynomial y(x) chosen to represent the set of
discrete points, as illustrated in Figure 4.9. The discrete points do not fall on the
approximating polynomial. The deviations (i.e., distances) of the points from the
approximating function must be minimized in some manner. Some ambiguity is possible
in the definition of the deviation. For example, if the values of the independent variable xi

y(x)’

Yi(xi)

Yi

Figure 4.9 Approximate fit.



226 Chapter 4

are considered exact, then all the deviation is assigned to the dependent variable Y~, and the
deviation ei is the vertical distance between Y,. and Yi =f(xi). Thus,

[ ei = Yi-Yi l (4.143)

It is certainly possible that the values of Y,. are quite accurate, but the corresponding values
ofxi are in error. In that case, the deviation would be measured by the horizontal distance
illustrated in Figure 4.9. If xi and Y,. both have uncertainties in their values, then the
perpendicular distance between a point and the approximating function would be the
deviation. The usual approach in approximate fitting of tabular data is to assume that the
deviation is the vertical distance between a point and the approximating function, as
specified by Eq. (4.143).

Several best fit criteria are illustrated in Figure 4.10 for a straight line approximation.
Figure 4.10a illustrates the situation where the sum of the deviations at two points is
minimized. Any straight line that passes through the midpoint of the line segment
connecting the two points yields the sum of the deviations equal to zero. Minimizing
the sum of the absolute values of the deviations would yield the unique line that passes
exactly through the two points. That procedure also has deficiencies, however, ~is
illustrated in Figure 4.10b, where two points having the same value of the independent
variable have different values of the dependent variable. The best straight line obviously
passes midway between these two points, but any line passing between these two points
yields the same value for the sum of the absolute values of the deviations. The minimax
criterion is illustrated in Figure 4.10c, where the maximum deviation is minimized. This
procedure gives poor results when one point is far removed from the other points. Figure

Y(x)/

- 01 /
r ~ei(a) 

y(x)

Y(X)

(b)
x x~’

y(x)

Y(x)

(c)

Figure 4.10
squares.

y(x)

(ei)max~~.
Y(X)

Y~(ei)2

, (d) ,
X X

Best fit criteria. (a) Minimize ~-~ei. (b) Minimize leil. (c) Minimax. (d) Le
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4.10d illustrates the least squares criteria, in which the sum of the squares of the deviations
is minimized. The least squares procedure yields a good compromise criterion for the best
fit approximation.

The least squares method is defined as follows. Given N data points,

[xi, Y(xi)] = (xi, Yi), choose the functional form of the approximating function to be fit,
y = y(x), and minimize the sum of the squares of the deviations, ei = (Y/- Yi).

4.10.2 The Straight Line Approximation

The simplest polynomial is a linear polynomial, the straight line. Least squares straight line
approximations are an extremely useful and common approximate fit. The least squares
straight line fit is determined as follows. Given N data points, (xi, Yi), fit the best straight
line through the set of data. The approximating function is

y=a+bxl

At each value ofxi, Eq. (4.144) gives

Yi = a + bxi (i = 1 ..... N)

The deviation ei at each value of xi is

ei = ~ - yi (i = 1 ..... N)

The sum of the squares of the deviations defines the function S(a, b):

N N
S(a, b) = Y~ (ei) 2 = Y~ (Yi -- a - bxi)2

i=1 i=1

The function S(a, b) is a minimum when OS/Oa = OS/Ob = 0. Thus,

OS
Oa ~2(Y/ a bxi)(-1) 

OS N
-- = ~ 2(Yi - a - bxi)(-xi) Ob

Dividing Eqs. (4.148) by 2 and rearranging yields

(4.144)

(4.145)

(4.146)

(4.147)

(4.148a)

(4.148b)

N N N

l i=1 i=1 i=1

Equations (4.i49) are called the normal
solved for a and b by Gauss elimination.

(4.149a)

(4.149b)

equations of the least squares fit. They can be

Example 4.14. Least squares straight line approximation.

Consider the constant pressure specific heat for air at low temperatures i3resented in

Table 4.11, where Tis the temperature (K) and Cp is the specific heat (J/gm-K). The exact
values, approximate values from the least squares straight line approximation, and the
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Table 4.11.
Temperatures

Specific Heat of Air at Low

T, K Cp,exact Cp,app .... Error, %

3O0
400
5OO
6OO
700
8OO
900

1000

1.0045 0.9948 -0.97
1.0134 1.0153 0.19
1.0296 1.0358 0.61 ̄
1.0507 1.0564 0.54
1.0743 1.0769 0.24
1.0984 1.0974 -0.09
1.1212 1.1180 -0.29
1.1410 1.1385 -0.22

Chapter 4

percent error are also presented in the table. Determine a least squares straight line
approximation for the set of data:

Cp =a+bT (4.150)

For this problem, Eq. (4.149) becomes

8 8

8a + b Z Ti = Z Cp,i
i=1 i=1

8 8 8

aE Ti+bE T, 2 = E
i=1 i=1 i=1

(4.151)

(4.152)

Evaluating the summations and substituting into Eqs. (4.151) and (4.152) gives

8a + 5200b = 8.5331

5200a ÷ 3,800,000b 5632.74

(4.153a)

(4.153b)

Solving for a and b by Gauss elimination without scaling or pivoting yields

Cp = 0.933194 + 0.205298 x 10-3T ]
(4.154)

Substituting the initial values of T into Eq. (4.154) gives the results presented in Table
4.11, which presents the exact data, the least squares straight line approximation, and the
.percent error. Figure 4.11 presents the exact data and the least squares straight line
approximation. The straight line is not a very good approximation of the data.

4.10.3. Higher-Degree Polynomial Approximation

The least squares procedure developed in Section 4.10.2 can be applied to higher-degree
polynomials. Given the N data points, (xi, Yi), fit the best nth-degree polynomial through
the set of data. Consider the nth-degree polynomial:

y = ao +alx+a2x2 + ... +anx" ] (4.155)
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I
E
~- 1.10

~ 1.05

1.0(

0 500

Temperature T, K

Figure 4.11 Least squares straight line approximation.

I
1000

The sum of the squares of the deviations is given by

N N

S(a0, al ..... an) -=- ~ (ei) 2 = ~ (Yi -- ao -- alxi ..... anX~ )2

i=1 i=1
(4.156)

The function S(a0, a1 ..... an) is a minimum when

OS N
-- = Y~, 2(Yi - ao - alxi ..... an~//)(-1) = 0
~a0 i=1

OS ~v
-- = ~ 2(Y/- ao - alx i ..... anxT)(-~) 
~an i= 1

Dividing Eqs. (4.157) by 2 and rearranging yields the normal equations:

(4.157a)

(4.157b)

N N N

aoN +alZ xi +’"+an~ X~" = ~ Yi
i=1 i=1 i=1

N N N N
ao~ X]i + al Y~ x’~+l + ...-q-anY~ n = ~ x~i Yi

i=1 i=1 i=1 i=1

(4.158a)

(4.15 8b)

Equation (4.158) can be solved for 0 to an by Gauss elimination.
A problem arises for high-degree polynomials. The coefficients in Eq. (4.158), N 

~n, can vary over a range of several orders of magnitude, which gives rise to ill-
conditioned systems. Normalizing each equation helps the situation. Double precision
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calculations are frequently required. Values of n up to 5 or 6 generally yield good results,
values ofn between 6 and 10 may or may not yield good results, and values ofn greater
than approximately 10 generally yield poor results.

Example 4.15. Least squares quadratic polynomial approximation.

Consider the constant pressure specific heat of air at high temperatures presented in
Table 4.12, where T is the temperature (K) and Cp is the specific heat (J/gm-K). The exact
values, approximate values from a least squares quadratic polynomial approximation, and
the percent error are also presented in the table. Determine a least squares quadratic
polynomial approximation for this set of data:

Cp = a + bT + cT2 (4.159)

For this problem, Eq. (4.158) becomes

5a + b ~ Tg + c y~ Ti 2 = ~ Cp,i

a Z Tg .-[- b E ri2 .q- c E V? : E TiCp,i

(4.160a)

(4.160b)

(4.16qc)

Evalu~ingthe summ~ions and substituting into Eq.(4.160) gives

5a + l0 × 103b + 22.5 × 106c = 6.1762

10 x 103a + 22.5 x 106b + 55 x 109c = 12.5413 x 103

22.5 x 106a + 55 x 109b + 142.125 x 1012c = 288.5186 x 106

(4.161a)

(4.161b)

(4.161c)

Solving for a, b, and c by Gauss elimination yields

Cp= 0.965460 + 0.211197 x 10-3T -- 0.0339143 x 10-6T2 (4.162)

Substituting the initial values of T into Eq. (4.162) gives the results presented 
Table 4.12. Figure 4.12 presents the exact data and the least squares quadratic polynomial
approximation. The quadratic polynomial is a reasonable approximation of the discrete
data.

Table 4.12.
Temperatures

Specific Heat of Air at High

T, K Cp,exact
Cp,approx" Error, %

1000
150o
2000
2500
3000

1.1410 1.1427 0.15
1.2095 1.2059 -0.29
1.2520 1.2522 0.02
1.2782 1.2815 0.26
1.2955 1.2938 -0.13
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1.3

1.2-

1.1

Figure 4.12

1000 2000

Temperature T, K

Least squares quadratic approximation.

3000

4.10.4. Multivariate Polynomial Approximation

Many problems arise in engineering and science where the dependent variable is a function
of two or more independent variables, for example, z =f(x,y) is a two-variable, or
bivariate, function. Two exact fit procedures for multivariate approximation are presented
in Section 4.8. Least squares multivariate approximation is considered in this section.

Given the N data points, (xi, Yi, Zi), fit the best linear bivariate polynomial through
the set of data. Consider the linear polynomial:

z = a + bx + cy (4.163)

The sum of the squares of the deviations is given by

S(a, b, c) --- ~ (ei) 2 : ~ (Zi - a - bxi -- cYi)2 (4.164)

The function S(a, b, c) is a minimum when

~S
aa

~ 2(Zi - a - bxi cyi) (- 1) = 

OS
~’--~ = ~ 2(Zi - a - bxi - cyi)(-xi) 

OS

OC
~ 2(Zi a bx i cyi)(-Yi) 

(4.165a)

(4.165b)

(4.165c)
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Dividing Eqs. (4.165) by 2 and rearranging yields the normal equations:

aN + b Y~xi .-b c ~-~yi =

a Z xi + b Z ~ + c Z xiy~ = ~ xiZi

a ZYi + b Exyi -b c ~-~.Y~i = ~YiZi

(4.166a)

(4.166b)

(4.166c)

Equation (4.166) can be solved for a, b, and c by Gauss elimination.
A linear fit to a set of bivariate data may be inadequate. Consider the quadratic

bivariate polynomial:

z = a + bx + cy + dx2 + ey2 + fxy ] (4.167)

The sum of the squares of the deviations is given by

S(a, b, c, d, e,f) = ~ i - a - bxi - cyi - d.~i - e~- f xiYi)2 (4.168)

The function S(a, b ..... f) is a minimum when

OS
O~ = ~ 2(Zi - a - bx i - cy i - dx~i - ey~i -fxyi)(-1) (4.169a)

~S
~-~ = Y~. 2(Zi - a - bxi - cyi - d~ - e~ - fxyi)(-xgyi) = 0 (4.169f)

Dividing Eqs. (4.169) by 2 and rearranging yields the normal equations:

aN + b ~ xi -~ C E Yi "-}- d y~ ~ + e ~ ~ + f ~_, xiYi = ~ Zi (4.170a)

a~xi +bS~ +c~xcv,. +d~x3c +eY’~xi)~i -kf~x2iYi : ZxiZi (4.170b)

aEyi+bExiYi+C~-~ +dE~yi+e~-~ +f~x.~i : y~yiZi (4.170c)

aE~ +bEx ~ +cE~yi+dEx4i +eE~ ~ +fEx~yi : E~Zi (4.170d)

+ bEx +cEA +eEy4i +fY~xi,~ = Y~iiZi (4.170e)

a ZxiYi -dc b Zx2iYi -21- c Zxi~i + d ~x3iYi + e Y~x.~i +f Y~x~Y~i : ~-~xiYiZi

(4.170f)

Equation (4.170) can be solved for a to f by Gauss elimination.

Example 4.16. Least squares quadratic bivariate polynomial approximation.

Let’s rework Example 4.12 to calculate the enthalpy of steam at P = 1225psia and
T = 1100 F, based on the data in Table 4.10, using a least squares quadratic bivariate
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polynomial.
respectively. Evaluating the summations and substituting into Eq. (4.170) gives

Let the variables x, y, and Z in Eq. (4.170) correspond to P, T, and 

9.240 E6 10.800 E6

11.088 E9 12.975 E9

9.720 E9 11.088 E9

13.321 El2 15.606 El2

10.450 El2 11.664 El2

11.664 El2 13.321 El2

9 E0 10.800 E3 9.000 E3 12.975 E6

10.800 E3 12.975 E6 10.800 E6 15.606 E9

9.000 E3 10.800 E6 9.240 E6 12.975 E9

12.975 E6 15.606 E9 12.975 E9 18.792 El2

9.240 E6 11.088 E9 9.720 E9 13.321 El2

10.800 E6 12.975 E9 11.088 E9 15.606 El2

"13.4703 E3 -

16.1638 E6

13.6118 E6

19.4185 E9

14.1122 E9

16.3337 E9

-a

(4.171)

Due to the large magnitudes of the coefficients, they are expressed in exponential format
(i.e., x.xxx En =x.xxx x I0n). Each row in Eq. (4.171) should be normalized by 
exponential term in the first coefficient of each row. Solving the normalized Eq. (4.171) 
Gauss elimination yields

h(T, P) = 914.033 - 0.0205000P + 0.645500T - 0.000040000P2

- 0.000077500T2 + 0.000082500PT (4.172)

Evaluating Eq. (4.172) yields h(1100.0, 1225.0) = 1556.3 Btu/lbm. The error is Error=
1556.3 - 1556.0 = 0.3 Btu/lbm. which is smaller than the error incurred in Example 4.12
obtained by direct multivariate linear interpolation.

Equation (4.170) can be written as the matrix equation

Ac = b (4.173)

where A is the 6 × 6 coefficient matrix, c is the 6 x 1 column vector of polynomial
coefficients (i.e., a to f), and b is the 6 × 1 column vector of nonhomogeneous terms. The
solution to Eq. (4,173) 

c = A-lb (4.174)

where A-1 is the inverse of A. In general, solving Eq. (4.173) for c by Gauss elimination 
more efficient than calculating A-l . However, for equally spaced data (i.e. Ax = constant
and Ay = constant) in a large table, a considerable simplification can be achieved. This is
accomplished by locally transforming the independent variables so that x = y = 0 at the
center point of each subset of data. In this case, A is constant for the entire table, so A-1

can be determined once for the entire table, and Eq. (4.174) can be used to calculate the
coefficients a to f at any point in the table very efficiently. Only the nonhomogeneous
vector b changes from point to point and must be recalculated.
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4.10.5. Nonlinear Functions

One advantage of using polynomials for least squares approximation is that the normal
equations are linear, so it is straightforward to solve for the coefficients of the polynomials.
In some engineering and science problems, however, the underlying physics suggests
forms of approximating functions other than polynomials. Examples of several such
functions are presented in this section.

Many physical processes are governed by a nonlinear equation of the form

y = axb (4.175)

Taking the natural logarithm of Eq. (4.175) gives

In(y) = In(a) + b in(x) (4.176)

Let y’ = In(y), a’ = in(a), and x’ = In(x). Equation (4.176) 

y’ = a’ + bx’ (4.177)

which is a linear polynomial. Equation (4.177) can be used as a least squares approxima-
tion by applying the results developed in Section 4.10.2.

Another functional form that occurs frequently in physical processes is

y = aebx (4.178)

Taking the natural logarithm of Eq. (4.178) gives

ln(y) = ln(a) bx (4.179)

which can be written as the linear polynomial

y’ = a’ + bx (4.180)

Equations (4.175) and (4.178) are examples of nonlinear functions that can 
manipulated into a linear form. Some nonlinear functions cannot be so manipulated. For
example, consider the nonlinear function

a
y -- (4.181)

l ÷bx

For a given set of data, (xi, Yi) (i = 1, 2 ..... N), the sum of the squares of the deviations is

S(a, b) = E 1 +-bx; (4.182)

The function S(a, b) is a minimum when

8S ~-~ 2 (Yi a ~)(_~xi) 0 (4.183a)

8a 1 ~-bx 1

8S

(Yi abxi)((xi )O-~ = y~.2 1 q~
1 .~i)2 = 0

(4.183b)

Equation (4.183) comprises a pair of nonlinear equations for determining the coefficients 
and b. They can be solved by methods for solving systems of nonlinear equations, for
example, by Newton’s method, as discussed in Section 3.7.
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4.11 PROGRAMS

Five FORTRAN subroutines for fitting approximating polynomials are presented in this
section:

1. Direct fit polynomials
2. Lagrange polynomials
3. Divided difference polynomials
4. Newton forward-difference polynomials
5. Least squares polynomials

All of the subroutines are written for a quadratic polynomial, except the linear least
squares polynomial. Higher-degree polynomials can be constructed by following the
patterns of the quadratic polynomials. The variable ndeg, which specifies the degree of the
polynomials, is thus not needed in the present programs. It is included, however, to
facilitate the addition of other-dgree polynomials to the subroutines, in which case the
degree of the polynomial to be evaluated must be specified.

The basic computational algorithms are presented as completely self-contained
subroutines suitable for use in other programs. FORTRAN subroutines direct, lagrange,
divdiff and newtonfd are presented in Sections 4.11.1 to 4.11.4 for implementing these
procedures. A common program main defines the data sets and prints them, calls one of
the subroutines to implement the solution, and prints the solution. The complete program
main is presented with subroutine direct. For the other three subroutines, only the changed
statements are included. Program main for subroutine lesq is completely self-contained.

4.11.1. Direct Fit Polynomials

The direct fit polynomial is specified by Eq. (4.34):

Pn(x) = o +alx + a2x~ +... + anx~ (4.184)

A FORTRAN subroutine, subroutine direct, for implementing a quadratic direct fit
polynomial is presented below. Program main (Program 4.1) defines the data set and
prints it, calls subroutine direct to implement the solution, and prints the solution.
Subroutine gauss is taken from Section 1.8.1.

Program 4.1. Direct fit polynomial program.

C

C

C

C

C

C

C

C

C

program main

main program to illustrate polynomial fitting subroutines

ndim array dimension, ndim = 6 in this example

ndeg degree of the polynomial, ndeg = 2 in this example

n number of data points and polynomial coefficients

xp value of x at which the polynomial is evaluated

x values of the independent variable, x(i)

f values of the dependent variable, f(i)

fxp interpolated value, f (xp)

c coefficients of ~he direct fit polynomial, c(i)

dimension x(6) ,f(6) ,a(6,6) ,b(6) 

data ndim, ndeg, n,xp / 6, 2, 3, 3.44 /

data (x(i),i=l,3) / 3.35, 3.40, 3.50 

data (f(i),i=l,3) / 0.298507, 0.294118, 0.285714 
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i000

I010

1020

c

1000

c

write (6, 1000)

do i=l,n

write (6,1010) i,x(i),f(i)

end do
call direct (ndim,ndeg, n,x, f, xp, fxp, a,b, c)

write (6,1020) xp, fxp

stop

format (’ Quadratic direct fit polynomial’/’

format (i4,2f12.6)

format (’ ’/’ f(’,f6.3,’) = ’,f12.6)
end

’/’ x and f’/" ")

subroutine direct (ndim, ndeg, n, x, f, xp, fxp, a, b, c)

quadratic direct fit polynomial

dimension x (ndim) , f (ndim) , a (ndim, ndim) , b (ndim) , 

do i=l,n

a(i,l)=l.O

a (i, 2) =x(i)

a(i,3)=x(i) 

b(i) =f(i)

end do

call gauss (ndim, n, a,b, c)

write (6,1000) (c(i),i=l,n)

fxp=c (1) +c(2) *xp+c ( 3 ) *xp* 

return

format (’ ’/’ f(x) = ’,e13.7, ’ + ’,e13.7,’ x + ’,e13.7, ’ x**2’)

end

subroutine gauss (ndim, n, a, b, x)

implements simple Gauss elimination

end

The data set used to illustrate subroutine direct is taken from Example 4.2. The
output generated by the direct fit polynomial program is presented below.

Output 4.1. Solution by a quadratic direct fit polynomial.

Quadratic direct fit polynomial

x and f

1 3.350000 0.298507

2 3.400000 0.294118

3 3.500000 0.285714

f(x) = 0.8765607E+00 + -.2560800E+00 x + 0.2493333E-01 x**2

£( 3.440) 0.290697
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4.11.2. Lagrange Polynomials

The equation for the general Lagrange polynomial is given by Eq. (4.46). The quadratic

Lagrange polynomial is given by Eq. (4.45):

(x - b)(x - c) ~1 (x - a )( x - c ) ... (x - a)(x - b)~, 

P2(x)=(a_b)(a_c)Yta)+(b a)(b_c)J(O)-~ (4. 185)

A FORTRAN subroutine, subroutine lagrange, for implementing the quadratic Lagrange

polynomial is presented below. Program main (Program 4.2) defines the data set and prints

it, calls subroutine lagrange to implement the solution, and prints the solution. It shows

only the statements which are different from the statements in Program 4.1.

Program 4.2. Quadratic Lagrange polynomial program.

program main

main program to illustrate polynomial fitting subroutines

dimension x(6) , f (6)
call lagrange (ndim,n,x, f, xp, fxp)

1000 format (" Quadratic Lagrange polynomial’/’ "/" x and f’/" ")

end

subroutine lagrange (ndim, n,x, f, xp, fxp)

quadratic Lagrange ~9olynomial

dimension x (ndim) , f (ndim)
fpl= (xp-x(2) ) * (xp-x(3 ) ) / (x(1) -x(2) ) / (x(1) 

fp2= (xp-x(1) ) * (xp-x(3) ) / (x(2) -x(1) ) / (x(2) 

fp3= (xp-x(1) ) * (xp-x(2) ) / (x(3) -x(1) ) / (x(3) 

fxp=fpl + f~2 + fp3

return

end

The data set used to illustrate subroutine lagrange is taken from Example 4.3. The
output generated by the Lagrange polynomial program is presented in Output 4.2.

Output 4.2. Solution by a quadratic Lagrange polynomial.

Quadratic Lagrange polynomial

x and f

1 3.350000 0.298507
2 3.400000 0.294118
3 3.500000 0.285714

f( 3.440) 0.290697
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4.11.3. Divided Difference Polynomial

The general formula for the divided difference polynomial is given by Eq. (4.65):

P.(x) = f/(o) + (x - xo)f/O) + (x - Xo)(X - xl)fi(2

+... + (x - Xo)(X Xl). ¯ ¯ (x- xn_~)f/(") (4.186)

A FORTRAN subroutine, subroutine divdiff for implementing a quadratic divided
difference polynomial is presented below. Program main (Program 4.3) defines the data
set and prints it, calls subroutine divdiffto implement the solution, and prints the solution.
It shows only the statements which are different from the statements in Program 4.1.

Program 4.3. Quadratic divided difference polynomial program.

lOOO

program main

main program to illustrate polynomial fitting subroutines

dimension x(6) , f (6)

call divdiff (ndim, n,x, f, xp, fxp)

format (" Quadratic divided diff. poly. ’/’ ’/’ x and f’/’ ’)

end

subroutine divdiff (ndim,n,x, f, xp, fxp)

quadratic divided difference polynomial

dimension x (ndim) , f (ndim)

fll= (f (2) -f (i)) / (x(2) 

f21= (f (3) -f (2)) / (x(3) 

f12= (f21-fll) / (x(3) -x 
fxp=f (1) + (xp-x(1) ) *fll + (xp-x(1) ) * (xp-x(2) 

return

end

The data set used to illustrate subroutine divdiff is taken from Example 4.6. The
output generated by the divided difference polynomial program is presented in Output 4.3.

Output 4.3. Solution by a quadratic divided difference polynomial.

Quadratic divided diff. polynomial

x and f

1 3.350000 0.298507

2 3.400000 0.294118

3 3.500000 0.285714

f( 3.440) 0.290697
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4.11.4, Newton Forward-Difference Polynomial

The general formula for the Newton forward-difference polynomial is given by Eq. (4.88):

Pn(x) =fo sAfo +~A2fo +s(s - 1)(s3! - 2)A3f

+... + s(s - 1)(s 2)... Is- (n -
n!

1)1 A.f0
(4.187)

A FORTRAN subroutine, subroutine newtonfd, for implementing a quadratic Newton
forward difference polynomial is presented below. Program main (Program 4.4) defines
the data set and prints it, calls subroutine newtonfd to implement the solution, and prints
the solution. It shows only the statements which are different from the statements in
Program 4.1.

Program 4.4. Quadratic Newton forward-difference polynomial program.

1000

program main

main program to illustrate polynomial fitting subroutines

dimension x( 6) , f ( 

data (x(i),i=l,3) / 3.40, 3.50, 3.60 

data (f(i),i=l,3) / 0.294118, 0.285714, 0.27778 
call newtonfd (ndim,n,x, f,xp, fxp)

format " Quadratic Newton FD polynomial’/’ ’/" x and f’/"

end

,)

subroutine newtonfd (ndim, n, x, f, xp, fxp)

quadratic Newton forward-difference polynomial

dimension x (ndim) , f (ndim)

dll=f (2) -f (1)

d12=f(3) -f(2)

d21=dl2-dll

s= (xp-x(1) ) / (x(2) 

fxp=f (I) +s*dll +s* (s-l. O)/2. O’d21

return

end

The data set used to illustrate subroutine newtonfd is taken from Example 4.8. The
output generated by the Newton forward-difference polynomial program is presented in
Output 4.4.

Output 4.4. Solution by quadratic Newton forward-difference polynomial.

Quadratic Newton FD polynomial

x and f

1 3.400000 0.294118

2 3.500000 0.285714
3 3.600000 0.277780

f( 3.440) 0.290700
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4.11.5. Least Squares Polynomial

The normal equations for a general least squares polynomial are given by Eq. (4.158). The
normal equations for a linear least squares polynomial are given by Eq. (4.149):

N N
aN + b ~ xi = ~ Yi (4.188a)

i=1 i=1

N N N
a ~ xi + b Z ~ = Z xiY~ (4.188b)

i=1 i=1 i=1

A FORTRAN subroutine, subroutine lesq, for implementing a linear least squares
polynomial is presented below. Program main (Program 4.5) defines the data set and
prints it, calls subroutine lesq to implement the solution, and prints the solution.

Program 4.5. Linear least squares polynomial program.

I000

I010

1020

c

program main

main program to illustrate subroutine lesq

ndim array dimension, ndim = I0 in this example

ndeg degree of the polynomial

n number of data points and polynomial coefficients

x values of the independent variable, x(i)

f values of the dependent variable, f(i)

c coefficients of the least squares polynomials, c(i)

dimension x(lO),f(lO),a(lO, lO),b(lO),c(lO)

data ndim, ndeg, n / 10, i, 8 /

data (x(i), i=i,8) / 300.0, 400.0, 500.0, 600.0, 700.0,

1 800.0, 900.0, 1000.0 /

data (f(i), i=i,8) / 1.0045, 1.0134, 1.0296, 1.0507, 1.0743,
1 1.0984, 1.1212, 1.1410 /

write (6,1000)

call lesq (ndim, ndeg, n, x, f, a, b, c)

write (6,1010)

do i=l,n

fi=c(1) +c(2) *x(i)

error=lO0. O* (f (i) -fi)

write (6,1020) i,x(i),f(i),fi,error

end do

stop

format (" Linear least squares polynomial ’)

format (’ ’/’ i’,5x, "x’,9x, ’f’,9x, ’fi’, 7x, ’error’/’ ’)

format (i4,f10.3,2flO.4,f9.2)

end

subroutine lesq (ndim, ndeg, n, x, f, a, b, c)

linear least squares polynomial

dimension x (ndim) , f (ndim) , a (ndim, ndim) , b (ndim) , 

sumx=O. 0

sumxx=O. 0

sumf=O. 0
sumxf =O. 0
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I000

do i=l,n
s umx = s unuc + x ( i 
s umxx = s umxx + x ( i ) * 
sumf=sumf +f ( i 
sumxf =sumxf +x ( i ) * f ( 

end do

a (i, i) =float (n)
a (i, 2) =sumx
a (2,1) =sumx
a (2, 2) =sumxx

b (i) =surer
b (2) =sumxf
call gauss (ndim, ndeg+l, a,b, c)

write (6,1000) (c(i),i=l,ndeg+l)

return
format (" ’/’ f(x) = ’,e13.7, ’ + ’,e13.7," x’)
end

subroutine gauss (ndim,n,a,b,x)
implements simple gauss elimination

end

The data set used to illustrate subroutine lesq is taken from Example 4.14. The
output generated by the linear least squares polynomial program is presented in Output 4.5.

Output 4.5. Solution by a linear least squares polynomial.

Linear least squares polynomial

f(x) = 0.9331940E+00 + 0.2052976E-03 

i x f fi error

1 300.000 1.0045
2 400.000 1.0134
3 500.000 1.0296
4 600.000 1.0507
5 700.000 1.0743

6 800.000 1.0984
7 900.000 1.1212
8 1000.000 1.1410

0 9948
1 0153

1 0358
1 0564
1 0769
1 0974
1 1180
1.1385

0.97
-0.19

-0.62
-0.57
-0.26
0.10
0.32
0.25

4.11.6. Packages for Polynomial Approximation

Numerous libraries and software packages are available for polynomial approximation and
interpolation. Many workstations and mainframe computers have such libraries attached to
their operating systems.

Many commercial sot%ware packages contain routines for fitting approximating
polynomials and interpolation. Some of the more prominent packages are Matlab and
Mathcad. More sophisticated packages, such as IMSL, Mathematica, Macsyma, and
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Maple, also contain routines for fitting approximating polynomials and interpolation.
Finally, the book Numerical Recipes, Pross et al. (1989) contains numerous subroutines for
for fitting approximating polynomials and interpolation.

4.12 SUMMARY

Procedures for developing approximating polynomials for discrete data are presented in
this chapter. For small sets of smooth data, exact fits are desirable. The direct fit
polynomial, the Lagrange polynomial, and the divided difference polynomial work well
for nonequally spaced data. For equally spaced data, polynomials based on differences are
recommended. The Newton forward-difference and backward-difference polynomials are
simple to fit and evaluate. These two polynomials are used extensively in Chapters 5 and 6
to develop procedures for numerical differentiation and numerical integration, respectively.
Procedures are discussed for inverse interpolation and multivariate approximation.

Procedures for developing least squares approximations for discrete data also are
presented in this chapter. Least squares approximations are useful for large sets of data and
sets of rough data. Least squares polynomial approximation is straightforward, for both
one independent variable and more than one independent variable. The least squares
normal equations corresponding to polynomial approximating functions are linear, which
leads to very efficient solution procedures. For nonlinear approximating functions, the least
squares normal equations are nonlinear, which leads to complicated solution procedures.
Least squares polynomial approximation is a straightforward, simple, and accurate
procedure for obtaining approximating functions for large sets of data or sets of rough
data.

After studying Chapter 4, you should be able to:

1. Discuss the general features of functional approximation
2. List the uses of functional approximation
3. List several types of approximating functions
4. List the required properties of an approximating function
5. Explain why polynomials are good approximating functions
6. List the types of discrete data which influence the type of fit required
7. Describe the difference between exact fits and approximate fits
8. Explain the significance of the Weirstrass approximation theorem
9. Explain the significance of the uniqueness theorem for polynomials

10. List the Taylor series and the Taylor polynomial
11. Discuss the error term of a polynomial
12. Evaluate, differentiate, and integrate a polynomial
13. Explain and apply the nested multiplication algorithm
14. State and apply the division algorithm, the remainder theorems, and the factor

theorem
15. Explain and apply the synthetic division algorithm
16. Explain and implement polynomial deflation
17. Discuss the advantages and disadvantages of direct fit polynomials
18. Fit a direct fit polynomial of any degree to a set of tabular data
19. Explain the concept underlying Lagrange polynomials
20. Discuss the advantages and disadvantages of Lagrange polynomials
21. Fit a Lagrange polynomial of any degree to a set of tabular data
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22. Discuss the advantages and disadvantages of Neville’s algorithm
23. Apply Neville’s algorithm
24. Define a divided difference and construct a divided difference table
25. Discuss the advantages and disadvantages of divided difference polynomials
26. Construct a divided difference polynomial
27. Define a difference and construct a difference table
28. Discuss the effects of round-off on a difference table
29. Discuss the advantages and disadvantages of difference polynomials.
30. Apply the Newton forward-difference polynomial
31. Apply the Newton backward-difference polynomial
32. Discuss the advantages of centered difference polynomials
33. Discuss and apply inverse interpolation
34. Describe approaches for multivariate approximation
35. Apply successive univariate polynomial approximation
36. Apply direct multivariate polynomial approximation
37. Describe the concepts underlying cubic splines
38. List the advantages and disadvantages of cubic splines
39. Apply cubic splines to a set of tabular data
40. Discuss the concepts underlying least squares approximation
41. List the advantages and disadvantages of least squares approximation
42. Derive the normal equations for a least squares polynomial of any degree
43. Apply least squares polynomials to fit a set of tabular data
44. Derive and solve the normal equations for a least squares approximation of a

nonlinear function
45. Apply the computer programs presented in Section 4.11 to fit polynomials and

to interpolate
46. Develop computer programs for applications not implemented in Section 4.11.

EXERCISE PROBLEMS

4.2 Properties of Polynomials

1. For the polynomial P3(x)= 3- 9x2 +26x- 24, ca lculate (a ) P3(1.5) by
nested multiplication, (b) P~(1.5) by constructing Q2(x) and evaluating
Q2(1.5) by nested multiplication, and (c) the deflated polynomial Q2(x)
obtained by removing the factor (x - 2).

2. Work Problem 1 for x = 2.5 and remove the factor (x - 3).
3. Work Problem 1 for x = 3.5 and remove the factor (x - 4).
4. For the polynomial Pa(x) = 4 -10x3 + 35x2 - 50x + 24, ca lculate (a

P4(1.5) by nested multiplication, (b) P~(1.5) by constructing Q3(x) 
evaluating Q3(1.5) by nested multiplication, and (c) the deflated polynomial
Q3(x) obtained by removing the factor (x - 

5. Work Problem 4 for x = 2.5 and remove the factor (x - 2).
6. Work Problem 4 for x = 3.5 and remove the factor (x - 3).
7. Work Problem 4 for x = 4.5 and remove the factor (x - 4).
8. For the polynomial Ps(x) = 5 -20x4 + 155x3 - 580x2 d-1044x - 720, cal -

culate (a) P5(1.5) by nested multiplication, (b) P~(1.5) by constructing 
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and evaluating Q4(1.5) by nested multiplication, and (c) the deflated poly-
nomial Q4(x) obtained by removing the factor (x - 

9. Work Problem 8 for x = 2.5 and remove the factor (x - 3).
10. Work Problem 8 for x = 3.5 and remove the factor (x - 4).
11. Work Problem 8 for x = 4.5 and remove the factor (x - 5).
12. Work Problem 8 for x = 5.5 and remove the factor (x - 6).

4.3 Direct Fit Polynomials

Table 1 is for the function f(x) = 2/x + a. This t able is considered in several of t he
problems which follow.

Table 1. Tabular Data.

x fix) x j~x) x fix)

0.4 5.1600 1.4 3.3886 2.2 5.7491
0.6 3.6933 1.6 3.8t00 2.4 6.5933
0.8 3.1400 1.8 4.3511 2.6 7.5292
1.0 3.0000 2.0 5.0000 2.8 8.5543
1.2 3.1067

13.

14.

The order n of an approximating polynomial specifies the rate at which the
error of the polynomial approximation approaches zero as the increment in the
tabular data approaches zero, that is, Error = C Axn. Estimate the order of a
linear direct fit polynomial by calculating f(2.0) for the data in Table 1 using
x=1.6 and 2.4 (i.e., Ax=0.8), and x=1.8 and 2.2 (i.e., Ax=0.4),
calculating the errors, and calculating the ratio of the errors.
Consider the tabular set of generic data shown in Table 2: Determine the direct
fit quadratic polynomials for the tabular set of generic data for (a)
Ax_ = Ax+ = Ax and (b) Ax_ ~ Ax+.

Table 2. Generic Data

x

xi_j = -Ax_ f_j
xi=0 f
xi+~ = +Ax+ f+~

15. The formal order of a direct fit polynomial P,~(x) can be determined by
expressing all function values in the polynomial (i.e.,f/_1 ,f+l, etc.) in terms 
a Taylor series at the base point and comparing that result to the Taylor series
forf(x) at the base point. For the direct fit polynomials developed in Problem
14, show that the order is 0(Ax3) for part (a) and 0(Ax2_) + 0(A~+) for part 

16. Consider the data in the range 0.4 < x < 1.2 in Table 1. Using direct fit
polynomials, calculate (a) P2(0.9) using the first three points, (b) P2(0.9) 
the last three points, (c) P3(0.9) using the first four points, (d) P3(0.9) using 
last four points, and (e) P4(0.9) using all five data points.

17. Work Problem 16 for the range 1.2 < x < 2.0 for x = 1.5.
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18.
19.

Work Problem 16 for the range 2.0 < x < 2.8 for x = 2.5.
The constant pressure specific heat Cp and enthalpy h of low pressure air are
tabulated in Table 3. Using direct fit polynomials with the base point as close to
the specified value of ras possible, calculate (a) C~(1120) using two points, 
Cp(1120) using three points, (c) Cp(1480) using two points, and (d) Cp(1480)
using three points.

Table 3. Propmies of Air

~ K Cp, kJ/kg-K h, kJ/kg Z K Cp, kJ/kg-K h, k.l/kg

1000 1.1410 1047.248 1400 1.1982 1515.792
1100 1.1573 1162.174 1500 1.2095 1636.188
1200 1.1722 1278.663 1600 1.2197 1757.657
1300 1.1858 1396.578

20. Work Problem 19 for h(T) instead of @(T).

4.4 Lagrange Polynomials

21. Work Problem 16 using Lagrange polynomials.
22. Work Problem 17 using Lagrange polynomials.
23. Work Problem 18 using Lagrange polynomials.
24. Work Problem 19 using Lagrange polynomials.
25. Work Problem 20 using Lagrange polynomials.
26. Work Problem 16 using Neville’s algorithm.
27. Work Problem 17 using Neville’s algorithm.
28. Work Problem 18 using Neville’s algorithm.
29. Work Problem 19 using Neville’s algorithm.
30. Work Problem 20 using Neville’s algorithm.

4.5 Divided Difference Tables and Divided Difference Polynomials

Divided Difference Tables

31. Construct a six-place divided difference table for the function
f(x) =x3 - 9x~ +26x- 24 in the range 1.1 < x < 1.9 for x = 1.10, 1.15,
1.20, 1.30. 1.35, 1.45, 1.6. 1.75, and 1.90.

32. Construct a divided difference table for the data in Table 1.
33. Construct a divided difference table for Cp(T) for the data presented in

Table 3.
34. Construct a divided difference table for h(T) for the data presented in Table 3.

Divided Difference Polynomials

35. From the divided difference table constructed in Problem 31, interpolate for
f(1.44) using: (a) two points, (b) three points, and (c) four points. In each 
use the closest points to x = 1.44.

36. Using the divided difference table constructed in Problem 32, evaluate f(0.9)
using: (a) two points, (b) three points, and (c) four points. In each case use 
closest points to x = 0.9.
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37. From the divided difference table constructed in Problem 33, calculate
Cp(ll20) using: (a) two points, (b) three points, and (c)four points. 
case use the closest points to T = 1120 K.

38. From the divided difference table constructed in Problem 34, calculate h(1120)
using: (a) two points, (b) three points, and(c) four points. In each case use 
closest points to T = l120K.

4.6 Difference Tables and Difference Polynomials

Difference Tables

39. Construct a six-place difference table for the function f(x)=
x3 - 9x~ + 26x - 24 in the range 1.1 < x < 1.9 for Ax --= 0.1. Discuss the
results. Analyze the effects of round off.

40. Construct a difference table for the data in Table 1. Discuss the results.
Analyze the effects of round off. Comment on the degree of polynomial
required to approximate these data at the beginning, middle, and end of the
table.

41. Construct a difference table for Cp(T) for the data presented in Table 3.
Discuss the results. Analyze the effects of round-off. What degree of
polynomial is required to approximate this set of data?

42. Work Problem 41 for h(T).

The Newton Forward-Difference Polynomial

43. Work Problem 16 using Newton forward-difference polynomials.
44. Work Problem 17 using Newton forward-difference polynomials.
45. Work Problem 18 using Newton forward-difference polynomials.
46. Work Problem 19 using Newton forward-difference polynomials.
47. Work Problem 20 using Newton forward-difference polynomials.

The Newton Backward-Difference Polynomial

48. Work Problem 16 using Newton backward-difference polynomials.
49. Work Problem 17 using Newton backward-difference polynomials.
50. ~Work Problem 18 using Newton backward-difference polynomials.
51. Work Problem 19 using Newton backward-difference polynomials.
52. Work Problem 20 using Newton backward-difference polynomials.
53. For the data in Table 3 in the temperature range 1200 < T _< 1400, construct a

quadratic direct fit polynomial, a quadratic Newton forward-difference poly-
nomial, and a quadratic Newton backward-difference polynomial for Cp(T).
Rewrite both Newton polynomials in the form Cp(T) = a + bT CT2, and
show that the three polynomials are identical.

54. Work Problem 53 including a quadratic Lagrange polynomial.

Other Difference Polynomials

55. Work Problem 16 using the Stirling centered-difference polynomial.
56. Work Problem 17 using the Stifling centered-difference polynomial.
57. Work Problem 18 using the Stifling centered-difference polynomial.
58. Work Problem 19 using the Stifling centered-difference polynomial.
59. Work Problem 20 using the Stifling centered-difference polynomial.
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4.8

60. Work Problem 16 using the Bessel centered-difference polynomial.
61. Work Problem 17 using the Bessel centered-difference polynomial.
62. Work Problem 18 using the Bessel centered-difference polynomial.
63. Work Problem 19 using the Besset centered-difference polynomial.
64. Work Problem 20 using the Bessel centered-difference polynomial.

Multivariate Interpolation

65. The specific volume v (m3/kg) of steam, corresponding to the van der Waal
equation of state (see Problem 3.69), as a function of pressure P (kN/m2) and
temperature T(K) in the neighborhood ofP = 10,000kN/m2 and T = 800K,
is tabulated in Table 4.

Table 4. Specific Volume of Steam

T,K

P, kN/m2 700 800 900

9,000 0.031980 0.037948 0.043675
10,000 0.028345 0.033827 0.039053
I1,000 0.025360 0.030452 0.035270

Use successive quadratic univariate interpolation to calculate v(9500,750). The exact value
from the steam tables is v = 0.032965 m3/kg.

66. Work Problem 65 for v(9500,850). The exact value is 0.038534m3/kg.
67. Work Problem 65 for v(10500,750). The exact value is 0.029466m3/kg.
68. Work Problem 65 for v(10500,850). The exact value is 0.034590m3/kg.
69. Solve Problem 65 by direct linear bivariate interpolation for v(9500.750):

v=a+bT +cP +dPT

70. Work Problem 69 for v(9500,850).
71. Work Problem 69 for v(10500,750).
72. Work Problem 69 for v(10500,850).
73. Solve Problem 65 by direct quadratic bivariate interpolation for v(9500,750):

v = a + bT + cP + dPT + eT2 _.]_j, p2

74. Work Problem 73 for v(9500,850).
75. Work Problem 73 for v(10500,750).
76. Work Problem 73 for v(10500,850).

4.10 Least Squares Approximation

77. Consider the data for the specific heat Cp of air, presented in Table 3 for the
range 1,000 < T < 1,400. Find the best straight line approximation to this set
of data. Compute the deviations at each data point.

78. Work Problem 77 using every other data point. Compare the results with the
results of Problem 77.

79. Work Problem 77 for a quadratic polynomial. Compare the results with the
results of Problem 77.
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4.11

80.

81.

82.

83.

84.
85.

86.

87.

88.
89.

90.

91.

92.
93.

94.

95.

96.
97.

Consider the data for the specific volume of steam, v = v(P, T), given in Table
4. Develop a least squares linear bivariate polynomial for the set of data in the
form

v = a+ bT+cP+dPT

Compute the derivation at each data point. Calculate v(9500,750) and compare
with the result from Problem 69.

Work Problem 80 for the least squares quadratic bivariate polynomial and
compute the deviations.

v = a + bT + cP + dPT + eT2 +fp2

Compare the result with the result from Problem 73.

Fit the Cp(T) data in Table 3 to a fourth-degree polynomial and compute the
deviations.

Cp(T) = a + bT + 2 + dT3 + eT4

Programs

Implement the quadratic direct fit polynomial program presented in Section
4.11.1. Check out the program with the given data.
Solve any of Problems 16 to 20 with the program.
Modify the quadratic direct fit polynomial program to consider a linear direct
fit polynomial. Solve any of Problems 16 to 20 with the modified program.
Modify the quadratic direct fit polynomial program to consider a cubic direct
fit polynomial. Solve any of Problems 16 to 20 with the modified program.
Implement the quadratic Lagrange polynomial program presented in Section
4.11.2. Check out the program with the given data.
Solve any of Problems 16 to 20 with the program.
Modify the quadratic Lagrange polynomial program to consider a linear
Lagrange polynomial. Solve any of Problems 16 to 20 with the modified
program.
Modify the quadratic Lagrange polynomial program to consider a cubic
Lagrange polynomial. Solve any of Problems 16 to 20 with the modified
program.
Implement the quadratic divided difference polynomial program presented in
Section 4.11.3. Check out the program with the given data.
Solve any of Problems 16 to 20 with the program.
Modify the quadratic divided difference polynomial program to consider a
linear divided difference polynomial. Solve any of Problems 16 to 20 with the
modified program.
Modify the quadratic divided difference polynomial program to consider a
cubic divided difference polynomial. Solve any of Problems 16 to 20 with the
modified program.
Implement the quadratic Newton forward-difference polynomial program
presented in Section 4.11.4. Check out the program with the given data.
Solve any of Problems 16 to 20 with the program.
Modify the quadratic Newton forward-difference polynomial program to
consider a linear Newton forward-difference polynomial. Solve any of
Problems 16 to 20 with the modified program.
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98. Modify the quadratic Newton forward-difference polynomial program to
consider a cubic Newton forward-difference polynomial. Solve any of
Problems 16 to 20 with the modified program A.

99. Implement the linear least squares polynomial program presented in Section
4.11.5. Check out the program with the given data.

100. Solve Problem 77 or 78 with the program.
101. Extend the linear least squares polynomial program to consider a quadratic

least squares polynomial. Solve Problem 77 using the program.
102. Extend the linear least squares polynomial program to consider a fourth-

degree least squares polynomial. Solve Problem 82 using the program.
103. Modify the linear least squares polynomial program to consider a linear

bivariate least squares polynomial. Solve Problem 80 with the program.
104. Modify the linear least squares polynomial program to consider a quadratic

bivariate least squares polynomial. Solve Problem 81 with the program.

APPLIED PROBLEMS

105. When an incompressible fluid flows steadily through a round pipe, the
pressure drop AP due to friction is given by

AP = -O.5f pV2(L/D)

where p is the fluid density, V is the velocity, LID is the pipe length-to-
diameter ratio, andf is the D’Arcy friction coefficient. For laminar flow, the
friction coefficient f can be related to the Reynolds number, Re, by a
relationship of the form

f = a Reb

Use the measured data in Table 5 to determine a and b by a least squares fit.

Table 5. Friction Coefficient

Re 500 1000 1500 2000

f 0.0320 0.0160 0.0107 0.0080

106. Reaction rates for chemical reactions are usually expressed in the form

K=BT~ exp -(~-~)

For a particular reaction, measured values of the forward and backward
reaction rates Kf and K6, respectively, are given by

Table 6. Reaction Rates

T,K xs
1000
2000
3000
4000
5000

7.5 E÷ 15 4.6 E+07
3.8E÷ 15 5.9 E ÷ 04
2.5 E÷ 15 2.5 E÷08
1.9E÷15 1.4E÷10
1.5 E ÷ 15 1.5 E ÷ 11
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107.

(a) Determine B and c~ for the backward reaction rate Kb for which E/R = O.
(b) Determine B, e and E/R for the forward reaction rate Kf.
The data in Table 1 can be fit by the expression

f =a+ bx2-
X

Develop a least squares procedure to determine a and b. Solve for a and b and
compute the deviations.
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Numerical Differentiation and
Difference Formulas

5.1. Introduction
5.2. Unequally Spaced Data
5.3. Equally Spaced Data
5.4. Taylor Series Approach
5.5. Difference Formulas
5.6. Error Estimation and Extrapolation
5.7. Programs
5.8. Summary

Problems

Examples
5.1. Direct fit, Lagrange, and divided difference polynomials
5.2. Newton forward-difference polynomial, one-sided
5.3. Newton forward-difference polynomial, centered
5.4. Newton polynomial difference formulas
5.5. Taylor series difference formulas
5.6. Third-order nonsymmetrical difference formula forfx
5.7. Error estimation and extrapolation

5.1 INTRODUCTION

Figure 5.1 presents a set of tabular data in the form of a set of [x,f(x)] pairs. The function
f(x) is known only at discrete values of x. Interpolation within a set of discrete data is
discussed in Chapter 4. Differentiation within a set of discrete data is presented in this
chapter. The discrete data presented in Figure 5.1 are values of the function f(x) = 1 Ix,
which are used as the example problem in this chapter.

The evaluation of a derivative is required in many problems in engineering and
science:

-~-(f(x)) =f’(x) =fx(X) (5.~)

251
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f(x)

d~ = f’(x)

x f(x)
3.20 0.3i2500
3.30 0.303030
3.35 0.298507
3.40 0.294118
3.50 0.285714
3.60 0.277778
3.65 0.273973
3.70 0.270270

Figure 5.1 Differentiation of tabular data.

where the altemate notationsff(x) andre(x) are used for the derivatives. The functionf(x),
which is to be differentiated, may be a know function or a set of discrete data. In general,
known functions can be differentiated exactly. Differentiation of discrete data, however,
requires an approximate numerical procedure. The evaluation of derivatives by approx-

’ imate numerical procedures is the subject of this chapter.
Numerical differentiation formulas can be developed by fitting approximating

functions (e.g., polynomials) to a set of discrete data and differentiating the approximating
function. Thus,

d ~_ ff_~(pn(x))
~x ( f (x) _ (5.2)

This process is illustrated in Figure 5.2. As illustrated in Figure 5.2, even though the
approximating polynomial P,(x) passes through the discrete data points exactly, the
derivative of the polynomial P’n(X) may not be a very accurate approximation of the
derivative of the exact functionf(x) even at the known data points themselves. In general,
numerical differentiation is an inherently inaccurate process.

To perform numerical differentiation, an approximating polynomial is fit to the
discrete data, or a subset of the discrete data, and the approximating polynomial is
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f(x)I

Pn(x)

df

/~ f(x)
~

/~Pn(x)

Figure 5.2 Numerical differentiation.

x

differentiated. The polynomial may be fit exactly to a set of discrete data by the methods
presented in Sections 4.3 to 4.9, or approximately by a least squares fit as described in
Section 4.10. In both cases, the degree of the approximating polynomial chosen to
represent the discrete data is the only parameter under our control.

Several numerical differentiation procedures are presented in this chapter. Differ-
entiation of direct fit polynomials, Lagrange polynomials, and divided difference poly-
nomials can be applied to both unequally spaced data and equally spaced data.
Differentiation formulas based on both Newton forward-difference polynomials and
Newton backward-difference polynomials can be applied to equally spaced data. Numer-
ical differentiation formulas can also be developed using Taylor series. This approach is
quite useful for developing difference formulas for approximating exact derivatives in the
numerical solution of differential equations.

The simple function

f(x) = (5.3)

which has the exact derivatives

’
dxd =f’(x) = -)-ff

(5.4a)

dx~ = f" (x) (5.4b)

is considered in this chapter to illustrate numerical differentiation procedures. In particular,
at x = 3.5:

1
f’(3.5) - (3.5)2=-0.081633... (5.5a)

2
f"(3.5) -I. )’3.5‘3 - 0.046647... (5.5b)
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Numerical Differentiation
Difference Formulas

Unequally Spaced Data

Equally Spaced Data

Taylor Series Approach

Difference Formulas

Error Estimation
Extrapolation

Programs

Summary

Figure 5.3 Organization of Chapter 5.

The organization of Chapter 5 is illustrated in Figure 5.3. Following the introductory
discussion in this section, differentiation using direct fit polynomials, Lagrange poly-
nomials, and divided difference polynomials as the approximating function is discussed.
The development of differentiation formulas based on Newton difference polynomials is
presented in Section 5.3. Section 5.4 develops difference formulas directly from the Taylor
series. A table of difference formulas is presented in Section 5.5. A discussion of error
estimation and extrapolation is presented in Section 5.6. Several programs for differentiat-
ing tabular data numerically are presented in Section 5.7. The chapter closes with a
Summary which includes a list of what you should be able to do after studying Chapter 5.

5.2 UNEQUALLY SPACED DATA

Three straightforward numerical differentiation procedures that can be used for both
unequally spaced data and equally spaced data are presented in this section:
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1. Direct fit polynomials
2. Lagrange polynomials
3. Divided difference polynomials

5.2.1 Direct Fit Polynomials

A direct fit polynomial procedure is based on fitting the data directly by a polynomial and
differentiating the polynomial. Recall the direct fit polynomial, Eq. (4.34):

Pn(x) = 0 -b alx +a2x2 --k . . . -P- anxn (5.6)

where Pn(x) is determined by one of the following methods:

1. Given N = n + 1 points, [xi,f(xi)], determine the exact nth-degree polynomial
that passes through the data points, as discussed in Section 4.3.

2. Given N > n + 1 points, [xi,f(xi)], determine the least squares nth-degree
polynomial that best fits the data points, as discussed in Section 4.10.3.

After the approximating polynomial has been fit, the derivatives are determined by
differentiating the approximating polynomial. Thus,

f’(x) ~- Pin(x) = t +2azx -+- 3a3x2 +... (5.7a)

f"(x) ~- P~(x) = 2 + 6a3x +... (5.7b)

Equations (5.7a) and (5.7b) are illustrated in Example 

5.2.2. Lagrange Polynomials

The second procedure that can be used for both unequally spaced data and equally spaced
data is based on differentiating a Lagrange polynomial. For example, consider the second-
degree Lagrange polynomial, Eq. (4.45):

(x - b)(x - c) ,,~ (x- a)( x - c (x - a)(x - b)
Pz(x) - (a - b)(a - Jta) ÷ (ba)( b - c f( b) + (c- a)(c ~f(c) (5.8)

Differentiating Eq. (5.8) yields:

f’(x) ~_ Uz(X) - 2x - (b + c) r~ 2x- ( a + c
(a - b)(a - c)Jta) -+ (b - a)(b 

2x- (a ÷ b) ,~ 
f ( b ) -t ~ ~ -a~c--- -~) J t 

(5.9a)

Differentiating Eq. (5.9a) yields:

f"(x) ~_ P’2’(x) = 2f(a) ~ 2/(b) + 2f(c)
(a - b)(a - c) (b - a)(b - c) (c - 

Equations (5.9a) and (5.9b) are illustrated in Example 

(5.9b)

5.2.3. Divided Difference Polynomials

The third procedure that can be used for both unequally spaced data and equally spaced
data is based on differentiating a divided difference polynomial, Eq. (4.65):

P,(x) ----f(°)+(x xo)f}l) +( x - Xo)(X - xl)flz) +( x - Xo)(X - xz)f} 3) +...

(5.10)
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Differentiating Eq. (5.10) gives

f’(x) ~- Pln(X) =f/(1) .q_ [2x - (x0 + Xl)]f/(2)

+ [3X2 -- 2(X0 -q- x1 + Xz)X q- (X0X1 + XoX2 -It XlXz)]fi(3) +...

Differentiating Eq. (5.1 la) gives

f"(x) --- = 2fi(2) + [6x - 2(xo +xl + x2)]f,.(3) +...
Equations (5.10a) and (5.10b) are illustrated in Example 

Example 5.1. Direct fit, Lagrange, and divided difference polynomials.

(5.1 la)

(5.1 l b)

Let’s solve the example problem presented in Section 5.1 by the three procedures presented
above. Consider the following three data points:

x f~)

3.4 0.294118
3.5 0.285714
3.6 0.277778

First, fit the quadratic polynomial, P2(x) = ao + a~x + a2x2, to the three data points:

0.294118 = ao + a1 (3.4) + 42(3.4)2 (5.124)

0.285714 = ao + aI (3.5) + 42(3.5)2 (5.12b)

0.277778 = ao + a1(3.6) + a2(3.6)2 (5.12c)

Solving for a0, al, and a2 by Gauss elimination gives ao = 0.858314, a~ = -0.245500,
and a2 = 0.023400. Substituting these values into Eqs. (5.7a) and (5.7b) and evaluating 
x = 3.5 yields the solution for the direct fit polynomial:

P~(3.5) = -0.245500 + (0.04680)(3.5) = -0.081700 (5.12d)

P’2’(x) = 0.046800 (5.12e)

Substituting the tabular values into Eqs. (5.9a) and (5.9b) and evaluating at x = 
yields the solution for the Lagrange polynomial:

2(3.5) - (3.5 + 3.6) 
411-" 2(3.5) - (3.4 + 3.6)P~(3.5) = (~ ~-.5)~-.4----~.-.-~)tu.zv ~) + (~ ~-3~-4)-~.~ ~ ~.~)(0.285714)

2(3.5)-- (3.4+ 3.5) (0.277778) -0.081700 (5.13a)
-t =

(3.6 - 3.4)(3.6 - 3.5)

2(0.294118) 2(0.285714) 2(0.277778)
P~’(3.5) = (3.4 - 3.5)(3.4 - 3.6) t (3.5 - 3.4)(3.5 ÷ (3.6 - 3.4)(3.6 - 3.5)

= 0.046800 (5.13b)

A divided difference table must be constructed for the tabular data to use the divided
difference polynomial. Thus,
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3.4

3.5

3.6

0.294118

0.285714

0.277778

-0.084040

-0.079360
0.023400

Substituting these values into Eqs. (5.1 la) and (5.1 lb) yields the solution for the divided
difference polynomial:

P~(3.5) = -0.084040 + [2(3.5) - (3.4 ÷ 3.5)](0.023400) = -0.081700 

U~’(3.5) = 2(0.023400) = 0.046800 (5.14b)

The results obtained by the three procedures are identical since the same three points
are used in all three procedures. The error in f’(3.5) is Error =f’(3.5)-P~(3.5)=
-0.081700- (-0.081633)=-0.000067, and the error in ftt(3.5) is Error =f"(3.5)-
P~’(3.5) -- 0.046800 - (0.046647) = 0.000153.

5.3 EQUALLY SPACED DATA

When the tabular data to be differentiated are known at equally spaced points, the Newton
forward-difference and backward-difference polynomials, presented in Section 4.6, can be
fit to the discrete data with much less effort than a direct fit polynomial, a Lagrange
polynomial, or a divided difference polynomial. This can significantly decrease the amount
of effort required to evaluate derivatives. Thus,

f’(x)="~ ~ (Pn(x)) = (5.15)

where Pn(x) is either the Newton forward-difference or backward-difference polynomial.

5.3.1. Newton Forward-Difference Polynomial

Recall the Newton forward-difference polynomial, Eq. (4.88):
p,(x)=fo+sAfo+~_A2fo_ ~ s(s-1)(s- 2)A3fo +... +Error

(5.16)
6

Err°r=(S) hn+lf(n+l)(~)n+l x° < ~ <x~- _
(5.17)

where the interpolating parameter s is given by

X -- X0s -- h --~ x = xo + sh (5.18)

Equation (5.15) requires that the approximating polynomial be an explicit function
of x, whereas Eq. (5.16) is implicit in x. Either Eq. (5.16) must be made explicit in 
introducing Eq. (5. ! 8) into Eq. (5.16), or the differentiation operations in Eq. (5.15) 
be transformed into explicit operations in terms of s, so that Eq. (5.16) can be used directly.
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The first approach leads to a complicated procedure, so the second approach is taken. From
Eq. (5.18), x x(s). Thus,

d
f’(x) -~ @ (P~(x)) = P’~(x) = -~-(P,(s))

ax as

From Eq. (5.18),

ds 1

dx h

Thus, Eq. (5.19) gives

ld
f’(x) ~- pln(X ) = ~s (Pn(s))

Substituting Eq. (5.16) into Eq. (5.21) and differentiating gives

P’n(X) =~{Afo 1 ~[(s l)(s s(s 2)+~[(s- 1) + slA2fo - - + -

q- s(s -- 1)]A3fo q-...}

Simplifying Eq. (5.22) yields

1( . 2s-1.2 ~ 3s2-6s+2A3fo+...)l
Ptn(X)=~ Af0 ~- ~--- ~ j0 -}

~-

The second derivative is obtained as follows:

ff~ d , ds ld
f"(x) ~ (Ptn(X)) = P’n’(X) = ~s(P’n(S))~X -- ~-~-s(P’n(S))

Substituting Eq. (5.23) into Eq. (5.24), differentiating, and simplifying yields

1d
P’n’(X) = (P.(s))’ (s - 1) aafo +...)

(5.19)

(5.20)

(5.21)

(5.23)

(5.24)

(5.25)

Higher-order derivatives can be obtained in a similar manner. Recall that A"f
becomes less and less accurate as n increases. Consequently, higher-order derivatives
become increasingly less accurate.

At x = x0, s = 0.0, and Eqs. (5.23) and (5.25) becomes

(5.26)

(5.27)

Equations (5.26) and (5.27) are one-sided forward-difference formulas.
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The error associated with numerical differentiation can be determined by differ-
entiating the error term, Eq. (5.17). Thus,

From the definition of the binomial coefficient, Eq. (4.90):

( s ) s(s-1)(s-2)...(s-n)n + 1 -- ~n--qS~(
(5.29)

Substituting Eq. (5.29) into Eq. (5.28) and differentiating yields

~ (Error)= h~f(~+O(~)[ (s-1)(s-2)’’’(s-n)+’’" +s(s-1)...(s-n+l~]
(n + 1)!

(5.30)
At x = x0, s ----- 0.0, and Eq. (5.30) gives

d_~ [Error(x0)] 
(~) h"f("+l)(¢) 

(5.31)

Even though there is no error in P,(x0), there is error in P’,(Xo).
The order of an approximation is the rate at which the error of the approximation

approaches zero as the interval h approaches zero. Equation (5.31) shows that the one-
sided first derivative approximation P’,(x0) is order n, which is written 0(h"), when 
polynomial P,(x) includes the nth forward difference. For example, P’l(x) is 0(h), P’2(x) is
0(h2), etc. Each additional differentiation introduces another h into the denominator of the
error term, so the order of the result drops by one for each additional differentiation. Thus,
P’,(x0) is 0(h"), P~(x0) is 0(h"-~), 

A more direct way to determine the order of a derivative approximation is to recall
that the error term of all difference polynomials is given by the first neglected term in the
polynomial, with A("+Of replaced by h’~+~f("+~)(~). Each differentiation introduces an
additional h into the denominator of the error term. For example, from Eqs. (5.26) and
(5.27), if terms through A2f0 are accounted for, the error for P’2(x) is O(h3)/h = 0(hz) and
the error for P’~(x) is O(h3)/h2 = 0(h). To achieve 0(h2) for P~(xo), P3(x) must be used.

Example 5.2. Newton forward-difference polynomial, one-sided.

Let’s solve the example problem presented in Section 5.1 using a Newton forward-
difference polynomial with base point x0 --- 3.5, so x0 = 3.5 in Eqs. (5.26) and (5.27).
Selecting data points from Figure 5.1 and constructing the difference table gives

x f(x) Af(x) A2f(x) A3f(x)

3.5

3.6

3.7

3.8

0.285714

0.277778

0.270270

0.263158

- 0.007936
0.000428

-0.007508
0.000396

--0.007112

-0.000032
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Substituting values into Eq. (5.26) gives

P’n(3.5) = 0~1 [(-0.007936) - ~ (0.000428) + ~ (-0.000032) ]
(5.32)

The order of the approximation of P’,(x) is the same as the order of the highest-order
difference included in the evaluation. The first term in Eq. (5.32) is o, soevaluating that
term gives an 0(h) result. The second term in Eq. (5.32) is AZf0, so evaluating that 
yields an 0(h2) result, etc. Evaluating Eq. (5.32) term by term yields

P’n(3.5) = -0.07936_ first order Error = 0.00227_

= -0.08150_ second order = 0.00013_

= -0.08161_ third order -- 0.00002_

The first-order result is quite inaccurate. The second- and third-order results are quite
good. In all cases, only five significant digits after the decimal place are obtained.

Equation (5.27) gives

P~(3.5) = ~ [0.000428 - (-0.000032) +...] (5.33)

The order of the approximation of P’~(x) is one less than the order of the highest-order
difference included in the evaluation. The first term in Eq. (5.33) is A2f0, so evaluating that
term gives an 0(h) result. The second term in Eq. (5.33) is A3f0, so evaluating that 
yields an 0(h2) result, etc. Evaluating Eq. (5.33) term by term yields

P~(3.5) = 0.0428__ first order Error = -0.0038__

= 0.0460__ second order = -0.0006__

The first-order resuh is very poor. The second-order resuh, although much more accurate,
has only four significant digits after the decimal place.

The results presented in this section illustrate the inherent inaccuracy associated with
numerical differentiation. Equations (5.26) and (5.27) are both one-sided formulas. 
accurate results can be obtained with centered differentiation formulas.

Centred-difference formulas can be obtained by evaluating the Newton forward-
difference polynomial at points within the range of fit. For example, at x = x1, s = 1.0, and
Eqs. (5.23) and (5.25) 

)P~(x~) = 

(5.34)

(5.35)

From Eq. (5.34), P](x~) is 0(h) and P’~(x~) is 0(h2), which is the same as the one-sided
approximation, Eq. (5.26). However, P~(Xl) 0(h 2) since theA3f0term is mi ssing,
whereas the one-sided approximation, Eq. (5.27), is 0(h). The increased order of 
approximation of P~(Xl) is due to centering the polynomial fit at point x~.
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Example 5.3. Newton forward-difference polynomial, centered.
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To illustrate a centered-difference formula, let’s rework Example 5.2 using x0 = 3.4 as the
base point, so that x1 = 3.5 is in the middle of the range of fit. Selecting data points from
Figure 5.1 and constructing the difference table gives:

x f(x) Af(x) A2f(x) A3f(x)

3.4

3.5

3.6

3.7

0.294118

0.285714

0.277778

0.270270

-0.008404
0.000468

-0.007936
0.000428

-0.007508

-0.000040

Substituting values into Eq. (5.34) gives

P’,,(3.5) = O~ I-0.008404 + ~ (0.000468) - ~ (-0.000040) + ]
(5.36)

Eval.uating Eq. (5.36) term by term yields

P’n(3.5) = -0.08404_ first order Error = -0.00241_

= -0.08170_ second order = -0.00007_

= -0.08163_ third order = 0.00000_

Equation (5.35) gives

1
Pn(3.5) = .-2-Z~..9 (0.000468 +...) (5.37)

which yields

P~(3.5) = 0.0468__ second order Error = 0.0002__

The error of the first-order result forf’(3.5) is approximately the same magnitude 
the error of the first-order result obtained in Example 5.2. The current result is a backward-
difference approximation, whereas the result in Example 5.2 is a forward-difference
approximation. The second-order centred-difference approximation of f"(3.5) 
more accurate than the second-order forward-difference approximation off"(3.5) 
Example 5.2.

5.3.2. Newton Backward-Difference Polynomial

Recall the Newton backward-difference polynomial, Eq. (4.101):

s(s + 1) ~2 - s(s + 1)(s 2)V3j~ +..
P"(x) = f° + ~ vf° + ~5~.~ v ~’° 3! (5.38)
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The first derivativef’(x) is obtained from P,(x) as illustrated in Eq. (5.21):

ld
f’(x) ~-- Ptn(X) = -£’~s(Pn(s))

Substituting Eq. (5.38) into Eq. (5.39), differentiating, and simplifying gives

(5.39)

1( 2s+l2 3s2 + 6s + 2V3f0 +...)
etn(X)= ~ Vf°q-TV;f°~ (5.40)

The second derivative P~(x) is given by

P~(x) = ~ (V~fo + (s + l) V~fo +...) (5.41)

Higher-order derivatives can be obtained in a similar manner. Recall that V’f becomes less
and less accurate as n increases. Consequently higher-order derivatives become increas-
ingly less accurate.

At x = xo, s = 0.0, and Eqs. (5.40) and (5.41) become

1 1 2
ptn(X0) = ~ (vu0 ~- ~V ~0 ~-g )~ +...) (5.42)

P~n~(xo) = ~ (V2fo + V3fo +.--) (5.43)

Equations (5.42) and (5.43) are one-sided backward-difference formulas.
Centered-difference formulas are obtained by evaluating the Newton backward-

difference polynomial at points within the range of fit. For example, at x = x_~, s = -1.0,
and Eqs. (5.40) and (5.41) 

(5.44)

(5.45)

The order of the derivative approximations are obtained by dividing the order of the
first neglected term in each formula by the appropriate power of h, as discussed in Section
5.3.1 for derivative approximations based on Newton forward-difference polynomials.

5.3.3. Difference formulas

The formulas for derivatives developed in the previous subsections are expressed in terms
of differences. Those formulas can be expressed directly in terms of function values if the
order of the approximation is specified and the expressions for the differences in terms of
function values are substituted into the formulas. The resulting formulas are called
difference formulas. Several difference formulas are developed in this subsection to
illustrate the procedure.



Numerical Differentiation and Difference Formulas 263

Consider the one-sided forward-difference formula for the first derivative, Eq.
(5.26):

(5.46)

Recall that the error term associated with truncating the Newton forward-difference
polynomial is obtained from the leading truncated term by replacing Anfo by f(n)(~)h’.
Truncating Eq. (5.46) after Af0 gives

P’n(Xo) = ~ [Afo + O(h2)] (5.47)

where 0(h2) denotes the error term, and indicates the dependence of the error on the step
size, h. Substituting Af0 = (J] -f0) into Eq. (5.47) yields

pi(xo)_f~- -fo ?O(h) (5.48)
h

Equation (5.48) is a one-sided first-order forward-difference formula forf’(x0). Truncating
Eq. (5.46) after the A2f0 term gives

= 1 _
0(h3))

P’2(Xo) ~(Aj~ ~ A2fo - (5.49)

Substituting Afo and A2fo into Eq. (5.49) and simplifying yields

-3fo+4f, -f2+o(h2) (5.50)Pi(x°)= 

Higher-order difference formulas can be obtained in a similar manner.
Consider the one-sided forward-difference formula for the second derivative,

Eq. (5.27). The following difference formulas can be obtained in the same manner that
Eqs. (5.48) and (5.50) are developed.

p~(xo)_fo-2f~ +f2
h2 +O(h)

(5.51)

p~(xo) 2f°-5fl +4f2-J)=
h2

?O(h2) (5.52)

Centered-difference formulas for P~(Xl) and P~(Xl) can be derived from Eqs. (5.34)
and (5.35). Thus,

U~(xl) =f2 -_~fp_f0 + 0(h2)
(5.53)2h

p;,(Xl) J~ 2fl +A-- h2 ]- 0(h2) (5.54)

Difference formulas of any order can be developed in a similar manner for
derivatives of any order, based on one-sided, centred, or nonsymmetrical differences. A
selection of difference formulas is presented in Table 5.1.
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Example 5.4. Newton polynomial difference formulas.

Chapter 5

Let’s illustrate the use of difference formulas obtained from Newton polynomials by
solving the example problem presented in Section 5.1. Calculate the second-order
centered-difference approximation off’(3.5) and f"(3.5) using Eqs. (5.53) and (5.54).
Thus,

U2(3.5) =f(3.6) -f(3.4) = 0.277778 - 0.294118 = -0.08170_ (5.55)
2(0.1) 2(0.1)

U~’(3.5) =f(3.6) - 2f(3.5) +/(3.4) = 0.277778 - 2(0.285714) 0.294118
(0.1)2 (0.1)2

= 0.0468__ (5.56)

These results are identical to the second-order results obtained in Example 5.3.

5.4 TAYLOR SERIES APPROACH

Difference formulas can also be developed using Taylor series. This approach is especially
useful for deriving finite difference approximations of exact derivatives (both total
derivatives and partial derivatives) that appear in differential equations.

Difference formulas for functions of a single variable, for example, f(x), can be
developed from the Taylor series for a function of a single variable, Eq. (0.6):

1 ,, 1 F(n)
f(x) =fo +f~ Ax + ~f~ 2 +. .. + n! Jo Ax~+"" (5.57)

where f0 =f(x0),f ~ =f’(x0), etc. The continuous spatial domain D(x) must be dis-cretized
into an equally space grid of discrete points, as illustrated in Figure 5.4. For the discretized
x space,

f(xi) : (5.58)

where the subscript i denotes a particular spatial location. The Taylor series forf(x) at grid
points surrounding point i can be combined to obtain difference formulas forf’(xi),f"(xi),
etc.

Difference formulas for functions of time, f(t), can be developed from the Taylor
series for f(t):

. 1 tt
"-~ ~.IA(n) Atn (5.59)f(t) =fo + fo’ At + ~f~ 2 +... +...

, O(x)

i+1 i+2 x

Figure 5.4 Continuous spatial domain D(x) and discretized x space.
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t, n+l

D(t) n

n-1

Figure 5.5 Continuous temporal domain D(t) and discretized t space.

where f0 =f(t°),fd =if(t°), etc. The continuous temporal domain D(t) must be discre-
tized into a grid of discrete points, as illustrated in Figure 5.5. For the discretized t space,

f(t ~) =f" (5.60)

where the superscript n denotes a particular temporal location. The Taylor series forf(t) 
grid points surrounding grid point n can be combined to obtain difference formulas for
f’(t~),f"(t"), etc.

Difference formulas for functions of several variables, for example, f(x, t), can be
developed from the Taylor series for a function of several variables, Eq. (0.12):

f(x, t) =~ + (LIo Ax +filo At) + ~(f=lo zkx2 + 2f~,lo Ax At +ftlo Aft)

(5.61)

I(AX~x"~-At~)n fo+...

where J~ =f(xo, to),fxlo =fx(X0, to), etc. The expression (...)" is expanded by 
binomial expansion, the increments in Ax and At are raised to the indicated powers, and
terms such as (O/Ox)~, etc., are interpreted as 0~/0x~, etc. The continuous xt domain,
D(x, t), must be discretized into an orthogonal equally spaced grid of discrete points, as
illustrated in Figure 5.6. For the discrete grid,

f(xi, tn) =fin (5.62)

Figure 5.6

D(x,t)

n+l

n-1

i+1 i+2

x

Continuous xt domain D(x, t) and discretized xt space.
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where the subscript i denotes a particular spatial location and the superscript n denotes a
particular time level. The Taylor series forf(x, t) at grid points surrounding point (i, n) 
be combined to obtain difference formulas forf~,f,fxt, etc.

For partial derivatives off(x, t) with respect to x, t = o =constant, At= 0, andEq.
(5.61) becomes

1 1
f(x, to) =f0 +fxl0 ~c + ~fx~10 ZLvz +’:’ + ~..fn)xlo &’f +"" (5.63)

Equation (5.63) is identical in form to Eq. (5.57), where f~ corresponds to fx[0, etc. 
partial derivativefx[0 of the functionf(x, t) can be obtained from Eq. (5.63) in exactly 
same manner as the total derivative, f~, of the function f(x) is obtained from Eq. (5.57).
Since Eqs. (5.57) and (5.63) are identical in form, the difference formulas for f0’ andf~[0
are identical if the same discrete grid points are used to develop the difference formulas.
Consequently, difference formulas for partial derivatives of a function of several variables
can be derived from the Taylor series for a function of a single variable. To emphasize this
concept, the following common notation for derivatives will be used in the development of
difference formulas for total derivatives and partial derivatives:

d
~x (f(x)) = fx

(5.64)

0

~x (f(x, t)) =fx
(5.65)

In a similar manner, partial derivatives off(x, t) with respect to t with x = 0 =constant
can be obtained from the expression

1 1
f(xo, t) =f0 +f[0 At + -~ ft[o Atz +"" + ~J~,)t[0 At~ +’" (5.66)

Partial derivatives off(x, t) with respect to t are identical in form to total derivatives off(t)
with respect to t.

This approach does not work for mixed partial derivatives, such as fxt. Difference
formulas for mixed partial derivatives must be determined directly from the Taylor series
for several variables, Eq. (5.61).

The Taylor series for the functionf(x), Eq. (5.57), can be written 

1 1
f (x) :f0 +fx[0 z~c + -~ fxx[O ~c2 +"" + ~.. f(,)x]o ~ +"" (5.67)

The Taylor formula with remainder is given by Eq. (0.10):

1 1
+ Rn+lf(x) =f0 +fxl0 z~x + ~fxxl0 ~ +"" + ~f,)x]0 Zk~ (5.68)

where the remainder term R"+1 is given by

Rn+l _ 1
(n + 1)! f,+~)x(~) 

(5.69)

where x0 _<
The infinite Taylor series, Eq. (5.67), and the Taylor formula with remainder, Eq.

(5.68), are equivalent. The error incurred by truncating the infinite Taylor series after the
nth derivative is exactly the remainder term of the nth-order Taylor formula. Truncating the
Taylor series is equivalen.t to dropping the remainder term of the Taylor formula. Finite
difference approximations of exact derivatives can be obtained by solving for the exact
derivative from either the infinite Taylor series or the Taylor formula, and then either
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truncating the Taylor series or dropping the remainder term of the Taylor formula. These
two procedures are identical. The terms which are truncated from the infinite Taylor series,
which are identical to the remainder term of the Taylor formula, are called the truncation
error of the finite difference approximation of the exact derivative. In most cases, our main
concern is the order of the mmcation error, which is the rate at which the truncation error
approaches zero as Ax --~ 0. The order of the truncation error, which is the order of the
remainder term, is denoted by the notation 0(Ax").

Consider the equally spaced discrete finite difference grid illustrated in Figure 5.4.
Choose point i as the base point, and write the Taylor series for f/+l andf-_l:

f+l = f + fxli Z~x + ½ fxx[i ~ Av ~ fxxxli z~x3 "nt- ~4fxxxxli /~x4 -~- " " " (5.70)

fi-1 : fi -fxli Ax + ½ fxxli Ax2 -~fxxxli Ax3 + ~f~xli z~x4 .... (5.71)

Subtracting Eq. (5.71) for 1 fr om Eq. (5 .70) for f+ l gi ves

f+l -f-I = 2fxli Ax + ½fxxxli/~X3 -t- ¯ ¯ ¯ (5.72)

Letting the fxx~ term be the remainder term and solving for fxli yields

fxb -f+~2Ax-f-~ ~f~xx(~) Ax2 (5.73)

where xi_~ <_ ~ < xi+~. Equation (5.73) is an exact expression for fxli. If the remainder
term is truncated, which is equivalent to truncating the infinite Taylor series, Eqs. (5.70)
and (5.71), Eq. (5.73) yields an 2) fini te diff erence approximation off~li. Thus,

~1~ -f+~ -f/-I2Ax
(5.74)

The truncated result is identical to the result obtained from the Newton forward-difference
polynomial, Eq. (5.53).

Adding Eq. (5.70) forf+~ and Eq. (5.71) for f_l gives

1 Ax4 "
f/+l ’~-ft-i = 2f + fxxli ~c2 + -f~fx~xxli +. ¯ (5.75).

Letting the fxx~x term be the remainder term and solving for fxx l i yields

fxxli _.=f+l - 2f +~-1 12 Ax 12f~x~(¢) Ax2 (5.76)

where xi_~ < ~ < xi+~. Tnmcating the remainder term yields a finite difference approx-
imation forfxxl i. Thus,

_f/+~ - 2f +f_~
(5.77)

The truncated result is identical to the result obtained from the Newton forward-difference
polynomial, Eq. (5.54).
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Equations (5.74) and (5.77) are centered-difference formulas. They are inherently
more accurate than one-sided difference formulas.

Example 5.5. Taylor series difference formulas.

Let’s illustrate the use of difference formulas obtained from Taylor series by evaluating
f’(3.5) andf’(3.5) for the data presented in Figure 5.1 using Eqs. (5.74) and (5.77),
respectively. To obtain the most accurate results possible, use the closest data points to
x = 3.5, that is, x = 3.4 and 3.6. Thus, from Eq. (5.74),

f’(3.5) =f(3.6) -f(3.4) = 0.279778 - 0.294118 = -0.08170_ (5.78)
2(0.1) 2(0.1)

From Eq. (5.77),

f’(3.5) =/(3.6) - 2.0f(3.5) +/(3.4) = 0.279778 - 2.0(0.285714) 0.294118
2.0(0.1) 2.0(0.1)

= 0.0468__ (5.79)

These are the same results that are obtained with the difference formulas developed from
the Newton forward-difference polynomials illustrated in Example 5.4, Eqs. (5.55) and
(5.56).

Equations (5.74) and (5.77) are difference formulas for spatial derivatives. Differ-
ence formulas for time derivatives can be developed in a similar manner. The time
dimension can be discretized into a discrete temporal grid, as illustrated in Figure 5.5,
where the superscript n denotes a specific value of time. Thus, f(t ") =f~. Choose point n
as the base point, and write the Taylor series forf n+l andf~-l:

1 nf~+l=f~+fl~At+Eft [ At2+... (5.80)

fn-1 =f, -fl" At +iftl At2 -- (5.81)

Letting theftl ~ term be the remainder term and solving Eq. (5.80) for f[" yields

f"+~ - f" ~L(z) fin -- At (5.82)

where t~ < z < tn+l. Equation (5.82) is a first-order forward-difference formula for ftln.

Subtracting Eq. (5.81) forf "-1 from Eq. (5.80) forf ~+~ gives

fn+l __fn-1 2ftln
1 n: At "t- "~fttt[ At3 +"" (5.83)

Letting the fttt In term be the remainder term and solving for f in yields

fn+l _ fn-1 1
fin -- 2 At -~ftt(:c) At2 (5.84)
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where tn-~ < ~ < t n+l . Equation (5.84) is a second-order centred-difference formula for
fl n. Centred-difference formulas are inherently more accurate than one-sided difference
formulas, such as Eq. (5.82).

Difference formulas of any order, based on one-sided forward differences, one-sided
backward differences, centered differences, nonsymmetrical differences, etc., can be
obtained by different combinations of the Taylor series for f(x) or f(t) at various grid
points. Higher-order difference formulas require more grid points, as do formulas for
higher-order derivatives.

Example 5.6. Third-order nonsymmetrical difference formula for f~.

Let’s develop a third-order, ~nonsymmetrical, backward-biased, difference formula for fx.
The Taylor series forf(x) is:

f(x) =f ’~-fx[i Ax --~ ½ fx~l; Ax~ + -~ f~l; Ax3 + ~4 fxxx~l; AX4 -~- " " " (5.85)

Three questions must be answered before the difference formula can be developed: (a)
What is to be the order of the remainder term, (b) how many grid points are required, and
(c) which grid points are to be used? The coefficient offx is Ax. If the remainder term 
the difference formula is to be 0(Ax3), then the remainder term in the Taylor series must 
0(Ax4), since the formulas must be divided by Ax when solving forfx. Consequently, three
grid points, in addition to the base point i, are required, so that fxx and fxxx can be
eliminated from the Taylor series expansions, thus giving a third-order difference formula
forf~. For a backward-biased difference formula, choose grid points i + 1, i - 1, and i - 2.

The fourth-order Taylor series forf+~,f_~, and f/_ 2 are:

f+~ =f +fxliAx+½fxxliAx2 +~fx~liAx3 +~4fxx~(~OAx4+... (5.86)

fi-I :f/ --fx]i Ax-t-½ fxxli Ax2 --~ fxxxli AX3 -I-~4fxxxx(~-l) AX4 .... (5.87)

f-2 ----f - 2fxli Ax -t- ~fxxli Ax2 - ~fx~xli Ax3 -t- ~fx~x~(~-2) AX4 .... (5.88)

Forming the combination (f+l -f-~) gives

(f+l -f-~) -- 2fxli Ax ~fxxxli Ax3 q-0(Ax5) (5.89)

Forming the combination (4f+1 -f/-2) gives

(4f/+l --f/-2) = 3fi all- 6fxli Ax l- ~fxxxli Ax3 - ~4fxx xx(~) AX4Ji- 0(AX5) (5.90)

where xi_2 < ~ < xi+~. Multiplying Eq. (5.89) by 6 and subtracting Eq. (5.90) gives

1~,~ ~ Ax4
(5.91)6(f~+1 -f/-1) - (4f/+~ -f/_2) = -3f~ + 6fxl~ Ax + ~x~x, 

Solving Eq. (5.91) forfxl i yields

L[~ fi_~ - 6fi_~ +3f~+:Zf~+~- 6Ax f~’~’(~) Ax3 (5.92)
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Truncating Eq. (5.92) yields a third-order, nonsymmetrical, backward-biased, difference
formula for f~li.

In summary, the procedure for developing difference formulas by the Taylor series
approach is as follows.

1. Specify the order n of the derivativeJin)x for which the difference formula is to
be developed.

2. Chbose the order m of the reminder term in the difference formula Axm.

3,. Determine the order of the remainder term in the Taylor series, Axm+n.

4. Specify the type of difference formula desired: centered, forward, backward, or
nonsymmetrical.

5. Determine the number of grid points required, which is at most (m ÷ n - 1).
6. Write the Taylor series of order (m + n) at the (m + n - 1) grid points.
7. Combine the Taylor series to eliminate the undesired derivatives, and solve for

the desired derivative and the leading truncation error term.

For temporal derivatives, replace x by t in steps 1 to 7.

5.5 DIFFERENCE FORMULAS

Table 5.1 presents several difference formulas for both time derivatives and space
derivatives. These difference formulas are used extensively in Chapters 7 and 8 in the
numerical solution of ordinary differential equations, and in Chapters 9 to 11 in the
numerical solution of partial differential equations.

5.6 ERROR ESTIMATION AND EXTRAPOLATION

When the functional form of the error of a numerical algorithm is known, the error can be
estimated by evaluating the algorithm for two different increment sizes. The error estimate
can be used both for error control and extrapolation.

Consider a numerical algorithm which approximates an exact calculation with an
error that depends on an increment, h. Thus,

fexact

where n is
following
h2 = h/R,

fexact

fexact

Subtracting Eq. (5.114b) from Eq. (5.114a) gives

0 =f(h) -f(h/R) Ahn -I -~t(h/R) n q- O(h n+m)

=f(h) + Ahn + Bhn+m -}- Chn+2m .--}-... (5.1] 3)

the order of the leading error term and rn is the increment in the order of the
error terms. Applying the algorithm at two increment sizes, h1 = h and
gives

=f(h) Ahn q- O(hn+m) (5.1 14a)

= f(h/R) + A(h/R)" + n+m) (5.114b)

(5.115)
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Table 5.1. Difference Formulas

f’+~ -f~ 1
f [~ - At ~f~(z) At

f I" -- At q- ~f.(r) At

ftl n+l/2 _fn+~ _fn
1

At 24ftt(z) At2

fn+l _f.-I 1
fin - 2 At ~ftt(z) At2

Ll~ __fi+~ -fi
1

Ax 2fxx(~) Ax

fxli f/+l --f/-1 ~-fxxx2 Ax (¢) Axz

fxli = -3f. + 4f/+~ -f,.+z ~2 Ax f’~(~) Ax2

fxli f-2 -- 4f/-i -I- 3fi ~= 2 zXx ~- f=({)

fxli -- -1 If,. + 18f’+16Ax- 9f/+2 -1- 2fi+3 -- "~f~xx( ) Ax3

fxli --2f/-3 -~- 9fi-2 -- 18f-1 +llf 1- "6Ax + ~f~ ({) Ax3

fxli f-2 -- 6f/-1 "~ 3f/’~ 2f/+l
1

- 6Ax 12f~-~({) Ax3

fxli -2f/_~ - 3fi -~- 6fi+l --f+2 1
3

= 6Ax + ~f=~x(~) 

fx[i-- fi-2 -- 8f/-112 +/~ 8fi+l --fi+2 .q_ 3~f.:ccxxx(~) 4

fxx[i f -- 2f+l +f+2-- ~f2 fx.~(~) ~f

fxxli __fi-2 -- 2f/-1 -~-f/

fxxli __f+l -- 2f/"q-f-1
1

Ax2 12fx~rx (~) Ax2

fxxli =

f=li =

2f -- 5f/+l + 4f+ 2 --fi+3 11
,~2

AX2
{- -~fxxxx( {)

--f/_3 -~" 4fi_2 -- 5f/_ 1 -~- 2fi 11
Ax2 + ]~fxxxx({) ZL~c2

--f-2 + 16f/-1 - 30f + 16fi+~ -f+z ~0
12 Z~¢2 + fxxxx~v (~)

(5.93)

(5.94)

(5.95)

(5.96)

(5.97)

(5.98)

(5.99)

(5.100)

(5.101)

(5.102)

(5.1o3)

(5.104)

(5.105)

(5.106)

(5.107)

(5.108)

(5.109)

(5.110)

(5.111)

(5.112)
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Solving Eq. (5.115) for the leading error terms in Eqs. (5.114a) and (5.114b) 

(f(h/R) -f(h))’

Rn
Error(h) Ahn --Rn __ 1 (f( h/R) - f (h (5. l16a)

1
(5.116b)Error(h/R) = A(h/R)n -- Rn _ 1

Equation (5.116) can be used to estimate the leading error terms in Eq. (5.114).
The error estimates can be added to the approximate resu, lts to yield an improved

approximation. This process is called extrapolation. Adding Eq. (5.116b) to Eq. (5.114b)
gives

1Extrapolated value = f(h/R) + ~-f (f(h/R) - f(h)) + O(hn+m) (5.117)

The error of the extrapolated value is O(hn+m). Two O(hn+m) extrapolated results can be
extrapolated to give an 0(h"+2’~) result, where the exponent, n, in Eq. (5.117) is replaced
with the exponent, n + m. Higher-order extrapolations can be obtained by successive
applications of Eq. (5.117).

Example 5.7. Error estimation and extrapolation.

Example 5.5 evaluates f~(3.5) using Eq. (5.73) with Ax = 0.1. A more accurate result
could be obtained by evaluating Eq. (5.73) with Ax = 0.05, which requires data 
x = 3.45 and 3.55. As seen in Figure 5.1, those points are not available. However, data
are available at x = 3.3 and 3.7, for which Ax = 0.2. Applying Eq. (5.73) with Ax = 0.2
gives

f’(3.5) =f(3.7) -f(3.3) = 0.270270 - 0.303030 _ -0.081900 (5. I 18)2(0.2) 2(0.2)

The exact error in this result is Error = -0.081900 - (-0.081633) = -0.000267, which
is approximately four times larger than the exact error obtained in Example 5.5 where
f~(3.5) = -0.081700, for which the exact error is Error = -0.081700 - (-0.081633) 
-0.000067.

Now that two estimates off~(3.5) are available, the error estimate for the result with
the smaller Ax can be calculated from Eq. (5.116b). Thus,

Error(Ax/2) = ~ [-0.081700 - (-0.081900)] = 0.000067 (5.119)

Applying the extrapolation formula, Eq. (5.117), gives

Extrapolated value = -0.081700 ÷ 0.000067 = -0.081633 (5.120)

which is the exact value to six digits after the decimal place. The value of error estimation
and extrapolation are obvious in this example.
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5.7 PROGRAMS

Two procedures for numerical differentiation of tabular data are presented in this section:

1. Derivatives of unequally spaced data
2. Derivatives of equally space data

All of the subroutines are written for a quadratic polynomial. Higher-degree polynomials
can be constructed by following the patterns of the quadratic polynomials. The variable
ndeg, which specifies the degree of the polynomials, is thus not needed in the present
programs. It is included, however, to facilitate the addition of other-degree polynomials to
the subroutines, in which case the degree of the polynomial to be evaluated must be
specified.

The basic computational algorithms are presented as completely self-contained
subroutines suitable for use in other programs. Input data and output statements are
contained in a main (or driver) program written specifically to illustrate the use of each
subroutine.

5.7.1. Derivatives of Unequally Spaced Data

Three procedures are presented for differentiating unequally spaced data:

1. Differentiation of a direct fit polynomial
2. Differentiation of a Lagrange polynomial
3. Differentiation of a divided difference polynomial

FORTRAN subroutines direct, lagrange, and divdiff are presented in this subsection for
implementing these procedures. A common program main defines the data sets and prints
them, calls one of the subroutines to implement the solution, and prints the solution. The
only change in program main for the three subroutines is the call statement to the
particular subroutine and the output format statement identifying the particular subroutine.

5.7.1.1 Direct Fit Polynomial

The first- and second-order derivatives of a direct fit polynomial are given by Eq. (5.7):

P’n(x) = 1 +2a2x + 3a3x2 +... + nanxn-1

P~(x) = 2a2 + 6a3x +... + n(n - 1)anxn-2

(5.121a)

(5.121b)

A FORTRAN subroutine, subroutine direct, for implementing Eq. (5.121) for a quadratic
direct fit polynomial is presented in Program 5.1.

Program 5.1. Differentiation of a direct fit polynomial program.

C
C

C

C

C

C

program main

main program to illustrate numerical diff. subroutines

ndim array dimension, n = 3 in this example

ndeg degree of polynomial, ndeg = 2 in this example

n number of data points

xp value of x at which to evaluate the derivatives

x independent variable, x(i)
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c

c
c

1000
1010
1020

f dependent variable, f(i)

fx numerical approximation of first derivative

fxx numerical approximation of second derivative

dimension x(3),f(3),a(3,3),b(3),c(3)

data ndim, ndeg, n,xp / 3, 2, 3, 3.5 /

data (x(i),i=l,3) / 3.4, 3.5, 3.6 

data (f(i),i=l,3) / 0.294118, 0.285714, 0.277778 

write (6, 1000)

do i=l,n

write (6,1010) i,x(i),f(i)
end do

call direct (ndim, ndeg, n,x, f, xp, fx, fxx, a,b, c)

write (6, 1020) fx, fxx

s top

format (’ Direct fit 19olynomial’/’ "/" i’,6x, "x’,llx, "f’/’

format (i3,5f12.6)

format (’ ’/" fx =’,f12.6, ’ and fxx =’,f12.6)
end

,)

c

subroutine direct (ndim, ndeg, n, x, f, xp, fx, fxx, a, b, c)

direct fit polynomial differentiation

dimensi on x (ndim) , f (ndim) , a (ndim, ndim) , b (ndim) , 

do i=l,n

a(i,l)=l.O

a (i, 2) =x(i)

a (i, 3) =x(i) 
b(i)=f(i)

end do

call gauss (ndim, n,a,b,c)

fx=c (2) +2. O*c (3) 

fxx=2. O*c (3)

return

end

c

subroutine gauss (ndim, n,a,b,x)

implements simple gauss elimination

end

The data set used to illustrate subroutine direct is taken from Example 5.1. The
output generated by the program is presented in Output 5.1.

Output 5.1. Solution by differentiation of a direct fit polynomial.

Direct fit polynomial

i x f

1 3.400000 0.294118

2 3.500000 0.285714

3 3.600000 0.277778

fx = -0.081700 and fxx = 0.046800
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5.7.1.2 Lagrange Polynomial

The first- and second-order derivatives of a quadratic Lagrange polynomial are given by
Eq. (5.9):

f’(x) ~ Fz(X) -- 2x - (b + c) ~, , 2x - (a 
2x - (a + b) ~, 

(a - b)(a - Jta) + (-~---a-~ _-~f(b) + (-~---a)-~ ~ ~) Jtc)

(5.122a)

f"(x) ~- P~(x) = 2f(a) q 2f(b) ~ 2f(c) (5.122b)
(a - b)(a - c) (b - a)(b - c) (c - 

A FORTRAN subroutine, subroutine lagrange, for implementing Eq. (5.122) is presented
in Program 5.2.

Program 5.2. Differentiation of a Lagrange polynomial program.

19rogram main

main program to illustrate numerical diff. subroutines

dimension x(3) , f (3)
call lagrange (ndim, ndeg, n,x, f, xp, fx, fxx, a,b, c)

1000 format (" Lagrange polynomial’/’ ’/’ i’,6x, ’x’,llx, ’f’/’ ’)

end

subroutine lagrange (ndim, ndeg, n, x, f , xp, fx, fxx)

Lagrange polynomial differentiation

dimension x (ndim) , f (ndim)

a=x(1)

b=x(2)

c=x(3)
fx= (2. O*xp- (b+c) ) * f (I) /(a-b)/(a-c) + (2. O*xp- (a+c) ) 

1 /(b-c)+(2.0*xp-(a+b))*f(3)/(c-a)/(c-b)

fxx=2. O* f (I) / (a-b) / (a-c) +2. O* f (2) / (b-a) / (b-c) +2. O* f 

1 / (c-b)
return

end

The data set used to illustrate subroutine Lagrange is taken from Example 5. I. The
output generated by the program is presented in Output 5.2.

Output 5.2. Solution by differentiation of a Lagrange polynomial.

Lagrange polynomial

i x f

1 3.400000 0.294118

2 3.500000 0.285714

3 3.600000 0.277778

fx = -0.081700 and fxx = 0.046800
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5.7.1.3. Divided Difference Polynomial

The first- and second-order derivatives of a divided difference polynomial are given by
Eq. (5.11):

f’(x) ~- P’,(x) =f0) + [2x - (xo "~- Xl)]f/(2)

+ [3x~ - 2(xo q-X1 JcXz)X ~- (X0X1 JcXoX2 -~- XlX2)]fi (3) -~- ¯ ¯ ¯

(5.123a)

f"(x) ~- P’~(x) = 2f(i 2) + [6x - 2(xo +x1 + x2)]~3) +... (5.123b)

A FORTRAN subroutine, subroutine divdiff for implementing Eq. (5.123) for Pz(x) 
presented in Program 5.3.

Program 5.3. Differentiation of a divided difference polynomial program.

iooo

program main

main program to illustrate numerical diff. subroutines

dimension x(3) , f (3 
call divdi ff (ndim, ndeg, n, x, f, xp, fx, fxx, a, b, c)

format (" Divided diff. poly.’/" ’/" i’,6x, "x’,llx, "f’/" ’)

end

subroutine divdiff (ndim, ndeg, n, x, f, xp, fx, fxx)

divided difference polynomial di fferen t ia t i on

dimension x (ndim) , f (ndim)

fll= (f (2) -f (1) ) / (x(2) 

f21= (f (3) -f (2)) / (x(3 ) 

f12= (f21-fll) / (x(3) -x(1) 
fx=fll+(2. O*xp-x(1) -x(2) ) 

fxx=2.0 * fl 2

return

end

The data set used to illustrate subroutine divdiff is taken from Example 5.1. The
output generated by the program is presented in Output 5.3.

Output 5.3. Solution by differentiation of a divided difference polynomial.

Divided diff. polynomial

i x f

1 3.400000 0.294118

2 3.500000 0.285714

3 3.600000 0.277778

fx = -0. 081700 and fxx = 0. 046800
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5.7.2 Derivatives of Equally Spaced Data

The first and second derivatives of a Newton forward-difference polynomial are given by
Eqs. (5.26) and (5.27), respectively:

1 +...)
P~(xo) = ~-ff (A~f0 - A3f0 +...) (5.124b)

The extrapolation formulas are given by Eqs. (5.116b) and (5.117).

Error(h/2) ½[f’(h/2) -f ’(h)] (5.125a)

Extrapolated value =f’(h/2) Error(h/2) (5.125b)

A FORTRAN subroutine, subroutine deriv, for evaluating Eqs (5.124) and (5.125) 
P2(x) is presented in Program 5.4. It defines the data set and prints it, calls subroutine deriv
to implement the solution, and prints the solution.

Program 5.4. Differentiation of a quadratic Newton forward-difference polynomial
program.

program main

c main program

c ndim

c ndeg

c num

c n

c x

c f

c fx

to illustrate numerical diff. subroutines

array dimension, n = 5 in this example

degree of polynomial, ndeg = 2 in this example

number of derivative evaluations for extrapolation

number of data points

independent variable, x (i)

dependent variable, f (i)

numerical approximation of derivative, fx(i,j)

dimension x (5), f (5), dx(2) , fx(2, 2), fxx(2, 

data ndim, ndeg, num, n ~ 5, 2, 2, 5 /

data (x(i),i=l,5) / 3.3, 3.4, 3.5, 3.6, 3.7 

data (f(i),i=l,5) / 0.303030, 0.294118, 0.285714,
1 0.270270 /

write (6, 1000)

do i=l,n

write (6,1005) i,x(i),f(i)
end do

call deriv (ndim, ndeg, num,n,x, f,dx, fx, fxx)

write (6,1010)
write (6, 1020)

write (6, 1030)

write (6, 1050)

write (6,1040)

write (6, 1030)
stop

dx(1) , fx(l, i), fx(l, 

dx(2) , fx(2, 

dx(1) , fxx(l, i), fxx(l, 
dx(2) , fxx(2, 

0.277778,
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i000

1005

i010

1020

1030

1040

1050

forma t

format

format

format

format

format

format

end

(’ Equally spaced data’/’ "/" i’,6x, "x’,llx, ’f’/"

(i4, 2f12.6)

(’ ’/lOx, ’dx’,8x, ’O(h**2)’,5x,’O(h**4)’/"

(’ fx ",3f12.6)

(4x, 3f12.6)

(’ fxx’,3fl2.6)

,)

subroutine deri v (ndim, ndeg, num, n, x, f, dx, fx, fxx 

numerical differentiation and extrapolation for P2 (x)

dimensi on x (ndim) , f (ndim) , dx (num) , fx (num, num) , fxx (num, 

dx(1) =x(3) -x(1)
dx(2) =x(2) -x(1)

fx(l, i) =0.5* ( f (5) -f (I))/dx(1)

fx(2, i)=0.5* ( f (4)-f (2))/dx(2)

fx(l, 2)= (4. O*fx(2, l)-fx(l, i))/3.0

fxx(l, i) = (f (5) -2. O*f (3) +f (1) )/dx 

fxx(2, l)=(f (4) -2. O’f(3) +f (2) ) 

fxx(l, 2) = (4. O*fxx(2, i) -fxx(l, I) 

return

end

The data set used to illustrate subroutine deriv is taken from Examples 5.2 and 5.7.

The output generated by the program is presented in Output 5.4.

Output 5.4. Solution by differentiation of a Newton forward-difference polynomial.

Equally spaced data

i x f

1 3.300000

2 3.400000

3 3.500000

4 3.600000

5 3.700000

0.303030

0.294118

0.285714

0.277778

0.270270

dx
O(h**2)

fx 0.200000 -0.081900

0.100000 -0.081700

0(h*’4)

-0.081633

fxx 0.200000 0.046800 0.046800

0.i00000 0.046800

5.7.3. Packages for Numerical Differentiation

Numerous libraries and software packages are available for numerical differentiation.

Many workstations and mainframe computers have such libraries attached to their

operating systems.
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Many commercial soRware packages contain numerical differentiation algorithms.
Some of the more prominent packages are Matlab and Mathcad. More sophisticated
packages, such as IMSL, MATHEMATICA, MACSYMA, and MAPLE, also contain
routines for numerical differentiation. Finally, the book Numerical Recipes (Press et al.,
1989) contains a routine for numerical differentiation.

5.8 SUMMARY

Procedures for numerical differentiation of discrete data and procedures for developing
difference formulas are presented in this chapter. The numerical differentiation formulas
are based on approximating polynomials. The direct fit polynomial, the Lagrange
polynomial, and the divided difference polynomial work well for both unequally spaced
data and equally spaced data. The Newton polynomials yield simple differentiation
formulas for equally spaced data. Least squares fit polynomials can be used for large
sets of data or sets of rough data.

Difference formulas, which approximate derivatives in terms of function values
in the neighborhood of a particular point, are derived by both the Newton polynomial
approach and the Taylor series approach. Difference formulas are used extensively in the
numerical solution of differential equations.

After studying Chapter 5, you should be able to:

1. Describe the general features of numerical differentiation
2. Explain the procedure for numerical differentiation using direct fit polynomials
3. Apply direct fit polynomials to evaluate a derivative in a set of tabular data
4. Apply Lagrange polynomials to evaluate a derivative in a set of tabular data
5. Apply divided difference polynomials to evaluate a derivative in a set of tabular

data
6. Describe the procedure for numerical differentiation using Newton forward-

difference polynomials
7. Describe the procedure for numerical differentiation using Newton backward-

difference polynomials
8. Describe the procedure for developing difference formulas from Newton

difference polynomials
9. Develop a difference formula of any order for any derivative from Newton

polynomials
10. Describe the procedure for developing difference formulas from Taylor series
11. Develop a difference formula of any order for any derivative by the Taylor

series approach
12. Be able to use the difference formulas presented in Table 5.1
13. Explain the concepts of error estimation and extrapolation
14. Apply error estimation
15. Apply extrapolation

EXERCISE PROBLEMS

Table 1 gives values off(x) ---- exp(x). This table is used in several of the problems in 
chapter.
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Table 1. Values off(x)

Chapter 5

x f(x) x f(x) x f(x)

0.94 2.55998142 0.99 2.69123447 1.03 2.80106584
0.95 2.58570966 1.00 2.71828183 1.04 2.82921701
0.96 2.61169647 1.01 2.74560102 1.05 2.85765112
0.97 2.63794446 1.02 2.77319476 1.06 2.88637099
0.98 2.66445624

5.2 Unequally Spaced Data

Direct Fit Polynomials

1. For the data in Table 1, evaluatef’(1.0) andf’(1.0) using direct fit polynomials
with the following data points: (a) 1.00 and 1.01, (b) 1.00, 1.01, and 1.0:2, 
(c) 1.00, 1.01, 1.02, and 1.03. Compute and compare the errors.
For the data in Table 1, evaluatef’(1.0) andf’(1.0) using direct fit polynomials
with the following data points: (a) 0.99 and 1.00, (b) 0.98, 0.99, and 1.00, 
(c) 0.97, 0.98, 0.99, and 1.00. Compute and compare the errors.

3. For the data in Table 1, evaluatef’(1.0) andf’(1.0) using direct fit polynomials
with the following data points: (a) 0.99 and 1.01, and (b) 0.99, 1.00, and 1.01.
Compute and compare the errors.

4. Compare the errors in Problems 1 to 3 and discuss.
5. For the data in Table 1, evaluatef’(1.0) andf’(1.0) using direct fit polynomials

with the following data points: (a) 0.98 and 1.02, (b) 0.98, 1.00, and 1.02, 
0.96 and 1.04, and (d) 0.96, 1.00, and 1.04. Compute the errors and compare
the ratios of the errors for parts (a) and (c) and parts (b) and (d). Compare 
results with the results of Problem 3.

Difference formulas can be derived from direct fit polynomials by fitting a polynomial to a
set of symbolic data and differentiating the resulting polynomial. The truncation errors of
such difference formulas can be obtained by substituting Taylor series into the difference
formulas to recover the derivative being approximated accompanied by all of the neglected
terms in the approximation. Use the symbolic Table 2, where Ax is considered constant, to
work the following problems. Note that the algebra is simplified considerably by letting the
base point value of x be zero and the other values of x be multiples of the constant
increment size Ax.

Table 2. Symbolic Values off(x)

x f(x) x f(x)

Xi-2 fi-2 Xi+I fi+l

Xi-1 ~i-1 Xi+2 f/+2

xi ~

Derive difference formulas for f’(x) by direct polynomial fit using the
following data points: (a) i and i + 1, (b) i - 1 and i, (c) i - 1 and i + 
i- 1, i, and i+ 1,(e) i,i+ 1, andi+2, and(f) i-2, i- 1,i,i+ 1, and i+ 2.
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For each result, determine the leading tnmcation error term. Compare with the
results presented in Table 5.1.

7. Derive difference formulas forf’i(x) by direct polynomial fit using the following
data points: (a) i - 1, i, and i + 1, (b) i, i + 1, and i + 2, (c) i - 2, i - 1, i, 
and i ÷ 2, and (d) i, i + 1, i ÷ 2, and i + 3. For each result, determine
the leading truncation error term. Compare with the results presented in
Table 5.1.

Lagrange Polynomials

8. Work Problem 1 using Lagrange polynomials.
9. Work Problem 2 using Lagrange polynomials.

10. Work Problem 3 using Lagrange polynomials.
11. Work Problem 5 using Lagrange polynomials.
12. Derive differentiation formulas for the third-degree Lagrange polynomial.

Divided Difference Polynomials

13. Work Problem 1 using divided difference polynomials.
14. Work Problem 2 using divided difference polynomials.
15. Work Problem 3 using divided difference polynomials.
16. Work Problem 5 using divided difference polynomials.

5.3 Equally Spaced Data

The data presented in Table 1 are used in the following problems. Construct a difference
table for that set of data through third differences for use in these problems.

17. For the data in Table 1, evaluate fi(1.0) andf~1(l.0) using Newton forward-
difference polynomials of orders 1, 2, and 3 with the following points: (a) 1.00
to 1.03, and (b) 1.00 to 1.06. Compare the errors and ratios of the errors for the
two increment sizes.

18. For the data in Table 1, evaluate f~(1.0) andf~(1.0) using Newton backward-
difference polynomials of orders 1, 2, and 3 with the following points: (a) 0.97
to 1.00, and (b) 0.94 to 1.00. Compare the errors and the ratios of the errors for
the two increment sizes.

19. For the data in Table 1, evaluatef’(1.0) andf"(1.0) using Newton forward-
difference polynomials of orders 1 and 2 with the following points: (a) 0.99 
1.01, and (b) 0.98 to 1.02. Compare the errors and the ratios of the errors for
these two increment sizes. Compare with the results of Problems 17 and 18 and
discuss.

20. Derive Eq. (5.23).
21. Derive Eq. (5.25).
22. Derive Eq. (5.40).
23. Derive Eq. (5.41).

Difference formulas can be derived from Newton polynomials by fitting a polynomial to a
set of symbolic data and differentiating the resulting polynomial. The truncation error can
be determined from the error term of the Newton polynomial. The symbolic data in Table 2
are used in the following problems. Construct a difference table for that set of data.
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5.4

24. Derive difference formulas for f’(x) using Newton forward-difference poly-
nomials using the following data points: (a) i and i + 1, (b) i - 1 and i, (c) 
and i+l, (d) i-l,i, and i+l, (e) i,i+l, and i+2, and (f)
i - 2, i - 1, i, i + 1, and i ÷ 2. For each result, determine the leading trunca-
tion error term. Compare with the results presented in Table 5.1.

25. Derive difference formulas for f’(x) using Newton forward-difference poly-
nomials using the following data points: (a) i - 1, i, and i + 1, (b) i, i + 1, 
i÷2, (c) i-2, i- 1,i,i+ 1, and i÷2, and (d) i,i+ 1,i+2, and i÷3. For
each result, determine the leading truncation error term. Compare with the
results presented in Table 5.1

Taylor Series Approach

26. Derive Eqs. (5.93) to (5.96).
27. Derive Eqs. (5.97) to (5.106).
28. Derive Eqs. (5.107) to (5.112).

5.5 Difference Formulas

5.6

5.7

29. Verify Eq. (5.96) by substituting’Taylor series for the function values to recover
the first derivative and the leading truncation error term.

30. Verify Eq. (5.99) by substituting Taylor series for the function values to recover
the first derivative and the leading truncation error term.

31. Verify Eq. (5.109) by substituting Taylor series for the function values 
recover the second derivative and the leading truncation error term.

32. Verify Eq. (5.92) by substituting Taylor series for the function values to recover
the first derivative and the leading truncation error term.

Error Estimation and Extrapolation

33. For the data in Table 1, evaluate fr(1.0) using Eq. (5.99) for Ax = 0.04, 0.02,
and 0.01. (a) Estimate the error for the Ax = 0.02 result. (b) Estimate the error
for the Ax = 0.01 result. (c) Extrapolate the results to 0(Ax4).

34. For the data in Table 1, evaluatef’r(1.0) using Eq. (5.109) for Ax -- 0.04, 0.02,
and 0.01. (a) Estimate the error for the Ax = 0.02 result. (b) Estimate the error
for the Ax = 0.01 result. (c) Extrapolate the results to 0(Ax4).

Programs

35. Implement the program presented in Section 5.7.1 for the differentiation of a
quadratic direct fit polynomial. Check out the program using the given data.

36. Solve Problems lb and 2b using the program.
37. Modify the program to consider a linear direct fit polynomial. Solve Problems

1 a and 2a using the program.
38. Extend the program to consider a cubic direct fit polynomial. Solve Problems

lc and 2c using the program.
39. Implement the program presented in Section 5.7.2 for the differentiation of a

quadratic Lagrange polynomial. Check out the program using the given data.
40. Solve Problems lb and 2b using the program.



Numerical

4l.

42.

43.

Differentiation and Difference Formulas 283

Modify the program to consider a linear Lagrange polynomial. Solve Problems
la and 2a using the program.
Extend the program to consider a cubic Lagrange polynomial. Solve Problems
1 c and 2c using the program.
Implement the program presented in Section 5.7.3 for the differentiation of a
quadratic divided difference polynomial. Check out the program using the
given data.

44. Solve Problems lb and 2b using the program.
45. Modify the program to consider a linear divided difference polynomial. Solve

Problems la and 2a using the program.
46. Extend the program to consider a cubic divided difference polynomial. Solve

Problems lc and 2c using the program.
47. Implement the program presented in Section 5.7.4 for the differentiation of a

quadratic Newton forward-difference polynomial. Check out the program
using the given data.

48. Solve Problems lb and 2b using the program.
49. Modify the program to consider a linear Newton forward-difference poly-

nomial. Solve Problems la and 2a using the program.
50. Extend the program to consider a cubic Newton forward-difference poly-

nomial. Solve Problems lc and 2c using the program.

APPLIED PROBLEMS

51. When a fluid flows over a surface, the shear stress z (N/m2) at the surface is
given by the expression

db/ surface

z=#~y (1)

where # is the viscosity (N-s/m2), u is the velocity parallel to the surface (m/s),
and y is the distance normal to the surface (cm). Measurements of the velocity
of an air stream flowing above a surface are made with an LDV (laser-Doppler-
velocimeter). The values given in Table 3 were obtained.

Table 3. Velocity Measurements

y u y u

0.0 0.00 2.0 88.89
1.0 55.56 3.0 100.00

At the local temperature, /z = 0.00024N-s/m2. Calculate (a) the difference
table for u(y), (b) du/dy at the surface based on first-, second-, and third-order
polynomials, (c) the corresponding values of the shear stress at the surface, and
(d) the shear force acting on a flat plate 10 cm long and 5 cm wide.



284 Chapter 5

52. When a fluid flows over a surface, the heat transfer rate ~ (J/s) to the surface 
given by the expression

ft = -to4 dT surfacedy
(2)

where k is the thermal conductivity (J/s-m-K), T is the temperature (K), and 
is the distance normal to the surface (cm). Measurements of the temperature 
an air stream flowing above a surface are made with a thermocouple. The
values given in Table 4 were obtained.

Table 4. Temperature Measurements

y T y T

0.0 1000.00 2.0 355.56
1.0 533.33 3.0 300.00

At the average temperature, k = 0.030 J/s-m-K. Calculate (a) the difference
table for T(y), (b) dT/dy at the surface based on first-, second-, and third-order
polynomials, (c) the corresponding values of the heat flux it/A at the surface,
and (d) the heat transfer to a flat plate 10cm long and 5 cm wide.
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6.1 INTRODUCTION

A set of tabular data is illustrated in Figure 6.1 in the form of a set of [x,f(x)] pairs. The
function f(x) is known at a finite set of discrete values of x. Interpolation within a set of
discrete data is presented in Chapter 4. Differentiation within a set of tabular data is
presented in Chapter 5. Integration of a set of tabular data is presented in this chapter. The
discrete data in Figure 6.1 are actually values of the function f(x) = 1/x, which is used 
the example problem in this chapter.

The evaluation of integrals, a process known as integration or quadrature, is
required in many problems in engineering and science.

I = f(x) (6.1)

285
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Figure 6.1 Integral of tabular data.

x f(x)
3.1 0.32258065
3,2 0.31250000
3.3 0.30303030
3.4 9.29411765
3.5 0.28571429
3.6 0.27777778
3.7 0.27027027
3.8 0.26315789
3.9 0.25641026

The functionf(x), which is to be integrated, may be a known function or a set of discrete
data. Some known functions have an exact integral, in which case Eq. (6.1) can 
evaluated exactly in closed form. Many known functions, however, do not have an exact
integral, and an approximate numerical procedure is required to evaluate Eq. (6.1). 
many cases, the function f(x) is known only at a set of discrete points, in which case an
approximate numerical procedure is again required to evaluate Eq. (6.1). The evaluation 
integrals by approximate numerical procedures is the subject of this chapter.

Numerical integration (quadrature) formulas can be developed by fitting approx-
imating functions (e.g., polynomials) to discrete data and integrating the approximating
function:

I I= f(x) dx-~ Pn(x) 

This process is illustrated in Figure 6.2.

(6.2)

(a) (b)

Figure 6.2 Numerical integration. (a) Exact integral. (b) Approximate integral.
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Several types of problems arise. The function to be integrated may be known only at
a finite set of discrete points. In that case, an approximating polynomial is fit to the discrete
points, or several subsets of the discrete points, and the resulting polynomial, or
polynomials, is integrated. The polynomial may be fit exactly to a set of points by the
methods presented in Sections 4.3 to 4.6, or by a least squares fit as described in Section
4.10. In either case, the degree of the approximating polynomial chosen to represent the
discrete data is the only parameter under our control.

When a known function is to be integrated, several parameters are under our control.
The total number of discrete points can be chosen arbitrarily. The degree of the
approximating polynomial chosen to represent the discrete data can be chosen. The
locations of the points at which the known function is discretized can also be chosen to
enhance the accuracy of the procedure.

Procedures are presented in this chapter for all of the situations discussed above.
Direct fit polynomials are applied to prespecified unequally spaced data. Integration
formulas based on Newton forward-difference polynomials, which are called Newton-
Cotes formulas, are developed for equally spaced data. An important method, Romberg
integration, based on extrapolation of solutions tbr successively halved increments, is
presented. Adaptive integration, a procedure for minimizing the number of function
evaluations required to integrate a known function, is discussed. Gaussian quadrature,
which specifies the locations of the points at which known functions are discretized, is
discussed. The numerical evaluation of multiple integrals is discussed briefly.

The simple function

1
f(x) (6.3)

is considered in this chapter to illustrate numerical integration methods. In particular,

[ 3"91 In(x) 3.9 (3.9"~I = - dx = = In ---- 0.22957444... (6.4)
03.1 x 3.1 \3.1J

The procedures presented in this chapter for evaluating integrals lead directly into
integration techniques for ordinary differential equations, which is discussed in Chapters 7
and 8.

The organization of Chapter 6 is illustrated in Figure 6.3. After the background
material presented in this section, integration using direct fit polynomials as the
approximating function is discussed. This section is followed by a development of
Newton-Cotes formulas for equally spaced data, among which the trapezoid rule and
Simpson’s 1/3 rule are the most useful. Romberg integration, an extremely accurate and
efficient algorithm which is based on extrapolation of the trapezoid rule, is presented next.
Adaptive integration is then discussed. The following section presents Gaussian quad-
rature, an extremely accurate procedure for evaluating the integral of known functions in
which the points at which the integral is evaluated is chosen in a manner which doubles the
order of the integration formula. A brief introduction to multiple integrals follows. A
summary closes the chapter and presents a list of what you should be able to do after
studying Chapter 6.
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Numerical Integration

Direct Fit Polynomials

Newton-Cotes Formulas

Extrapolation
Romberg Integration

Adaptive Integration

Gaussian Quadrature

Multiple Integrals

Programs

Summary

Figure 6.3 Organization of Chapter 6.

6.2 DIRECT FIT POLYNOMIALS

A straightforward numerical integration procedure that can be used for both unequally
spaced data and equally spaced data is based on fitting the data by a direct fit polynomial
and integrating that polynomial. Thus,

[ f(x) ~-- P,(x) = ao + alx + a2x2 . . .] (6.5)

where P,(x) is determined by one of the following methods:

1. Given N = n + 1 sets of discrete data, [xi,f(xi) ], determine the exact nth-degree
polynomial that passes through the data points, as discussed in Section 4.3.
Given N >.n + 1 sets of discrete data, [xi,f(xi)], determine the least squares
nth-degree polynomial that best fits the data points, as discussed in Section 4.10.
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3. Given a known function f(x) evaluate f(x) at N discrete points and fit a
polynomial by an exact fit or a least squares fit.

After the approximating polynomial has been fit, the integral becomes

I = dx ~ Pn(x) (6.6)

Substituting Eq. (6.5) into Eq. (6.6) and integrating yields

I= aox +al-~+a2-~+... (6.7)
a

Introducing the limits of integration and evaluating Eq. (6.7) gives the value of the integral.

Example 6.1. Direct fit polynomial

Let’s solve the example problem presented in Section 6.1 by a direct fit polynomial. Recall:

I = - dx ~- Pn(x) (6.8)
J3.l X ,1

Consider the following three data points from Figure 6.1:

x f~
3.1 0.32258065
3.5 0.28571429
3.9 0.25641026

Fit the quadratic polynomial, Pz(x)= ao + alx-I-a2x2, to the three data points by the
direct fit method:

0.32258065 = ao + a1(3.1) + a2(3.1)2 (6.9a)

0.28571429 = ao + a~(3.5) + a2(3.5)2
(6.9b)

0.25641026 = ao + a~(3.9) + a2(3.9)2 (6.9c)

Solving for ao, al, and a2 by Gauss elimination gives

Pz(x) = 0.86470519 - 0.24813896x + 0.02363228x~ (6.10)

Substituting Eq. (6.10) into Eq. (6.8) and integrating gives

I = [(0.86470519)x + ½ (-0.24813896)x2 + ½ (0.02363228)x31331~ (6.11)

Evaluating Eq. (6.11) yields

li = 0.22957974 I (6.12)

The error is Error = 0.22957974 - 0.22957444 = 0.00000530.
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6.3 NEWTON-COTES FORMULAS

The direct fit polynomial procedure presented in Section 6.2 requires a significant amount
of effort in the evaluation of the polynomial coefficients. When the function to be
integrated is known at equally spaced points, the Newton forward-difference polynomial
presented in Section 4.6.2 can be fit to the discrete data with much less effort, thus
significantly decreasing the amount of effort required. The resulting formulas are called
Newton-Cotes formulas. Thus,

I : X) dx ~ Pn(x) dx (6.13)

where Pn(x) is the Newton forward-difference polynomial, Eq. (4.88):
P,(x) :fo +s Afo + ~ Azf0 +s(s - l)(s - 2)A3f°

6

+’" +s(s- 1)(s- 2)...Is- 
n!

1)] Anj~ + Error
(6.14)

where the interpolating parameter s is given by

X -- X0s-- h ~ x = xo + sh (6.15)

and the Error term is

Err°r=( s hn+’f(n+O(~)n + x° < X < Xn- _ (6.16)

Equation (6.13) requires that the approximating polynomial be an explicit function
of x, whereas Eq. (6.14) is implicit in x. Either Eq. (6.14) must be made explicit in 
introducing Eq. (6.16) into Eq. (6.14), or the second integral in Eq. (6.13) must 
transformed into an explicit function of s, so that Eq. (6.14) can be used directly. The first
approach leads to a complicated result, so the second approach is taken. Thus,

I : f(x) dx ~- Pn(x) dx : h Pn(s) 
s(a)

where, from Eq. (6.15)

dx=hds

(6.17)

(6.18)

The limits of integration, x = a and x = b, are expressed in terms of the interpolating
parameter s by choosing x = a as the base point of the polynomial, so that x = a
corresponds to s = 0 and x = b corresponds to s = s. Introducing these results into Eq.
(6.17) yields

(6.19)I = h o + sh) ds

Each choice of the degree n of the interpolating polynomial yields a different
Newton-Cotes formula. Table 6.1 lists the more common formulas. Higher-order formulas
have been developed [see Abramowitz and Stegun (1964)], but those presented in Table
6.1 are sufficient for most problems in engineering and science. The rectangle rule has
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Table 6.1 Newton-Cotes
Formulas

n Formula

0 Rectangle rule
1 Trapezoid rule
2 Simpson’s 1/3 rule
3 Simpson’s 3/8 rule

291

poor accuracy, so it is not considered further. The other three rules are developed in this
section.

Some terminology must be defined before proceeding with the development of the
Newton-Cotes formulas. Figure 6.4 illustrates the region of integration. The distance
between the lower and upper limits of integration is called the range of integration. The
distance between any two data points is called an increment. A linear polynomial requires
one increment and two data points to obtain a fit. A quadratic polynomial requires two
increments and three data points to obtain a fit. And so on for higher-degree polynomials.
The group of increments required to fit a polynomial is called an interval. A linear
polynomial requires an interval consisting of only one increment. A quadratic polynomial
requires an interval containing two increments. And so on. The total range of integration
can consist of one or more intervals. Each interval consists of one or more increments,
depending on the degree of the approximating polynomial.

6.3.1 The Trapezoid Rule

The trapezoid rule for a single interval is obtained by fitting a first-degree polynomial to
two discrete points, as illustrated in Figure 6.5. The upper limit of integration x1
corresponds to s = 1. Thus, Eq. (6.19) gives

1
t/

2 1

AI= hI (fo + s Afo) ds = h~sfo +S-Afo"~ (6.20)
o 2 .]o

where h = Ax. Evaluating Eq. (6.20) and introducing Af0 = (f~ -f0) yields

AI = h(f0.+ ½fifo) = h[f0 + ½(f~ -f0)] (6.21)

where A/denotes the integral for a single interval. Simplifying yields the trapezoid rule for
a single interval:

A/= ½h(f0 +fl) (6.22)

Figure 6.4

range of integration

interval 1 interval 2

~ increment

Range, intervals, and increments.

interval n 1

b
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f(x)

Figure 6.5 The trapezoid rule.

n-1 n

The composite trapezoid rule is obtained by applying Eq. (6.22) over all the intervals
of interest. Thus,

n-1 n-1

I = E ~i : E ½hi(f +f+,) (6.23)
i=0 i=0

where hi = (xi+1 -xi). Equation (6.23) does not require equally spaced data. When 
data are equally spaced, Eq. (6.23) simplifies 

I = ½h(fo + 2f~ + 2f~ +... + 2fn_~ +fn) (6.24)

where Axi = Ax = h = constant.
The error of the trapezoid rule for a single interval is obtained by integrating the

error term given by Eq. (6.16). Thus,

Error = h h2f"(¢) ds = -l~h3f"(~) = 0(h3) (6.25)

Thus, the local error is 0(h3). The total error for equally spaced data is given 

n-1 n--1

~ Error = ~ - ~h3f"(¢) = n[- ~h3f"(~)] (6.26)
i=0 i=0

where x0 < ~ < xn. The number of steps n = (xn - Xo)/h. Therefore,

Total Error = - ~z (Xn -- Xo)h2fll(~) = 0(h2) (6.27)

Thus, the global (i.e., total) error is 0(h2).

Example 6.2. The trapezoid rule

Let’s solve the example problem presented in Section 6.1 by the trapezoid rule. Recall that
f(x) = 1 Ix. Solving the problem for the range of integration consisting of only one interval
of h = 0.8 gives

l(h = 0.8) = -~(0.32258065 + 0.25641026) = 0.23159636 (6.28)
Z
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Let’s break the total range of integration into two intervals of h = 0.4 and apply the
composite rule. Thus,

I(h = 0.4) = ? [0.32258065 + 2(0.28571429) + 0.25641026] 0.23008389

(6.29)

For four intervals of h = 0.2, the composite rule yields

I(h = 0.2) = ~-~[0.32258065 + 2(0.30303030 0.28571429

+ 0.27027027) ÷ 0.25641026]

= 0.22970206 (6.30)

Finally, for eight intervals of h = 0,1,

I(h = 0.1) = ~-~ [0.32258065 + 2(0.31250000 ÷... + 0.26315789)

÷ 0.25641026]

= 0.22960636 (6.31)

Recall that the exact answer is I --= 0.22957444.
The results are tabulated in Table 6.2, which also presents the errors and the ratios of

the errors between successive interval sizes. The global error of the trapezoid rule is 0(h2).

Thus, for successive interval halvings,

E(h) 0(h2) = 22 = 
(6.32)Ratio -- E(h/2) - 0(h/2)2

The results presented in Table 6.2 illustrate the second-order behavior of the trapezoid rule.

6.3.2 Simpson’s 1/3 Rule

Simpson’s 1/3 rule is obtained by fitting a second-degree polynomial to three equally
spaced discrete points, as illustrated in Figure 6.6. The upper limit of integration x2
corresponds to s = 2. Thus, Eq. (6.19) gives

Table 6.2 Results for the Trapezoid Rule

h I Error Ratio

0.8 0.23159636 -0.00202192
3.97

0.4 0.23008389 -0.00050945
3.99

0.2 0.22970206 -0.00012762
4.00

0.1 0.22960636. -0.00003192
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0 1 2 n x

Figure 6.6 Simpson’s 1/3 rule.

Performing the integration, evaluating the result, and introducing the expressions for Afo
and A2fo, yields Simpson’s 1/3 rule for a single interval of two increments:

[ M = ½h(f0 + 4f~ +f2) (6.34)

The composite Simpson’s 1/3 rule for equally spaced points is obtained by applying Eq.
(6.34) over the entire range of integration. Note that the total number of increments must
be even. Thus,

I = ½h(f0 + 4f~ + 2f2 + 4f3 +... + 4f,_1 +f,) (6.35)

The error of Simpson’s 1/3 rule for a single interval of two increments is obtained by
evaluating the error term given by Eq. (6.16). Thus,

j
2 s(s - 1)(s 2)

Error = h h3f"({) ds = 0 (6.36)
0 6

This surprising result does not mean that the error is zero. It simply means that the cubic
term is identically zero, and the error is obtained from the next term in the Newton
forward-difference polynomial. Thus,

Jis(s- 1)(s - 2)(s - 3) h4fiv(~) as
Error = h

24
9-~ hsfiv(¢) (6.37)

Thus, the local error is 0(hS). By an analysis similar to that performed for the trapezoid
rule, it c~/n be shown that the global error is 0(h4).

Example 6.3. Simpson’s 1/3 Rule

Let’s solve the example problem presented in Section 6.1 using Simpson’s 1/3 rule. Recall
that f(x)= 1Ix. Solving the problem for two increments of h = 0.4, the minimum
permissible number of increments for Simpson’s 1/3 rule, and one interval yields

I(h = 0.4) = ~[0.32258065 + 4(0.28571429) + 0.25641026] 0.22957974

(6.38)
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Table 6.3 Results for Simpson’s 1/3 Rule

h I Error Ratio

0.4 0.22957974 -0.00000530
15.59

0.2 0.22967478 -0.00000034
15.45

0.1 0.22957446 -0.00000002

Breaking the total range of integration into four increments of h = 0.2 and two intervals
and applying the composite rule yields:

I(h = 0.2) = ~ [0.32258065 ÷ 4(0.30303030) ÷ 2(0.28571429)

÷ 4(0.27027027) + 0.25641026]

= 0.22957478 (6.39)

Finally, for eight increments of h = 0.1 and four intervals,

I(h = 0.1)= --0il [0.32258065 + 4(0.31250000) + 2(0.30303030)

+ 4(0.29411765) ÷ 2(0.28571429) + 4(0.27777778)

+ 2(0.27027027) + 4(0.26315789) + 0.25641026]

= 0.22957446 (6.40)

Recall that the exact answer is I = 0.22957444.
The results are tabulated in Table 6.3, which also presents the errors and the ratios of

the errors between successive increment sizes. The global error of Simpson’s 1/3 rule is
0(h4). Thus, for successive increment halvings,

E(h) __ 0(h) 4 _ 24 = 16
(6.41)Ratio E(h/2) 0(h/2)4

The results presented in Table 6.3 illustrate the fourth-order behavior of Simpson’s 1/3
rule.

6.3.3 Simpson’s 3/8 Rule

Simpson’s 3/8 rule is obtained by fii:ting a third-degree polynomial to four equally spaced
discrete points, as illustrated in Figure 6.7. The upper limit of integration x3 corresponds to
s = 3. Thus, Eq. (6.19) gives

AI = h + s k~ + k2~ + 6

Perfo~ing the integration, evaluating ~e result, and in~oducing expressions for A~,
~d k3~ yields Simpson’s 3/8 role for a single inte~al of tDee increments:

[ M = ~h(~ + 3~ + 3~ +A) (6.43)
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f(x)

0 1 2 3 n

Figure 6.7 Simpson’s 3/8 rule.

The composite Simpson’s 3/8 rule for equally spaced points is obtained by applying Eq.
(6.43) over the entire range of integration. Note that the total number of increments must
be a multiple of three. Thus,

I,r = h(fo + +3A +2A + 3A +... + 3f,_, +f,) (6.44)

The error of Simpson’s 3/8 rule for a single interval of three increments is obtained
by evaluating the error term given by Eq. (6.16). Thus,

f3 s(s -- 1)(s_2_~ 2)(s -- 3) h4fiv(¢) ds ~hsfiv(~)Error = h = -
d0

(6.45)

Thus, the local error is 0(h5) and the global error is 0(h4).

Simpson’s 1/3 rule and Simpson’s 3/8 rule have the same order, 0(ha), as shown 
Eqs. (6.37) and (6.45). The coefficient in the local error of Simpson’s 1/3 rule is -1/90,
whereas the corresponding coefficient for Simpson’s 3/8 rule is -3/80. Consequently,
Simpson’s 1/3 rule should be more accurate than Simpson’s 3/8 rule. In view of this result,
what use, if any, is Simpson’s 3/8 rule? Simpson’s 3/8 rule is useful when the total number
of increments is odd. Three increments can be evaluated by the 3/8 rule, and the remaining
even number of increments can be evaluated by the 1/3 rule.

6.3.4 Higher-Order Newton-Cotes Formulas

Numerical integration formulas based on equally spaced increments are called Newton-
Cotes formulas. The trapezoid rule and Simpson’s 1/3 and 3/8 rules are the first three
Newton-Cotes formulas. The first 10 Newton-Cotes formulas are presented in Abramowitz
and Stegun (1964). Newton-Cotes formulas can be expressed in the general form:

I = f(x) dx = nflh(aof o + ~1 f~ +’" ") + Error (6.46)

where n denotes both the number of increments and the degree of the polynomial, fl and ai
are coefficients, and Error denotes the local error term. Table 6.4 presents n, t, ai, and
Error for the first seven Newton-Cotes formulas.
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Table 6.4 Newton-Cotes Formulas
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n fl ~0 51 52 ~3 54 55 ~6 57 Local Error

1 1/2 1 1 -1/12f(2)h3

2 1/6 1 4 1 - 1/90f(4)h5

3 1/8 1 3 3 1 -3/80f(4)h5

4 1/90 7 32 12 32 7 -8/945f(6)h7

5 1/288 19 75 50 50 75 19 -275/12096f(6)h7

6 1/840 41 216 27 272 27 216 41 -9/1400f(8)h9

7 1/17280 751 3577 1323 2989 2989 1323 3577 751 -8183/518400f(8)h9

6.4 EXTRAPOLATION AND ROMBERG INTEGRATION

When the functional form of the error of a numerical algorithm is known, the error can be
estimated by evaluating the algorithm for two different increment sizes, as discussed in
Section 5.6. The error estimate can be used both for error control and extrapolation. Recall
the error estimation formula, Eq. (5.116b), written for the process of numerical integration,
that is, with f(h) = l(h). Thus,

1
Error(h/R) -- Rn _ 1 [I(h/R) I( h)] (6.47)

where R is the ratio of the increment sizes and n is the global order of the algorithm. The
extrapolation formula is given by Eq. (5.117):

Extrapolated value = f(h/R) + Error(h/R) (6.48)

When extrapolation is applied to numerical integration by the trapezoid rule, the
result is called Romberg integration. Recall the composite trapezoid rule, Eq. (6.24):

n--1

I = ~ A//= ½h(J~ +2f~ +2j~ +... + 2f~_~ +f~) (6.49)
i=0

It can be shown that the error of the composite trapezoid rule has the functional form

Error = C1h2 --b C2h4 -[- C3h6 .q-... (6.50)

Thus, the basic algorithm is 0(h2), so n = 2. The following error terms increase in order 
increments of 2.

Let’s apply the trapezoid rule for a succession of smaller and smaller increment sizes,
where each successive increment size is one-half of the preceding increment size. Thus,
R = h/(h/2) = 2. Applying the error estimation formula, Eq. (6.47), gives

1
Error(h/2) -- n _1 [I (h/2) -I (h)] (6.51)

For the trapezoid rule itself, n = 2, and Eq. (6.51) becomes

Error(h/2) = [I (h/2) - I( h)] (6.52)

Equation (6.52) can be used for error estimation and error control.
Applying the extrapolation formula, Eq. (6.48), for R = 2 gives

Extrapolated value =f(h/2) Error(h/2) + 0(4) q-. .. (6.53)



298 Chapter 6

Equation (6.53) shows that the result obtained by extrapolating the 0(h2) trapezoid rule is
0(h4).

If two extrapolated 0(h4) values are available, which requires three 0(he) trapezoid
rule results, those two values can be extrapolated to obtain an 0(h6) value by applying Eq.
(6.47) with n = 4 to estimate the 0(h4) error, and adding that error to the more accurate
0(h4) value. Successively higher-order extrapolations can be performed until round-off
error masks any further improvement. Each successive higher-order extrapolation begins
with an additional application of the 0(he) trapezoid rule, which is then combined with the
previously extrapolated values to obtain the next higher-order extrapolated result.

Example 6.4. Romberg integration

Let’s apply extrapolation to the results obtained in Example 6.2, in which the trapezoid rule
is used to solve the example problem presented in Section 6.1. Recall that the exact answer
is I = 0.22957444. Substituting l(h = 0.8) and l(h = 0.4) from Table 6.2 into Eq. (6.52)
gives

Error(h/2) = ½ (0.23008389 - 0.23159636) = -0.00050416 (6.54)

Substituting this result into Eq. (6.53) gives

Extrapolated value = 0.23008389 + (-0.00050416) = 0.22957973 (6.55)

Repeating the procedure for the h = 0.4 and h = 0.2 results gives Error = -0.00012728
and Extrapolated value = 0.22957478. Both of the extrapolated values are 0(h4). Substi-
tuting the two 0(h4) extrapolated values into Eq. (6.51), with n --- 4, gives

1
Error(h/2) = 2--T:-]-_ 1 (0.22957478 - 0.22957973) = -0.00000033 (6.56)

Substituting this result into Eq. (6.53) gives

Extrapolated value = 0.22957478 + (-0.00000033) = 0.22957445 (6.57)

These results, and the results of one more application of the trapezoid rule and its
associated extrapolations, are presented in Table 6.5.

The 0(h4) results are identical to the results for the 0(h4) Simpson’s 1/3 rule
presented in Table 6.3. The second 0(h6) result agrees with the exact value to eight
significant digits.

Table 6.5 Romberg Integration

h I, 0(h2) Error 0(h4) Error 0(h6)

0.8 0.23159636
-0.00050416 0.22957973

0.4 0.23008389
-0.00012728 0.22957478

0.2 0.22970206
-0.00003190 0.22957446

0.1 0.22960636

-0.00000033 0.22957445

-0.00000002 0.22957444
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The results presented in Table 6.5 illustrate the error estimation and extrapolation
concepts. Error control is accomplished by comparing the estimated error to a specified
error limit and terminating the process when the comparison is satisfied. For example, if an
error limit of 10.00000100l is specified, that limit is obtained for the first 0(h4) error
estimate presented in Table 6.5. One would continue and add the error estimate of
-0.00000033 to the 0(h4) value to obtain the first 0(h6) value, 0.22957445, but the process
would then be terminated and no further trapezoid rule values or extrapolations would be
calculated. For the present case, the actual error for the more accurate 0(h4) value is
Error = 0.22957478- 0.22957444 = 0.00000034, which is very close to the error
estimate (except the signs are reversed as discussed below). The actual error in the
corresponding 0(h6) extrapolation is Error = 0.22957445 - 0.22957444 = 0.00000001.

The Error calculated by the extrapolation formula is based on the formula

fexact =f(h) + Error(h)

which yields

Error(h) = fexact -f(h)

The Error in the numerical results throughout this book is defined as

Error(h) =f(h) -fexact

These two Error terms have the same magnitude, but opposite signs. Care must be
exercised when both types of Error terms are discussed at the same time.

6.5 ADAPTIVE INTEGRATION

Any desired accuracy (within round-off limits) can be obtained by the numerical
integration formulas presented in Section 6.3 by taking smaller and smaller increments.
This approach is generally undesirable, since evaluation of the integrand function f(x) is
the most time-consuming portion of the calculation.

When the function to be integrated is known so that it can be evaluated at any
location, the step size h can be chosen arbitrarily, so the increment can be reduced as far as
desired. However, it is not obvious how to choose h to achieve a desired accuracy. Error
estimation, as described in Section 6.4, can be used to choose h to satisfy a prespecified
error criterion. Successive extrapolation, that is, Romberg integration, can be used to
increase the accuracy further. This procedure requires the step size h to be a constant over
the entire region of integration. However, the behavior of the integrand functionf(x) may
not require a uniform step size to achieve the desired overall accuracy. In regions where the
integrand function is varying slowly, only a few points should be required to achieve the
desired accuracy. In regions where the integrand function is varying rapidly, a large
number of points may be required to achieve the desired accuracy.

Consider the integrand function illustrated in Figure 6.8. In Region d-e, f(x) is
essentially constant, and the increment h may be very large. However, in region a-d, f(x)
varies rapidly, and the increment h must be very small. In fact, region a-d should be
broken into three regions, as illustrated. Visual inspection of the integrand function can
identify regions where h can be large or small. However, constructing a plot of the
integrand function is time consuming and undesirable. A more straightforward automatic
numerical procedure is required to break the overall region of integration into subregions
in which the values of h may differ greatly.
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a b c d

Figure 6.8 Integrand function.

~ X

Adaptive integration is a generic name denoting a strategy to achieve the desired
accuracy with the minimum number of integrand function evaluations. A basic integration
formula must be chosen, for example, the trapezoid rule or Simpson’s 1/3 rule. The overall
range of integration is broken into several subranges, and each subrange is evaluated to the
desired accuracy by subdividing each individual subrange as required until the desired
accuracy is obtained. Extrapolation may or may not be used in each subrange.

Example 6.5. Adaptive integration using the trapezoid rule

Let’s illustrate adaptive integration by evaluating the following integral using the trapezoid
rule:

0.9 1
1 = - dx (6.58)

3o.1 x

The exact solution is

I = ln(x)l°oi91 = In(0.9/0.1) = 2.197225... (6.59)

First, let’s evaluate Eq. (6.58) with a uniform increment h over the total range 
integration, starting with h = (0.9 - 0.1) = 0.8, and successively having h until the error
estimate given by Eq. (6.52) is less than 0.001 in absolute value. Recall Eq. (6.52):

Error(h/2) = [I (h/2) - I( h)] (6.60)

The results are presented in Table 6.6. To satisfy the error criterion, [Errorl < 0.001, 129
integrand function evaluations with h = 0.00625 are required. Extrapolating the final
result yields

I = 2.197546 + (-0.000321) = 2.197225 (6.61)

which agrees with the exact value to six digits after the decimal place.
Next, let’s break the total range of integration into two subranges, 0.1 < x < 0.5 and

0.5 < x < 0.9, and apply the trapezoid rule in each subrange. The error criterion for the
two subranges is 0.001/2 = 0.0005. The results for the two subranges are presented in
Table 6.7. To satisfy the error criterion requires 65 and 17 function evaluations,



Numerical Integration 301

Table 6.6 Integration Using the Trapezoid
Rule

n h I Error

2 0.80000 4.444444
3 0.40000 3.022222 -0.474074
5 0.20000 2.463492 -0.186243
9 0.10000 2.273413 -0.063360

17 0.05000 2.217330 -0.018694
33 0.02500 2.202337 -0.004998
65 0.01250 2.198509 -0.001276
129 0.00625 2.197546 -0.000321

respectively, in the two subranges, for a total of 82 function evaluations. This is 47 less
than before, which is a reduction of 36 percent. Extrapolating the two final results yields

I 1 = 1.609750 + (-0.000312) = 1.609438

I 2 = 0.587931 + (-0.000144) = 0.587787

which yields

I = I 1 +[2 = 2.197225

which agrees with the exact answer to six digits after the decimal place.

(6.62)

(6.63)

(6.64)

Example 6.5 is a simple example of adaptive integration. The extrapolation step
increases the accuracy significantly. This suggests that using Romberg integration as the
basic integration method within each subrange may yield a significant decrease in the
number of function evaluations. Further increases in efficiency may be obtainable by
subdividing the total range of integration into more than two subranges. More sophisti-

Table 6.7 Adaptive Integration Using the Trapezoid
Rule

Subrange n h I E~or

0.1 < x < 0.5 2 0.40000 2.400000
3 0.20000 1.866667 -0.177778
5 0.10000 1.683333 -0.061111
9 0.05000 1.628968 -0.018122

17 0.02500 1.614406 -0.004854
33 0.01250 1.610686 -0.001240
65 0.00625 1.609750 -0.000312

0.5 <x< 0.9 2 0.40000 0.622222
3 0.20000 0.596825 -0.008466
5 0.10000 0.590079 -0.002249
9 0.05000 0.588362 -0.000572

17 0.02500 0.587931 -0.000144
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cated strategies can be employed to increase the efficiency of adaptive integration even
further. The strategy employed in Example 6.5 is the simplest possible strategy.

6.6 GAUSSIAN QUADRATURE

The numerical integration methods presented in Section 6.3 are all based on equally
spaced data. Consequently, if n points are considered, an (n + 1)st-degree polynomial can
be fit to the n points and integrated. The resulting formulas have the form:

llf(x)n

I = dx = ~ Cif(xi) (6.65)
i=1

where xi are the locations at which the integrand function f(x) is known and Ci are
weighting factors. When the locations xi are prespecified, this approach yields the best
possible result. However, when a known function is to be integrated, an additional degree
of freedom exists: the locations xi at which the integrand function f(x) is evaluated.
Thus, if n points are used, 2n parameters are available: xi (i = 1,2 ..... n) and
Ci. (i = 1,2 ..... n). With 2n parameters it is possible to fit a polynomial of degree
2n - 1. Consequently, it should be possible to obtain numerical integration methods of
much greater accuracy by choosing the values ofxi appropriately. Gaussian quadrature is
one such method.

Gaussian quadrature formulas are obtained by choosing the values ofxi and Ci in Eq.
(6.65) so that the integral of a polynomial of degree 2n - 1 is exact. To simplify the
development of the formulas, consider the integral of the function F(t) between the limits
oft = -1 and t = ÷1:

ll n

I = F(t) dt = ~ CiF(ti) (6.66)
-1 i=1

First, consider two points (i.e., n = 2), as illustrated in Figure 6.9. Choose 1, t2, C1, and
C2 so that I is exact for the following four polynomials: F(t) = 1, t, t2, and t3. Thus,

iI

I[F(t) = ]] = (1) dt = t[~_l = 2 = c1(1) + c2(1) = c~ + c2 (6.67a)
-1

I[F(t) = t] = t dt = ½ ~ ~= 0 = C1t I -~- C2t2 (6.67b)
-1

I[F(t) t ~1 = t2dt = ½t31~_l = ~-- --C~t2~+ C~4 (6.67c)
-1

I[F(t) = t 3] = t 3 dt = ¼t411_l = 0 = C~t~ + C~t32 (6.67d)
-1

Solving Eqs. (6.67) yields

1 1
(6.68)
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f(t)~ 

-1 t~ 0 t 2 1 t

Figure 6.9 Gaussian quadrature.

Thus, Eq. (6.66) yields

Z=._,F(t) at-- -~ 

The actual problem of interest is

(6.69)

a = m(-1) + and

which gives

b-a
m = -- and

2

Thus, Eq. (6.71) becomes

~ ~ b+a
(b-a }t-t--

and Eq. (6.70) becomes

b = m(1) + (6.72)

b+a
c - (6.73)

2

I = f(x) dx = fix(t)] f(mt + c)m 

Define the function F(t):

F(t) = fix(t)] = f(mt 

(6.74)

(6.75)

(6.76)

-b

I = ] f(x) (6.70)
a

The problem presented in Eq. (6.70) can be transformed from x space to t space by the
transformation

x = mt+ c (6.71)

wherex=a--~ t= -1, x = b --~ t= 1, and dx = m dt. Thus,
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Table 6.8 Gaussian Quadrature Parameters

n t~ Ci Order

-1/~ 1 3
1/~/~ 1

-~0~.6 5/9 5
0 8/9

~ 5/9
-0.8611363116 0.3478548451 7
-0.3399810436 0.6521451549

0.3399810436 0.6521451549
0.8611363116 0.3478548451

Substituting Eqs. (6.73) and (6.76) into Eq. (6.75) 

=b-a[’ F(t) I 2 J-I

Higher-order formulas can be developed in a similar manner. Thus,

(6.77)

Iif (x) b - a 
dx-- ~ i=l CiF(ti) (6.78)

Table 6.8 presents t i and Ci for n = 2, 3, and 4. Higher-order results are presented by
Abramowitz and Stegun (1964).

Example 6.6. Gaussian quadrature

To illustrate Gaussian quadrature, let’s solve the example problem presented in Section 6.1,
where f(x) 1/x, a = 3.1, and b = 3.9. Consider the two-point formula applied to the
total range of integration as a single interval. From Eq. (6.73),

b-a b+a
m - -- 0.4 and c - - 3.5 (6.79)

2 2

Equations (6.74) and (6.76) become

1
x = 0.4t + 3.5 and F(t) 0. 4t + 3. 5 (6.80)

Substituting these results into Eq. (6.78) with n = 2 gives

I = 0.4 f(O at = 0.4 1)~ + (1)f
-1

(6.81)
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Evaluating F(t) gives

F( 1)
1

=0.30589834
-~ = 0.4(-1/V~)+3.5

F(1)

1 -0.26802896

~ = 0.4(1/V’~) + 3.5

Substituting Eq. (6.82) into Eq. (6.81) yields
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(6.82a)

(6.82b)

1 = 0.4[(1)(0.30589834) + (1)(0.26802896)] = 0.22957092 

Recall that the exact value is I=0.22957444. The error is Error =
0.22957092 - 0.22957444 -- -0.00000352. This result is comparable to Simpson’s 1/3
rule applied over the entire range of integration in a single step, that is, h = 0.4.

Next, let’s apply the two-point formula over two intervals, each one-half of the total
range of integration. Thus,

j3"91
J3’51

[3"91
I = - dx= - dx+ - dx =I~ +12 (6.84)

3.1 X 3.1 X J3.5 X

For I1, a = 3.1, b = 3.5, (b - a)/2 = 0.2, and (b + a)/2 = 3.3. Thus,

1
x --- 0.2t + 3.3 F(t) 0.2t + 3.3 (6.85)

I t = 0.2 F(t) dt = 0.2 (1)F - + (1)F (6.86)
-1

I~ = 0.2 0.2(-1/ ) + 3.3 + 0.2(1/~"~) + 3.3 = 0.12136071 (6.87)

For I2, a = 3.5, b = 3.9, (b - a)/2 = 0.2, and (b + a)/2 = 3.7. Thus,

1
x = 0.2t + 3.7 F(t) 0. 2t + 3.7 (6.88)

I2 = 0.2 I~_~ F(t) dt = O.2[(1)F(---~3) + (1)F(-~3) (6.89)

I2 = 0.2[ _1_ ~ = 0.10821350 (6.90)
L0.2(-1/~/3) + 3.7 0.2(1/~’-~) + 

Summing the results yields the value of the total integral:

I = I 1 + Iz = 0.12136071 + 0.10821350 = 0.22957421 (6.91)

The error is Error = 0.22957421 -0.22957444 = -0.00000023. This result is compar-
able to Simpson’s 1/3 rule with h = 0.2.
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Next let’s apply the three-point formula over the total range of integration as a single
interval. Thus,

a=3.1
b-a b+a

b = 3.9 - 0.4 and - 3.
2 2

1
x = 0.4t + 3.5 f(t) 0.4t + 3.5

I = 0.4[~F(-x/-0--.~) + ~F(0) + ~F(~-~)]

[~ 1 8 1
I= 0.4 ~=- ÷

[ 0.4(-~/0.6) + 3.5 90.4(0) + 

5 1
+ 9 0.4(0~f6~.6) ÷ 3.5

(6.92)

(6.93)

= 0.22957443 (6.94)

The error is Error = 0.22957443 - 0.22957444 = -0.00000001. This result is compar-
able to Simpson’s 1/3 rule with h = 0.1.

As a final example, let’s evaluate the integral using the sixth-order formula based on
the fifth-degree Newton forward-difference polynomial. That formula is (see Table 6.4)

= 2~8 (19J~ + 75f~ + 50f2 + 50f3 + 75f4 + 19f5) + 0(h7) (6.95)I

For five equally spaced increments, h = (3.9 - 3.1)/5 = 0.16. Thus,

I - 5(~0@1,6)[19(1/3.10) + 75(1/3.26) + 50(1/3.42) + 50(1/3.58)

+ 75(1/3.74) + 19(1/3.90)]

= 0.22957445 (6.96)

The error is Error = 0.22957445 - 0.22957444 = 0.00000001. This result is comparable
to Gaussian quadrature with three points.

6.7 MULTIPLE INTEGRALS

The numerical integration formulas developed in the preceding sections for evalulating
single integrals can be used to evaluate multiple integrals. Consider the double integral:

d b

I = Jc laf(X, y) dx (6.97)

Equation (6.97) can be written in the form:

I=Ii(Jif(x,y)dx)dy=JiF(y)dy (6.98)

where

f(y) = f(x, y) dx y = Constant (6.99)
a

The double integral is evaluated in two steps:



Numerical Integration 307

F(y) = f(x,y)dx

a b x

Figure 6.10 Double integration.

1. Evaluate F(y) at selected values ofy by any numerical integration formula.
2. Evaluate ! = f F(y) dy by any numerical integration formula.

If the limits of integration are variable, as illustrated in Figure 6.10, that must be accounted
for.

Example 6.7. Double integral

To illustrate double integration with variable limits of integration, let’s calculate the mass
of water in a cylindrical container which is rotating at a constant angular velocity co, as
illustrated in Figure 6.11a. A meridional plane view through the axis of rotation is
presented in Figure 6.1 lb. From a basic fluid mechanics analysis, it can be shown that the
shape of the free surface is given by

z(r) = A + 2 (6.100)

From measured data, z(0) = 1 and z(R) =z2. Substituting th ese values into Eq. (6 .100)
gives

(z2 - zl)r~
z(r) = z~ + (6.101)

(a) Physical arrangement. (b) Meridional plane view.

Figure 6.11 Spinning cylindrical container.
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In a specific experiment, R = 10.0 cm, zI = 10.0 cm, and 2"2 = 20.0 cm. In this case,
Eq. (6.101) gives

z(r) = 10.0 + 0.1r2 (6.102)

Let’s calculate the mass of water in the container at this condition. The density of
water is p = 1.0 g/cm3. Due to axial symmetry in the geometry of the container and the
height distribution, the mass in the container can be expressed in cylindrical coordinates as

m = dm = = 2~p z1 -~ R2 (6.103)

which has the exact integral

m = ~p[ziR2 + (z2 -~z~)R2] (6.104)

Substituting the specified values of p, R, Zl, and z2 into Eq. (6.104) yields m 
1500rcg = 4712.388980 g.

To illustrate the process of numerical double integration, let’s solve this problem in
Cartesian coordinates. Figure 6.12(a) illustrates a discretized Cartesian grid on the bottom
of the container. In Cartesian coordinates, dA = dx dy, and the differential mass in a
differential column of height z(r) is given by

dm = pz(r) (6.105)

Substituting Eq. (6.101) into Eq. (6.105), where 2 =x~+y~, andintegrating gives

(6.106)

Substituting the specific values of p, R, z~, and z2 into Eq. (6.106) gives

m = l.O If [lO + O.l(xZ + yZ)] dx (6.107)

06
(a) Discretized grid.

00

Figure 6.12 Cartesian coordinates.
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Table 6.9 Geometrical Parameters

j ~, cm ~(~), imax(~) x(imax(~)) (AX)nna1

1 0.0 10.000000 11 10.0 0.000000
2 1.0 9.949874 10 9.0 0.949874
3 2.0 9.797959 10 9.0 0.797959
4 3.0 9.539392 10 9.0 0.539392
5 4.0 9.165151 10 9.0 0.165151
6 5.0 8.660254 9 8.0 0.660254

~7 6.0 8.000000 9 8.0 0.000000
8 7.0 7.141428 8 7.0 0.141428
9 8.0 6.000000 7 6.0 0.000000

10 9.0 4.358899 5 4.0 0.358899
11 10.0 0.000000 1 0.0 0.000000

Table 6.10 Integrand of Eq.
(6.111) at~ = 5.0cm

i F(x) i F(x)

1 12.500 6 15.000
2 12.600 7 16.100
3 12.900 8 17.400
4 13.400 9 18.900
5 14.100 10 20.000

Due to symmetry about the x and y axes, Eq. (6.107) can be expressed 

m_-4(1.O)JoLJ° [10+0.1(x ~ +~2)]dx dy=4 F(~)dy

where FC~) is defined as

F(~) = [10.0 + 0.1(x z +.p2)] dx
d0

and ~ and ~(~) are illustrated in Figure 6.12(b). Thus,

Table 6.11 Values of F(~)

j ~, cm F@) j ~, cm F~5)

1 0.0 133.500000 7 6.0 126.000000
2 1.0 133.492600 8 7.0 118.664426
3 2.0 133.410710 9 8.0 105.700000
4 3.0 133.068144 10 9.0 81.724144
5 4.0 132.128255 11 10.0 0.000000
6 5.0 130.041941

(6.108)

(6.109)

(6.110)
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Table 6.12. Results for nx = 11, 21, 41, 81 and 161

nx m, g Error, g Error ratio

11 4643.920883 -68.468097 2.75
21 4687.527276 -24.861705 2.78
41 4703.442452 -8.946528 2.80
81 4709.188100 -3.200880 2.81

161 4711.248087 -1.140893

Let’s discretize the y axis into 10 equally spaced increments with Ay = 1.0 cm. For
each value of33 = (j - 1) Ay (j = 1, 2 ..... 11) let’s calculate ~) from Eq. (6.110). 
each value of33, let’s discretize the x axis into (imax@)- 1) equally spaced increments
with Ax = 1.0cm, with a final increment (AX)~naI between x = (imax@ - 1) - 1) Ax 
~(~). The resulting geometrical parameters are presented in Table 6.9.

The values of F(~), defined in Eq. (6.109), are evaluated by the trapezoid rule. As 
example, considerj = 6 for which 33 = 5.0 cm. Equation (6.109) becomes

8.000000

ll.000000
F(5.0) [10.0 ÷ 0.1 (x~ + 25.0)] dx : F(x) (6.111)

d0.0 .0

Table 6.10 presents the integrand F(x) of Eq. (6.111).
Integrating Eq. (6.111) by the trapezoid rule gives

F(5.0) -- ~[12.500 ÷ 2(12.600 ÷ 12.900 ÷ 13.400 ÷ 14.000 ÷ 15.000

0.660254 (18.900
+ 16.100 + 17.400) + 18.900] 

2
+ 20.000)

= 130.041941 (6.112)

Repeating this procedure for every value of 33 in Table 6.9 yields the results
presented in Table 6.11.

Integrating Eq. (6.108) by the trapezoid rule, using the values ofF@) presented 
Table 6.11, yields

m = 4.0~-~[133.500 ÷ 2(133.492600 ÷ 133.410710 + 133.068144 132.128255

+ 130.041941 + 126.000000 + 118.664426 + 105.700000 + 81.724144)

+ 0.000000]
= 4643.920883 g (6.113)

The error is Error = 4643.920883 - 4712.388980 ---- -68.468047 g. Repeating the calcu-
lations for nx = 21, 41, 81, and 161 yields the results presented in Table 6.12. These
results show the procedure is behaving better than first order, but not quite second order.

Example 6.7 illustrates the complexity of multiple integration by numerical methods,
especially with variable limits of integration. The procedure is not difficult, just
complicated. The procedure can be extended to three or more independent variables in
a straightforward manner, with a corresponding increase in complexity.

Example 6.7 uses the trapezoid rule. Simpson’s 1/3 rule could be used instead of the
trapezoid rule. When the integrand is a known function, adaptive integration techniques
can be employed, as can Gaussian quadrature.



Numerical Integration 311

6.8 PROGRAMS

Three FORTRAN subroutines for numerical integration are presented in this section:

1. The trapezoid rule
2. Simpson’s 1/3 rule
3. Romberg integration

The basic computational algorithms are presented as completely self-contained
subroutines suitable for use in other programs. Input data and output statements are
contained in a main (or driver) program written specifically to illustrate the use of each
subroutine.

6.8.1. The Trapezoid Rule

The general algorithm for the trapezoid rule is give by Eq. (6.24):

I = ½h(f0 + 2J] +2f2+ "" + 2f~-1 +fn) (6.114)

A FORTRAN subroutine, subroutine trap, for implementing the trapezoid rule is
presented in Program 6.1. Program main defines the data set and prints it, calls subroutine
trap to implement the solution, and prints the solution (Output 6.1).

Program 6.1 The trapezoid rule program.

c

c

c

c

c

c

i000

i010

1020

program main

main 19rogram to illustrate numerical integration subroutines

ndim array dimension, ndim = 9 in this example

n number of data points

x independent variable array, x(i)

f deigendent variable array, f(i)

sum value of the integral

dimension x(9) , f (9)

data ndim, n / 9, 9 /

data (x(i),i=l,9)/3.1, 3.2, 3.3, 3.4, 

data (f(i),i=l,9) / 0.32258065, 0.31250000,

1 0.29411765, 0.28571429, 0.27777778, 0.27027027,

2 0.25641026 /

write (6,1000)

do i=l,n

write (6,1010) i,x(i),f(i)
end do

call trap (ndim, n,x, f, sum)

write (6,1020) sum

stop
format (" Trapezoid rule’~’ ’/’

format (i4,2f14.8)

format (" "/" I =’,f14.8)

end

3.6, 3.7, 3.8, 3.9/

0. 30303030,

0. 26315789,

i’, 7x, "x’,13x, ’f’/’ ’)

subroutine trap (ndim,n,x,f, sum)

trapezoid rule integration

dimension x(ndim),f(ndim)

sum=f(1)+f(n)
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do i=2,n-I

sum=sum+2.0 * f ( i 

end do

sum=sum* (x (n) -x (1) )/float (n-l)/2.0

return

end

The data set used to illustrate subroutine trap is taken from Example 6.2. The output
generated by the trapezoid rule program is presented in Output 6.1.

Output 6.1 Solution by the trapezoid rule

Trapezoid rule

i x f

1 3.10000000

2 3.20000000

3 3 30000000

4 3 40000000

5 3 50000000

6 3 60000000

7 3 70000000

8 3 80000000

9 3 90000000

I = 0.22960636

0.32258065

0.31250000

0.30303030

0.29411765

0.28571429

0.27777778

0.27027027

0.26315789

0.25641026

6.8.2. Simpson’s 1/3 Rule

The general algorithm for Simpson’s 1/3 rule is given by Eq. (6.35):

I = ½h(f0 +4A + 2J~ +4J~ +... + 4fn-I +fn) (6.115)

A FORTRAN subroutine, subroutine simpson, for implementing Simpson’s 1/3 rule
is presented in Program 6.2. Subroutine simpson works essentially like subroutine trap
discussed in Section 6.8.1, except Simpson’s 1/3 rule is used instead of the trapezoid rule.
Program main defines the data set and prints it, calls subroutine simpson to implement
Simpson’s 1/3 rule, and prints the solution. Only the statements in program main which
are different from program main in Section 6.8.1 are presented.

Program 6.2 Simpson’s 1/3 rule program

program main

c main program to illustrate numerical integration subroutines

call simpson (ndim, n,x,f, sum)

1000 format (’ Simpsons 1/3 rule’/" ’/’ i’,7x,’x’,13x,’f’/" ’)

end

subroutine simpson (ndim, n, x, f, sum)
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C Simpson’s 1/3 rule integration

dimension x (ndim) , f (ndim)

sum2=O. 0

sum4=O. 0

do i=3,n-i,2

sum2=sum2 + f ( i 

end do

do i=2,n-I,2

sum4=sum4+f (i 

end do

sum= (f (1) +2. O’sum2+4. O*sum4+f (n) ) * (x(2)-x(1) 

return

end

The data set used to illustrate subroutines simpson is taken from Example 6.3. The
output generated by Simpson’s 1/3 rule program is presented in Output 6.2.

Output 6.2 Solution by Simpson’s 1/3 rule

Simpsons 1/3 rule

i x f

1 3.10000000 0.32258065
2 3.20000000 0.31250000

3 3.30000000 0.30303030

4 3.40000000 0.29411765

5 3.50000000 0.28571429

6 3.60000000 0.27777778

7 3.70000000 0.27027027
8 3.80000000 0.26315789

9 3.90000000 0.25641026

I = 0.22957446

6.8.3. Romberg Integration

Romberg integration is based on extrapolation of the trapezoid rule, Eq. (6.114). The
general extrapolation formula for Romberg integration is given by Eq. (6.51):

1
Error(h/2) -- n _l[ [(h/2) -I (h)] (6.116)

A FORTRAN subroutine, subroutine romberg, for implementing the procedure is
presented in Program 6.3. Program main defines the data set and prints it, calls subroutine
romberg to implement the solution, and prints the solution (Output 6.3). Only the
statements in program main which are different from program main in Section 6.8.1 are
presented.
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Program 6.3 Romberg integration program

c
c

program main

main program to illustrate numerical integration subroutines

s array of integrals and extrapolations, s(i,j)

dimension x (9), f (9), s (9, 

data ndim, n,num / 9, 9, 4 /

call romberg (ndim, n,num,x, f, s)

write (6, 1020)

do i=l,num
write (6,1010) i, (s(i,j),j=l,num+l-i)

end do

stop

format (" Romberg integration’/" ’/’ i’, 7x, "x’,13x, ’f’/"

format (i3,4f14.8)

i’, 6x, ’s(i,l) ",8x, "s(i,2) ’,8x, "s(i,3) ’,8x,

i000

1010

1020 format (’ ’/’

1 ’s(i,4)’/’ 

end

,)

c

c

c

subroutine romberg (ndim, n,num, x, f, s)

Romberg integration

dimension x(ndim) , f (ndim) , s (ndim, 

trapezoid rule integration

k=n
dx=(x(n) -x(1) 

s (I, 1 ) = (£ (I) +£ (n)) 

do j=2, num
dx=dx/2. 0

sum=O. 0

k=k/2

do i=k+l,n-l,k

sum=sum+£ ( i 

end do
s (j, I) = (f(1) +2. O’sum+f (n)) 

end do

Romberg extrapo l a t i on

do ]=2, hum
ex=float (2* (j-l))

den=2. O**ex-l. 0
k=num+ l -j

do i=l,k
s (i, j) =s (i+l, j-l) + (s (i+l, j-l) -s (i, j-l) 

end do

end do

return

end

The data set used to illustrate subroutine romberg is taken from Example 6.5. The
output is presented in Output 6.3.
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Output 6.3 Solution by Romberg integration

315

Romberg integration

i x f

1 3.10000000 0.32258065
2 3.20000000 0.31250000
3 3.30000000 0.30303030
4 3.40000000 0.29411765
5 3.50000000 0.28571429
6 3.60000000 0.27777778
7 3.70000000 0.27027027
8 3.80000000 0.26315789

9 3.90000000 0.25641026

i s(i,l) s(i,2)

1 0.23159636 0.22957974
2 0.23008390 0.22957478

3 0.22970206 0.22957446
4 0.22960636

s(i,3) s(i,4)

0.22957445 0.22957444
0.22957444

6,8,4, Packages for Numerical Integration

Numerous libraries and soft’ware packages are available for numerical integration. Many
workstations and mainframe computers have such libraries attached to their operating
systems.

Many commercial software packages contain numerical integration algorithms.
Some of the more prominent are Matlab and Mathcad. More sophisticated packages,
such as IMSL, MATHEMATICA, MACSYMA, and MAPLE, also contain numerical
integration algorithms. Finally, the book Numerical Recipes [Press et al. (1989)] contains
numerous routines for numerical integration.

6,9 SUMMARY

Procedures for the numerical integration of both discrete data and known functions are

presented in this chapter. These procedures are based on fitting approximating polynomials
to the data and integrating the approximating polynomials. The direct fit polynomial
method works well for both equally spaced data and nonequally spaced data. Least squares
fit polynomials can be used for large sets of data or sets of rough data. The Newton-Cotes
formulas, which are based on Newton foward-difference polynomials, give simple
integration formulas for equally spaced data.

Methods of error estimation and error control are presented. Extrapolation, or the
deferred approach to the limit, is discussed. Romberg integration, which is extrapolation of
the trapezoid rule, is developed. Adaptive integration procedures are suggested to reduce
the effort required to integrate widely varying functions. Gaussian quadrature, which
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increases the accuracy of integrating known functions where the sampling locations can be
chosen arbitrarily, is presented. An example of multiple integration is presented to
illustrate the extension of the one-dimensional integration formulas to multiple dimen-
sions.

Of all the methods considered, it is likely that Romberg integration is the most
efficient. Simpson’s rules are elegant and intellectually interesting, but the first extrapola-
tion of Romberg integration gives comparable results. Subsequent extrapolations of
Romberg integration increase the order at a fantastic rate. Simpson’s 1/3 rule could be
developed into an extrapolation procedure, but that yields no advantage over Romberg
integration.

After studying Chapter 6, you should be able to:

1. Describe the general features of numerical integration
2. Explain the procedure for numerical integration using direct fit polynomials
3. Apply direct fit polynomials to integrate a set of tabular data
4. Describe the procedure for numerical integration using Newton forward-

difference polynomials
5. Derive the trapezoid rule
6. Apply the trapezoid rule,
7. Derive Simpson’s 1/3 rule
8. Apply Simpson’s 1/3 rule
9. Derive Simpson’s 3/8 rule
10. Apply Simpson’s 3/8 rule
11. Describe the relative advantage and disadvantages of Simpson’s 1/3 rule and

Simpson’s 3/8 rule
12. Derive Newton-Cotes formulas of any order
13. Apply Newton-Cotes formulas of any order
14. Explain the concepts of error estimation, error control, and extrapolation
15. Describe Romberg integration
16. Apply Romberg integration
17. Describe the concept of adaptive integration
18. Develop and apply a simple adaptive integration algorithm
19. Explain the concepts underlying Gaussian quadrature
20. Derive the two-point Gaussian quadrature formula
21. Describe how to develop Gaussian quadrature formula for more than two points
22. Apply Gaussian quadrature
23. Describe the process for numerically evaluating multiple integrals
24. Develop a procedure for evaluating double integrals
25. Apply the double integral numerical integration procedure

EXERCISE PROBLEMS

6.1

The following integrals are used throughout this chapter to illustrate numerical integration
methods. All of these integrals have exact solutions, which should be used for error
analysis in the numerical problems.
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(A) + 2) dx (B) (X 3 + 3x2 + 2x + 1) dx
1.0

(C) (5X4 q- 4X3 q- 2X + 3) dx (D) (5 + sinx) 
o 0

(E) ~ + cosx) dx (F) lnx 
1.5

i1.0 [1.2(G) e~ dx (H) tanx dx
0.1 ,/0.2

In the numerical integration problems, the term range of integration denotes the
entire integration range, the word interval denotes subdivisions of the total range of
integration, and the word increment denotes a single increment Ax.

6.2 Direct Fit Polynomials

1. Evaluate integrals (A), (B), and (C) by direct fit polynomials of order 
order 3 over the total range of integration. Repeat the calculations, breaking the
total range of integration into two equal intervals. Compute the errors and the
ratios of the errors for the two intervals.

2. Evaluate integrals (D), (E), and (F) by direct fit polynomials of order 2 and 
3 over the total range of integration. Repeat the calculations, breaking the total
range of integration into two equal intervals. Compute the errors and the ratios
of the errors for the two intervals.

3. Evaluate integrals (G) and (H) by direct fit polynomials of order 2 and order 
over the total range of integration. Repeat the calculations, breaking the total
range of integration into two equal intervals. Compute the errors and the ratios
of the errors for the two intervals.

6.3 Newton-Cotes Formulas

The Trapezoid Rule

4. Evaluate integrals (A), (B), and (C) by the trapezoid rule for n = 1, 2, 4, 
intervals. Compute the errors and the ratios of the errors.

5*. Evaluate integrals (D), (E), and (F) by the trapezoid rule for n = 1, 2, 4, 
intervals. Compute the errors and the ratios of the errors.

6. Evaluate integrals (G) and (H) by the trapezoid rule for n : 1, 2, 4, and 
intervals. Compute the errors and the ratios of the errors.

7*. Consider the function f(x) tabulated in Table 1. Evaluate the integral
2.0

f~.4 f(x) dx using the trapezoid rule with n = 1, 2, 4, and 8 intervals. The
exact value is 5.86420916. Compute the errors and the ratios of the errors.

Table 1 Tabular Data

x f(x) x f(x) x f(x)

0.4 5.1600 1.4 3.3886 2.2 5.7491
0.6 3.6933 1.6 3.8100 2.4 6.5933
0.8 3.1400 1.8 4.3511 2.6 7.5292
1.0 3.0000 2.0 5.0000 2.8 8.5543
1.2 3.1067
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Consider the function f(x) tabulated in Table 1. Evaluate the integral
f~.~gf(x) dx using the trapezoid rule with n = 1, 2, 4, and 8 intervals. The
exact value is 8.43592905. Compute the errors and the ratios of the errors.

Table 2 Tabular Data

x f(x) x f(x) x f(x)

0.4 6.0900 1.4 6.9686 2.2 4.4782
0.6 7.1400 1.6 6.5025 2.4 3.6150
0.8 7.4850 1.8 5.9267 2.6 2.6631
1.0 7.5000 2.0 5.2500 2.8 1.6243
1.2 7.3100

9. Consider the function f(x) tabulated in Table 2. Evaluate the integral
2.0 . . .

f~.4 f(x)dx using the trapezoid rule with n = 1, 2, 4, and 8 intervals. The
exact value is 10.92130980. Compute the errors and the ratios of the errors.

10. Consider the function f(x) tabulated in Table 2. Evaluate the integral
28 ¯ . .

fi.’~ f(x) dx using the trapezoid rule with n = 1, 2, 4, and 8 intervals.

Simpson’s 1/3 Rule

11. Evaluate integrals (A), (B), and (C) using Simpson’s 1/3 rule for n = 1, 
4 intervals. Compute the errors and the ratio of the errors.

12". Evaluate integrals (D), (E), and (F) using Simpson’s 1/3 rule for n = 1, 
4 intervals. Compute the errors and the ratio of the errors.

13. Evaluate integrals (G) and (H) using Simpson’s 1/3 rule for n = 1, 2, and 
intervals. Compute the errors and the ratio of the errors.

14. Consider the function f(x) tabulated in Table 1. Evaluate the integral
2.0

J~.4 f(x) dx using Simpson’s 1/3 rule with n = 1, 2, and 4 intervals.
15. Consider the function f(x) tabulated in Table 1. Evaluate the integral

~S/(x) dx using Simpson’s 1/3 rule with n = 1, 2, and 4 intervals.
16. Consider the function f(x) tabulated in Table 2. Evaluate the integral

2O
,[~.~f(x) dx using Simpson’s 1/3 rule with n = 1, 2, and 4 intervals.

17". Consider the function f(x) tabulated in Table 2. Evaluate the integral
~.~8/(x) dx using Simpson’s 1/3 rule with n = 1, 2, and 4 intervals.

Simpson’s 3/8 Rule

18. Evaluate integrals iA), 03), and (C) using Simpson’s rulefor n= 1,2,and
4 intervals. Compute the errors and the ratio of the errors.

19". Evaluate integrals (D), (E), and (F) using Simpson’s 3/8 rule for n = 1, 
4 intervals] Compute the errors and the ratio of the errors.

20. Evaluate integrals (G) and (H) using Simpson’s 3/8 rule for n = 1, 2, and 
intervals. Compute the errors and the ratio of the errors.

21. Consider the function f(x) tabulated in Table 1. Evaluate the integral
16

~[~.~f(x) dx using Simpson’s 3/8 rule with n = 1 and 2 intervals.
22. Consider the function f(x) tabulated in Table 1. Evaluate the integral

J’~.~6f(x) dx using Simpson’s 3/8 rule with n = 1 and 2 intervals.
23. Consider the function f(x) tabulated in Table 2. Evaluate the integral

1.6
J’~.4 f(x) dx using Simpson’s 3/8 rule with n = 1 and 2 intervals.
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24. Consider the function f(x) tabulated in Table 2. Evaluate the integral
J’~.~6f(x) dx using Simpson’s 3/8 rule with n = 1 and 2 intervals.

25. Evaluate integrals (A), (B), and (C) using Simpson’s rules with n = 5 
increments.

26. Evaluate integrals (D), (E), and (F) using Simpson’s rules with n = 5 
increments.

27. Evaluate integrals (G) and (H) using Simpson’s rules with n = 5 and 
increments.

Higher-Order Newton-Cotes Formulas

28. Derive the Newton-Cotes formulas for polynomials of degree n = 4, 5, 6,
and 7.

29. Evaluate integrals (D), (E), and (F) by the Newton-Cotes fourth-order formula
with one and two intervals. Compute the errors and the ratios of the errors.

30. Evaluate integrals (D), (E), and (F) by the Newton-Cotes fifth-order formula
with one and two intervals. Compute the errors and the ratios of the errors.

31. Evaluate integrals (D), (E), and (F) by the Newton-Cotes sixth-order formula
with one and two intervals. Compute the errors and the ratios of the errors.

32. Evaluate integrals (D), (E), and (F) by the Newton-Cotes seventh-order
formula with one and two intervals. Compute the errors and the ratios of the
errors.

6.4

6.5

Extrapolation and Romberg Integration

33. Evaluate the following integrals using Romberg integration with four intervals.
Let the first interval be the total range of integration.

c0.5 -x
I~/4 e-x~ dx (d)(a) ~:/4 tanx dx (b) J0 dx(c) ff’S(x5 - 2) dx

34. Evaluate integrals (A), (B), and (C) using Romberg integration with 
intervals. Let the first interval be the total range of integration.

35*. Evaluate integrals (D), (E), and (F) using Romberg integration with 
intervals. Let the first interval be the total range of integration.

36. Evaluate integrals (G) and (H) using Romberg integration with four intervals.
Let the first interval be the total range of integration.

37. Consider the function f(x) tabulated in Table 1. Evaluate the integral
2.0

~;.4 f(x) dx using Romberg integration with n = 1, 2, 4, and 8 intervals.
38. Consider the function f(x) tabulated in Table 2. Evaluate the integral

2O
,[~.~ f(x) dx using Romberg integration with n = 1, 2, 4, and 8 intervals.

b39. Which row of a Romberg table yields f2 f(x) dx exactly iff(x) is a polynomial
of degree k, where (a) k = 3, (b) k = 5, and (c) k = 7? Verify your conclusion 
f~xk dx. Start with one interval.

Adaptive Integration
0440. Evaluate I = f2"2.o e-x dx using Romberg integration. (a) Let the first interval

be the total range of integration. (b) Divide the total range of integration into
two equal intervals and use Romberg integration in each interval. Let the first
subinterval in each interval be the total range of integration for that interval.
(c) Divide the total range of integration into the two intervals, -2.0 <
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41.

x _< -0.4 and -0.4 < x < 0.4, and repeat part (b). (d) Compare the errors
incurred for the three cases.
Evaluate ! = .[13 In(x) dx using Romberg integration. (a) Start with the total
interval. Let the first subinterval be the total interval. (b) Divide the total range
of integration into two equal intervals and use Romberg integration in each
interval. Let the first subinterval in each interval be the total interval.

6.6 Gaussian Quadrature

42. Evaluate integrals (A), (B), and (C) by two-point Gaussian quadrature 
n = 1, 2, and 4 intervals. Compute the errors and the ratios of the errors.

43*. Evaluate integrals (D), (E), and (F) by two-point Gaussian quadrature 
n = 1, 2, and 4 intervals. Compute the errors and the ratios of the errors.

44. Evaluate integrals (G) and (H) by two-point Gaussian quadrature for n = 1, 
and 4 intervals. Compute the errors and the ratios of the errors.

45. Evaluate integrals (A), (B), and (C) by three-point Gaussian quadrature 
n = 1, 2, and 4 intervals. Compute the errors and the ratios of the errors.

46*. Evaluate integrals (D), (E), and (F) by three-point Gaussian quadrature 
n = 1, 2, and 4 intervals. Compute the errors and the ratios of the errors.

47. Evaluate integrals (G) and (H) by three-point Gaussian quadrature for n = 1, 
and 4 intervals. Compute the errors and the ratios of the errors.

48. Evaluate integrals (A), (B), and (C) by four-point Gaussian quadrature 
n = 1, 2, and 4 intervals. Compute the errors and the ratios of the errors.

49*. Evaluate integrals (D), (E), and (F) by four-point Gaussian quadrature 
n = 1, 2, and 4 intervals. Compute the errors and the ratios of the errors.

50. Evaluate integrals (G) and (H) by four-point Gaussian quadrature for n = 1, 
and 4 intervals. Compute the errors and the ratios of the errors.

51. Evaluate the following integrals using k-point Gaussian quadrature for k = 2,
3, and 4, with n = 1, 2, and 4 intervals. Compare the results with the exact
solutions.
(a)~6xe-X~dx (b)l~?coshxdx (c)l~sinhxdx f21e -Xsinxdx

52. (a) What is the smallest k for which k-point Gaussian quadrature is exact for 
polynomial of degree 7? (b) Verify the answer to part (a) by evaluating
-f~ x7 dx.

6.7 Multiple Integrals

53. Evaluate the multiple integral J~_~l .[~(4x3 - 2x2y + 3xy2) dx dy: (a) analytically,
(b) using the trapezoid rule, and ~c) using Simpson’s 1/3 rule.

54. Evaluate the multiple integral j’~ J’0~ sin(x2 ÷y2)dx dy: (a) analytically, (b)
using the trapezoid rule, and (c) using Simpson’s 1/3 rule.

¯ ¯ | er ¯
55. Evaluate the multiple integral f~ f~ (x2 + 1/y) dy dx: (a) analytically, (b) using

the trapezoid rule for both integrals, (c) using three-point Gaussian quadrature
for both integrals; (d) using the trapezoid rule for the y integral and three-point
Gaussian quadrature for the x integral, and (e) using three-point Gaussian
quadrature for the y integral and the trapezoid rule for the x integral¯

¯ o | x2 ¯
56. Evaluate the multiple ~ntegral J’-i f~ xy dy dx by the procedures described in

the previous problem.
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6.8 Programs

57. Implement the trapezoid rule program presented in Section 6.8.1. Check out
the program using the given data set.

58. Solve any of Problems 4 to 10 using the program.
59. Implement the Simpson’s 1/3 rule program presented in Section 6.8.2. Check

out the program using the given data set.
60. Solve any of Problems 11 to 17 using the program.
61. Implement the Simpson’s 3/8 rule program presented in Section 6.8.3. Check

out the program using the given data set.
62. Solve any of Problems 18 to 24 using the program.

APPLIED PROBLEMS

63. Evaluate the integral j’fR exp[(x ..~_/)1/2] dy dx, where R is the area enclosed
by the circle x2 + y2 = 1. Use Cartesian coordinates.

64. Find the volume of a circular pyramid with height and base radius equal to 1.
Use Cartesian coordinates.



II
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11.3. Classification of Ordinary Differential Equations
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I1.1 INTRODUCTION

Differential equations arise in all fields of engineering and science. Most real physical
processes are governed by differential equations. In general, most real physical processes
involve more than one independent variable, and the corresponding differential equations
are partial differential equations (PDEs). In many cases, however, simplifying assump-
tions are made which reduce the PDEs to ordinary differential equations (ODEs). Part II is
devoted to the solution of ordinary differential equations.

Some general features of ordinary differential equations are discussed in Part II. The
two classes of ODEs (i.e., initial-value ODEs and boundary-value ODEs) are introduced.
The two types of physical problems (i.e., propagation problems and equilibrium problems)
are discussed.

The objectives of Part II are (a) to present the general features of ordinary differential
equations; (b) to discuss the relationship between the type of physical problem being
solved, the class of the corresponding governing ODE, and the type of numerical method
required; and (c) to present examples to illustrate these concepts.

11.2 GENERAL FEATURES OF ORDINARY DIFFERENTIAL EQUATIONS

An ordinary differential equation (ODE) is an equation stating a relationship between a
function of a single independent variable and the total derivatives of this function with
respect to the independent variable. The variable y is used as a generic dependent variable
throughout Part II. The dependent variable depends on the physical problem being
modeled. In most problems in engineering and science, the independent variable is
either time t or space x. Ordinary differential equations are the subject of Part II. If
more than one independent variable exists, then partial derivatives occur, and partial
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differential equations (PDEs) are obtained. Partial differential equations are the subject 
Part III of this book.

The order of an ODE is the order of the highest-order derivative in the differential
equation. The general first-order ODE is

~t= f(t, y) (II. 1)

where f(t, y) is called the derivative function. For simplicity of notation, differentiation
usually will be denoted by the superscript "prime" notation:

y, = dy (II.2)
dt

Thus, Eq. (II.1) can be written 

y’ = f(t, y) (II.3)

The general nth-order ODE for y(t) has the form

anY(n~ + an_ly(’-~) + ... + a~y" + aly’ + aoy = F(t) (II.4)

where the superscripts (n), (n - 1), etc. denote nth-order differentiation, 
The solution of an ordinary differential equation is that particular function, y(t) or

y(x), that identically satisfies the ODE in the domain of interest, D(t) or D(x), respectively,
and satisfies the auxiliary conditions specified on the boundaries of the domain of interest.
In a few special cases, the solution of an ODE can be expressed in closed form. In the
majority of problems in engineering and science, the solution must be obtained by
numerical methods. Such problems are the subject of Part II.

A linear ODE is one in which all of the derivatives appear in linear form and none of
the coefficients depends on the dependent variable. The coefficients may be functions of
the independent variable, in which case the ODE is a variable-coefficient linear ODE. For
example,

y’ + ~y = F(t) (II.5)

is a linear, constant-coefficient, first-order ODE, whereas

y’ + ~ty = F(t) (II.6)

is a linear, variable-coefficient, first-order ODE. If the coefficients depend on the
dependent variable, or the derivatives appear in a nonlinear form, then the ODE is
nonlinear. For example,

yy’ + ay = 0 (II.7)

(y,)2 + ey = (II.8)

are nonlinear first-order ODEs.
A homogeneous differential equation is one in which each term involves the

dependent variable or one of its derivatives. A nonhomogeneous differential equation
contains additional terms, known as nonhomogeneous terms, source terms, or forcing
functions, which do not involve the dependent variable. For example,

y’ + ~y = 0 (II.9)
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is a linear, first-order, homogeneous ODE, and

y’ + ~y = F(t) (II.10)

is a linear, first-order, nonhomogeneous ODE, where F(t) is the known nonhomogeneous
term.

Many practical problems involve several dependent variables, each of which is a
function of the same single independent variable and one or more of the dependent
variables, and each of which is governed by an ordinary differential equation. Such
coupled sets of ordinary differential equations are called systems of ordinary differential
equations. Thus, the two coupled ODEs

y’ =f(t,y,z) (II.1 la)

z’ = g(t, y, z) (II. 11 b)

comprise a system of two coupled first-order ordinary differential equations.
The general solution of a differential equation contains one or more constants of

integration. Thus, a family of solutions is obtained. The number of constants of integration
is equal to the order of the differential equation. The particular member of the family of
solutions which is of interest is determined by auxiliary conditions. Obviously, the number
of auxiliary conditions must equal the number of constants of integration, which is the
same as the order of the differential equation.

As illustrated in the preceding discussion, a wide variety of ordinary differential
equations exists. Each problem has its own special governing equation or equations and its
own peculiarities which must be considered individually. However, useful insights into the
general features of ODEs can be obtained by studying two special cases. The first special
case is the general nonlinear first-order ODE:

{ y’=f(t,y) ] (11.12)

wheref(t, y) is a nonlinear function of the dependent variable y. The second special case 
the general nonlinear second-order ODE:

[ y" + P(x,y)y’ + Q(x,y)y= F(x) (II.13)

These two special cases are studied in the following sections.

11.3 CLASSIFICATION OF ORDINARY DIFFERENTIAL EQUATIONS

Physical problems are governed by many different ordinary differential equations. There
are two different types, or classes, of ordinary differential equations, depending on the type
of auxiliary conditions specified. If all the auxiliary conditions are specified at the same
value of the independent variable and the solution is to be marched forward from that
initial point, the differential equation is an initial-value ODE. If the auxiliary conditions
are specified at two different values of the independent variable, the end points or
boundaries of the domain of interest, the differential equation is a boundary-value ODE.

Figure ILl illustrates the solution of an initial-value ODE. The initial value of the
dependent variable is specified at one value of the independent variable, and the solution
domain D(t) is open. Initial-value ODEs are solved by marching numerical methods.
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y(t)’

YO’

to

Figure H.1 Initial-value ODE.

Part II

y(x)

YlI

~Y2

x2 x

Figure II.2 Boundary-value ODE.

Figure II.2 illustrates the solution of a boundary-value ODE. The boundary values of
the dependent variable are specified at two values of the independent variable, and the
solution domain D(x) is closed. Boundary-value ODEs can be solved by both marching
numerical methods and equilibrium numerical methods.

11.4 CLASSIFICATION OF PHYSICAL PROBLEMS

Physical problems fall into one of the following three general classifications:

1. Propagation problems
2. Equilibrium problems
3. Eigenproblems

Each of these three types of physical problems has its own special features, its own
particular type of ordinary differential equation, its own type of auxiliary conditions, and
its own numerical solution methods. A clear understanding of these concepts is essential if
meaningful numerical solutions are to be obtained.

Propagation problems are initial-value problems in open domains in which the
known information (initial values) are marched forward in time or space from the initial
state. The known information, that is, the initial values, are specified at one value of the
independent variable. Propagation problems are governed by initial-value ordinary
differential equations. The order of the governing ordinary differential equation may be
one or greater. The number of initial values must be equal to the order of the differential
equation.
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Open domain D(t)[or D(x)]

0 t [or x]

Figure ]I.3 Solution domain for propagation problems.

Closed domain D(x)

X1 X2 X

Figure II.4 Solution domain for equilibrium problems.

Propagation problems may be unsteady time (i.e., t) marching problems or steady
space (i.e., x) marching problems. The marching direction in a steady space marching
problem is sometimes called the time-like direction, and the corresponding coordinate is
called the time-like coordinate. Figure II.3 illustrates the open solution domains D(t) and
D(x) associated with time marching and space marching propagation problems, respec-
tively.

Equilibrium problems are boundary-value problems in closed domains in which the
known information (boundary values) are specified at two different values of the
independent variable, the end points (boundaries) of the solution domain. Equilibrium
problems are governed by boundary-value ordinary differential equations. The order of the
governing differential equation must be at least 2, and may be greater. The number of
boundary values must be equal to the order of the differential equation. Equilibrium
problems are steady state problems in closed domains. Figure 11.4 illustrates the closed
solution domain D(x) associated with equilibrium problems.

Eigenproblems are a special type of problem in which the solution exists only for
special values (i.e., eigenvalues) of a parameter of the problem. The eigenvalues are to be
determined in addition to the corresponding configuration of the system.

11.5 INITIAL-VALUE ORDINARY DIFFERENTIAL EQUATIONS

A classical example of an initial-value ODE is the general nonlinear first-order ODE:

l y’=f(t,y) y(to)=Yol (11.14)

Equation (11.14) applies to many problems in engineering and science. In the following
discussion, the general features of Eq. (II.14) are illustrated for the problem of transient
heat transfer by radiation from a lumped mass to its surroundings and the transient motion
of a mass-damper-spring system.

Consider the lumped mass m illustrated in Figure II.5. Heat transfer from the lumped
mass m to its surroundings by radiation is governed by the Stefan-Boltzmann law of
radiation:

fir = Aea(T4 - T4~) (II.15)

where 6r is the heat transfer rate (J/s), A is the surface area of the lumped mass (m2), 8 
the Stefan-Boltzmann constant (5.67 x 10-8 j/m2-K4-s), rr is the emissivity of the body
(dimensionless), which is the ratio of the actual radiation to the radiation from a black
body, T is the internal temperature of the lumped mass (K), and a i s t he ambient
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temperature (K) (i.e., the temperature of the surroundings). The energy E stored in 
lumped mass is given by

E ---- mCT (II. 16)

where m is the mass of the lumped mass (kg) and C is the specific heat of the material
(J/kg-K). An energy balance states that the rate at which the energy stored in the lumped
mass changes is equal to the rate at which heat is transferred to the surroundings. Thus,

el(taCT)
dt - -Or = -A~r( T4 - T4=)

(II. 17)

The minus sign in Eq. (II. 17) is required so that the rate of change of stored energy 
negative when T is greater than Ta. For constant m and C, Eq. (II.17) can be written 

-- = T’ = -a(T4 - T~4) (II.18)
dt

where

Aea
c~ -- II. 19)

mC

Consider the case where the temperature of the surroundings is constant and the
initial temperature of the lumped mass is T(0.0) = 0. The initial-value problem is stated
as follows:

[ T’= -e(T 4 - ~) =f(t, T) T(0) T0J (II.20)

Equation (II.20) is in the general form of Eq. (II. 14). Equation (II.20) is a nonlinear 
order initial-value ODE. The solution of Eq. 01.20) is the function T(t), which describes
the temperature history of the lumped mass corresponding to the initial condition,
T(0) = 0. Equation (II.20) i s an example of anonlinear fi rst-order initial-value OD

An example of a higher-order initial-value ODE is given by the nonlinear second-
order ODE governing the vertical flight of a rocket. The physical system is illustrated in
Figure II.6. Applying Newton’s second law of motion, 2F = ma, yields

ZF = T - Mg - D = Ma = MV’ = My" (I1.21)

where T is the thrust developed by the rocket motor (N), M is the instantaneous mass 
the rocket (kg), g is the acceleration of gravity (m/se), which depends on the altitude y 
D is the aerodynamic drag (N), a is the acceleration of the rocket (m/sZ), V is the velocity
of the rocket (m/s), and y is the altitude of the rocket (m). The initial velocity,
V(0.0) = V0, is zero, and the initial elevation, y(0.0)= Y0, is zero. Thus, the initial
conditions for Eq. (II.21) are

V(0.0) = y’(0.0) = 0.0 and y(0.0) (II.22)

~ T(O) = O T(t) = 

/ ma -~ ~r=As(~(T4-Ta4)

Figure 11.5 Heat transfer by radiation from a lumped mass.
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y&

Figure II.6

T_,F= T-Mg-D = Ma = MV" = My’"

y(O.O) = 0.0 and V(O.O) = 

y(t) = ? and V(t) 

Vertical flight of a rocket.

In general, the thrust T is a variable, which depends on time and altitude. The
instantaneous mass M is given by

M(t) = Mo - ,h(0 (n.23)
o

where Mo is the initial mass of the rocket (kg), and ~h(t) is the instantaneous mass flow 
being expelled by the rocket (kg/s). The instantaneous aerodynamic drag D is given 

D(p, V,y)= Co(p, V,Y) ½ p(y)AV2 (II.24)

where Co is an empirical drag coefficient (dimensionless), which depends on the rocket
geometry, the rocket velocity V and the properties of the atmosphere at altitude y(m); p 
the density of the atmosphere (kg/m3), which depends on the altitude y (m); and A is 

cross-sectional frontal area of the rocket (m2).
Combining Eqs. (II.21) to (II.24) yields the following second-order nonlinear initial-

value ODE:

F(t, y) Co(p, V, y) ½ p(y)A 2
y" = - g(y) (II.25)

Mo - f~ Fn(t) Mo - f~ rh(t) 

Consider a simpler model where T, rh, and g are constant, and the aerodynamic drag
D is neglected. In that case, Eq. (II.25) becomes

F
y" -- g y(0.0) ---- 0.0 and y’(0.0) = V(0.0) 

M0 - rht
(II.26)

The solution to Eq. (II.25) or (II.26) is the function y(t), which describes the vertical
motion of the rocket as a function of time t. Equations (II.25) and (II.26) are examples 
second-order initial-value ODEs.

In summary, two cIassical examples of initial-value ODEs are represented by Eqs.
(II.20) and (II.26). Many more complicated examples of initial-value ODEs arise in 
fields of engineering and science. Higher-order ODEs and systems of ODEs occur
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frequently. Numerical procedures for solving initial-value ODEs are presented in
Chapter 7.

11.6 BOUNDARY-VALUE ORDINARY DIFFERENTIAL EQUATIONS

A classical example of a boundary-value ODE is the general second-order ODE:

y" + P(x, y)y’ + Q(x, y)y = y(x,) and y(x2) 1 (II.27)=Yl =Y2

Equation (II.27) applies to many problems in engineering and science. In the following
discussion, the general features of Eq. (II.27) are illustrated for the problem of steady one-
dimensional heat diffusion (i.e., conduction) in a rod.

Consider the constant cross-sectional-area rod illustrated in Figure II.7. Heat
diffusion transfers energy along the rod and energy is transferred from the rod to the
surroundings by convection. An energy balance on the differential control volume yields

~t(x) = il(X + dx) + ilc(X) (II.28)

which can be written as

~)(x) --= ~)(x) ÷ ~x [~¢(x)] dx + ilc(X) (II.29)

which yields

d
~ [0(x)l dx + Oc(x) = 0 (n.30)

Heat diffusion is governed by Fourier’s law of conduction, which states that

O(x) = -kA (II.31)
dx

where ~¢(x) is the energy transfer rate (J/s), k is the thermal conductivity of the solid
(J/s-m-K), A is the cross-sectional area of the rod (m2), dT/dx is t he temperature
gradient (K/m). Heat transfer by convection is governed by Newton’s law of cooling:

Oc(x) = hA(T - Ta) (II.32)

where h is an empirical heat transfer coefficient (J/s-m2-K), A is the surface area of the rod
(A = P dx, m2), P is the perimeter of the rod (m), Ta i s t he ambient temperature (K)
(i.e., the temperature of the surroundings). Substituting Eqs. (II.31) and (II.32) into 
(II.30) gives

d / dT\

~,-~ ~x) dx + h(P dx)(r - to) (II.33)

For constant k, A, and P, Eq. (II.33) yields

d2 T hP
-~ - -~ ( T - ra) = 

which can be written as

[ T"-o~2T=-o~2Tal

where ~2 = hP/kA.

(IL34)

(II.35)
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T~ ~l(X)---~i ---~ ~l (x+dx) T2

x x+dx

Figure lI.7 Steady heat conduction in a rod.
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Equation (11.35) is in the general form of Eq. (11.27). Equation (II.35) is a 
second-order boundary-value ODE. The solution of Eq. (11.35) is the function T(x), which
describes the temperature distribution in the rod corresponding to the boundary conditions

T(x~) = T~ and T(x2) = (II.36)

Equation (II.35) is an example of a second-order linear boundary-value problem.
An example of a higher-order boundary-value ODE is given by the fourth-order

ODE governing the deflection of a laterally loaded symmetrical beam. The physical system
is illustrated in Figure 11.8. Bending takes place in the plane of symmetry, which causes
deflections in the beam. The neutral axis of the beam is the axis along which the fibers do
not undergo strain during bending. When no load is applied (i.e., neglecting the weight of
the beam itself), the neutral axis is coincident with the x axis. When a distributed load q(x)
is applied, the beam deflects, and the neutral axis is displaced, as illustrated by the dashed
line in Figure 11.8. The shape of the neutral axis is called the deflection curve.

As shown in many strength of materials books (e.g., Timoshenko, 1955), the
differential equation of the deflection curve is

EI (x) d~-~zY2 = -M (x) (I1.37)

where E is the modulus of elasticity of the beam material, I(x) is the moment of inertia of
the beam cross section, which can vary along the length of the beam, and M(x) is the
bending moment due to transverse forces acting on the beam, which can vary along the

¯ d4yE I(X)~x4 = q(x)

y(O) = O, y"(O) = O; y(L) = O, and y"(L) 

Figure 11.8 Deflection of a beam.
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length of the beam. The moment M(x) is related to the shearing force V(x) acting on each
cross section of the beam as follows:

aM(x)
dx -- V(x)

(I1.38)

The shearing force V(x) is related to the distributed load q(x) as follows:

dV(x)
- .q(x) (II.39)

dx

Combining Eqs. (II.37) to (II.39) yields the differential equation for the beam deflection
curve]

El(x) ~-~ = q(x) (II.40)

Equation (II.40) requires four boundary conditions. Fo} a horizontal beam 
length L,

y(0.0) y(L) = 0.0 (II.41)

For a beam fixed (i.e., clamped) at both ends,

y’(0.0) y’ (L) = 0.0 (II.42)

For a beam pinned (i.e., hinged) at both ends,

y"(0.0) = y"(L) = (II.43)

For a beam cantilevered (i.e., free) at either end,

y"(0.0) = 0.0 or y’(L) = (II.44)

Any two combinations of these four boundary conditions can be specified at each end.
Equation II.40 is a linear example of the general nonlinear fourth-order boundary-

value ODE:

y,, t , ,,,=j~(x,y,y ,y ,y )l (II.45)

which requires four boundary conditions at the boundaries of the closed, physical domain.

11.7 SUMMARY

The general features of ordinary differential equations are discussed in this section.
Ordinary differential equations are classified as initial-value differential equations or
boundary-value differential equations according to whether the auxiliary conditions are
specified at a single initial time (or location) or at two locations, respectively. Examples 
several ordinary differential equations that arise in engineering and science are presented
in this section.

The classical example of a first-order nonlinear initial-value ODE is

y’ = f(t, y) y(to) = (II.46)Yo
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Chapter 7 presents several numerical methods for solving Eq. 01.46) and illustrates those
methods with numerical examples.

The classical example of a second-order nonlinear boundary-value ODE is

[ y" + P(x, y)y’ + Q(x, y)y = F(x) y(xO , andy(xz) = y 2I (II.47)

Chapter 8 presents several numerical methods for solving Eq. (II.47) and illustrates those
methods with numerical examples.
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7.14.
7.15.
7.16.
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The fourth-order Adarns-Bashforth-Moulton method
Time linearization
Newton’s method
Reduction of a second-order ODE to two first-order ODEs
Two coupled first-order ODEs
The stiff ODE by the explicit Euler method
The stiff ODE by the implicit Euler method

7.1 INTRODUCTION

Most people have some physical understanding of heat transfer due to its presence in many
aspects of our daily life. Consequently, the nonlinear first-order ODE governing unsteady
radiation heat transfer from a lumped mass, illustrated at the top of Figure 7.1 and
discussed in Section II.5, is considered in this chapter to illustrate finite difference methods
for solving first-order initial-value ODEs. That equation, Eq. (II.20), 

IT’= -cffT4 - T4~) = f(t, T(0.0) = o =2500.0 Ta = 250.0 ] (7.1)

where ~ is defined in Section 11.5.
The exact solution to Eq. (7.1) can be obtained by separating variables, expressing

1/(T4 - T4a) by a partial fraction expansion, integrating, and applying the initial condition.
The result is

tan-~ ( T) (T°)’I’[(T°--Ta)(T+Ta)1~a -- tan-I ~ I_( -- Ta)(To + Ta).]
+ -~ ln,~-~ ..... 2o~T3at (7.2)

For To = 2500.0K, Ta = 250.0K, and c~ = 4.0 x 10-12 (K3-s)-l,Eq. (7.2) becomes

tan-’ (~-’-T "~,250,/ - tan-’ (22~00)’1’-I- ~’nL~J r(2500- 250)(r + 250)7

2(4.0 x 10-12)2503t (7.3)

The exact solution at selected values of time, obtained by solving Eq. (7,3) by the secant
method, is tabulated in Table 7.1 and illustrated in Figure 7.2.

The vertical flight of a rocket, illustrated at the bottom of Figure 7.1, is considered in
this chapter to illustrate finite difference methods for solving higher-order initial-value
ODEs. This problem is discussed in Section II.5 and solved in Sections 7.12 and 7.13.

The general features of initial-value ordinary differential equations (ODEs) are
discussed in Section II.5. In that section it is shown that initial-value ODEs govern
propagation problems, which are initial-value problems in open domains. Consequently,
initial-value ODEs are solved numerically by marching methods. This chapter is devoted
to presenting the basic properties of finite difference methods for solving initial-value (i.e.,
propagation) problems and to developing several specific finite difference methods.

The objective of a finite difference method for solving an ordinary differential
equation (ODE) is to transform a calculus problem into an algebra problem by:

1. Discretizing the continuous physical domain into a discrete finite difference
grid
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y(t) = ? and V(t) 

Heat transfer by radiation and rocket trajectory.

Table 7.1
Problem

Approximating the exact derivatives in the ODE by algebraic finite difference
approximations (FDAs)
Substituting the FDAs into the ODE to obtain an algebraic finite difference
equation (FDE)
Solving the resulting algebraic FDE

Exact Solution of the Radiation

0.0 2500.00000000 6,0 1944.61841314
1.0 2360.82998845 7,0 1890.58286508
2.0 2248.24731405 8.0 1842.09450785
3.0 2154.47079576 9.0 1798.22786679
4.0 2074.61189788 10,0 1758.26337470
5.0 2005.41636581

t, s T(t), t, s T(t), 
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Figure 7.2 Exact solution of the radiation problem.

Numerous initial-value ordinary differential equations arise in engineering mad
science. Single ODEs governing a single dependent variable arise frequently, as do
coupled systems of ODEs governing several dependent variables. Initial-value ODEs
may be linear or nonlinear, first- or higher-order, and homogeneous or nonhomogeneous.
In this chapter, the majority of attention is devoted to the general nonlinear first-order
ordinary differential equation (ODE):

y’ = ~ = f(t, y) Y(to) 
dt

(7.4)

where y’ denotes the first derivative and f(t, y) is the nonlinear derivative function. The
solution to Eq. (7.4) is the function y(t). This function must satisfy an initial condition at
t = to, y(to) = Yo. In most physical problems, the initial time is t = 0.0 and y(to) = y(0.0).
The solution domain is open, that is, the independent variable t has an unspecified (i.e.,
open) final value. Several finite difference methods for solving Eq. (7.4) are developed 
this chapter. Procedures for solving higher-order ODEs and systems of ODEs, based on the
methods for solving Eq. (7.4), are discussed.

The objective of Chapter 7 is to develop finite difference methods for solving initial-
value ODEs such as Eq. (7.4). Three major types of methods are considered:

1. Single-point methods
2. Extrapolation methods
3. Multipoint methods

Single-point methods advance the solution from one grid point to the next grid point
using only the data at the single grid point. Several examples of single-point methods are
presented. The most significant of these is the fourth-order Runge-Kutta method, which is
presented in Section 7.7. Extrapolation methods evaluate the solution at a grid point for
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several values of grid size and extrapolate those results to obtain a more accurate solution.
The extrapolated modified midpoint method is presented in Section 7.8 as an example of
extrapolation methods. Multipoint methods advance the solution from one grid point to the
next grid point using the data at several known points. The fourth-order Adams-Bashforth-
Moulton method is presented in Section 7.9 as an example of multipoint methods. These
three types of methods can be applied to solve linear and nonlinear single first-order
ODEs. The Gear method for solving stiff ODEs is presented in Section 7.14.

Single-Point
Methods

I Nonlinear FDEs

Initial-Value
Ordinary Differential Equations

Taylor Sedes Method

Finite Difference
Methods

Euler Methods

t
Consistency, Order,

Stab ty, and Convergence

Extrapolation
Methods

Multipoint
Methods

I IHigher-OrderODEsl I SystemsofODEsI

Stiff ODEs

Programs

t
Summary

Figure 7.3 Organization of Chapter 7.
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The organization of Chapter 7 is illustrated in Figure 7.3. The general features of
initial-value ordinary differential equations (ODEs) are discussed first. The Taylor series
method is then presented. This is followed by an introduction to finite difference methods.
Two first-order methods are then developed: the explicit Euler method and the implicit
Euler method. Definitions and discussion of the concepts of consistency, order, stability,
and convergence are presented. The material then splits into a presentation of the three
fundamentally different types of methods for solving initial-value ODEs: single-point
methods, extrapolation methods, and multipoint methods. Then follows a discussion of
nonlinear finite difference equations, higher-order ODEs, and systems of ODEs. A brief
introduction to stiff ODEs follows. Programs are then presented for the fourth-order
Runge-Kutta method, the extrapolated modified-midpoint method, and the fourth-order
Adams-Bashforth-Moulton method. The chapter closes with a summary, which
summarizes the contents of the chapter, discusses the advantages and disadvantages of
the various methods, and lists the things you should be able to do after studying Chapter 7.

7.2 GENERAL FEATURES OF INITIAL-VALUE ODEs

Several general features of initial-value ordinary differential equations (ODEs) are
presented in this section. The properties of the linear first-order ODE are discussed in
some detail. The properties of nonlinear first-order ODEs, systems of first-order ODEs,
and higher-order ODEs are discussed briefly.

7.2.1 The General Linear First-Order ODE

The general nonlinear first-order ODE is given by Eq. (7.4). The general linear first-order
ODE is given by

l y’ + ay = F(t) y(to) = Y0 ] (7.5)

where a is a real constant, which can be positive or negative.
The exact solution of Eq. (7.5) is the sum of the complementary solution yc(t) and

the particular solution yp(t):

y(t) = yc(t) + yp(t) (7.6)

The complementary solution yc(t) is the solution of the homogeneous ODE:

yP¢ ÷ ay~ = 0 (7.7)

The complementary solution, which depends only on the homogeneous ODE, describes
the inherent properties of the ODE and the response of the ODE in the absence of external
stimuli. The particular solution yp(t) is the function which satisfies the nonhomogeneous
term F(t):

y~p + ayp = F(t) (7.8)

The particular solution describes the response of the ODE to external stimuli specified by
the nonhomogeneous term F(t).

The complementary solution y~(t) is given by

yc(t) = -~t (7.9)
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which can be shown to satisfy Eq. (7.7) by direct substitution. The coefficient A can 
determined by the initial condition, y(to) = Yo, after the complete solution y(t) to the ODE
has been obtained. The particular solution yp(t) is given by

Yp(O = BoF(t) + B~F’(t) + B2F"(t) (7.10)

where the terms F’(t), F"(t), etc. are the derivatives of the nonhomogeneous term. These
terms, BiF(i)(t), continue until F(i)(t) repeats its functional form or becomes zero. The
coefficients B0, B1, etc. can be determined by substituting Eq. (7.10) into Eq. (7.8),
grouping similar functional forms, and requiring that the coefficient of each functional
form be zero so that Eq. (7.8) is satisfied for all values of the independent variable 

The total solution of Eq. (7.5) is obtained by substituting Eqs. (7.9) and (7.10) 
Eq. (7.6). Thus,

y(t) 2- -~’ + yp(t) 1 (7.11)

The constant of integration A can be determined by requiring Eq. (7.11) to satisfy the
initial condition, y(to) = Yo.

The homogeneous ODE, y’+ ~y = 0, has two completely different types of
solutions, depending on whether ~ is positive or negative. Consider the pair of ODEs:

y’+~y=0 (7.12)

y’-~y=O (7.13)

where ~ is apositive real constant. The solutions to Eqs. (7.12) and (7.13) 

y(t) = -~t (7.14)

y(t) = ~’ (7.15)

Equations (7.14) and (7.15) each specify a family of solutions, as illustrated in Figure 
A particular member of either family is chosen by specifying the initial condition,
y(0) = Y0, as illustrated by the dashed curves in Figure 7.4.

For the ODE yl + ~y = 0, the solution, y(t) = -~t, decays exponentially with ti me.
This is a stable ODE. For the ODE y’-~y = 0, the solution, y(t)= ~t, grows
exponentially with time without bound. This is an unstable ODE. Any numerical
method for solving these ODEs must behave in a similar manner.

7.2.2 The General Nonlinear First-Order ODE

The general nonlinear first-order ODE is given by

= f(t, y) y(to)y’ (7.16)

where the derivative functionf(t, y) is a nonlinear function ofy. The general features of the
solution of a nonlinear first-order ODE in a small neighborhood of a point are similar to
the general features of the solution of the linear first-order ODE at that point.
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y(t) y(t)

Yo

Figure 7.4
y’ - ~y = O.

(a) (b)

Exact solutions of the linear first-order homogeneous ODEs. (a) y’ + ay = 0. (b)

The nonlinear ODE can be linearized by expressing the derivative functionf(t, y) 
a Taylor series at an initial point (to, Yo) and dropping all terms higher than first order.
Thus,

f(t, y) =fo +rio(t -- to) +fyl0(Y -- Yo) (7.17a)

f(t,y) = (J~ -floto -fyloYo) +riot +fyloY +’" (7.17b)

which can be written as

f(t, y) = -ay + F(t) higher-order terms (7.18)

where ~ and F(t) are defined as follows:

-f~[o I (7.19)

F(t) = (fo -fl0t0 -fyloY0) +fl0t (7.20)

Truncating the higher-order terms and substituting Eqs. (7.18) to (7.20) into the nonlinear
ODE, Eq. (7.16), gives

[ y’ + o~y ----- F(t) Y(to) : Yo ] (7.21)

Most of the general features of the numerical solution of a nonlinear ODE can be
determined by analyzing the linearized form of the nonlinear ODE. Consequently, Eq.
(7.21) will be used extensively as a model ODE to investigate the general behavior 
numerical methods for solving initial-value ODEs, both linear and nonlinear.

7.2.3 Higher-Order ODEs

Higher-order ODEs generally can be replaced by a system of first-order ODEs. Each
higher-order ODE in a system of higher-order ODEs can be replaced by a system of first-
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order ODEs, thus yielding coupled systems of first-order ODEs. Consequently, Chapter 7
is devoted mainly to solving first-order ODEs. A discussion of the solution of higher-order
ODEs is presented in Section 7.12.

7.2.4 Systems of First-Order ODEs

Systems of coupled first-order ODEs can be solved by solving all the coupled first-order
differential equations simultaneously using methods developed for solving single first-
order ODEs. Consequently, Chapter 7 is devoted mainly to solving single first-order
ODEs. A discussion of the solution of systems of coupled first-order ODEs is presented in
Section 7.13.

7.2.5 Summary

Four types of initial-value ODEs have been considered:

1. The linear first-order ODE
2. The nonlinear first-order ODE
3. Higher-order ODEs
4. Systems of first-order ODEs

The general features of all four types of ODEs are similar. Consequently, Chapter 7 is
devoted mainly to the numerical solution of nonlinear first-order ODEs.

The foregoing discussion considers initial-value (propagation) problems in time
(i.e., t), which are unsteady time marching initial-value problems. Steady space marching
(i.e., x) initial-value problems are also propagation problems. Both types of problems are
initial-value (propagation) problems. Occasionally the space coordinate in a steady space
marching problem is referred to as a timelike coordinate. Throughout Chapter 7, time
marching initial-value problems are used to illustrate the general features, behavior, and
solution of initial-value ODEs. All the results presented in Chapter 7 can be applied
directly to steady space marching initial-value problems simply by changing t to x in all of
the discussions, equations, and results.

7.3 THE TAYLOR SERIES METHOD

In theory, the infinite Taylor series can be used to evaluate a function, given its derivative
function and its value at some point. Consider the nonlinear first-order ODE:

l y’=f(t,y) y(to)=y o ] (7.22)

The Taylor series for y(t) at t = to is

± 1 ~ mr"t att _ to)3y(t) = y(to) + y~(to)(t - to) + ½Y"(to)(t 2 ~- ~,~ o~

1 n)
+... ÷~y( (to)(t- n ÷.. . (7.23)

Equation (7.23) can be written in the simpler appearing form:

Y(0 =Yo +Y’Io At +½Y"lo At~ ± 1 ,,,T~y ~o At3 +"" (7.24)

where y’(to) = Y’10, etc., At = (t - to), and, for convenience, n denotes (At)n, not A(f’).
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Equation (7.24) can be employed to evaluate y(t) if Y0 and the values of the
derivatives at to can be determined. The value ofyo is the initial condition specified in Eq.
(7.22). The first derivative Y’]0 can be determined by evaluating the derivative function
f(t, y) at to: Y’lo = f(to, Yo). The higher-order derivatives in Eq. (7.24) can be determined
by successively differentiating the lower-order derivatives, starting with y’. Thus,

(7.25a)

(7.25b)

(7.25c)

Recall that dy/dt = y’. Substituting Eq. (7.25c) into Eq. (7.25a) yields

(7.25d)

In a similar manner,

y"=~v")’ a(y") 0 , ,, 0 , ,,ay
-- dt - ~ (Y’ + YYY ) +-~(Y’ + YYY 

y,, , , , t , , 2 , t , 2
= Ytt + 2y~yy + YtYy + (Y’y) Y + Yyy(Y 

(7.26a)

(7.26b)

Higher-order derivatives become progressively more complicated. It is not practical to
evaluate a large number of the higher-order derivatives. Consequently, the Taylor series
must be truncated. The remainder term in a finite Taylor series is:

Remainder = ~y(n+l)("C) n+l (7.27)

where to < z < t. Truncating the remainder term yields a finite truncated Taylor series.
Error estimation is difficult, since z is unknown.

Example 7.1. The Taylor series method

Let’s solve the radiation problem presented in Section 7.1 by the Taylor series method.
Recall Eq. (7.1):

T’ = f(t, T) = -~z(T4 - T~a) T(0.0) ---- 2500.0 Ta = 250.0 (7.28)

where ~ = 4.0 × 10-~2 (K3-s)-1. The Taylor series for T(t) is given by

I T(t)= O +T’[ot + ½ T"[Ot2 + ~ T’[ot3 + ~4T(4)[ot4 +"" (7.29)

where At : t - to = t. From Eq. (7.28), O =2500.0, and

T’[o = -~(T4 - Ta4)[0 = -(4.0 × 10-12)(2500.04 -- 250.04) = -156.234375

(7.30)
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Solving for the higher-order derivatives yields:

OT’ OT’ T’ = 0.0 - 4~T3T’
(7.31a)T" = (7"3’ = ~i- + ~,r

T~’ = -4(4.0 × 10-12)2500.03(-156.234375) = 39.058594 (7.31b)

T" = 4~2(T7 - T3 Ta4) (7.3 lc)

T" = (T")’ OT" OT" T’ = 0.0 + 4~2(7T6 - 3T2T4a)T’ (7.32a)

T~" = 4(4.0 × 10-12)2

× (7 × 2500.06 - 3 × 2500.02 × 250.04)(-156.234375)

= -17.087402 (7.32b)

T" = -4~3(7T~° - 10T6Ta4 + 3TZTa8) (7.32c)

T(4) (Tt,)z OT " OT" T~= --~- + ~-~-- =O.O-4~3(70T9-60TST4~+6TT8,)T’ (7.33a)

T(4) = -4(4.0 × 10-12)3(70 × 2500.09 - 60 × 2500.05 x 250.04 q- 

× 2500.0 × 250.08)(--156.234375) = 10.679169 (7.33b)

Substituting the above values into Eq. (7.29) yields

T(t) = 2500.0 - 156.284375t + 19.529297t2 - 2.847900t3 + 0.444965t4 (7.34)

The exact solution and the solution obtained from Eq. (7.34) are tabulated in Table 7.2,
where T(t)(1), T(t)(2), etc. denote the Taylor series through the first, second, etc. derivative
terms. These results are also illustrated in Figure 7.5.

From Figure 7.5, it is obvious that the accuracy of the solution improves as the
number of terms in the Taylor series increases. However, even with four terms, the solution
is not very accurate for t > 2.0 s. The Taylor series method is not an efficient method for
solving initial-value ODEs.

Even though the Taylor series method is not an efficient method for solving initial-
value ODEs, it is the basis of many excellent numerical methods. As illustrated in Figure
7.5, the solution by the Taylor series method is quite accurate for small values of t. Therein
lies the basis for more accurate methods of solving ODEs. Simply put, use the Taylor
series method for a small step in the neighborhood of the initial point. Then reevaluate the
coefficients (i.e., the derivatives) at the new point. Successive reevaluation of the

Table 7.2 Solution by the Taylor Series Method

t, s Texact(t), K T(t)(1), K T(t)(2), K T(t)(3), K T(t)(4), K

0.0 2500.00 2500.00 2500.00 2500.00 2500.00
1.0 2360.83 2343.77 2363.29 2360.45 2360.89
2.0 2248.25 2187.53 2265.65 2242.87 2249.98
3.0 2154.47 2031.30 2207.06 2130.17 2166.21
4.0 2074.61 1875.06 2187.53 2005.27 2119.18
5.0 2005.42 1718.83 2207.06 1851.07 2129.18
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Solution by the Taylor series method.

coefficients as the solution progresses yields a much more accurate solution. This concept
is the underlying basis of most numerical methods for solving initial-value ODEs.

7.4 THE FINITE DIFFERENCE METHOD

The objective of afinite difference method for solving an ordinary differential equation
(ODE) is to transform a calculus problem into an algebra problem by:

1. Discretizing the continuous physical domain into a discrete finite difference grid
2. Approximating the exact derivatives in the initial-value ODE by algebraic finite

difference approximations (FDAs)
3. Substituting the FDAs into the ODE to obtain an algebraic finite difference

equation (FDE)
4. Solving the resulting algebraic FDE

Discretizing the continuous physical domain, approximating the exact derivatives by finite
difference approximations, and developing finite difference equations are discussed in this
section. Brief discussions of errors and smoothness close the section.

7.4.1 Finite Difference Grids

The solution domain D(t) [or D(x)] and a discrete finite difference grid are illustrated 
Figure 7.6. The solution domain is discretized by a 0he-dimensional set of discrete grid
points, which yields the finite difference grid. The finite difference solution of the ODE is
obtained at these grid points. For the present, let these grid points be equally spaced having
uniform spacing At (or Ax). The resulting finite difference grid is illustrated in Figure 7.6.
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Figure 7.6

D(t) [or D(x)]

: ~ -- ; : : .~
2 n-2 n-1 n n+l t (or x)

Solution domain, D(t) [or D(x)], and discrete finite difference grid.

Nonuniform grids in which At (or Zkx) is variable are considered later in the chapter. The
subscript n is used to denote the physical grid points, that is, t, (or Xn). Thus, grid point n
corresponds to location t, (or %) in the solution domain D(t) [or D(x)]. The total number
of grid points is denoted by nmax. For the remainder of this chapter, time t will be chosen
as the independent variable. Similar results hold for steady space marching problems in
which space x is the independent variable. All the results in terms of time t can be applied
directly to space x simply by changing t to x everywhere.

The dependent variable at grid point n is denoted by the same subscript notation that
is used to denote the grid points themselves. Thus, the function y(t) at grid point n is
denoted by

y(t,,) = (7.35)

In a similar manner, derivates are denoted by

dY (tn) = y’(t,) 
dt

(7.36)

7.4.2 Finite Difference Approximations

Now that the finite difference grid has been specified, finite difference approximations
(FDAs) of the exact derivatives in the ODE must be developed. This is accomplished using
the Taylor series approach developed in Section 5.4, where approximations of various
types (i.e., forward, backward, and centered) of various orders (i.e., first order, second
order, etc.) are developed for various derivatives (i.e., first derivative, second derivative,
etc.). Those results are presented in Table 5.1.

In the development of finite difference approximations of differential equations, a
distinction must be made between the exact solution of the differential equation and the
solution of the finite difference equation which is an approximation of the exact differential
equation. For the remainder of this chapter, the exact solution of the ODE is denoted by an
overbar on the symbol for the dependent variable [i.e., ~(t)], and the approximate solution
is denoted by the symbol for the dependent variable without an overbar [i.e., y(t)]. Thus,

I~3(t) = exact solution

y(t) = approximate solution

This very precise distinction between the exact solution of a differential equation and the
approximate solution of a differential equation is required for studies of consistency, order,
stability, and convergence, which are defined and discussed in Section 7.6.
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Exact derivatives, such as ~’, can be approximated at a grid point in terms of the
values of ~ at that grid point and adjacent grid points in several ways. Consider the
derivative ~’. Writing the Taylor series for ~n+1 using grid point n as the base point gives

l - tt 1 -ttt
~n+l--~n+~’lnAt+~Y ,At 2 + gy nat3+"" (7.37)

where the convention (At)m --~ Atm is employed for compactness. Equation (7.37) can 
expressed as the Taylor polynomial with remainder:

1 =,/, 1 m Rm+l
Pn÷l :~;n "~Ptln At+gy In At2 + "" ’ "-~..~( )in Arm + (7.38a)

where the remainder term R’n+l is given by

Rm+l _ 1 At,n+l
(m + 1)!~(m÷l)(z) (7.38b)

where t < z < t + At. The remainder term is simply the next term in the Taylor series
evaluated at t = z. If the infinite Taylor series is truncated after the mth derivative term to
obtain an approximation of~+1, the remainder term Rm+~ is the error associated with the
truncated Taylor series. In most cases, our main concern is the order of the error, which is
the rate at which the error goes to zero as At --~ 0.

Solving Eq. (7.37)fore’In yields

At ~Y In At- Ate (7.39)

If Eq. (7.39) is terminated after the first term on the right-hand side, it becomes

~t[n __~n+l -- f;n ~f;tt(’C) (7.40)
At

A finite difference approximation of 9’In, which will be denoted by Y’Jn, can be
obtained from Eq. (7.40) by tnmcating the remainder term. Thus,

Y’Jn :- Yn+~ - Yn 0(At) (7.41)
At

where the 0(At) term is shown to remind us of the order of the remainder term which was
truncated, which is the order of the approximation of~’ln. The remainder term which has
been truncated to obtain Eq. (7.41) is called the truncation error of the finite difference
approximation of~’[n. Equation (7.41) is a first-order forward-difference approximation 
~’ at grid point n.

A first-order backward-difference approximation of.~’ at grid point n + 1 can be
obtained by writing the Taylor series for .~n using grid point n + 1 as the base point and
solving for ~’ln+l. Thus,

- 1 -tt 2
~n = Yn+i + ~’n+~(-At) ~Yn+l(-At) +" (7.42)

~’ln+l -- ~n+~ --~n ~_ ½~"(z) (7.43)
At

Truncating the remainder term yields

IY’ln+~ - Yn+~ - Y~ 0(At) (7.44)
At
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A second-order centered-difference approximation of ~’ at grid point n + ½ can be
obtained by writing the Taylor series for 3,+1 and ~n using grid point n + ½ as the base
point, subtracting the two Taylor series, and solving for ~’1n+1/2" Thus,

~n+l ~n+l/2 +~’n+l/Z(At/2) + ½~’~’+I/z(At/2)2 ~ -,,,
3= + gyn+~/2(At/2) +". (7.45a)

~n = ~,+~/~ +Yn+~/2(--At/2) iYn+~/2(-At/2) -t - gYn+~/z~- / ) +’

(7.45b)

Subtracting Eq. (7.45b) from Eq. (7.45a) and solving for ~’1n+1/2 yields

.P’].+~/2 _~.+l -.Pn ~4.V"(z) 2 (7.46)
At

Truncating the remainder term yields

Y’I~+~/2 - Yn+~At-Y, 0(Ate) (7.47)

Note that Eqs. (7.41), (7.44), and (7.47) are identical algebraic expressions. They all 
the same numerical value. The differences in the three finite difference approximations are
in the values of the truncation errors, given by Eqs. (7.40), (7.43), and (7.46), respectively.

Equations (7.39) to (7.47) can be applied to steady space marching problems simply
by changing t to x in all the equations.

Occasionally a finite difference approximation of an exact derivative is presented
without its development. In such cases, the truncation error and order can be determined
by a consistency analysis using Taylor series. For example, consider the following finite
difference approximation (FDA):

FDA -- Yn+~ - Yn
At

(7.48)

The Taylor series for the approximate solution y(t) with base point n is

Yn+~ =Y, +Y’ln At +½Y"ln At2 +"" (7.49)

Substituting the Taylor series for Yn+l into the FDA, Eq. (7.48), gives

1 t

FDA = y" +y’l, At + gy In At2 + .... Y" = Y’I, + ½Y"I, At +... (7.50)At

As At--~ 0, FDA ~ Y’I,, which shows that FDA is an approximation of the exact
derivative ~ at grid point n. The order of FDA is 0(At). The exact form of the truncation
error relative to grid point n is determined. Choosing other base points for the Taylor series
yields the truncation errors relative to those base points.

A finite difference approximation (FDA) of an exact derivative is consistent with the
exact derivative if the FDA approaches the exact derivative as At --~ 0, as illustrated in Eq.
(7.50). Consistency is an important property of the finite difference approximation 
derivatives.

7.4.3 Finite Difference Equations

Finite difference solutions of differential equations are obtained by discretizing the
continuous solution domain and replacing the exact derivatives in the differential equation
by finite difference approximations, such as Eqs. (7.41), (7.44), or (7.47), to obtain a 
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difference approximation of the differential equation. Such approximations are called finite
difference equations (FDEs).

Consider the general nonlinear initial-value ODE:

3’ = f(t, ~) .~(0) = (7.51)

Choose a finite difference approximation (FDA), y’, for ~’. For example, from Eq. (7.41) 
(7.44):

t Yn+l -- Yn , Yn+l -- Yn
(7.52)Y" -- At

or Yn+l -- At

Substitute the FDA for ~i into the exact ODE, ~’ =f(t, ~), and solve for Yn+l:
yln __ Yn+l -- Yn

At f(t., y.) =f~ (7.53a)

y’.+~ Y"+I -- y.At -- f(t.+~, y.+~) =f~+l (7.53b)

Solving Eq. (7.53a) for y.+~ yields

Y.+~ =Yn + Atf(t.,y~) =Yn + Atfn (7.54a)

Solving Eq. (7.53b) for y.+~ yields

Y,+I = Y, + Aif(t,+~, Y,+l) = Yn + Atf,+l (7.54b)

Equation (7.54a) is an explicit finite difference equation, sincef, does not depend on

Yn+~, and Eq. (7.54a) can be solved explicitly for yn+I. Equation (7.54b) is an implicit finite
difference equation, sincef~+a depends on y,+l. If the ODE is linear, thenf,+~ is linear in
y,+~, and Eq. (7.54b) can be solved directly foryn+1. If the ODE is nonlinear, thenf~+~ is
nonlinear in Yn+l, and additional effort is required to solve Eq. (7.54b) for Yn+V

7.4.4 Smoothness

Smoothness refers to the continuity of a function and its derivatives. The finite difference
method of solving a differential equation employs Taylor series to develop finite difference
approximations (FDAs) of the exact derivatives in the differential equation. If a problem
has discontinuous derivatives of some order at some point in the solution domain, then
FDAs based on the Taylor series may misbehave at that point.

For example, consider the vertical flight of a rocket illustrated in Figure 7.1 and
Example 7.18. When the rocket engine is turned off, the thrust drops to zero instantly. This
causes a discontinuity in the acceleration of the rocket, which causes a discontinuity in the
second derivative of the altitude y(t). The solution is not smooth in the neighborhood of the
discontinuity in the second derivative ofy(t).

At a discontinuity, single-point methods such as presented in Section 7.7, or
extrapolation methods such as presented in Section 7.8, should be employed, since the
step size in the neighborhood of a discontinuity can be chosen so that the discontinuity
occurs at a grid point. Multipoint methods such as presented in Section 7.9 should not be
employed in the neighborhood of a discontinuity in the function or its derivatives.

Problems which do not have any discontinuities in the function or its derivatives are
called smoothly varying problems. Problems which have discontinuities in the function or
its derivatives are called nonsmoothly varying problems.
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7,4.5 Errors

Five types of errors can occur in the numerical solution of differential equations:

1. Errors in the initial data (assumed nonexistent)
2. Algebraic errors (assumed nonexistent)
3. Truncation errors
4. Roundoff errors
5. Inherited error

These errors, their interactions, and their effects on the numerical solution are discussed
in this section. This discussion is equally relevant to the numerical solution of ODEs,
which is the subject of Part II, and the numerical solution of PDEs, which is the subject
of Part III.

A differential equation has an infinite number of solutions, depending on the initial
conditions. Thus, a family of solutions exists, as illustrated in Figure 7.7 for the linear first-
order homogeneous ODEs given by Eqs. (7.12) and (7.13). Figure 7.7a illustrates a family
of converging solutions for a stable ODE, and Figure 7.7b illustrates a family of diverging
solutions for an unstable ODE. An error in the initial condition or an algebraic error simply
moves the solution to a different member of the solution family. Such errors are assumed to
be nonexistent.

Any error in the numerical solution essentially moves the numerical solution to a
different member of the solution family. Consider the converging family of solutions
illustrated in Figure 7.7a. Since the members of the solution family converge as t increases,
errors in the numerical solution of any type tend to diminish as t increases. By contrast, for
the diverging family of solutions illustrated in Figure 7.7b, errors in the numerical solution
of any type tend to grow as t increases.

Truncation error is the error incurred in a single step caused by truncating the Taylor
series approximations for the exact derivatives. Truncation error depends on the step
size--0(At~). Truncation error decreases as the step size At decreases. Truncation errors
propagate from step to step and accumulate as the number of steps increases.

y(t)

Y0

y(t)

Yo

(a) y’+~y=O.

Figure 7.7

y(t) = Yoe=~’’

l
(b) y’-c~y = 

Numerical solutions of the first-order linear homogeneous ODEs.
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Round-off error is the error caused by the finite word length employed in the
calculations. Round-off error is more significant when small differences between large
numbers are calculated. Consequently, round-off error increases as the step size At
decreases, both because the changes in the solution are smaller and more steps are
required. Most computers have either 32bit or 64bit word length, corresponding to
approximately 7 or 13 significant decimal digits, respectively. Some computers have
extended precision capability, which increases the number of bits to 128. Care must be
exercised to ensure that enough significant digits are maintained in numerical calculations
so that round-off is not significant. Round-off errors propagate from step to step and tend
to accumulate as the number of calculations (i.e., steps) increases.

Inherited error is the sum of all accumulated errors from all previous steps. The
presence of inherited error means that the initial condition for the next step is incorrect.
Essentially, each step places the numerical solution on a different member of the solution
family. Assuming that algebraic errors are nonexistent and that round-off errors are
negligible, inherited error is the sum of all previous truncation errors. On the first step, the
total error at the first solution point is the local truncation error. The initial point for the
second step is on a different member of the solution family. Another truncation error is
made on the second step. This truncation error is relative to the exact solution passing
through the first solution point. The total error at the second solution point is due both to
the truncation error at the first solution point, which is now called inherited error, and the
local truncation error of the second step. This dual error source, inherited error and local
truncation error, affects the solution at each step. For a converging solution family,
inherited error remains bounded as the solution progresses. For a diverging solution family,
inherited error tends to grow as the solution progresses. One practical consequence of
these effects is that smaller step sizes may be required when solving unstable ODEs which
govern diverging solution families than when solving stable ODEs which govern conver-
ging solution families.

7.5 THE FIRST-ORDER EULER METHODS

The explicit Euler method and the implicit Euler method are two first-order finite
difference methods for solving initial-value ODEs. Although these methods are too
inaccurate to be of much practical value, they are useful to illustrate many concepts
relevant to the finite difference solution of initial-value ODEs.

7.5.1 The Explicit Euler Method

Consider the general nonlinear first-order ODE:

[ f/=f(t,f~) f~(to)=~oI
(7.55)

Choose point n as the base point and develop a finite difference approximation of Eq.
(7.55) at that point. The finite difference grid is illustrated in Figure 7.8, where the cross
(i.e., x) denotes the base point for the finite difference approximation of Eq. (7.55). 
first-order forward-difference finite difference approximation of~’ is given by Eq. (7.40):

-- At ~"(%) 
(7.56)
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Figure 7.8

n+l t

Finite difference grid for the explicit Euler method.

Substituting Eq. (7.56) into Eq. (7.55) and evaluating f(t,~) at point n 

~n+l --,-~n ½~"(Tn) At =f(tn,~ ) =~ (7.57)
At

Solving Eq. (7.57) for ~+1 gives

~n+l : ~n -1- ACn + ½f/’(Zn) At2 : ~n + ACn + 0(At2) (7.58)

Truncating the remainder term, which is 0(At2), and solving for y,+~ yields the explicit
Euler finite difference equation (FDE):

[ y,+, = y~ + A~ O(At2) ] (7.59)

where the 0(At2) term is included as a reminder of the order of the local truncation error.
Several features of Eq. (7.59) are summarized below.

1. The FDE is explicit, sincef, does not depend on Yn+l"
2. The FDE requires only one known point. Hence, it is a single point method.
3. The FDE requires only one derivative function evaluation [i.e.,f (t, y)] per step.
4. The error in calculating y,+~ for a single step, the local truncation error, is

0(At2).
5. The global (i.e., total) error accumulated after N steps is 0(At). This result 

derived in the following paragraph.

Equation (7.59) is applied repetitively to march from the initial point o to the final
point, tu, as illustrated in Figure 7.9. The solution at point N is

N-1 N-I

YN = Yo + ~ (Y,+I - Y,) = Yo + Ay,+~   (7.60)
n=O n=O

The total truncation error is given by

N-1
Error = ~ ½y"(%) a = m½Y"(z) ,5 (7.61)

rim0

Y0

Error = YN -- Y(tN)

to t1 ¯ ̄  ̄ tN t

Figure 7.9 Repetitive application of the explicit Euler method.
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where to < z <_ tN. The number of steps N is related to the step size At as follows:

N = tN --to
At (7.62)

Substituting Eq. (7.62) into Eq. (7.61) yields

[Error= ½(tN--to)Y"(Z) At = 0(At)I (7.63)

Consequently, the global (i.e., total) error of the explicit Euler FDE is 0(At), which is 
same as the order of the finite difference approximation of the exact derivative ~’, which is
0(At), as shown in Eq. (7.56).

The result developed in the preceding paragraph applies to all finite difference
approximations of first-order ordinary differential equations. The order of the global error
is always equal to the order of the finite difference approximation of the exact derivative ~’.

The algorithm based on the repetitive application of the explicit Euler FDE to solve
initial-value ODEs is called the explicit Euler method.

Example 7.2. The explicit Euler method

Let’s solve the radiation problem presented in Section 7.1 using Eq. (7.59). The derivative
function isf(t, T) = -~(T4 - Ta4). The explicit Euler FDE is given by Eq. (7.59). Thus,

Tn+1 = Tn - At ~(T4~ - T4~) (7.64)

Let At = 2.0 s. For the first time step,

fo ----- -(4.0 × 10-12)(2500.04 -- 250.04) -156.234375 (7.65a)

T1 = 2500.0 + 2.0(-156.234375) = 2187.531250 (7.65b)

These results and the results of subsequent time steps for t from 4.0s to 10.0s are
summarized in Table 7.3. The results for At = 1.0 s are also presented in Table 7.3.

Table 7.3 Solution by the Explicit Euler Method

t. T. L
tn+l T.+I ~’.+1 Error

0.0 2500.000000 - 156.234375
2.0 2187.531250 -91.580490 2248.247314 -60.716064
4.0 2004.370270 -64.545606 2074.611898 - 70.241628
6.0 1875.279058 -49.452290 1944.618413 -69.339355
8.0 1776.374478 -39.813255 1842.094508 -65.720030

10.0 1696.747960 1758.263375 -61.515406

0.0 2500.000000 - 156.234375
1.0 2343.765625 - 120.686999 2360.829988 - 17.064363
2.0 2223.078626 -97.680938 2248.247314 -25.168688
3.0 2125.397688 -81.608926 2154.470796 -29.073108

9.0 1768.780668 -39.136553 1798.227867 -29.447199
10.0 1729.644115 1758.263375 -28.619260
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Several important features of the explicit Euler method are illustrated in Table 7.3.
First, the solutions for both step sizes are following the general trend of the exact solution
correctly. The solution for the smaller step size is more accurate than the solution for the
larger step size. In fact, the order of the method can be estimated by comparing the errors
at t = 10.0s. From Eq. (7.63),

E(At = 2.0) = ½ (t N - to)T’(z)(2.O) (7.66a)

E(At = 1.0) = ½ (t N - t0)T"(z)(1.0) (7.66b)

Assuming that the values of T"(z) in Eqs. (7.66a) and (7.66b) are approximately equal, 
ratio of the theoretical errors is

Ratio- E(At = 2.0) _--=2"0 2.0 (7.67)
E(At = 1.0) 1.0

From Table 7.3, at t = 10.0 s, the ratio of the numerical errors is

Ratio- E(At = 2.0) -61.515406 _ 2.15 (7.68)
E(At = 1.0) -28.619260

Equation (7.68) shows that the method is first order. The value of 2.15 is not exactly equal
to the theoretical value of 2.0 due to the finite step size. The theoretical value of 2.0 is
achieved only in the limit as At --+ 0. Order is discussed in more detail in Section 7.6.

Another feature illustrated in Table 7.3 is that the errors are relatively large. This is
due to the large first-order, 0(At), truncation error. The errors are all negative, indicating
that the numerical solution leads the exact solution. This occurs because the derivative
functionf(t, T) decreases as t increases, as illustrated in Table 7.3. The derivative function
in the FDE is evaluated at point n, the beginning of the interval of integration, where it has
its largest value for the interval. Consequently, the numerical solution leads the exact
solution.

The final feature of the explicit Euler method which is illustrated in Table 7.3 is that
the numerical solution approaches the exact solution as the step size decreases. This
property of a finite difference method is called convergence. Convergence is necessary for
a finite difference method to be of any use in solving a differential equation. Convergence
is discussed in more detail in Section 7.6.

When the base point for the finite difference approximation of an ODE is point n, the
unknown value Yn+l appears in the finite difference approximation ofF’, but not in the
derivative functionf(t, ~). Such FDEs are called explicit FDEs. The explicit Euler method
is the simplest example of an explicit FDE.

When the base point for the finite difference approximation of an ODE is point
n + 1, the unknown valueyn+1 appears in the finite difference approximation of~’ and also
in the derivative functionf(t,~). Such FDEs are called implicit FDEs. An example of an
implicit FDE is presented in the next section.

7.5.2 The Implicit Euler Method

Consider the general nonlinear first-order ODE:

I )5’ = f(t’ )5) )5(t°) = 95° (7.69)



356 Chapter 7

Figure 7.10

n+l t

Finite difference grid for the implicit Euler method.

Choose point n + 1 as the base point and develop a finite difference approximation of Eq.

,(7.69) at that point. The finite difference grid is illustrated in Figure 7.10. The first-order
backward-difference finite difference approximation ofF’ is given by Eq. (7.43):

Y In÷l ~n÷l ~.~n + ~Y [’~n÷l) At (7.70)At

Substituting Eq. (7.70) into Eq. (7.69) and evaluatingf(t,~) at point n + 1 

~n+l -- ~n 1 -.~ ~ -+ ~y tr,+~/At =f(tn+~,)~n÷l) -~’fn+l (7.71)
At

Solving Eq. (7.71) for ~n+~ gives

~,+1 = .~n + Atf,+l - ½~"(z,+~) 2 = ~n+ Atf ,+~ + 0(Aa) (7.72)

Truncating the 0(At2) remainder term yields the implicit Euler FDE:

I Y,+~ = Yn + A0r,+I 0(Ate) (7.73)

Several features of Eq. (7.73) are summarized below.

1. The FDE is implicit, sincefn+~ depends ony,+~. Iff(t,y) is linear iny, thenf,+~
is linear in Yn+l, and Eq. (7.73) is a linear FDE which can be solved directly for

Y,+1. If f(t,y) is nonlinear in y, then Eq. (7.73) is a nonlinear FDE, and
additional effort is required to solve for Y,+i.

2. The FDE is a single-point FDE.
3. The FDE requires only one derivative function evaluation per step if f (t, y) 

linear in y. Iff(t, y) is nonlinear in y, Eq. (7.73) is nonlinear in y,+l, and several
evaluations of the derivative function may be required to solve the nonlinear
FDE.
The single-step truncation error is 0(At2), and the global error is 0(At).

The algorithm based on the repetitive application of the implicit Euler FDE to solve
initial-value ODEs is called the implicit Euler method.

Example 7.3. The implicit Euler method

Let’s solve the radiation problem presented in Section 7.1 using Eq. (7.73). The derivative
function isf(t, T) = -~(T4 - Ta4). The implicit Euler FDE is given by Eq. (7.73). Thus,

Tn+1 = Tn - At~(T~4+I - Ta4) (7.74)

Equation (7.74) is a nonlinear FDE. Procedures for solving nonlinear implicit FDEs are
presented in Section 7.11. Let At = 2.0 s. For the first time step,

T~ = 2500.0 - 2.0(4.0 × 10-~2)(T~4 - 250.04) (7.75)

Equation (7.75) is a fourth-order polynomial. It is solved by Newton’s method in Example
7.16. The result is T~ = 2373.145960. This result and the results of subsequent time steps
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for t from 4.0s to 10.0s are presented in Table 7.4. The results for At = 1.0s are also
presented in Table 7.4.

The results presented in Table 7.4 behave generally the same as the results presented
in Table 7.3 and discussed in Example 7.2. An error analysis at t = 10.0 s gives

Ratio - E(At = 2.0) _ 48.455617 _ 1.90 (7.76)
E(At = 1.0) 25.468684

which shows that the method is first order. The errors are all positive, indicating that the
numerical solution lags the exact solution. This result is in direct contrast to the error
behavior of the explicit. Euler method, where a leading error was observed. In the present
case, the derivative function in the FDE is evaluated at point n + 1, the end of the interval
of integration, where it has its smallest value. Consequently, the numerical solution lags
the exact solution.

7.5.3 Comparison of the Explicit and Implicit Euler Methods

The explicit Euler method and the implicit Euler method are both first-order [i.e., 0(At)]
methods. As illustrated in Examples 7.2 and 7.3, the errors in these two methods are
comparable (although of opposite sign) for the same step size. For nonlinear ODEs, the
explicit Euler method is straightforward, but the implicit Euler method yields a nonlinear
FDE, which is more difficult to solve. So what is the advantage, if any, of the implicit Euler
method?

The implicit Euler method is unconditionally stable, whereas the explicit Euler
method is conditionally stable. This difference can be illustrated by solving the linear first-
order homogeneous ODE

~’ +.~ = 0 .~(0) = (7.77)

for which2(t, ~) = -.~, by both methods. The exact solution of Eq. (7.77) 

~(t) = e-’ (7.78)

Table 7.4. Solution by the Implicit Euler Method

t, Tn
tn+a Tn+1 Tn+1 Error

0.0 2500.000000
2.0 2282.785819 2248.247314 34.538505
4.0 2120.934807 2074.611898 46.322909
6.0 1994.394933 1944.618413 49.776520
8.0 1891.929506 1842.094508 49.834998

10.0 1806.718992 1758.263375 48.455617

0.0 2500.000000
1.0 2373.145960 2360.829988 12.315972
2.0 2267.431887 2248.247314 19.184573

9.0 1824.209295 1798.227867 25.981428
10.0 1783.732059 1758.263375 25.468684
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Solving Eq. (7.77) by the explicit Euler method yields the following FDE:

Yn+l = Yn q- Atfn = Yn q- At(-Yn) (7.79)

lYn+l = (1 -- At)yn (7.80)

Solutions of Eq. (7.80) for several values of At are presented in Figure 7.11. The numerical
solutions behave in a physically correct manner (i.e., decrease monotonically) for At _< 1.0
as t --~ ~x~, and approach the exact asymptotic solution, ~(~) = 0. For At = 1.0, the
numerical solution reaches the exact asymptotic solution, ~(c~) = 0, in one step.

For 1.0 < At < 2.0, the numerical solution overshoots and oscillates about the exact
asymptotic solution, ~(~) = 0, in a damped manner and approaches the exact asymptotic
solution as t--~ ~x~. For At = 2.0, the numerical solution oscillates about the exact
asymptotic solution in a stable manner but never approaches the exact asymptotic solution.
Thus, solutions are stable for At < 2.0.

For At > 2.0, the numerical solution oscillates about the exact asymptotic solution in
an unstable manner that grows exponentially without bound. This is numerical instability.
Consequently, the explicit Euler method is conditionally stable for this ODE, that is, it is
stable only for At < 2.0.

The oscillatory behavior for 1.0 < At < 2.0 is called overshoot and must be
avoided. Overshoot is not instability. However, it does not model physical reality, thus it
is unacceptable. The step size At generally must be 50 percent or less of the stable step size
to avoid overshoot.

Solving Eq. (7.77) by the implicit Euler method gives the following FDE:

Y,+I = Yn + Atfn+l = Yn + At(-yn+~) (7.81)

Since Eq. (7.81) is linear in Y,+I, it can be solved directly for Y,+I to yield

Y" I
(7.82)Yn+l -- 1 + At

-2

Figure 7.11 Behavior of the explicit Euler method.
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>" 1

[~At = 0.5

/-&t = 1.0
~ /-At = 2.0
~ /-~t = 3.0
Z",~"’,,,,~"-,,.,~ /-~t = 4.0

Time t

Figure 7.12 Behavior of the implicit Euler method.

Solutions of Eq. (7.82) for several values of At are presented in Figure 7.12. The numerical
solutions behave in a physically correct manner (i.e., decrease monotonically) for all
values of At. This is unconditional stability, which is the main advantage of implicit
methods. The error increases as At increases, but this is an accuracy problem, not a
stability problem.

Stability is discussed in more detail in Section 7.6.

7.5.4 Summary

The two first-order Euler methods presented in this section are rather simple single-point
methods (i.e., the solution at point n ÷ 1 is based only on values at point n). More accurate
(i.e., higher-order) methods can be developed by sampling the derivative function, f(t, y),
at several locations between point n and point n ÷ 1. One such method, the Runge-Kutta
method, is developed in Section 7.7. More accurate results also can be obtained by
extrapolating the results obtained by low-order single-point methods. One such method,
the extrapolated modified midpoint method, is developed in Section 7.8. More accurate
(i.e., higher-order) methods also can be developed by using more known points. Such
methods are called multipoint methods. One such method, the Adams-Bashforth-Moulton
method is developed in Section 7.9.

Before proceeding to the more accurate methods, however, several theoretical
concepts need to be discussed in more detail. These concepts are consistency, order,
stability, and convergence.

7.6 CONSISTENCY, ORDER, STABILITY, AND CONVERGENCE

There are several important concepts which must be considered when developing finite
difference approximations of initial-value differential equations. They are (a) consistency,
(b) order, (c) stability, and (d) convergence. These concepts are defined and discussed 
this section.

A FDE is consistent with an ODE if the difference between them (i.e., the truncation
error) vanishes as At -~ 0. In other words, the FDE approaches the ODE.

The order of a FDE is the rate at which the global error decreases as the grid size
approaches zero.
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A FDE is stable if it produces a bounded solution for a stable ODE and is unstable if
it produces an unbounded solution for a stable ODE.

A finite difference method is convergent if the numerical solution of the FDE (i.e.,
the numerical values) approaches the exact solution of the ODE as At ~ 0.

7.6.1 Consistency and Order

All finite difference equations (FDEs) must he analyzed for consistency with the
differential equation which they approximate. Consistency analysis involves changing
the FDE back into a differential equation and determining if that differential equation
approaches the exact differential equation of interest as At --~ 0. This is accomplished by
expressing all terms in the FDE by a Taylor series having the same base point as the FDE.
This Taylor series is an infinite series. Thus, an infinite-order differential equation is
obtained. This infinite-order differential equation is called the modified differential
equation (MDE). The MDE is the actual differential equation which is solved by the FDE.

Letting At --~ 0 in the modified differential equation (MDE) yields a finite-order
differential equation. If this finite order differential equation is identical to the exact
differential equation whose solution is desired, then the FDE is a consistent approximation
of that exact differential equation.

The order ofa FDE is the order of the lowest-order terms in the modified differential
equation (/VIDE).

Example 7.4. Consistency and order analysis of the explicit Euler FDE

As an example, consider the linear first-order ODE:

~’ + c~5 = F(t) (7.83)

The explicit Euler FDE is:

Yn+l = Yn + A~ (7.84)

Substituting Eq. (7.83) into Eq. (7.84) gives

Yn+l = Yn -- °~hyn + hFn (7.85)

where h = At. Let grid point n be the base point, and write the Taylor series for yn+l, the
approximate solution. Thus,

I 3 tttYn+~=Yn+hY’ln+½h2y"ln+~hY In+"" (7.86)

Substituting Eq. (7.86) into Eq. (7.85) gives

Yn + hy’in 1 2. t/, 1 3 ttt+ 2h y ~ + gh y [~ + .... Yn - ~hYn + hFn (7.87)

Cancelling zero-order terms (i.e., the y, terms), dividing through by h, and rearranging
terms yields the modified differential equation (MDE):

I
lh " lh2"" [ (7.88)Y’lnd-~Yn =Fn-gnY ,,-~ Y In ....

Equation (7.88) is the actual differential equation which is solved by the explicit Euler
method.
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Let h = At --~ 0 in Eq. (7.88) to obtain the ODE with which Eq. (7.85) is consistent.
Thus, Eq. (7.88) becomes

Y’I,, ÷ ~Yn = Fn - ½ (O)y"ln -~(0)2y"ln ... (7.89)

l y’in÷O~yn=FnJ (7.90)

Equation (7.90) is identical to the linear first-order ODE, ~’ + ~ F(t). Consequently,
Eq. (7.85) is consistent with that equation.

The order of the FDE is the order of the lowest-order term in Eq. (7.88). From Eq.
(7.88),

Ytln ÷ ~Yn = Fn + O(h) +... (7.91)

Thus, Eq. (7.85) is an 0(At) approximation of the exact ODE, y’ + ey F(t).

7,6.2 Stability

The phenomenon of numerical instability was illustrated in Section 7.5 for the explicit
Euler method. All finite difference equations must be analyzed for stability. A FDE is
stable if it produces a bounded solution for a stable ODE and is unstable if it produces an
unbounded solution for a stable ODE. When the ODE is unstable, the numerical solution
must also be unstable. Stability is not relevant in that case.

Consider the exact ODE, ~’ =f(t,~), and a finite difference approximation to it,
y’ =f(t, y). The exact solution of the FDE can be expressed as

[Y~+I = GY~ 1 (7.92)

where G, which in general is a complex number, is called the amplification factor of the
FDE.

The global solution of the FDE at T = N At is

YN = GNyo (7.93)

For YN to remain bounded as N --+ ~x~,

[ IGI < 1 ] (7.94)

Stability analysis thus reduces to:

1. Determining the amplification factor G of the FDE
2. Determining the conditions to ensure that IGI < 1

Stability analyses can be performed only for linear differential equations. Nonlinear
differential equations must be linearized locally, and the FDE that approximates the
linearized differential equation is analyzed for stability. Experience has shown that
applying the resulting stability criteria to the FDE which approximates the nonlinear
differential equation yields stable numerical solutions. Recall the linearization of a
nonlinear ODE, Eq. (7.21), presented in Section 7.2:

[ ;~’ + ~ = F(t) where c~ = -~yl0I (7.95)
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Example 7.5. Linearization of a nonlinear ODE
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Consider the nonlinear first-order ODE governing the example radiation problem:

~" =f(t, 9) = _a(~.4 _ T~4) ~’(0.0) (7.96)

Express f(t, ~’) in a Taylor series with base point to:

f(t, ~’) =~ q-~10(t - to) +j~TI0(~" - ~’0) (7.97)

~ = 0 and ]’~- = -4~"3 (7.98)

f(t, ]’) =~ + (0)(t - to) + (-4~"03)(~" - ]’0) +"" (7.99)

f(t, ]’) = -(4a]’03)~" + (~0 + 4a~’03 ~’0) +"" (7.100)

Substituting Eq. (7.100) into Eq. (7.96) and trtmcating the higher-order terms yields 
linearized ODE:

~I" =f(t, ~’) = -(4~’03)~" + (f0 + 4~03 ~’0) (7.101)

Comparing this ODE with the model linear ODE, ~’ + fi~ - 0 (where fi is used instead of
a to avoid confusion with e in Eq. (7.96)), gives

~ = -]’rl0 = 4a]’g = 4(4.0 x 10-12)2500.03 = 0.2500 (7.102)

Note that a changes as TO changes. Thus, the stable step size changes as the solution
progresses.

For a linear differential equation, the total solution is the sum of the complementary
solution yc(t), which is the solution of the homogeneous differential equation, and the
particular solution yp(t) which satisfies the nonhomogeneous term F(t). The particular
solution yp(t) can grow or decay, depending on F(t). Stability is not relevant to the
numerical approximation of the particular solution. The complementary solution yc(t) can
grow or decay depending on the sign of ~. Stability is relevant only when a > 0.

Thus, the model differential equation for stability analysis is the linear first-order
homogeneous differential equation:

l ~’+~=01 (7.103)

Stability analysis is accomplished as follows:

1. Construct the FDE for the model ODE, ~’ + 7~ = 0.
2. Determine the amplification factor, G, of the FDE.
3. Determine the conditions to ensure that ]GI < 1.

In general, At must be 50 percent or less of the stable At to avoid overshoot and 10
percent or less of the stable At to obtain an accurate solution.

Stability analyses can be performed only for linear differential equations. Nonlinear
differential equations must be linearized locally, and a stability analysis performed on the
finite difference approximation of the linearized differential equation. Experience has
shown that applying the stability criteria applicable to a linearized ODE to the correspond-
ing nonlinear ODE yields stable numerical solutions.

Experience has also shown that, for most ODEs of practical interest, the step size
required to obtain the desired accuracy is considerably smaller than the step size required
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for stability. Consequently, instability is generally not a problem for ordinary differential
equations, except for stiff ODEs, which are discussed in Section 7.14. Instability is a
serious problem in the solution of partial differential equations.

Example 7.6. Stability analysis of the Euler methods

Consider the explicit Euler method:

Y~+I = Y~ + At f~

Applying the explicit Euler method to the model
f(t, ~) = -e~, gives

Yn+l = Yn + At(-~y~) = (1 r- At)y~ = Gy

[ G:(1-c~At) 

For stability, IGI _< 1. Thus,

ODE, ~+~ = 0,

(7.104)

for which

(7.105)

(7.106)

-1 < (1 - ~ At) <_ (7.107)

The right-hand inequality is always satisfied for ~ At > 0. The left-hand inequality is
satisfied only if

I At 2 I (7.108)
which requires that At < 2/c~. Consequently, the explicit Euler method is conditionally
stable.

Consider the implicit Euler method:

Y~+I = Y~ + Atf~+l (7.109)

Applying the implicit Euler method to the model ODE, ,~’ + ~ = 0, gives

Yn+l : Yn + At(-~Yn+~) (7.110)
1

Y"+~ -- 1 + ~ Aiy" = Gy, (7.111)

1
(7.112)G--I+eAt

For stability, IGI _< 1, which is true for all values of~ At. Consequently, the implicit Euler
method is unconditionally stable.

7.6.3 Convergence

Convergence of a finite difference method is ensured by demonstrating that the finite
difference equation is consistent and stable. For example, for the explicit Euler method,
Example 7.4 demonstrates consistency and Example 7.6 demonstrates conditional stability.
Consequently, the explicit Euler method is convergent.
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7.6.4 Summary

In summary, the concepts of consistency, order,
considered when solving a differential equation
and order can be determined from the modified

stability, and convergence must always be
by finite difference methods. Consistency
differential equation (MDE), as illustrated

in Example 7.4. Stability can be determined by a stability analysis, as presented in
Example 7.6. Convergence can be ensured by demonstrating consistency and stability.

In general, it is not necessary to actually develop the modified differential equation
to ensure consistency and to determine order for a finite difference approximation of a
first-order ODE. Simply by approximating the first derivative and the nonhomogeneous
term at the same base point, the finite difference equation will always be consistent. The
global order of the finite difference equation is always the same as the order of the finite
difference approximation of the exact first derivative. Even so, it is important to understand
the concept of consistency and to l~aow that it is satisfied.

7.7 SINGLE-POINT METHODS

The explicit Euler method and the implicit Euler method are both single-point methods.
Single-point methods are methods that use data at a single point, point n, to advance the
solution to point n + 1. Single-point methods are sometimes called single-step methods or
single-value methods. Both Euler methods are first-order single-point methods. Higher-
order single-point methods can be obtained by using higher-order approximations of~’.

Four second-order single-point methods are presented in the first subsection: (a) the
midpoint method, (b) the modified midpoint method, (c) the trapezoid method, and (d) 
modified trapezoid method (which is generally called the modified Euler method). The
first, third, and fourth of these second-order methods are not very popular, since it is quite
straightforward to develop fourth-order single-point methods. The second-order modified
midpoint method, however, is very important, since it is the basis of the higher-order
extrapolation method presented in Section 7.8.

Runge-Kutta methods are introduced in the second subsection. The fourth-order
Runge-Kutta method is an extremely popular method for solving initial-value ODEs.
Methods of error estimation and error control for single-point methods are also presented.

7.7.1 Second-Order Single-Point Methods

Consider the general nonlinear first-order ODE:

~’ =f(t,.~) ~(t°) = 1 (7.113)

Choose point n + 1/z as the base point. The finite difference grid is illustrated in Figure
7.13. Express ~,+l and ~, in Taylor series with base point n + 1/2:

, [At\
(_~_~2,_,,, [At\3~,+1 =~,+,/2+~1,+1/2~-) +½~",+,/2\=! +gy I,+,/2/ff ) +... (7.114)

(7.~5)
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n n+l t

Figure 7.13 Finite difference grid for the midpoint method.

Subtracting Eq. (7.115) from Eq. (7.114) and solving for ~’]n+l/2 gives

~tln+i/2 ~;n+l--~n 2_14y,,(v) At2 (7.116)
At

where tn < z < in+1. Substituting Eq. (7.116) into Eq. (7.113) gives

~n+l - fin t- 0(At2) =f(t.+l/2, ~.+1/2) =~.+1/2 (7.117)
At

Solving for ~3n+1 gives

~n+l = ~n + At.~n+l/2 + 0(A/3) (7.118)

Truncating the remainder term yields the implicit midpoint FDE:

[yn+l=yn+Atfn+l/2 0(At3) (7.119)

where the 0(At3) term is a reminder of the local order of the FDE. The implicit midpoint
FDE itself is of very little use sincef,+l/2 depends on Yn+~/2, which is unknown.

However, ifyn+~/2 is first predicted by the first-order explicit Euler FDE, Eq. (7.59),
andfn+t/2 is then evaluated using that value ofy,+l/2, the modified midpoint FDEs are
obtained:

At
Y~+I/2 = Yn + Tfn

C ~P
Yn+l = Yn + AtJn+l/2

(7.120)

(7.121)

where the superscript P in Eq. (7.120) denotes that Y~n+l/2 is a predictor value, the

superscript P in Eq. (7.121) denotes that fnP+l/2 is evaluated using Yff~+l/2, and the
superscript C in Eq. (7.121) denotes that ynC+l is the corrected second-order result.

Consistency analysis and stability analysis of two-step predictor-corrector methods
are performed by applying each step of the predictor-corrector method to the model ODE,

3’ +~ = 0, for which f(t,~)=-c~, and combining the resulting FDEs to obtain 
single-step FDE. The single-step FDE is analyzed for consistency, order, and stability.
From Eq. (7.58) for At/2,

~ At’~_= + 2 + = 1 - -T-)y. + 0(At (7.122)

Substituting Eq. (7.122) into Eq. (7.118) gives

f;~+~ =.~ -a At 1 -~-jy~ +0(At 2) +0(At3) (7.123)

~.+1 = 1 -- a At + -~/Y. -4- 0(At~) (7.124)
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Truncating the 0(At3) remainder term yields the single-step FDE corresponding to the
modified midpoint FDE:

(~ ~t)~7y,+~= 1-c~At+ (7.125)

Substituting the Taylor series for Yn+l into Eq. (7.125) and letting At ~ 0 gives
y~, = --~y,, which shows that Eq. (7.125) is consistent with the exact ODE, ~’ + @ = 
Equation (7.124) shows that the local truncation error is 0(At3).

The amplification factor G for the modified midpoint F_DE is determined by applying
the FDE to solve the model ODE, ~’ + ~ = 0, for whichf(t,~) = -~. The single-step
FDE corresponding to Eqs. (7.120) and (7.121) is given by Eq. (7.125). From Eq. (7.125),
the amplification factor, G =y,+i/y, is

G = 1 - ~ At+ (~ At)2
2

(7.126)

Substituting values of (~ At) into Eq. (7.126) yields the following results:

~ At G c~ At G

0.0 1.000 1.5 0.625
0.5 0.625 2.0 1.000
1.0 0.500 2.1 1.105

These results show that IGI < 1 if ~ At < 2.
The general features of the modified midpoint FDEs are presented below.

1. The FDEs are an explicit predictor-corrector set of FDEs which requires two
d̄erivative function evaluations per step.

2. The FDEs are consistent, 0(At3) locally and 0(At~) globally.
3. The FDEs are conditionally stable (i.e., ~ At < 2).
4. The FDEs are consistent and conditionally stable, and thus, convergent.

The algorithm based on the repetitive application of the modified midpoint FDEs is
called the modified midpoint method.

Example 7.7. The modified midpoint method

To illustrate the modified midpoint method, let’s solve the radiation problem presented in
Section 7.1 using Eqs. (7.120) and (7.121). The derivative function f(t , T)=
-~(T4 - T~4). Equations (7.120) and (7.121) 

fn = f(tn, Tn) = -°~(T4n 250"04) (7.127)
At

T~e+l/2 = Tn q- ~fn (7.128)

f~+i/2 =f(t,+~/~, Tne+~/2) = -7[(Tff+~/2)4 - 250.04] (7.129)

T,c+~ = T, + At f~I/2 (7.130)
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Let At = 2.0 s. For the first time step, the predictor FDE gives

f0 = -(4.0 x 10-12)(2500.04 -250.04) = -156.234375
T~/2 = 2500.0 + (2.0/2)(- 156.234375) = 2343.765625

The corrector FDE yields

f1~2 = -(4.0 x 10-12)(2343.7656254 - 250.04) = -120.686999

T~c = 2500.0 + 2.0(-120.686999) = 2258.626001

(7.131)
(7.132)

(7.133)

(7.134)

These results, the results for subsequent time steps for t = 4.0 s to 10.0 s, and the solution
for At = 1.0 s are presented in Table 7.5.

The errors presented in Table 7.5 for the second-order modified midpoint method for
At = 1.0 s are approximately 15 times smaller than the errors presented in Table 7.3 for the
first-order explicit Euler method. This illustrates the advantage of the second-order
method. To achieve a factor of 15 decrease in the error for a first-order method requires
a reduction of 15 in the step size, which increases the number of derivative function
evaluations by a factor of 15. The same reduction in error was achieved with the second-
order method at the expense of twice as many derivative function evaluations. An error
analysis at t = 10.0s gives

Ratio-- E(At -~ 2.0) _ 8.855320 4.64 (7.135)
E(At = 1.0) 1.908094

Table 7.5 Solution by the Modified Midpoint Method

t~ rn L
Tn+ll2 fn+l/2

tn+l rn+ l Tn+ l Error

0.0 2500.000000 - 156.234375
2343.765625 - 120.686999

2.0 2258.626001 - 104.081152 2248.247314 10.378687
2154.544849 -86.179389

4.0 2086.267223 -75.761780 2074.611898 11.655325
2010.505442 -65.339704

6.0 1955.587815 -58.486182 1944.618413 10.969402
1897.101633 -51.795424

8.0 1851.996968 -47.041033 1842.094508 9.902460
1804.955935 -42.439137

10.0 1767.118695 1758.263375 8.855320

0.0 2500.000000 - 156.234375
2421.882812 - 137.601504

1.0 2362.398496 - 124.571344 2360.829988 1.568508
2300.112824 - 111.942740

2.0 2250.455756 - 102.583087 2248.247314 2.208442

9.0 1800.242702 -41.997427 1798.227867 2.014835
1779.243988 -40.071233

10.0 1760.171468 1758.263375 1.908094
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which demonstrates that the method is second order, since the theoretical error ratio for an
0(Aft) method is 4.0.

An alternate approach for solving the implicit midpoint FDE, Eq. (7.119), 
obtained as follows. Recall Eq. (7.118):

~n+~ = ~:~ + Ate+z~2 = 0(At3) (7.136)

Write Taylor series for)Tn+z and)Tn with base point n + 1/2:

-, /At\
j2~+~ =)7~+,/2 +f [,+~/z ~-) + 0(Aft) (7.137)

~ =~n+l/2"~t’n+,/2(--~ t) "~-O(A~2) (7.138)

Adding Eqs. (7.137) and (7.138) and solving forCn+~/2 gives

j2,+t/2 = ½ (j2n +~,+~) + 0(Aft) (7.139)

Substituting Eq. (7.139) into Eq. (7.136) yields

At -
~n+l ---~n -~- T[fn -]-¢n+l -~- 0(A/2)] q- 0(At3) (7.140)

Truncating the third-order remainder terms yields the implicit trapezoid FDE:

At
Yn+l ~" Yn "~-~(fn "~fn+l) 0(At3) (7.141)

Equation (7.141) can be solved directly for yn+1 for linear ODEs. For nonlinear ODEs, Eq.
(7.141) must be solved iteratively for Yn+~.

However, ify,+~ is first predicted by the first-order explicit Euler FDE, Eq. (7.59),
andf~+~ is then evaluated using that value ofy,+~, then the modified trapezoid FDEs are
obtained:

y~+z = y. + Atfn

At
+f~+~)

c +T(L 
Yn+l = Yn

(7.142)

(7.143)

The superscript P in Eq. (7.142) denotes that y~n+~ is a predictor value, the superscript P 
Eq. (7.143) denotes thatfff+~ is evaluated using Y~+I and the superscript C in Eq. (7.143)
denotes that y~C+~ is the corrected second-order result.

Equations (7.142) and (7.143) are usually called modified Euler FDEs. In some
instances, they have been called the Heun FDEs. We shall call them the modified Euler
FDEs.

The corrector step of the modified Euler FDEs can be iterated, if desired, which may
increase the absolute accuracy, but the method is still 0(Aft). Iteration is generally not 
worthwhile as using a smaller step size.

Performing a consistency analysis of Eqs. (7.142) and Eq. (7.143) shows that 
are consistent with the general nonlinear first-order ODE and that the global error is
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0(At2). The amplification factor G for the modified Euler FDEs is determined by applying
the algorithm to solve the model ODE 3’ + c~ = 0, for whiehj~(t, 3) = -~. Thus,

Y~n+l = Yn + Atfn = Yn + At(-~Yn) = (1 - ~ At)yn (7.144)

c At At
Yn+l ----Y, +-~- (fn +L-t-l) =Y, + ~- [(-c~y,) - c~(1 - ~ At)y,] (7.145)

G=--=Y"C+l 1 - ~ At + -- (~ At)2 (7.146)
y, 2

This expression for G is identical to the amplification factor of the modified midpoint
FDEs, Eq. (7.126), for which [G[ < 1 for c~ At < 2. Consequently, the same result applies
to the modified Euler FDEs.

The general features of the modified Euler FDEs are presented below.

3.
4.

The
called the

The FDEs are an explicit predictor-corrector set of FDEs which requires two
derivative function evaluations per step.
The FDEs are consistent, 0(At3) locally, and 0(At2) globally.
The FDEs are conditionally stable (i.e., e At < 2).
The FDEs are consistent and conditionally stable, and thus, convergent.

algorithm based on the repetitive application of the modified Euler FDEs is
modified Euler method.

Example 7.8. The modified Euler method

To illustrate the modified Euler method, let’s solve the radiation problem presented in
Section 7.1 using Eqs. (7.142) and (7.143). The derivative function f(t , T)=
-~(T4 - T~4). Equations (7.142) and (7.143) 

fn = f(tn, Tn) = -~(T4n 250.04) (7.147)

TP~+~ = Tn -t- At f~ (7.148)

fnP+l =f(tn+1, TnP+~) = -c~[(T,~e+~)4 - 250.04] (7.149)
At

T~c+, = T, +-~(f, + ff+~) (7.150)

Let At = 2.0 s. For the first time step, the predictor FDE gives

f0 = -(4.0 × 10-~2)(2500.04 - 250.04) = -156.234375 (7.151)

TIP = 2500.0 + 2.0(-156.234375) = 2187.531250 (7.152)

The corrector FDE yields

f~P ---- -(4.0 × 10-~2)(2187.5312504 -250.04) = -91.580490 (7.153)

T~c = 2500.0 + ½(2.0)(-156.234375 - 91.580490) = 2252.185135 (7.154)

These results, the results for subsequent time steps for t = 4.0 s to 10.0 s, and the solution
for At = 1.0 s are presented in Table 7.6.

The errors presented in Table 7.6 for the second-order modified Euler method for
At = 1.0 s are approximately 32 times smaller than the errors presented in Table 7.3 for the
first-order explicit Euler method. This illustrates the advantage of the second-order
method. To achieve a factor of 32 decrease in the error for a first-order method requires
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Table 7.6 Solution by the Modified Euler Method

tn Tn fn

t,+t T,C+l ~’,+1 Error

0.0 2500.000000 - 156.234375
2187.531250 -91.580490

2.0 2252.185135 - 102.898821 2248.247314 3.937821
2046.387492 -70.131759

4.0 2079.154554 -74.733668 2074.611898 4.542656
1929.687219 - 55.447926

6.0 1948.972960 -57.698650 1944.618413 4.354547
1833.575660 -45.196543

8.0 1846.077767 -46.442316 1842.094508 3.983259
1753.193135 -37.774562

10.0 1761.860889 1758.263375 3.597515

0.0 2500.000000 - 156.234375
2343.765625 - 120.686999

1.0 2361.539313 - 124.390198 2360.829988 0.709324
2237.149114 -100.177915

2.0 2249.255256 - 102.364338 2248.247314 1.007942

9.0 1799.174556 -41.897804 1798.227867 0.946689
1757.276752 -38.127884

10.0 1759.161712 1758.263375 0.898337

Chapter 7

a reduction of 32 in the step size, which increases the number of derivative function
evaluations by a factor of 32. The same reduction in error was achieved with the second-
order method at the expense of twice as many derivative function evaluations. An error
analysis at t = 10.0 s gives

Ratio-- E(At = 2.0) _ 3.597515 = 4.00 (7.155)
E(At = 1.0) 0.898337

which demonstrates that the method is second order, since the theoretical error ratio for an
0(At2) method is 4.0.

The modified midpoint method and the modified Euler method are two of the
simplest single-point methods. A more accurate class of single-point methods, called
Runge-Kutta methods, is developed in the following subsection.

7.7.2 Runge-Kutta Methods

Runge-Kutta methods are a family of single-point methods which evaluate Ay =
(Yn+l -Yn) as the weighted sum of several Ayi (i = 1, 2 .... ), where each Ayi is evaluated
as At multiplied by the derivative function f(t, y), evaluated at some point in the range
tn < t < tn+1, and the C/(i = 1,2 .... ) are the weighting factors. Thus,

Yn+! : Y~ + AYn = Yn + (Y~+! --Y~) (7.156)
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where Ay is given by

[ A y=C1 i~yl÷C2i~y2÷C3 Ay3-t -... [ (7.157)

The second-order Runge-Kutta method is obtained by assuming that
Ay _- (Yn+l - Yn) is a weighted sum of two Ay’s:

[ Yn+l = Yn + C1 AYl + Ce Ay2 ] (7.158)

where Ay~ is given by the explicit Euler FDE:

Ay~ = At f(t., y.) = Atf. (7.159)

and Ay2 is based onf(t,y) evaluated somewhere in the interval tn < t < tn+l:

Aye = At fit. + (~ At), y. + (fl Ayl)] (7.160)

where c~ and/7 are to be determined. Let At = h. Substituting Ay1 and Ay2 into Eq. (7.158)
gives

Y.+l =Y. + Ci(hfn) + Cehf[tn + (~h),y. + Ayi) (7.161)

Expressing f(t,.~) in a Taylor series at grid point n gives

f(t,~) =a~. +a2tlnh +~yln Ay +... (7.162)

Evaluating f(t, fi) at t = t. + (eh) (i.e., At = eh) and y = Yn + (/7 Ayn) (i.e., Ay 
gives

f(t. + (eh),y. + (/7 Ay.)) =f. + (eh)fl. + (/Thf.)fyln 2) (7.163)

Substituting this result into Eq. (7,161) and collecting terms yields

Y~+l = Yn + (C1 + C2)hf. + h2(c~C2 ftl~ +/7C2 f~ fyln) + 0(h3) (7.164)

The four free parameters, Ci, Ce, ~, and/7, can be determined by requiring Eq.
(7.164) to match the Taylor series for ~(t) through second-order terms. That series 

~n+l = ~n + ~’[nh + ½~"lnhe +’’" (7.165)

~’ln =J2(t.,~.) =J~. (7,166)

= @’)’In =a2tln = ~ n=~ln +~l.P’ln +’" (7.167)

Substituting Eqs. (7.166) and (7.167) into Eq. (7.165), where ~’ln --a~n, 

~.+l =fin ÷ h~"n +½hZ(ftln ÷a~. J~yln) + 0(h3) (7.168)

Equating Eqs. (7.164) and (7.168) term by term gives

IC1 C2 eC1 = ~ /7C2 = ½ (7.169)+
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There are an infinite number of possibilities. Letting C~ = ½ gives C2 = ½, ~ = 1, and
fl = 1, which yields the modified Euler FDEs. Thus,

Ayl = hf(tn, Yn) = h-fn

AY2 = hf(tn+l ,Yn+l) "~ hfn+l

Yn+l =Yn +½Ay, +½Ay2 =y, +~(f~ +L+,)

(7.170)

(7.171)

(7.172)

Letting C1 = 0 gives C2 = 1, ~ = ½, and/3 = ½, which yields the modified midpoint FDEs.
Thus,

ay~ = hf(t.,yn) 

Ay2 =hf t, +5,yn + =hf~+~/2

Y~+I = Yn + (0) Ay~ (1) AyE = y~+ hfn+~/E

(7.173)

(7.174)

(7.175)

Other methods resuk for other choices for C~ and C2.
In the general literature, Runge-Kutta formulas frequently denote the Ayi’s by k’s

(i = 1,2 .... ). Thus, the second-order Runge-Kutta FDEs which are identical to the
modified Euler FDEs, Eqs. (7.170) to (7.172), are given 

Yn+l = Yn +½(kl +k2)

kl = hf(tn, Yn) = hfn

k2 = hf(t n + At, yn + k~) = hfn+m

(7.176)

(7.178)

(7.178)

7.7.3 The Fourth-Order Runge-Kutta Method

Runge-Kutta methods of higher order have been devised. One of the most popular is the
following fourth-order method:

Yn+l = Yn + ~ (Ayl + 2 Ay2 + 2 Ay3 +/~Y4) (7.179)

ay~ = hf(tn, y.)

Ay3 =hf(tn +~,Yn +-~)

aye = hf(t. + ~ y.

Ay4 = hf(t n + h,yn + Ay3)

(7.180a)

(7.180b)

To perform a consistency and order analysis and a stability analysis of the fourth-
order Runge-Kutta method, Eqs. (7.179) and (7.180) must be applied to the model 
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~’ + @ = 0, for whichf(t,~) = -@, and the results must be combined into a single-step
FDE. Thus,

Ay~ = hf(tn, y~) = h(-~y~) = -(eh)y~ (7.181)

At Ayl\Ay2 = hf t, + ~, y~ + ~) = h(-~n + ~[-(~h)y,]}) (7.182a)

.z = -(~h)yn(1- (7.182b)

~f~tn ~t + ~+~,y.+~)=h(-~{y n ~[-(eh,y.(1-~)]})(7.183a,

Ay3 = -(eh N 1 - ~ +~] (7.183b)

ay4 = hf(t. + ~t, y. + ay3)

(~h)~ (~h)~-
Ay4 = -(eh)yn l l - (eh (7.184b)

2 4

Substituting Eqs. (7.181), (7.182b), (7.183b), ~d (7.184b) into Eq. (7.179) 
single-step FDE co~esponding to Eqs. (7.179) and (7.180):

Example 7.9. Consistency and order analysis of the Runge-Kutta method

A consistency and order analysis of Eq. (7.185) is performed by substituting the Taylor
series for y,+1 with base point n into Eq. (7.185). Thus

Yn + Y’lnh ÷ ½Y"lnh2 + ~Ytttlnh3 ÷ 2"~y(iV)]n h4 ÷ l@6y(V)lnh5 ÷’’"

= y. - (eh)yn + ½ (~xh)2y,, - -~ (eh)3yn + ~ (<xh)4y,, (7.186)

For the model ODE, fi’ + @ = 0, Y’I. = -c~y., y"[. = ~y., y"[. = -~%, y(iV)l. = ~4yn,

and y(V)l. = -eSy.. Substituting these results ~to ~e le~-h~d side of Eq. (7,186) gives

Yn + Y’lnh + ~ (~h)Zyn -~ (~h)3yn + ~ (~h)~n + ~ (~h)Syn 

= Yn -- (~h)Yn + ~ (~h)2yn - ~ (~h)3yn + ~ (~h)4yn (7.187)

Canceling like te~s yields

y’[.h + ~y(V)(eh)5 + ..... (eh)y. (7.188)

Dividing t~ough by h yields the modified differential equation (MDE):

Y’n + ~Y~ = - ~Y(~)~5h4 +"" (7.189)

Le~ing h ~ 0 in Eq. (7.189) gives y~ + ~y~ = 0, which is consistent wi~ the model
equation, ~’ + @ = 0. From Eq. (7.189), Eq. (7.185) is 0(h4).
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Example 7.9 demonstrates that the fourth-order Runge-Kutta method is consistent
and 0(h4). A stability analysis is presented in Example 7.10.

Example 7.10. Stability analysis of the Runge-Kutta method

The single-step FDE corresponding to Eq. (7.179) is given by Eq. (7.185). Solving 
equation for the amplification factor, G --- Yn+l lYn, yields

G = 1 -- (’~h) -b ½ (~h)2 - -~ (~h)3 q- ~ (eh)4 (7.190)

Recall that e is positive, so that (eh) is positive. Substituting values of (eh) into Eq. (7.190)
gives the following results:

(~h) G (Th) G

0.0 1.000000 2.5 0.648438
0.5 0.606771 2.6 0.754733
1.0 0.375000 2.7 0.878838
1.596... 0.270395 2.785... 1.000000
2.0 0.333333 2.8 1.022400

These results show that IGI _5_< 1 if (eh) < 2.785 ....

In summary, the fourth-order Runge-Kutta FDEs have the following characteristics:

1. The FDEs are explicit and require four derivative function evaluations per step.
2. The FDEs are consistent, 0(At5) locally and 0(At4) globally.
3. The FDEs are conditionally stable (i.e., eat _< 2.785...).
4. The FDEs are consistent and conditionally stable, and thus, convergent.

Algorithms based on the repetitive application of Runge-Kutta FDEs are called
Rm~ge-Kutta methods.

Example 7.11. The fourth-order Runge-Kutta method

To illustrate the fourth-order Runge-Kutta method, let’s solve the radiation problem
presented in Section 7.1 using Eqs. (7.179) and (7.180). The derivative function 
f(t, T) = -e(T 4 - Ta4). Equations (7.179) and (7.180) yield

Tn+, = Tn + ~(AT1 + 2 AT2 + 2 AT3 + ZXT4) (7.191)

AT, = At f(t,, T,) = At n AT2 = At f(tn + ~-, Tn + ~) (7.192)

AT3 = Atf tn q- , Tn q--~- ) AT4 -~ At f(tn -I- At, Tn + AT3) (7.193)
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Let At = 2.0 s. For the first time step,

AT1 --- (2.0)(-4.0 × 10-12)(2500.04 - 250.04) = -312.46875000

AT2 = (2.0)(-4.0 × 10-12)I(2500.0

= -241.37399871

AT3 = (2.0)(-4.0 × 10-12) I(2500.0

-= -256.35592518

312"46~75000.) 4_250.041

241"37~99871)4_250.04]

AT4= (2.0)(-4.0 × 10-~2)[(2500.0 - 256.35592518)4 - 250.04]

= -202.69306346

= 2500.0 +I[-312.46875000 + 2(-241.37399871)

+ 2(-256.35592518) - 202.69306346]

=2248.22972313

(7.194)

(7.195)

(7.196)

(7.197)

(7.198)

These results, the results for subsequent time steps for t = 4.0 s to 10.0 s, and the solution
for At = 1.0 s are presented in Table 7.7.

Table 7.7 Solution by the Fourth-Order Runge-Kutta Method

t, Tn AT1 AT2
aT3 AT4

EITOr

0.0 2500.000000000 - 312.468750000 -241.373998706
-256.355925175 -202.693063461

2.0 2248.229723129 -204.335495214 - 169.656671860 -0.017590925
- 175.210831240 - 147.710427814

4.0 2074.596234925 - 148.160603003 - 128.100880073 -0.015662958
- 130.689901700 - 114.201682488

6.0 1944.605593419 - 114.366138259 - 101.492235905 -0.012819719
- 102.884298188 -92.010660768

8.0 1842.083948884 -92.083178136 -83.213391686 -0.010558967
- 84.038652301 -76.389312398

10.0 1758.254519132 -0.008855569

0.0 2500.000000000 - 156.234375000 - 137.601503560
- 139.731281344 - 124.122675002

1.0 2360.829563365 - 124.240707542 - 111.669705704 -0.000425090
- 112.896277161 - 102.123860057

2.0 2248.246807810 -0.000506244

9.0 1798.227583359 -41.809631378 -39.898370905 -0,000283433
- 39.984283934 -38.211873099

10.0 1758.263114333 -0.000260369
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The error at t = 10.0s for At = 1.0s is approximately 110,000 times smaller than
the error presented in Table 7.3 for the explicit Euler method and 3,500 times smaller than
the error presented in Table 7.6 for the modified Euler method. Results such as these
clearly demonstrate the advantage of higher-order methods. An error analysis at t = 10.0 s
gives

Ratio-
E(At = 2.0) -0.008855569

E(At = 1.0) - -0.000260369
-- 34.01

which shows that the method is fourth order, since the theoretical error ratio for 0(At4)

method is 16.0. The value Ratio = 34.01 instead of 16.0 is obtained since the higher-order
terms in the truncation error are still significant.

7.7.4 Error Estimation and Error Control for Single-Point Methods

Consider a FDE of 0(Ate). For a single step:

~(tn+l) = y(tn+~, At) + A Atm+~ (7.199)

where .~(tn+l) denotes the exact solution at tn+~, Y(tn+~, At) denotes the approximate
solution at tn+1 with increment At, and A Atm+~ is the local truncation error. How can the
magnitude of the local truncation error A A~+t be estimated? Repeat the calculation using
step size At/2. Thus,

.~(t’n+l)=y tn+l,- ~ +2 A (7.200)

This process is illustrated in Figure 7.14. Subtract Eq. (7.200) from Eq. (7.199) and solve
for A At~+~, which is the local trucation error.

Error = A Atm+~ = [yn+l (tn+l,-~-) -Yn+l(tn+l, At)] (2m2m~_ (7.201)

If [Errorl < (lower error limit), hacrease (double) the step size. If IErrorl > (upper
error limit), decrease (halve) the step size. Care must be taken in the specification 
the values of (lower error limit) and (upper error limit). This method of error estimation
requires 200 percent more work. Consequently, it should be used only occasionally.
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Yll

¯ ~/(tn+~)

/....~ y (tn+~. At/2)

__ ~y(tn+~, At)

tn tn+l/2 tn+l

Figure 7.14 Step size halving for error estimation.

7.7.5 Runge-Kutta Methods with Error Estimation

Runge-Kutta methods with more function evaluations have been devised in which the
additional results are used for error estimation. The Runge-Kutta-Fehlberg method
[Fehlberg (1966)] uses six derivative function evaluations:

28561/..
~5 k6) 0(h6) (7.202)Y,+I =Y, + (~J~ki +~k3 +~-~-d"4-~k5 +

25 ~ 14081~ ± 2197/~
Yn+l= Yn "~ (2-~6 kl ~- 2-~n,3 T 4-]"6Tr~4 -- ~ks) 0(h5) (7.203)

kI = Atf(t.,y.) (7.204a)

l h,- ÷ ¼kl) (7.204b)k2 = Atf(tn + ~ Yn

k3 = Atf(t n + ~h,y n + ~2kl + 3~k2) (7.204c)

k4 Atf(t. -- 12- -- 1932 ~ 7200/,. 7296 r. ~ (7.204d)-= -I- -~ n, y n ~ ~ K1 ~ 2197 ~2 + ~3)

4~9 ~. _ 8~: + ~ & - ~ ~4)k5 = Atf(t. + h,y. + 845 u ~ (7.204e)

k6 Atf(t. +~h,y. 8 1859V 11=
_~kl+2k 2 3544r.

-- ~3 + ~4 -- ~k5) (7.204f)

The error is estimated as follows. Equations (7.202) and (7.203) can be expressed 
follows:

~n+l --~" Yn+l + 0(h6) (7.205)

~n+l = ~n+l -~- 0(hS) + 0(h6) ---- ~n÷l -~- Error + 0(h6) (7.206)

Substituting Y.+I and ~n+l, Eqs. (7.202) and (7.203), into Eqs. (7.205) and (7.206) 
subtracting yields

Error-3-ff6 kl- 1 -4-~128 k3 -- ~.421971. + ~k5 + ~k6 + 0(h6)

(7.207)

The error estimate, Error, is used for step size control. Use Y.+I, which is 0(h6) locally, as
the final value ofy.+1.

The general features of the Runge-Kutta-Fehlberg method are presented below.

1. The FDEs are explicit and require six derivative function evaluations per step.
2. The FDEs are consistent, 0(At6) locally and 0(At5) globally.
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3. The FDEs are conditionally stable.
4. The FDEs are consistent and conditionally stable, and thus, convergent.
5. An estimate of the local error is obtained for step size control.

7.7.6 Summary

Several single-point methods have been presented. Single-point methods work well for
both smoothly varying problems and nonsmoothly varying problems. The first-order Euler
methods are useful for illustrating the basic features of finite difference methods for
solving initial-value ODEs, but they are too inaccurate to be of any practical value. The
second-order single-point methods are useful for illustrating techniques for achieving
higher-order accuracy, but they also are too inaccurate to be of much practical value.
Runge-Kutta methods can be developed for any order desired. The fourth-order Runge-
Kutta method presented in this section is the method of choice when a single-point method
is desired.

7.8 EXTRAPOLATION METHODS

The concept of extrapolation is applied in Section 5.6 to increase the accuracy of second-
order finite difference approximations of derivatives, and in Section 6.4 to increase the
accuracy of the second-order trapezoid rule for integrals (i.e., Ro_mberg integration).
Extrapolation can be applied to any approximation of an exact processf(t) if the functional
form of the truncation error dependence on the increment in the numerical processf(t, h)
is known. Thus,

f(ti) = f(t i, h) + O(hn) + 0(hn+r) +... (7.208)

wherejT(ti) denotes the exact value off(t) at t t i, f(t i , h) denotes the approximate value
off(t) at t --- t i computed with increment h, n is the order of the leading truncation error
term, and r is the increase in order of successive truncation error terms. In most numerical
processes, r = 1, and the order of the error increases by one for successive error terms. In
the two processes mentioned above, r = 2, and the order of the error increases by 2 for
each successive error term. Thus, successive extrapolations increase the order of the result
by 2 for each extrapolation. This effect accounts for the high accuracy obtainable by the
two processes mentioned above. A similar procedure can be developed for solving initial-
value ODEs. Extrapolation is applied to the modified midpoint method in this section to
obtain the extrapolated modified midpoint method.

7,8.1 The Extrapolated Modified Midpoint Method

Gragg (1965) has shown that the functional form of the truncation error for the modified
midpoint method is

~(tn+l) y( tn+l, At) ÷ 0(2) + 0(At4) ÷ 0(At6) +--. (7.209)

Thus, r = 2. Consequently, extrapolation yields a rapidly decreasing error. The objective
of the procedure is to march the solution from grid point n to grid point n + 1 with time
step At. The step from n to n ÷ 1 is taken for several substeps using the modified midpoint
method. The substeps are taken for h = At~M, for M = 2, 4, 8, 16, etc. The results for
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n n+l t

Figure 7.15 Grids for the extrapolated modified midpoint method.

y(tn+~, At~M) for the various substeps are then extrapolated to give a highly accurate result
for Yn+l. This process is illustrated in Figure 7.15.

The version of the modified midpoint method to be used with extrapolation is
presented below:

z0 = y, (7.210a)

z~ = z0 + W(t., z0) (7.210b)

Zi ~--- Zi_ 2 -t- 2hf[tn + (i - 1)h, zi_~] (i = 2 ..... M) (7.210c)

Yn+l : ½ [ZM-1 -t- ZM -~- hf (t n q- At, ZM)]
(7.211)

A table of values for y(tn+~, At~M) is constructed for the selected number of values of M,
and these results are successively extrapolated to higher and higher orders using the
general extrapolation formula, Eq. (5.117).

MAV - LAV 2nMAV - LAV
IV = MAV 4 2~ - 1 = 2n - 1 (7.212)

where IV denotes the extrapolated (i.e., improved) value, MAV denotes the more accurate
(i.e., smaller h result) value of the two results being extrapolated, and LAV denotes the less
accurate (i.e., larger h result) value of the two values being extrapolated.

The algorithm based on the repetitive application of the extrapolated modified
midpoint FDEs is called the extrapolated modified midpoint method.

Example 7.12. The extrapolated modified midpoint method

Let’s solve the radiation problem presented in Section 7.1 by the extrapolated modified
midpoint method. Recall Eq. (7.1):

T’ = -cffT 4 - 250.04) =f(t, T) T(0.0) = 2500.0 (7.213)

Apply the modified midpoint method with At = 2.0 s to solve this problem. For each time
step, let M = 2, 4, 8, and 16. Thus, four values of Tn+~ will be calculated at each time step
At. These four values will be successively extrapolated from the 0(At2) results obtained for
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the modified midpoint method itself to 0(At4), 0(Atr), and 0(AtS). For the first time step 
M = 2, h = At~2 = 1.0 s. The following results are obtained

z0 = To = 2500.0

zl = z0 + hJ~
zI = 2500.0 + 1.0(-4.0 x 10-12)(2500.04 - 250.04) --- 2343.765625

Z2 ~- Z0 -~- 2hf~

z2 = 2500.0 ÷ 2(1.0)(-4.0 x 10-12)(2343.7656254 - 250.04)

= 2258.626001 (7.214e)

T2 = ½(zI + z2 + hJ~) (7.215)

(7.214a)

(7.214b)

(7.214c)

(7.214d)

T2 = ½ [2343.765625 ÷ 2258.626001

+ 1.0(-4.0 x 10-1~)(2258.6260014 - 250.04)]

= 2249.15523693 (7.216)

Repeating these steps for M = 4, 8, and 16 yields the second-order results for T2 presented
in the second column of Table 7.8.

Extrapolating the four 0(h2) results yields the three 0(h4) results presented in column
3. Extrapolating the three 0(h4) results yields the two 0(h6) results presented in column 4.
Extrapolating the two 0(h6) results yields the final 0(h8) result presented in column 5. The
0(h8) value of T~ = 2248.24731430 K is accepted as the final result for T2.

Repeating the procedure at t -- 4.0, 6.0, 8.0, and 10.0 s yields the results presented in
Table 7.9.

Let’s compare these results with the results obtained by the fourth-order Runge-Kutta
method in Example 7.11. The extrapolated modified midpoint method required 31
derivative function evaluations per overall time step, for a total of 151 derivative function
evaluations with At----2.0s to march from t = 0s to t = 10.0s. The final error at
t = 10.0s is 0.00000010K. The fourth-order Runge-Kutta method with At = 2.0s
required four derivative function evaluations per overall time step, for a total of 20
derivative function evaluations to march from t = 0s to t = 10.0s. The final error at
t = 10.0 s for the Runge-Kutta solution is -0.00885557 K. To reduce this error to the size
of the error of the extrapolated modified midpoint method would require a step size
reduction of approximately (0.00885557/0.00000010)~/4 = 17, which would require 
total of 5 x 17 --= 85 time steps. Since each time step requires four derivative function
evaluations, a total of 340 derivative function evaluations would be required by the Runge-

Table 7.8 First Step Solution for the Extrapolated Modified Midpoint Method

4 MAV - LAV 16 MAV - LAV
M T2, 0(h2) 3 15

64 MAV - LAV
63

2 2249.15523693 2248.26188883 2248.24740700
4 2248.48522585 2248.24831212 2248.24731574
8 2248.30754055 2248.24737802

16 2248.26241865

2248.24731430
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Table 7.9 Solution by the Extrapolated Modified Midpoint Method

381

T(At/2) 0(At4) 0(At6)

T(At/4) 0(At4) 0(At6)

T(At/8) 0(At4)

T(At/16)
t,+ ~ Tn+1 ~’n+ l Error

0(zXt8)

0.0 2500.00000000
2249.15523693 2248.26188883 2248.24740700 2248.24731430
2248.48522585 2248.24831212 2248.24731574
2248.30754055 2248.24737802
2248.26241865

2.0 2248.24731430 2248.24731405 0.00000024
2075.00025328 2074.61500750 2074,61190855 2074.61189807
2074.71131895 2074.61210224 2074.61189824
2074.63690642 2074.61191099
2074.61815984

4.0 2074.61189807 2074.61189788 0.00000019

8.0 1842.09450797 1842.09450785 0.00000012
1758.33199904 1758.26353381 1758.26337496 1758.26337480
1758.28065012 1758.26338489 1758.26337480
1758.26770120 1758.26337543
1758.26445688

10.0 1758.26337480 1758.26337470 0.00000010

Kutta method to achieve the accuracy achieved by the extrapolated modified midpoint
method with 151 derivative functions evaluations. This comparison is not intended to show
that the extrapolated modified midpoint method is more efficient than the fourth-order
Runge-Kutta method. Comparable accuracy and efficiency can be obtained with the two
methods.

7.8.2 The Bulirsch-Stoer Method

Stoer and Bulirsch (1980) proposed a variation of the extrapolated modified midpoint
method presented above in which the substeps are taken for h = At~M, for M = 2, 4, 6, 8,
12, 16,..., and the extrapolation is performed using rational functions instead of the
extrapolation formula used above. These modifications somewhat increase the efficiency
of the extrapolated modified midpoint method presented above.

7.8.3 Summary

The extrapolated modified midpoint method is an excellent method for achieving high-
order results with a rather simple second-order algorithm. This methods works well for
both smoothly varying problems and nonsmoothly varying problems.

7.9 MULTIPOINT METHODS

The methods considered so far in this chapter are all single-point methods; that is, only one
known point, point n, is required to advance the solution to point n ÷ 1. Higher-order
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I

Pk(t)

¯ ¯ ¯ n-3 n-2 n-1 n n+l t
q=4 q=3 q=2 q=l

Figure 7.16 Finite difference grid for general explicit multipoint methods.

explicit and implicit methods can be derived by using more points to advance the solution
(i.e., points n, n - 1, n - 2, etc.). Such methods are called multipoint methods. Multipoint
methods are sometimes called multistep methods or multivalue methods.

There are several ways to derive multipoint methods, all of which are equivalent. We
shall derive them by fitting Newton backward-difference polynomials to the selected points
and integrating from some back point, n 4- 1 - q, to point n 4- 1. Consider the general
nonlinear first-order ODE:

~’ = -~ = f(t, ~) ~(to) 
dt

which can be written in the form

(7.217)

dy =f(t,~) dt =f[t, fi(t)] dt = F(t) (7.218)

Consider the uniform finite difference grid illustrated in Figure 7.16. General explicit
FDEs are obtained as follows:

[~n+ t

[tn+ t
I : d~ : [Pk(t)]n (7.219)

where the subscript q identifies the back point, the subscript k denotes the degree of the
Newton backward-difference polynomial, and the subscript n denotes that the base point
for the Newton backward-difference polynomial is point n. A two-parameter family of
explicit multipoint FDEs results corresponding to selected combinations of q and k.

Consider the uniform finite difference grid illustrated in Figure 7.17. General
implicit FDEs are obtained as follows:

I = [~"+t d~= ft,+, dt
’~n+l--q Jt,,+l-q[Pk(t)ln+l (7.220)

I
Pk(t) ~

¯ ̄  ̄ n-3 n-2 n-1 n n+l
q=4 q=3 q=2 q=l

Figure 7.17 Finite difference grid for general implicit multipoint methods.
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A two-parameter family of implicit multipoint FDEs results corresponding to selected
combinations of q and k, where the subscript n ÷ 1 denotes that the base point for the
Newton backward-difference polynomial is point n ÷ 1.

Predictor-corrector methods, such as the modified Euler method presented in Section
7.7, can be constructed using an explicit multipoint method for the predictor and an
implicit multipoint method for the corrector.

When the lower limit of integration is point n (i.e., q = 1), the resulting FDEs are
called Adams FDEs. Explicit Adams FDEs are called Adams-Bashforth FDEs (Bashforth
and Adams, 1883), and implicit Adams FDEs are called Adams-Moulton FDEs. When
used in a predictor-corrector combination, the set of equations is called an Adams-
Bashforth-Moulton FDE set. The fourth-order Adams-Bashforth-Moulton FDEs are
developed in the following subsection.

7.9.1 The Fourth-Order Adams-Bashforth-Moulton Method

The fourth-order Adams-Bash forth FDE is developed by letting q = 1 and k = 3 in the
general explicit multipoint formula, Eq. (7.219). Consider the uniform finite difference
grid illustrated in Figure 7.18. Thus,

if,+~I = d~ = [P3(t)], dt
~n J t~

(7.221)

Recall the third-degree Newton backward-difference polynomial with base point n, Eq.
(4.101):

(7.222)

The polynomial P3(s) is expressed in terms of the variable s, not the variable t. Two
approaches can be taken to evaluate this integral: (a) substitute the expression for s 
terms of t into the polynomial and integrate with respect to t, or (b) express the integral 
terms of the variable s and integrate with respect to s. We shall take the second approach.

Recall the definition of the variable s, Eq. (4.102):

t - tns-- h + t = t n + sh --+ dt = h ds (7.223)

The limits of integration in Eq. (7.221), in terms of s, are

tn --~ s = 0 and t,+ l --~ s = 1 (7.224)

P3(t) 

n-3 n-2 n-1 n n+l t

Figure 7.18 Finite difference grid for the fourth-order Adams-Bashforth method.
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Thus, Eq. (7.221) becomes

~n+l --.~n -~- h P3(s) ds + h Error(s) ds (7.225)

Substituting Eq. (7.222) into Eq. (7.225), where the second integral in Eq. (7.225) 
error term, gives.

~n+l- fin=hIi(fCn+sV~ +zV____~__ 2~s2+s + s3+3s2+2Sv3~.n) ds6

Iis-q- 6s3 + 1 ls2
+ h 24 + 6s h4y~(4)(z) ds (7.226)

Integrating Eq. (7.226) and evaluating the result at the limits of integration yields

251 h57(4) r,r~ (7.227)

The backward differences in Eq. (7.227) can be expressed in terms of function values from
the following backward-difference table:

(fn-2

tn-2 )n-2

(Z--I --?n--2)

In-1

(97. -).-3

(?n+l

tn+ l " ~n+l

(2n-1 -- 22n-2 "~-Z--3)

(Z - 2)._, +Z-9
().+~ - 2). +).-0

(g - 3)~_, + 3)~_~ --)n-~)

().+, - 3). + 3)~_~

Substituting the expressions for the appropriate backward differences into Eq. (7.227)
gives

-I- 83- (.)~n 3Z_1 + 3Z_2 --?n-3)] ~- 251 hSF,(5)r,,.~ (7.228)

Collecting terms and truncating the remainder term yields the fou~h-order Adams-
Bashfo~th FDE:

h
Yn+l = Yn q- ~ (55fn -- 59fn-1 -]- 37fn-2 -- 9fn-3) (7.229)

The general features of the fourth-order Adams-Bashforth FDE are summarized
below.

1. The FDE is explicit and requires one derivative function evaluation per step.
2. The FDE is consistent, 0(At5) locally and 0(At4) globally.
3. The FDE is conditionally stable (c~ At ~< 0.3).
4. The FDE is consistent and conditionally stable, and thus, convergent.
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I
P3(t) ~

n-3 n-2 n-1 n n+l t

Figure 7.19 Finite difference grid for the fourth-order Adams-Moulton method.

The fourth-order Adams-Moulton FDE is developed by letting q = 1 and k = 3 in
the general implicit multipoint equation, Eq. (7.220). Consider the uniform finite
difference grid illustrated in Figure 7.19. Thus,

I = df = [P3(t)]n+l dt (7.230)
Jtn

Recall the third-degree Newton backward-difference polynomial with base point n + 1,
Eq. (4.101), with n --~ n + 

P3(S) =J~n+l-+-s Vj~+I q (s J~ 1)s V2~’n+l + (s + 2)(s 1)S V3j2 n+l

(S -J- 3)(S -~- 2)(6’ l)Sh4~’(4)(17)
(7.231)

24

As done for the Adams-Bashforth FDE, the integral will be expressed in terms of s. The
limits of integration in Eq. (7.230), in terms of s, are

tn -~ s = -1 and t,+1 --> s = 0 (7.232)

Thus,

fn+l --fin = h P3(s) ds + h Error(s) ds (7.233)
-1 -1

Substituting P3(s) into Eq. (7.233), integrating, substituting for the appropriate backward
differences, collecting terms, and simplifying, gives

~n+l = ~n "q- 2~ (9J7,+1 + 19j~n - 5J~n-I JI-J~n-2) -- 7~0 h5~(5)(z) (7.234)

Truncating the remainder term yields the fourth-order Adams-Moulton FDE:

h
Yn+I =Y, + ~-~ (9fn+l + 19fn - 5f~_1 +f,-2) (7.235)

The general features of the fourth-order Adams-Moulton FDE are summarized
below.

1. The FDE is implicit and requires one derivative function evaluation per step.
2. The FDE is consistent, 0(At5) locally and 0(At4) globally.
3. The FDE is conditionally stable (~ At <~ 3.0).
4. The FDE is consistent and conditionally stable, and thus, convergent.
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The Adams-Moulton FDE is implicit. It can be used as a corrector FDE with the
Adams-Bashforth FDE as a predictor FDE. Thus, from Eqs. (7.229) and (7.235):

Yffnq-1 =Yn -~- ~4 (55fn -- 59fn-1 "q- 37fn-2 -- 9fn--3)

;4Y,;+l =Yn +--(9L~+l + 19f~ - 5L-1 +L-Z)

(7.236a)

(7.236b)

Stability analysis of multipoint methods is a little more complicated than stability
analysis of single-point methods. To illustrate the procedure, let’s perform a stability
analysis of the fourth-order Adams-Bashforth FDE, Eq. (7.229):

h
Yn+~ = Yn nt" ~-~ (55fn - 59fn-1 + 37fn-2 - 9fn-3) (7.237)

Example 7.13. Stability analysis of the fourth-order Adams-Bashforth FDE

The amplification factor G is determined by applying the FDE to solve the model ODE,
~’+ ~j5 = 0, for whichf(t,~)= -~)5. Thus, Eq. (7.237)yields

h
Yn+I : .Vn "if- "~ [55(--~Yn) -- 59(-~Yn-1) 37(--~Yn-2) -- 9(- -~Yn-3)] (7.238)

For a multipoint method applied to a linear ODE with constant At, the amplification factor
G is the same for all time steps. Thus,

G = Yn+t _ Yn __ Yn-~ Yn-2 (7.239)
Yn Yn- 1 Yn- 2 Yn- 3

Solving Eq. (7.239) for y,_~, Yn-2, and Y,-3 gives

Yn Y, Y~
Yn-I =- -~ Yn-2 = -~ Yn-3 = ~-S (7.240)

Substituting these values into Eq. (7.238) gives

(~h)
(55yn- 59-~ + 37 y" - 9Y~ (7.241)Yn+l = Yn -- -~

-~ G3]
Solving for G =Y,+I/Y, gives

(c~h) 59 37 9)
G=I-~ 55---~+G2 ~3 (7.242)

Multiplying Eq. (7.242) by 3 and rearranging yields

(55(7h) ~ 59(~h) G2 . 37(~h).~ 
G4 -t- ~ -~ 1,] G324 + ~ tr 24 - 0 (7.243)

For each value of (~h), there are four values of G, Gi (i = 1 ..... 4). For stability, all four
values of Gi must satisfy }Gil < 1. Solving Eq. (7.243) for the four roots by Newton’s
method gives the following results:

(c~h) GI G2 G3 and G4 [G3I and [G41

0.00 1.000 0.000 0.000 + I0.000 0.000
0.10 0.905 - 0.523 0.195 -I-I0.203 0.281
0.20 0.819 - 0.773 0.248 + I0.239 0.344
0.30 0.742 - 1.000 0.285 4- 10.265 0.389
0.31 0.735 - 1.022 0.289 4- 10.268 0.394
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These results show that IGI _< 1 for (a At) < 0.3.
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The general features of the Adams-Bashforth-Moulton predictor-corrector FDEs are
summarized below.

1. The FDEs are explicit and require two derivative function evaluations per step.
2. The FDEs are consistent, 0(At5) locally and 0(At4) globally.
3. The FDEs are conditionally stable (c~ At <~ 3.0).
4. The FDEs are consistent and conditionally stable, and thus, convergent.
5. Four equally spaced starting points are needed. Use the fourth-order Runge-

Kutta method.

The algorithm based on the repetitive application of the Adams-Bashforth-Moulton
FDEs is called the Adams-Bashforth-Moulton method.

Example 7.14. The Fourth-Order Adams-Bashforth-Moulton method

To illustrate the Adams-Bashforth-Moulton method, let’s solve the radiation problem
presented in Section 7.1, for which the derivative function is f(t, T)=-~(T4- Ta4).

Recall Eq. (7.236):

fn = f(tn, Tn) = --e(T4~ 250-04) (7.244a)
At

Tff+1 = Tn + ~-~ (55£ - 59fn_1 ÷ 37fn_2 -- 9fn_3) (7.244b)

fnP+l = f(tn+l, T~+I) = -c~[(Tff+l)4 - 250.04] (7.245a)

iec At ~
n+l : Tn -]- ~-~(9fn~+l + 19fn -- 5fn_1 +fn-2) (7.245b)

Let At = 1.0 s. In general, starting values would be obtained by the fourth-order Runge-
Kutta method. However, since the exact solution is known, let’s use the exact solution at
t = 1.0, 2.0, and 3.0 s for starting values. These values are given in Table 7.10, along with
the corresponding values of£. For t4 = 4.0 s,

T4e = 2154.47079576 + 1.’.0 [55(-86.16753966) - 59(-102.18094603)

+ 37(- 124.24079704) - 9(- 158.23437500)]

= 2075.24833822 (7.246)

f4P = -(4.0 x 10-12)(2075.248338224 - 2504)

= -74.17350708 (7.247)

: 2154.47079576 + ~’~ [9(-74.17350708) + 19(-86.16753966)rg
- 5 (- 102.18094603) + (- 124.24079704)]

= 2074.55075892 (7.248)

These results and the results of the remaining time steps from t = 5.0 s to t = 10.0 s are
presented in Table 7.10.

Let’s compare these results with the results obtained in Table 7.7 by the fourth-order
Runge-Kutta method. For At = 1.0s, Table 7.7 gives an error at t= 10.0s of
-0.00026037, which is approximately 284 times smaller than the corresponding error
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Table 7.10
Method

Solution by the Fourth-Order Adams-Bashforth-Moulton

Chapter 7

t. r~ L
T."+,

Error

0.0 2500.00000000 - 156.23437500
1.0 2360.82998845 - 124.24079704 exact
2.0 2248.24731405 - 102.18094603 solution
3.0 2154.47079576 - 86.16753966

2075.24833822 -74.17350708
4.0 2074.55075892 -74.07380486 2074.61189788

2005.68816488 -64.71557210
5.0 2005.33468855 -64.66995205 2005.41636581

1944.70704983 -57.19500703
6.0 1944.53124406 -57.17432197 1944.61841314

9.0 1798.14913834 -41.80233360 1798.22786679
1758.21558333 -38.20946276

10.0 1758.18932752 1758.26337470

-0.06113896

-0.08167726

-0.08716907

-0.07872845

-0.07404718

in Table 7.10. However, the Runge-Kutta method requires four derivative function
evaluations per step compared to two for the Adams-Bashforth-Moulton method. The
Runge-Kutta results for At = 2.0 s presented in Table 7.7 required the same number of
derivative function evaluations as the results in Table 7.10 for At = 1.0s. The error at
t = 10.0 s for At = 2.0 s in Table 7.7 is -0.008855569. The corresponding error in Table
7.10 is -0.07404718, which is approximately 8.4 times larger. The fourth-order Runge-
Kutta method is more efficient in this problem.

7.9.2 General Adams Methods

Adams methods of any order can be derived by choosing different degree Newton
backward-difference polynomials to fit the solution at the data points. The finite difference
grid for the general explicit Adams-Bashforth FDEs is illustrated in Figure 7.20. The
general formula for the explicit Adams-Bashforth FDES is:

iin+t
Ild~ = h [Pk(S)ln 
0

(7.249)

Pk(t) 

¯ ̄  ̄ n-3 n-2 n-1 n n+l
q=4 q=3 q=2 q=l

Figure 7.20 Finite difference grid for general Adams-Bashforth methods.



One-Dimensional Initial-Value Ordinary Differential Equations

Table 7.11 Coefficients for the General Explicit Adams-Bashforth FDEs
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k fl ~0 ~-1 ~-2 ~-3 ~-4 ~-5 n C

0 1 1 1 2.0
1 1/2 3 - 1 . 2 1.0
2 1/12 23 -16 5 3 0.5
3 1/24 55 -59 37 -9 4 0.3
4 1/720 1901 -2774 2616 - 1274 251 5 0.2
5 1 / 1440 4277 - 7923 9982 - 7298 2877 - 475 6

where k denotes the order of the Newton backward-difference polynomial fit at base point
n. Integrating Eq. (7.249), evaluating the result for the limits of integration, introducing the
expressions for the appropriate backward differences at point n, and simplifying the result
yields the general explicit Adams-Bashforth FDE:

IYn+l=Yn+/3h(eofn+~_lfn_l+e_2fn_2+ ...) O(hn), ~At<CI (7.250)

where the coefficients/3 and ~i (i = 0, -1, -2 .... ), the global order n and the stability
limit, e At < C, are presented in Table 7.11.

The finite difference grid for the general implicit Adams-Moulton FDEs is illustrated
in Figure 7.21. The general formula for the implicit Adams-Moulton FDEs is:

l0
d~ = h [Pk(S)],+l ds (7.251)

where k denotes the order of the Newton backward-difference polynomial fit at base point
n+ 1. Integrating Eq. (7.251), evaluating the results for the limits of integration,
introducing the expressions for the appropriate backward differences at point n + 1, and
simplifying the result yields the general implicit Adams-Moulton FDE:

Yn+l = Yn -Jr/3h(~lfn+ 1 + o~ofn -+- O~_l fn_ 1 "~ "" ") 0(h"), c~At_< C (7.252)

where the coefficients /3 and 0~i (i = 1,0, -1 .... ), the global order n, and the stability
limit, ~ At < C, are presented in Table 7.12.

I
Pk(t) ~

¯ ̄  ̄ n-3 n-2 n-1 n n+l t
q=4 q=3 q--2 q=l

Figure 7.21 Finite difference grid for general Adams-Moulton methods.
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Table 7.12 Coefficients for the General Implicit Adams-Moulton FDEs

Chapter 7

0 1 1 1 oo
1 1/2 1 1 2 oo
2 1/12 5 8 - 1 3 6.0
3 1/24 9 19 --5 1 4 3.0
4 1/720 251 646 -264 106 -- 19 5 1.9
5 1/1440 475 1427 --798 482 --173 27 6

7.9.3 Error Estimation, Error Control, and Extrapolation

An efficient method of error estimation and error control can be developed for predictor-
corrector methods. Consider the fourth-order Adams-Bashforth-Moulton FDEs given by
Eq. (7.236). These equations can be expressed 

.Pn+l ~ Y~n+l -I- 251 At5-- 7-~" Y(V)(rP)

fin+ 1 C
~" Yn+l -- ~20 At5 Y(V)(zc)

(7.253)

(7.254)

where tn_3 <_5_ zP <_ tn and tn_2 5 "cC <~ tn+l. Assuming that y(V)(ze) = y(V)(rc) = 
which is a reasonable approximation, Eqs. (7.253) and (7.254) can be combined to 

C
Yn+l --Y~n+l = A/’5 Y(v)(’C)(7~0 +720’2515 (7.255)

from which

720 c _ y~.+l)
(7.256)kt5 Y(V~(v) -- 19 + 

Thus, the corrector error in Eq. (7.254) is given 

19 At5 y(V)(z) 19 cCorrector Error -- 720
19 + 251 (Yn+~ --Yffn+l)

(7.257)

If ICorrector Errorl is less than a prescribed lower error limit, increase (double) the step
size. If ICorrector Errorl is greater than a prescribed upper error limit, decrease (halve) the
step size. This method of error estimation requires no additional derivative function
evaluations. When the step size is doubled, every other previous solution point is used to
determine the four known points. When the step size is halved, the solution at the two
additional points at n + ½ and n + 23- can be obtained by fourth-order interpolation, or the
solution can be restarted by the fourth-order Runge-Kutta method at grid point n.

Once an estimate of the error has been obtained, it can be used to extrapolate the
solution. For the predictor, the truncation error is given by

251 At5
251

Predictor Error = 720 Y(V)(z) -- 19 + 251 (ynC+~ _ y~,,+~) (7.258)

Unfortunately, ynC+l is not known until the corrector FDE is evaluated. An estimate of the
Cpredictor error can be obtained by lagging the term (Yn+~ -Y~+I). Thus, assume that
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c c
(-Vn+l --Y~n+l) ~ (Yn --Y~n)" The mop up correction (i.e., extrapolation) for the fourth-order
Adams-Bashforth predictor FDE is

251
Ay~,~_~ - 19 ÷ 251 (v~c -y~) (7.259)

The mopped up (i.e., extrapolated) predictor solution 

]y~,.,My~+~ Ay~_~ (7.260)+n+l

On the first time step at to, Eq. (7.260) cannot be applied, since the values on the right-hand
side are lagged one step.

The value of y~_ff is used to evaluate f~ for use in the fourth-order Adams-
Moulton corrector FDE, Eq. (7.236b). Thus,

fn~ =f£~ =f(tn+,, Y~-~) (7.261)

c h eM
Yn+x =Y, + ~--~ (9f~_~ + 19£ - 5fn_~ +fn-2) (7.262)

The mop up correction (i.e., extrapolation) for the fourth-order Adams-Moulton corrector
FDE is then

C,M 19
AY.+I -- 19 + 251(Y,C+1 - Y~+0

Note that y~,+l, not y~;a~ is used in Eq.
corrector solution is

yC,M C C,M [
n+l ~ Yn+t q- Ayn+l

]

(7.263)

(7.263). The mopped up (i.e., extrapolated)

(7.264)

7.9.4 Summary

Multipoint methods work well for smoothly varying problems. For nonsmoothly varying
problems, single-point methods and extrapolation methods are preferred. The fourth-order
Adams-Bashforth-Moulton method is an excellent example of a multipoint method.
Multipoint methods other than Adams-Bashforth-Moulton methods can be derived by
integrating from back points other than point n. The fourth-order Adams-Bashforth-
Moulton method is one of the best, if not the best, example of this type of method. It has
excellent stability limits, excellent accuracy, and a simple and inexpensive error estimation
procedure. It is reconamended as the method of choice when a multipoint method is
desired.

7.10 SUMMARY OF METHODS AND RESULTS

Several finite difference methods for solving first-order initial-value ordinary differential
equations are presented in Sections 7.5 to 7.9. Seven of the more prominent methods are
summarized in Table 7.13.

The radiation problem presented in Section 7.1 was solved by these seven methods.
The errors for a step size of At -~ 1.0 s are presented in Figure 7.22. The first-order explicit
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Table 7.13 Summary of Selected Finite Difference Methods

The Explicit Euler Method

Yn+l = Y, + At fn (7.265)

The lmplicit Euler Method

Yn+l = Yn + Atf~+l (7.266)

The Modified Midpoint Method
At

Y~n+l/2 ~-~ Y"+Tf"’ f~+l/2P =f(in+l/2, Y~n+i/2),

C
Yn+l = Yn + At fnP+l/2 (7.267)

The Modified Euler Method

Y~n+l =Yo + Atf~, f~, =f(tn+~,y~+~),
c + ½ At(f~ +f~l) (7.268)Yn+l = Yn

The Fourth-Order Runge-Kutta Method

y.+~ =y. + ~(Ayl +2 Ay2 +2 Ay3 +Ay4) (7.269)

Ay~ = Atf(t,,y,), Ay2 = Atf t, +~,yn + (7.270)

/Xy3=atf tn+--f,y,+ ,

my4 = At f(tn + At, yn + Ay3) (7.271)

The Extrapolated Modified Midpoint Method

zo = yn, zI = zo + hf(tn, zo) (7.272)

zi=zi_2+2hf[t~+(i-1)h, zi_~] (i=2 ..... M) (7.273)

y.+t = ½[ZM_~ + zM + hf(t n + At, ZM)] (7.274)
MAV - LAV 2"MAV - LAV

1V = MAV -} 2" - 1
2" - 1 (7.275)

The Adams-Bashforth-Moulton Method
At 5

y~+~ =y. + ~--~ (5 ~ - 59f._I + 37f._2 - 9f~_3),

AY~n~_Ml __ 251 [,,C iT] (7.276)

c At PM
yn+~ =y~ + ~-~(gf,~.~ + 19f,~ --Sfn_~ +fn-2),
C,M _ 19 ~,,C -- y~+~) (7.277)

Chapter 7

Euler method, the second-order modified Euler method, and the second-order modified
midpoint method are clearly inferior to the fourth-order methods. The fourth-order Runge-
Kutta method is an excellent method for both smoothly varying and nonsmoothly varying
problems. However, it lacks an efficient error control procedure.

The fourth-order Adams-Bashforth-Moulton method and the fourth-order extrapo-
lated modified midpoint method yield comparable results. Both of these methods have

excellent error control procedures. The higher-order (sixth- and eighth-order) extrapolated
modified midpoint methods yield extremely accurate results for this smoothly varying
problem.
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Figure 7.22

First-order explicit Euler method

Second-order modified Euler method

Second-order modified midpoint method, M = 2

Fourth-order Adams-Bashford-Moulton method

Fourth-order extrapolated modified midpoint method, ~ = 4

Fourth-order Runge-Kutta method

Sixth-order extrapolated modified midpoint method, M = 8

Eighth-order extrapolated modified midpoint method, M = 16

5 10
Time t, s

Errors in the solution of the radiation problem.

7.11 NONLINEAR IMPLICIT FINITE DIFFERENCE EQUATIONS

Several finite difference methods have been developed in this chapter for solving the
general nonlinear first-order initial-value ordinary differential equation:

IF’ =f(t,~) ~(t0) =D0 
(7.278)

The derivative function f(t, ~) may be linear or nonlinear in 3. When f(t, ~) is linear in ~,
the corresponding FDE is linear in Y,,+l, for both explicit FDEs and implicit FDEs. When
f(t,.~) is nonlinear in ~, explicit FDEs are still linear in Y,+I. However, implicit FDEs are
nonlinear in y,+l, and special procedures are required to solve for y,+~. Two procedures for
solving nonlinear implicit FDEs are:
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1. Time linearization
2. Newton’s method

These two procedures are presented in this section.

7.11.1 Time Linearization

One approach for solving a nonlinear implicit FDE is time linearization, in which the
nonlinear derivative function is expressed in a Taylor series about the known point n and
truncated after the first derivative term. To illustrate this procedure, consider the implicit
Euler method [see Eq. (7.73)]:

Yn+l = Yn + Atf,+l (7.279)

Express f(t, ~) in a two-variable Taylor series. Thus,
jT~+1 =jT~ +El, At +~yl,(Y,+l -y,) +""

(7.280)

Truncating Eq. (7.280) and substituting into Eq. (7.279) yields

Y,+I = Y, + At(f~ +f[, At +fyl,(Y,+l -Y,)] (7.281)

Equation (7.281) is linear in Y,+I. Solving for Y,+1 yields

Yn + At fn + AtZ ftin -- At ynfyln (7.282)Yn+l = 1 -- At fyl.

Example 7.15. Time linearization

In Example 7.3, the radiation problem presented in Section 7.1 is solved by the implicit
Euler method. The FDE is

Tn+~ = Tn + Atfn+l (7.283)

Table 7.14 Solution by Time Linearization

tn Tn fn fTI.
tn+1 Tn+~ Tn+1 Error

0.0 2500.000000 - 156.234375 -0.250000
2.0 2291.687500 - 110.311316 -0.192569 2248.247314 43.440186
4.0 2132.409031 - 82.691332 -0.155143 2074.611898 57.797133
6.0 2006.190233 -64.780411 -0.129192 1944.618413 61.571820
8.0 1903.232170 -52.468392 -0.110305 1842.094508 61.137662

10.0 1817.261400 1758.263375 58.998026

0.0 2500.000000 - 156.234375 -0.250000
1.0 2375.012500 - 127.253656 -0.214347 2360.829988 14.182512
2.0 2270.220672 - 106.235194 -0.187208 2248.247314 21.973358

9.0 1827.215365 -44.572473 -0.097609 1798.227867 28.987498
10.0 1786.606661 1758.263375 28.343286
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The derivative function f(t, T) is given by

f(t, T) = -a(T4 - T~4) (7.284)

Thus,

f = 0 and f~. = -4~T3 (7.285)

Substituting Eq. (7.285) into Eq. (7.282) yields

Tn + Atfn - At Znfzln (7.286)Tn+l -- 1 - At f~,[n

Let At = 2.0 s. For the first time step,

fo = -(4.0 × 10-12)(2500.04 - 250.04) = -156.234375 (7.287)

frlo = -4(4.0 × 10-12)2500.03 = -0.250000 (7.288)

2500.0 + 2.0(-156.234375) - 2.0(2500.0)(-0.250000)
T1 = 1 - 2.0(-0.250000)

= 2291.687500 (7.289)

These results and the results of subsequent time steps for t from 4.0 s to 10.0 s are
presented in Table 7.14, which also presents the results for At = 1.0 s.

7.11.2 Newton’s Method

Newton’s method for solving nonlinear equations is presented in Section 3.4. A nonlinear
implicit FDE can be expressed in the form

Yn+l = G(Yn+I) (7.290)

Equation (7.290) can be rearranged into the form

F(yn+I) Yn+l -- G(Y,+I) = 0 (7.291)

Expanding F(y,+l) in a Taylor series about the value Y,+I and evaluating at Y’n+1 yields

F(y*,+I) F(yn+~) + F’(y~+~)QV*n+l -Yn+l) + .. 0 (7.292)

where Y*~+1 is the solution of Eq. (7.290). Truncating Eq. (7.292) after the first-order 
and solving for y,+~ yields

y(I¢+~) (k), FQV~k+) 1) (7.293)n+l ~ Yn+~ ~t~ (k) 

Equation (7.293) must be solved iteratively. Newton’s method works well for nonlinear
implicit FDEs. A good initial guess may be required.

Example 7.16. Newton’s method

Let’s illustrate Newton’s method by solving the radiation problem presented in Section 7.1
and solved in Example 7.3 by the implicit Euler method. Thus,

Tn+1 = Tn q- At f~+l = Tn - ~ At(T4n+~ - Tna) (7.294)
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Rearranging Eql (7.294) into the form of Eq. (7.291) yields

F(Tn+1) = T,+1 - T, + At ~(T~4+1 - Ta4) = 0 (7.295)

The derivative of F(T,+I) 

F’(Tn+I) = 1 4- 4 At ~T~3+~ (7.296)

Equation (7.293) yields

,r( k + t ) ,r( k ) F ( T~,+ 
~n+l ~ ~n+l F,~.(~) (7.297)

k~n+l)

Let At = 2.0 s. For the first time step,

F(T1) = T1 - 2500.0 + (2.0)(4.0 x 10-~2)(~ - (7.298)

F’(TI) = 1 4-4(2.0)(4.0 x 10-12)T13 (7.299)

Let T~°) = 2500.0 K. Then

F(~°)) = 2500.0 - 2500.0 4- (2.0)(4.0 x 10-12)(2500.04 - 250.04)

= 312.468250 (7.300)

F’(T~°)) = 1 4- 4(2.0)(4.0 x 10-12)2500.03 = 1.500000 (7.301)

Substituting these values into Eq. (7.297) gives

T~~) = 2500.0 312.468750 _ 2291.687500 (7.302)
1.500000

Repeating the procedure three more times yields the converged result T~I 4) = 2282.785819.
These results are presented in Table 7.15, along with the final results for the subsequent
time steps from t = 4.0 s to 10.0 s.

The results presented in Tables 7,14 and 7.15 differ due to the additional truncation
error associated with time linearization. However, the differences are quite small. Time
linearization is quite popular for solving nonlinear implicit FDEs which approximate

Table 7.15 Solution by Newton’s Method

t.+1 k T.+1 F, t~’n
tn+l T.+I Tn+l Error

0.0 0 2500.000000
1 2500.000000
2 2291.687500
3 2282.800203
4 2282.785819

2.0 2282.785819
4.0 2120.934807
6.0 1994.394933
8.0 1891.929506

10.0 1806.718992

312.468750 1.500000
12.310131 1.385138
0.019859 1.380674
0.000000 1.380667

2248.247314
2074.611898
1944.618413
1842.094508
1758.263375

34.538505
46.322909
49.776520
49.834998
48.455617
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nonlinear PDEs. When the exact solution to an implicit nonlinear FDE is desired, Newton’s
method is recommended.

y, = F(t, y)
Mo - ~ in(t) 

F
y" -- g

Mo -#,t

7.12 HIGHER-ORDER ORDINARY DIFFERENTIAL EQUATIONS

Sections 7.5 to 7.11 are devoted to the solution of first-order ordinary differential equations
by finite difference methods. Many applications in engineering and science are governed
by higher-order ODEs. In general, a higher-order ODE can be replaced by a system of
first-order ODEs. When a system of higher-order ODEs is involved, each individual
higher-order ODE can be replaced by a system of first-order ODEs, and the coupled
system of higher-order ODEs can be replaced by coupled systems of first-order ODEs. The
systems of first-order ODEs can be solved as described in Section 7.13.

Consider the second-order initial-value ODE developed in Section II.5 for the
vertical flight of a rocket, Eq. (II.25), and the simpler model given by Eq. 01.26):

_ g(Y) CD(p, V,y) ½ p(y)A V2 (7.303)
M0 -- ,[~ ~n(t) 

y(0.0) = 0.0 and y’(0.0) = V(0.0) (7.304)

Equations (7.303) and (7.304) both can be reduced to a system of two coupled initial-value
ODEs by the procedure described below.

Consider the general nth-order ODE:

y(n) " , , y(n-1))=J~ ,y,y ,Y .....

.~(to) -~ .~o and ~(i)(to) -: (i= 1,2 ..... n-- 1)

(7.305)

(7.306)

Equation (7.305) can be replaced by an equivalent system of n coupled first-order ODEs
by defining n auxiliary variable. Thus,

y~ = y (7.307.1)

Y2 =Y’ =Y’l (7.307.2)

Y3 = Y" = Y~ (7.307.3)

Yn = Y(’-~) = Y’~-~ (7.307.n)

Differentiating Eq. (7.307.n) gives

Y’n = y(n) (7.308)

Rearranging Eqs. (7.307.2) to (7.307.n) and substituting these results and Eq, (7.308) 
Eq. (7.305) yields the following system of n coupled first-order ODEs:

yt~ ~_ Y2 yl (0) = (7.309.1)

Y~ = Y3 yz(0) = (7.309.2)

ynt . (n--2)
-1 ~-Yn Yn-l(0) =Y0 (7.309.n-1)

’ "(~-~) (7.309.n)Yn -- F(t, y~, Y2 ..... Y,) y,(O) = 
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where Eq. (7.309.n) is the original nth-order ODE, Eq. (7.305), expressed in terms of 
auxiliary variables Yi (i = 1, 2 ..... n).

The result is a system of n coupled first-order ODEs, which can be solved by the
procedure discussed in Section 7.13. This reduction can nearly always be done. Thus, the
general features of a higher-order ODE are similar to the general features of a first-order
ODE.

Example 7.17. Reduction of a second-order ODE to two coupled first-order ODEs

To illustrate the reduction of a higher-order ODE to a system of coupled first-order ODEs,
let’s reduce Eq. (7.304) to a system of two coupled first-order ODEs. Recall Eq. (7.304):

T
y" -- g y(0.0) = 0.0 and y’(0.0) : V(0.0) (7.310)

M0 - rht

Let y’ = V. Then Eq. (7.310) reduces to the following pair of coupled first-order ODEs:

y’ = V y(0.0) = 0.0 (7.311)

T
V’ = -g V(0,0) = 0.0 (7.312)M0 - ~t

Equations (7.311) and (7.312) comprise a system of two coupled first-order ODEs y(t)
and V(t). The solution to Eqs. (7.311) and (7.312) by the fourth-order Runge-Kutta
method is presented in Example 7.18 in Section 7.13.

7.13 SYSTEMS OF FIRST-ORDER ORDINARY DIFFERENTIAL EQUATIONS

Sections 7.5 to 7.11 are devoted to the solution of a single first-order ordinary differential
equation by finite difference methods. In many applications in engineering and science,
systems of coupled first-order ODEs governing several dependent variables arise. The
methods for solving a single first-order ODE can be used to solve systems of coupled first-
order ODEs.

Consider the general system of n coupled first-order ODEs:

~ =~(t,y~,y2 ..... f;,) (i = 1,2 ..... 

Yi(O) = Yi (i : 1, 2 ..... 

(7.313)

(7.314)

Each ODE in the system of ODEs can be solved by any of the methods developed for
solving single ODEs. Care must be taken to ensure the proper coupling of the solutions.
VVqaen predictor-corrector or multistep methods are used, each step must be applied to all
the equations before proceeding to the next step. The step size must be the same for all the
equations.
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Example 7.18. Solution of two coupled first-order ODEs
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Consider the system of two coupled linear first-order initial-value ODEs developed in
Example 7.17 in Section 7.12 for the vertical motion of a rocket, Eqs. (7.31 I) and (7.3 ! 

y’ = V y(0.0) = 0.0 (7.315)

T
V’ - g V(0.0) = 0.0 (7.316)

M0 - rht

where M0 is the initial mass, rh is the mass expulsion rate, and g is the acceleration of
gravity. These parameters are discussed in detail in Section II.6. The exact solution of Eq.
(7.316) 

V(t)= -~ln(1 - ~h~00)-gt (7.317)

Substituting Eq. (7.317) into Eq. (7.315) and integrating yields the exact solution of 
(7.315):

_ ~nt Tt
y(t) =M°(T~(lrh \rh/ ~o) ln(1 - ~o) +--- ½gt~th (7.318)

As an example, let T = 10,000N, Mo = 100.0 kg, ~h = 5.0kg/s, andg = 9.8 m/s2.

Equations (7.315) and (7.316) become

y’ =f(t,y, V) = y(0.0) = 0.0 (7.319)
10,000.0

V’ = g(t,y, V) = 100.0 - 5.0] - 9.8 V(0.0) = (7.320)

Equations (7.317) and (7.318) become

V(t) = -1,000 ln(1 - 0.05t) - 9.8t (7.321)
y(t) = 10,000(1 - 0.05t)ln(1 - 0.05t) + 2000t - z

(7.322)

Let’s solve this problem by the fourth-order Runge-Kutta method, Eqs. (7.179) and
(7.180), for V(10.0) and y(10.0) with At= 1.0s. Ayi( i= 1,2,3,4) denote the
increments in Y(O and A V~. (i = 1, 2, 3, 4) denote the increments in V(t). Thus,

Yn+l ~Yn q- ~(z~Yl +2 /~Y2 -~2 /~Y3 -’[- ~Y4) (7.323)

V,+1 = V~ + ~(AV1 + 2 AV2 + 2 AV3 + AV4) (7.324)



400 Chapter 7

where Ayi (i = 1,2, 3, 4) and AV/(i = 1,2, 3, 4) are given by Eq. (7.180):

Ay~ = Atf(tn, yn, V~) A 1 =Atg(t~, Yn,Vn) (7,325a)

Ay2 = Atf

, ~Yl , ~Vl~
AV~=Atg t, +~,y, ~,V, .~) (7.325b)

AY3=Atf t~+~,yn,~,Vn+

AF 3=Atg t~+~,y,,~,G+~) (?.325c)

aG = atg(t~ + at, y~ + aye, G + az~) (7.325d)
Due to the coupling, Ay~ and AF~ both must be computed before Ay2 and AF2 c~ be
computeG Ay2 and A Fe both must be computed before Ay3 and A F3 can be computeG etc.

TM defvative ~nctions, f(t,y, ~) and g(t,y, F), are given by Eqs. (7.319) and
(7.320), respectively. Thus, Eq. (7.325) reduces 

. { 10,000.0 )
&~ = ~t fG~ ~z~ = at~io~t~ 9.8

Ay4 = At(Vn -+- AV3)

10,000.0
AVz = At 100.0 s~_ At~2) - 9.8

AV3 At[.100. 0 10,000.0 -9.8]

= Z ~-+ At~2)

[ 10,000.0AV3 = At 100.0 - 5.0(t, + At) - 9.8

Let At = 1.0. For the first time step,

AyI = 1.0(0.0) = 0.000000

F 10,000.0

]
AV, = 1.0[.100~5~0.0 ) - 9.8 = 90.200000

( 90"2~-0 000)Ay2 = 1.0 0.0 + --- 45.100000

AV2 = 1.0 100.0 - 5.0(0.0 + 1.0/2) - 9.8 = 95.463158

Ay3= 1.0(0.0 + 95"4~3158) = 47.731579

AV3 = 1.0 "100.0 - 5.0(0.0 + 1.0/2) - 9.8 = 95.463138

Ay4 = 1.0(0.0 + 95.463158) = 95.463158

[ 10,000.0 ]AV4=1"0100.0_5.0(0.0+1.0)-9"8 =101"311111

(7.326a)

(7.326b)

(7.326c)

(7.326d)

(7.327a)

(7.327b)

(7.327c)

(7.327d)

(7.327e)

(7.327f)

(7.327g)

(7.327h)
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Substituting these results into Eqs. (7.323) and (7.324) gives

Yl = I[ 0.0 ÷ 2(45.100000 + 47.731579) + 95.463158] = 46.854386 (7.328)

V1 = I[90.200000 + 2(95.463158 ÷ 95.463158) + 101.311111]

= 95.560624 m/s (7.329)

These results and the results for the subsequent time steps for t = 2.0 to 10.0s are
presented in Table 7.16.

The results presented in Example 7.18 are deceptively simple since Eq. (7.316) is 
simplified version of the actual problem specified by Eq. (7.303), Recall Eq. (7.303) for 
from which V’ = y" is given by

V’ = F(t, y) g(Y) Co(p, V, y) ½ p(y)A V~- (7.330)
Mo - S~ ~n(t) Mo - ~ fn(t) 

The evaluation of AV1 is done at (tn,y n, Vn). The evaluation of AV2 is done at
(t~ + At/2,yn + Aye~2, Vn + AVe~2). This requires that F, M, p, and CD be evaluated
at t~ + At~2, Yn + Ayl/2, and Vn + AVe~2. This is a considerably more complicated
calculation. However, the basic features of the Runge-Kutta method are unchanged.

7.14 STIFF ORDINARY DIFFERENTIAL EQUATIONS

A special problem arising in the numerical solution of ODEs is stiffness. This problem
occurs in single linear and nonlinear ODEs, higher-order linear and nonlinear ODEs, and
systems of linear and nonlinear ODEs. There are several definitions of stiffness:

1. An ODE is stiff if the step size required for stability is much smaller than the
step size required for accuracy.

Table 7.16 Solution of Two Coupled First-Order ODEs

tn Yn AYl Ay2 Ay3 AY4

tn+l Yn+x
V.+ ~

0.00 0.00000000 0.00000000 45.10000000 46.38205128 92.76410256
0.00000000 90.20000000 92.76410256 92.76410256 95.46315789

1.00 45.95470085 92.78659469 140.51817364 141.94064875 191.09470280
92.78659469 95.46315789 98.30810811 98.30810811 101.31111111

2.00 187.41229123 191.12104493 241.77660049 243.36390207 295.60675922
191.I2104493 101.31111111 104.48571429 104.48571429 107.84705882

3.00 430.25599278 295.63788278 349.56141219 351.34394338 407.05000399
295.63788278 107.84705882 111.41212121 111.41212121 115.20000000

9.00 4450.68315419 1107.474258711193.483349621197.812353951288.15044919
1107.47425871 172.01818182 180.67619048 180.67619048 190.20000000

10.00 5647.05250670
1288.29474933
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2. An ODE is stiff if it contains some components of the solution that decay
rapidly compared to other components of the solution.

3. A system of ODEs is stiff if at least one eigenvalue of the system is negative and
large compared to the other eigenvalues of the system.

4. From a practical point of view, an ODE is stiff if the step size based on cost (i.e.,
computational time) is too large to obtain an accurate (i.e., stable) solution.

An example of a single stiff ODE is presented in the next subsection, and an
example of a system of stiff ODEs is presented in the following subsection. The Gear
(1971) method for solving stiff ODEs is presented in the final subsection.

7.14.1 A Single First-Order ODE

Although stiffness is usually associated with a system of ODEs, it can also occur in a
single ODE that has more. than one time scale of interest; one time scale associated with
the complementary solution and one time scale associated with the particular solution.
Gear (1971) considered the following ODE:

L~’ =f(t, ~) = -a(33 F(t)) + F’(t), .~(to) = .~o] (7.331)

which has the exact solution

lf~(t) = ~o - F(O))e-~t + F(t) (7.332)

When a is a large positive constant and F(t) is a smooth slowly varying function, Eq.
(7.332) exhibits two widely different time scales: a rapidly changing term associated with
exp(-at) and a slowly varying term associated with F(t).

As an example, let a = 1000, F(t) = t + 2, andS(0) = 1. Equation (7.331-) becomes

~’ =](t,~) = -1000~- (t + 2)) + 1, y(0) (7.333)

and Eq. (7.332) becomes

[~(t)-- -e-1000t -I- t q- 2 ] (7.334)

The exact solution at small values of t, which is dominated by the exp(-1000t) term, 
presented in Figure 7.23. The exact solution for large values of t, which is dominated by
the (t + 2) term, is presented in Figure 7.24. Note how rapidly the exponential term
decays.

The error is controlled by At, but stability is controlled by ~ At. For stability of many
explicit methods, ~ At < 2, which, for ~ = 1000, gives At < 2/c~ --- 2/1000 = 0.002. To
avoid overshoot, At < 0.002/2 = 0.001. For reasonable accuracy, At < 0.002/10 =
0.0002. To reach t = 5, N = .5/0.0002 = 25,000 time steps are required.
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Figure 7.23

~=-e-1000 t 4- t + 2

I I I I I I ~,
0.005 0,010

Time t

Exact solution of the stiff ODE at small time.

0

LL
+t+2

2

O0" 1 2 3 4 5
Rme t

Figure 7.24 Exact solution of the stiff ODE at large time.

Example 7.19. Solution of the stiff ODE by the explicit Euler method

Let’s solve Eq. (7.333) by the explicit Euler method, Eq. (7.59):

Yn+] = Yn + At f~ (7.335)

Substituting the derivative function, f(t, y), defined in Eq. (7.333), into Eq. (7.335) gives

y,+] =y~ + At(-1000(y, - (t, + 2)) (7.336)

Consider four different step sizes: At = 0.0005, 0.001, 0.002, and 0.0025. The results are
tabulated in Table 7.17 and illustrated in Figure 7.25.
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The stability limit is At < 2/~ = 0.002. For At = 0.0005, the solution is a reason-
able approximation of the exact solution, although the errors are rather large. For
At = 0.001, the solution reaches the asymptotic large time solution, y(t) = t -t- 2, in one
step. For At ---- 0.002, the solution is stable but oscillates about the large time solution,
y(t) = t + 2. For At = 0.0025, the solution is clearly unstable.

From this example, it is obvious that the stable step size is controlled by the rapid
transient associated with the exponential tenn. At large times, that transient has completely
died out and the solution is dominated totally by the asymptotic large time solution,
y(t) = t -t- 2. If an accurate small time solution is required, then the small step size required
for stability may be larger than the small step size required for accuracy. In that case,
explicit methods can be used. However, if the early transient solution is of no interest, and
an accurate large time solution is required, explicit methods are unsuitable because of the
small stable step size.

Example 7.19 clearly illustrates the effect of stiffness of the ODE on the numerical
solution by the explicit Euler method. In Example 7.20, the implicit Euler method is used
to reduce the problems associated with stiffness.

Example 7.20. Solution of the stiff ODE by the implicit Euler method

Let’s solve Eq. (7.333) by the implicit Euler method, Eq. (7.73):

Yn+l = Yn + Atf,+l (7.337)

Substituting the derivative function, f (t, y), defined in Eq. (7.333), into Eq. (7.337) yields

Yn+l =Yn + At(-1000(Yn+l - (tn+l -t- 2)) (7.338)

Table 7.17 Solution of the Stiff ODE by the Explicit Euler Method

At = 0.0005 At = 0.001

0.0000 1.000000 0.000 1.000000
0.0005 1.500500 1.393969 0.001 2.001000 1.633121
0.0010 1.751000 1.633121 0.002 2.002000 1.866665
0.0015 1.876500 1.778370 0.003 2.003000 1.953213
0.0020 1.939500 1.866665 0.004 2.004000 1.985684

0.0100 2.009999 2.009955 0.010 2.010000 2.009955

At = 0.002 At = 0.0025

0.000 1.000000 0.0000 1.000000
0.002 3.002000 1.866665 0.0025 3.502500
0.004 1.004000 1.985684 0.0050 -0.245000
0.006 3.006000 2.003521 0.0075 5.382500
0.008 1.008000 2.007665 0.0100 - 3.052500
0.010 3.010000 2.009955

1.920415
1.998262
2.006947
2.009955
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o At = 0.0005
¯ At = 0,0010 ¯
[] At = 0.0020 ,",
¯ At = 0.0025

,’-- Exact
,,

,p,, ’,, a ; ’, ,[]

’,0.001

Time t

Figure 7.25 Solution of the stiff ODE by the explicit Euler method.

Equation (7.338) is implicit in Y,+1. However, sincef(t,y) is linear in y, Eq. (7.338) 
linear in y~+l, and it can be rearranged to give:

Y"+~ = 1 + 1000 At (y" + 1000(t.+~ + 2) At + At) (7.339)

Consider four different step sizes: 0.01, 0.05, 0.10, and 0.5. The results for the three small
time steps are tabulated in Table 7.18, and the results for At = 0.5 are illustrated in Figure
7.26.

The implicit Euler method is unconditionally stable. Consequently, there is no limit
on the stable step size. As illustrated in Table 7.18 and Figure 7.26, the solutions are all
stable. However, as the step size is increased, the accuracy of the early time transient due to
the exponential term suffers. In fact, the entire early time transient is completely lost for
large values of At. However, even in those cases, the large time solution is predicted quite

accurately. If the early time transient is of interest, then a small step size is required for

Table 7.18. Solution of the Stiff ODE by the Implicit Euler Method

At = 0.01 At = 0.05

tn Yn ~n tn Y, ~n

0.00 1.000000
0.01 1.919091 2.009955
0.02 2.011736 2.020000
0.03 2.029249 2.030000
0.04 2.039932 2.040000
0.05 2.049994 2.050000
0.06 2.059999 2.060000
0.07 2.070000 2.070000
0.08 2.080000 2.080000
0.09 2.090000 2.090000
0.10 2.100000 2.100000

0.00 1.000000
0.05 2.030392 2.050000
0.10 2.099616 2.100000

At =0.1

0.0 1.000000
0.1 2.090099 2.100000
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¯ Implicit Euler

O0 1 2 3 4 5

Time t

Figure 7.26 Solution of the stiff ODE by the implicit Euler method.

accuracy. If only the large time solution is of interest, then implicit methods can be
employed to reduce the computational effort.

7.14.2 Systems of First-Order ODEs

Consider the general system of first-order ODEs discussed in Section 7.13, Eq. (7.313):

~ =~(t,~1,.~2 ..... ~n) (i = 1, 2 ..... n) (7.340)

For a system of coupled linear ODEs, Eq. (7.340) can be expressed 

~’ = A~ + F (7.341)

where yz= [~1~2 ...~,], A is an n x n matrix, and Fr= [F1F2. ..Fn]. Stability and
stiffness are related to the eigenvalues, ~i (i = 1 ..... n), of the matrix A. For stability,
I(Xil ~ 1 (i = l ..... n). A system of ODEs is stiff if at least one eigenvalue has a large
negative real part which causes the corresponding component of the solution to vary
rapidly compared to the typical scale of variation displayed by the rest of the solution. The
stiffness ratio is defined as:

Stiffness ratio-- MaxlRe(~i)l (7.342)
Min[Re(c~i)[

A system of coupled linear ODEs can be uncoupled to yield a system of uncoupled
linear ODEs. Consider the system of two coupled linear ODEs:

u’ = F(t, u, v)

v’ = G(t, u, v)

These two ODEs can be uncoupled to yield

y’ =f(t,y)

z’ = g(t, z)

(7.343)

(7.344)

(7.345)

(7.346)
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where y and z are functions of u and v. Consider the uncoupled system of ODEs:

y’= -y, y(0) = 1 (7.347)

z’= -1000z, z(0) = 1 (7.348)

which corresponds to some coupled system of ODEs in terms of the variables u and v.
Equations (7.347) and (7.348) can be analyzed separately for stability. Consider an explicit
finite difference method for which the stability limit is a At < C, where C is a constant of
order unity. For Eqs. (7.347) and (7.348), ~ = 1 and ~2 = 1000, respectively. Thus, 
C=I,

C C
At 1 _< -]- = C and At2 -< 100~ = 0.001C (7.349)

If a coupled system of equations such as Eqs. (7.343) and (7.344), which are equivalent 
an uncoupled system of ODEs such as Eqs. (7.347) and (7.348), is solved by an explicit
method, the common time step must be the smaller of the two values corresponding to Eqs.
(7.347) and (7.348), that is, At 2 _< 0.001C. The exact solutions of Eqs.(7.347) and
(7.348) are:

y(t) = e-’ (7.350)

z(t) = e-1000/ (7.351)

The function z(t) decays to a negligible value after a few time steps, during which time the
function y(t) has changed only slightly. Small time steps must still be taken in the solution
for y(t) because of the stability limit associated with z(t).

When a system of ODEs can be uncoupled, as in the previous paragraph, each ODE
can be solved by a method appropriate to its own peculiarities. However, when the system
of ODEs cannot be uncoupled, the problem of stiffness of the system becomes critical. In
such cases, implicit finite difference methods are useful. However, when the derivative
function is nonlinear, nonlinear implicit FDEs result. The system of nonlinear implicit
FDEs can be solved by Newton’s method, Section 3.7.

7.14.3 Higher-Order Implicit Methods

The problems of stiffness illustrated in the previous sections occur for both single ODEs
and systems of ODEs. When even the most rapid transient component of the solution is of
interest, small time steps are required for accuracy as well as stability, and explicit finite
difference methods can be used to generate the solution. However, when the effects of the
rapid transients have decayed to insignificant levels, small time steps must still be

Table 7.19 Coefficients for the Gear FDEs

k 7 /~ so ~-~ ~-2 ~-3 ~-4

1 1 1 1
2 1/3 2 4 - 1
3 1/11 6 18 -9 2
4 1/25 12 48 -36 16 - 3
5 1/137 60 300 -300 200 -75
6 1/147 60 360 -450 400 -225

12
72 - 10
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employed due to the stability limit, not accuracyrequirements. In that case, implicit finite
difference methods can be used to take larger time steps.

The implicit Euler FDE, Eq. (7.73), is unconditionally stable. However, it is only
first-order accurate. The implicit trapezoid FDE, Eq. (7.141), is also unconditionally
stable, but it is only second-order accurate. Higher-order methods are desirable.

Any of the Adams-Moulton FDEs can be used to devise a higher-order implicit
method. However, the stability limits of these FDEs are quite restrictive when applied to
stiff ODEs.

Gear (1971) has devised a series of implicit FDEs that has much larger stability
limits. The Gear formulas are presented below:

l Y"+! = Y(/3hfn+l + (0~0yn + ~-lY.-I + ~-2Y.-2 +’" ")) I (7.352)

where k denotes the global order of the FDE and the coefficients 7, /3, and

~i (i = 0, 1, 2 .... ) are presented in Table 7.19.
The Gear FDEs have been incorporated into a FORTRAN package named LSODE,

which was developed at the Lawrence Livermore National Laboratory. This package has
an elaborate error control procedure based on using various-order Gear FDEs in
conjunction with step size halving and doubling.

7.14.4 Summary

Stiff ODEs are especially challenging problems. Explicit methods are generally unsuitable
for solving stiff ODEs. Implicit methods, especially the family of Gear methods, are
recommended for solving stiff ODEs.

7.15 PROGRAMS

Three FORTRAN subroutines for integrating initial-value ordinary differential equations
are presented in this section:

1. The fourth-order Runge-Kutta method
2. The extrapolated modified midpoint method
3. The fourth-order Adams-Bashforth-Moulton method

The basic computational algoritlmas are presented as completely self-contained
subroutines suitable for use in other programs. Input data and output statements are
contained in a main (or driver) program written specifically to illustrate the use of each
subroutine.

7.15.1 The Fourth-Order Runge-Kutta Method

The general algorithm for the fourth-order Runge-Kutta method is given by Eqs. (7.179)
and (7.180):

Yn+l =" Yn + ~ (AYl + 2 Ay2 + 2 Ay3 q- Ay4) (7.353)

Ay1 = hf(t.,y.) Ay2 = hf t. +-~,y. + (7.354a)

Ay3 = hf t. + ~ ,Yn + Ay4 = hf(t. + h,y. + Ay3) (7.354b)
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A FORTRAN subroutine, subroutine rk, for implementing the fourth-order Runge-

Kutta method, Eqs. (7.353) and (7.354), is presented in Program 7.1. Program main

defines the data set and prints it, calls subroutine rk to implement the solution, and prints
the solution. A FORTRAN function, function f, specifies the derivative function,

y’ = f(t, y).

Program 7.1 The fourth-order Runge-Kutta method program.

c

c

c nmax

c t

c y

c yp

z iw

7 t(1)

~ y(1)

7 dt

lO00

i010

2020

1030

program main

main program to illustrate ODE solvers

ndim array dimension, ndim = i01 in this example

number of integration steps

independent variable array, t (n)

dependent variable array, y(n)

derivative function array, yp(n)

intermediate output flag: 0 no, 1 yes

initial value of t, tO
initial value of y, yO

time step

dimension t(lOl) ,y(lOl) ,yp(101)

data ndim, nmax, n, iw, dt / 101, ii, i, i, 1.0 /

data t(1) / 0.0 
data y(1) / 2500.0 

write (6,1000)
if (iw. eq.O) write (6,1010)

if (iw. eq.l) write (6,1020)

write (6,1030) n, t(1),y(1)

do n=l, nmax-i

call rk (ndim, n,dt, t,y, iw)

write (6,1030) n+l, t(n+l),y(n+l)

end do

stop

format (’ Fourth-order Runge-Kutta’/" ’/’ n’,4x, ’tn’,9x, ,y-n’

format (’ ’)
format (18x, ’dyl’,llx, "dy2",llx, ’dy3’,llx, "dy4’/" ’)

format (i3,f8.3,2flS.8)

end

i000

subroutine rk (ndim, n, dr, t, y, iw)

implements the fourth-order Runge-Kutta method
dimension t (ndim) , y(ndim)

dyl=dt*f (t (n) ,y(n) 

dy2=dt * f ( t (n) +dr~2. O , y (n) +dyl /2 

dy3=dt *f ( t (n) +dr~2. O, y(n) +dy2/2. 

dy4=d t * f ( t ( n ) +d t , y ( n ) +dy3 

y(n+l ) =y(n) + (dyl +2.0* (dy2 +dy3 ) +dy4 ) 

t (n+l) =t (n) 
if (iw. eq.l) write (6,1000) dyl,dy2,dy3,dy4

return
format (llx, f15.8,3f14.8)

end



410 Chapter 7

function f(t,y)

derivative function
alpha=4.0e-12

f=-alpha*(y**4-250.0**4)

return

end

The data set used to illustrate subroutine rk is taken from Example 7.11. The output
generated by the fourth-order Runge-Kutta program is presented in Output 7.1.

Output 7.1 Solution by the fourth-order Runge-Kutta method

Fourth-order Runge-Kutta

n tn yn

dyl dy2 dy3 dy4

1 0.000 2500.00000000
-156.23437500 -137.60150356 -139.73128134 -124.12267500

2 1.000 2360.82956337
-124.24070754 -111.66970570 -112.89627716 -102.12386006

3 2.000 2248.24680781

9 8,000 1842.09419793

-46.04261410 -43,78299210 -43.89190534 -41.80727846

10 9,000 1798.22758336

-41.80963138 -39.89837091 -39.98428393 -38.21187310

ii 10.000 1758.26311433

7.15.2 The Extrapolated Modified Midpoint Method

The general algorithm for the extrapolated modified midpoint method is given by Eqs.
(7.210) to (7.212):

z0 = Yn (7.355a)

z~ = zo + hf(t,, zo) (7.355b)

zi = zi_2 + 2hf(tn + (i 1)h, zi_,) (i = 2.. .. M) (7.355c)

y~+~ = ½ [z~t_~ + ZM + hf(t, + At, ZM)] (7.356)

MAV - LAV 2"MAV - LAV
IV = MAV -~ = (7.357)

2, - I 2. - 1

A FORTRAN subroutine, subroutine midpt, for implementing the extrapolated
modified midpoint method is presented in Program 7.2. Subroutine midpt works essentially
like subroutine rk discussed in Section 7.15.1, except the extrapolated modified midpoint
method is used instead of the fourth-order Runge-Kutta method. Program main defines the
data set and prints it, calls subroutine midpt to implement the extrapolated modified
midpoint method, and prints the solution. Only the statements in program main which are
different from the statements in program main in Section 7.15.1 are presented.
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Program 7.2 The extrapolated modified midpoint method program

program main

c main program to illustrate ODE solvers

data ndim, nmax, n, iw, dt / 101, 6, I, I, 2.0 /

call midpt (ndim, n, dt, t,y, iw)

1000 format (’ Extrapolated mod. midpoint method’/’ ’/’ n’,4x, "tn’,

1 5x, ’yn, O(h**2) ’,6x, "0(h*’4) ’, 7x, "O(h**6) ’, 7x, "O(h**8) ’/’ ’)

1030 format (i3,f8.3,f15o8, f14.8)

end

subroutine midpt (ndim, n,dt, t, y, iw)

c implements the extrapolated modified midpoint method

c kmax number of segmentations, M, within each interval

dimension t(ndim) ,y(ndim) ,w(4,4) ,z(33) 
kma x = 4

jmax=2

dtk=dt

c calculate w(l,k)=y(n+l) for k=kmax segments

z(1)=y(n)

g(1) =f (t (n) , y(n) 

do k=l, kmax

dtk=dtk/2. 0
jmax=2 * jmax- 1

z (2) =z (i) +dtk*g(1)

g(2)=f(t(n)+dtk, z(2) 

do j=3, jmax

tj=t (n) +float (j-l) 

z (j) =z (j-2) +2. O*dtk*g(j-l)

g(j) =f (t j, z (~) 
end do
w(l, k) =0.5 * (z (jmax-i ) +z (jmax) +dtk*g (jmax) 

end do

c extrapolation

do k=2, kmax

c=2.0"* (2. O’float (k-l))
do j=l, kmax+l-k

w(k, j) = (c*w(k-l, j+l) -w(k-l, j) ) 

end do

end do
if (iw. eq.l) then

do k=l, kmax
write (6,1000) (w(j,k),j=l,kmax+l-k)

end do

end if

t (n+l) =t (n) 
y (n+l) =w (kmax, 

return
1000 format (llx, f15.8,3f14.8)

end
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c
function f (t, y)

deri va t i ve func t i on

end

The data set used to illustrate subroutine midpt is taken from Example 7.12. The
output generated by the extrapolated modified midpoint method program is presented in
Output 7.2.

Output 7.2 Solution by the extrapolated modified midpoint method

Extrapolated rood.

n

1

midpoint method

tn yn, O(h**2) O(h**4) O(h**6) O(h**8)

0. 000 2500. 00000000

2249. 15523693 2248. 26188883 2248.24740700 2248.24 731430

2248.48522585 2248.24831212 2248.24731574

2248. 30754055 2248. 24737802

2248.26241865
2 2. 000 2248. 24731430

2075. 00025328 2074. 61500750 2074. 61190855 2074. 61189807

2074. 71131895 2074. 61210224 2074. 61189824

2074. 63690642 2074. 61191099

2074. 61815984

3 4. 000 2074. 61189807

5 8. 000 1842. 09450797

1758.33199904 1758.26353381 1758.26337496 1758.26337480

1758.28065012 1758.26338489 1758.26337480

1758.26770120 1758.26337543

1758. 26445688

6 10.000 1758.26337480

7.15.3 The Fourth-Order Adams-Bashforth-Moulton Method

The general algorithm for the fourth-order Adams-Bashforth-Moulton method is given by
Eq. (7.236):

h
Y~n+~ =Y, + ~(55fn - 59fn-~ + 37fn-z - 9fn-3)

Y,+I = Y, -k (9f~e+l + 19fn -- 5fn--1 +fn--2)

(7.358a)

(7.358b)

A FORTRAN subroutine, subroutine abm, for implementing the procedure is presented in
Program 7.3. Subroutine abm works essentially like subroutine rk discussed in Section
7.15.1, except the fourth-order Adams-Bashforth-Moulton method is used instead of the
fourth-order Runge-Kutta method. Program main defines the data set and prints it, calls
subroutine abm to implement the solution, and prints the solution. Only the statements in
program main which are different from the statements in program main in Section 7.15. I
are presented.
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Program 7.3 The fourth-order Adams-Bashforth-Moulton method program

1000
1020

i000

program main

main I~rogram to illustrate ODE solvers

data ndim,nmax, n,iw, dt / i01, ii, i, i, 1.0 /

data (t(n),n=l,4) / 0.0, 1.0, 2.0, 3.0 

data (y(n),n=l,4) / 2500.0, 2360.82998845, 2248.24731405,

1 2154.47079576 /
data (yp(n),n=l,4) / -156.23437500, -124.24079704,

1 -102. 18094603, -86. 16753966 /

do n=l, 4

write (6,1030) n, t(n),y(n),yp(n)

end do

do n=4, nmax-i
call abm (ndim, n, dt, t,y, yp, iw)

write (6,1030) n+l, t(n+l) ,y(n+l) ,yp(n+l)

end do

format (’ Adams-B-M method’/" ’/’n’,5x, ’tn’,9x, "yn’,13x, "fn’)

format (16x, "yPred’,lOx, ’fPred’/" ’)

end
subroutine abm (ndim, n, dr, t,y, yp, iw)

the fourth-order Adams-Bashforth-Moul ton method

dimension t (ndim) , y (ndim) , yp (ndim)

ypred=y(n) +dr * (55.0 *yp (n) -59. O*yp (n-i ) +37. O*yp 

1 -9. O*yp(n-3) )/24.0

fpred=f ( t (n) +dt, ypred)

y (n+l) =y (n) +dr * (9. *fpred+l 9. *yp (n) -5. *yp (n-I) +yp (n-2) 

t (n+l) =t (n) 
yp(n+l)=f(t (n+l) ,y(n+l) 

if (iw. eq.l) write (6,1000) ypred, fpred

return

format (llx, 2f15.8)

end

function f(t,y)

derivative function

end

The data set used to illustrate subroutine abm is taken from Example 7.14. The

output generated by the fourth-order Adams-Bashforth-Moulton program is presented in

Output 7.3.

Output 7.3 Solution by the fourth-order Adams-Bashforth-Moulton method

Adams-B-M method

tn yn fn

yPred fPred

1 0.000 2500.00000000 -156.23437500
2 1.000 2360.82998845 -124.24079704
3 2.000 2248.24731405 -102.18094603
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3
4

5

10

2.000 2248.24731405 -102.18094603
3.000 2154.47079576 -86.16753966

2075. 24833822 - 74. 17350708
4. 000 2074. 55075892 -74.07380486

2005. 68816487 -64. 71557210
5. 000 2005. 33468855 -64. 66995205

9.000 1798.14913834 -41.80233360
1758.21558333 -38.20946276

10.000 1758.18932752 -38.20717951

Chapter 7

7.15.4 Packages for Integrating Initial-Value ODEs

Numerous libraries and software packages are available for integrating initial-value
ordinary differential equations. Many work stations and main frame computers have
such libraries attached to their operating systems.

Many commercial software packages contain algorithms for integrating initial-value
ODEs. Some of the more prominent packages are Matlab and Mathcad. More sophisti-
cated packages, such as IMSL, MATHEMATICA, MACSYMA, and MAPLE, also
contain algorithms for integrating initial-value ODEs. Finally, the book Numerical Recipes
[Press et al. (1989)] contains numerous subroutines for integrating initial-value ordinary
differential equations.

7.16 SUMMARY

Methods for solving one-dimensional initial-value ordinary differential equations are
presented in this chapter. Procedures for discretizing the continuous solution domain,
representing exact derivatives by finite difference approximations, and developing finite
difference equations are discussed. The concepts of consistency, order, stability, and
convergence are defined and discussed. A procedure for investigating consistency and
determining order by developing and analyzing a modified differential equation is
presented. A procedure for determining stability criteria by analyzing the amplification
factor G, the single-step exact solution of a finite difference equation, is presented.

Three types of methods for solving initial-value ODEs are presented:

1. Single-point methods
2. Extrapolation methods
3. Multipoint methods

These methods can be used to solve single first-order ODEs, higher-order ODEs, and
systems of first-order ODEs.

Finite difference equations of any order can be developed for all three types of
methods. Generally speaking, fourth-order methods are the best compromise between
accuracy and simplicity for the single-point and multipoint methods. The extrapolated
modified midpoint method can be extended easily to higher order.

The fourth-order Runge-Kutta method is an excellent general purpose single-point
method, which works well for both smoothly-varying and nonsmoothly-varying problems.
However, error estimation and error control can be expensive, so it may not be the most
efficient method.
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The extrapolated modified midpoint method is an excellent method for both
smoothly varying problems and nonsmoothly varying problems. It can give extremely
accurate results. Error estimation and error control are straightforward and efficient.
However, for nonsmoothly varying problems, the Runge-Kutta method may be more
straightforward.

Multipoint methods, such as the fourth-order Adams-Bashforth-Moulton method,
work well for smoothly varying problems. Error estimation and error control are
straightforward and efficient. However, for nonsmoothly varying problems, the Runge-
Kutta method generally behaves better. Even for smoothly varying problems, the extra-
polated modified midpoint method is generally more efficient than a multipoint method.

Stiff initial-value ODEs present an especially difficult problem. The Gear family of
FDEs is recommended for stiff ODEs. For nonlinear stiff ODEs, the resulting nonlinear
FDEs must be solved iteratively, usually by Newton’s method. Although expensive, this
procedure gives good results.

Any of the methods presented in this chapter for solving initial-value ODEs can be
used to solve any initial-value ODE. The choice of a method for a particular problem
depends on both the characteristics of the problem itself and the personal preference of the
analyst.

After studying Chapter 7, you should be able to:

1. Describe the general features of initial-value ordinary differential equations
2. Discuss the general features of the linear first-order ODE, including the

complimentary solution and the particular solution
3. Discuss the general features of a nonlinear first-order ODE
4. Linearize a nonlinear first-order ODE
5. Explain the difference between a stable ODE and an unstable ODE
6. Explain the concept of a family of solutions of an ODE and how a particular

member is chosen
7. Describe how higher-order ODEs and systems of first-order ODEs can be

solved using the procedures for solving a single first-order ODE
8. Explain the relationship between the solution of time-marching propagation

problems and space marching propagation problems
9. Explain and implement the Taylor series method

10. Explain the objective of a finite difference method for solving an ODE
11. Describe the steps in the finite difference solution of an ODE
12. Discretize a continuous solution domain into a discrete finite difference grid
13. Develop a finite difference approximation of an exact derivative by the Taylor

series approach
14. Explain how to develop an explicit FDE and an implicit FDE
15. Describe the effect of truncation error on the solution of an ODE
16. Derive and use the first-order explicit Euler method
17. Derive and use the first-order implicit Euler method
18. Explain the relative advantages and disadvantages of the explicit and implicit

Euler methods
19. Define and discuss the concept of consistency
20. Define and discuss the concept of order
21. Define and discuss the concept of stability
22. Define and discuss the concept of convergence
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23. Derive the modified differential equation (MDE) corresponding to a FDE
24. Analyze the MDE to determine consistency and order of a FDE
25. Develop the amplification factor, G, for a FDE
26. Analyze the amplification factor, G, to determine the stability criterion for a

FDE
27. Determine whether or not a finite difference method is convergent
28. Explain the concept of a single-point method
29. Derive and use the midpoint and modified midpoint methods
30. Derive and use the trapezoid and modified Euler methods
31. Explain the concepts underlying Runge-Kutta methods
32. Apply the fourth-order Runge-Kutta method
33. Derive and apply error estimation and error control methods for single-point

methods
34. Explain the concept underlying extrapolation methods
35. Derive and apply the extrapolated modified midpoint method
36. Explain the concepts underlying multipoint methods
37. Derive an explicit multipoint method
38. Derive an implicit multipoint method
39. Derive and apply the fourth-order Adams-Bashforth-Moulton method
40. Derive and apply error estimation, error control, and extrapolation methods for

multipoint methods
41. Discuss the relative advantages and disadvantages of single-point methods,

extrapolation methods, and multipoint methods
42. Apply time linearization to solve a nonlinear implicit FDE
43. Apply Newton’s method to solve a nonlinear implicit FDE
44. Reduce a higher-order ODE to a system of first-order ODEs
45. Solve a system of first-order ODEs
46. Explain the concept of a stiff ODE
47. Discuss the problems arising in the solution of stiff ODEs
48. Describe and apply the Gear method for solving stiff ODEs
49. Choose and implement a finite difference method for solving initial-value

ODEs

EXERCISE PROBLEMS

7.1 Introduction

1. Derive the exact solution of the radiation problem presented in Eq. (7.3).
2. Use the secant method to solve Eq. (7.3) for the times presented in Table 7.1.

7.2 General Features of Initial-Value ODEs

3. Derive the exact solution of Eq. (7.5).
4. Derive the exact solution of the following ODE:

~’ = af, + b + ct + dt2 ~(to) = 



One-Dimensional Initial-Value Ordinary Differential Equations

5.

6.

7.

417

Derive the exact solution of Eq. (7.12). Let ~(0, 0)= 1.0. Plot the solution
from t = 0.0 to 5.0 for ~ = 1.0 and 10.0.
Derive the exact solution of Eq. (7.13). Let ~(0, 0) = 1.0. Plot the’solution
from t = 0.0 to 5.0 for ~ = 1.0 and 10.0.
Express the following ODE in the linearized form of Eq. (7.21) and identify 

~, = ~2 sin t + 10 ~(0) = 

Express the following ODE in the linearized form of Eq. (7.21) and identify 

~’ = ~3t q-- t 2 ~(0) = 

7.3 The

9.

10.

11.

Taylor Series Method

Solve the example radiation problem presented in Section 7.1 by the Taylor
series method including (a) the fifth derivative term and (b) the sixth derivative
term. Compare the results with the results presented in Table 7.2.
Solve the following ODE by the Taylor series method including the fourth
derivative term for t = 0.0 to 10.0 at intervals of At -- 1.0. Compare the results
with the exact solution.

Solve the following ODE by the Taylor series method including the fourth
derivative term for t = 0.0 to 10.0 at intervals of At = 1.0. Compare the results
with the exact solution.

y’ = t - .~ y(O) = 

7.4 The Finite Difference Method

Finite Difference Approximations

12. Using the Taylor series approach, derive the following finite difference
approximations (FDAs) of f~ = d~/dt, including the leading trtmcation error
term: (a)y’ln+0(At), (b)Y’ln+l +0(A0, (c)y’]n+0(At2), 

Y’I,,+~/2 + 0(At2)¯
13. Using Taylor series, determine what derivative is represented by the following

finite difference approximation (FDA) and the leading truncation error term.

FDA = 2y,+~ + 3yn - 6yn_~ -’[-Yn-2
6 At

The problems in Sections 7.5 and 7.7 to 7.9 are concerned with solving initial-value
ODEs by finite difference methods. Those problems are concerned with the ODEs
presented below, along with their exact solutions. Carry at least six digits after the decimal
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place in all calculations. For all problems, compare the errors for the two step sizes and
calculate the ratio of the errors at t = 1.0.

35’ = 2 - 2t + 4tz - 4t3 - 4t4, .~(0) = .~0 = 

~(t) = ~0 + 2t - 2 +34- t3-- t 4 -- ~ t5

~’~1-.~, ~(0)~o~0, ~(t)=@o-1)et+l

~’=tq-~, ~(0)=~o=1 , ~(t)=(~o+l)et-t-1
e-t

e-t+y, y(O)=Yo=O, y(t)=O30+½)e t 2

t~3, 3(0) = %;0 = 1, 3(0 = 30ep/3

(A)
(B)
(C)

3’= (D)

3’ = (E)

3’ = 2sint+3, 3(0) =3o = 1, 3(0 = et(#o + 1) - sint - (F)

#’=2cost+3, 3(0)=3o=1, 3(t)=et(#o-1)+sint-cost (G)
1

#’=1+0.5#2, 3(0)=30=0.5, #(t)=~t~[~t+t~-l(~#o)] 

~’=t~, ~(0)=~0= 1, ~(t)=~(t 2 + 2~ ~i~

Y’=~, Y(0)=P0= 1, ~(t)- (j)t2 _ 2/~0

t+~’ ~(0)=~°=1’ e@-~°)@o+l)-~-l=t
(K)

An infinite variety of additional problems can be obtained from Eqs. (A) to (K) 
(a) changing the coefficients in the ODEs, (b) changing the initial conditions, (c) changing
the integration step size, (d) changing the range of integration, and (e) combinations of 
above changes.

7.5 The First-Order Euler Methods

The Explicit Euler Method

14. Solve ODE (A) by the explicit Euler method from t = 0.0 to 1.0 with At = 0.2
and 0.1.

15.* Solve ODE (B) by the explicit Euler method from t = 0.0 to 1.0 with
At = 0.2 and 0.1.

16. Solve ODE (C) by the explicit Euler method from t = 0.0 to 1.0 with At = 0.2
and 0.1.

17. Solve ODE (D) by the explicit Euler method from t = 0.0 to 1.0 with At = 0.2
and 0.1.

18. Solve ODE (E) by the explicit Euler method from t = 0.0 to 1.0 with At = 0.2
and 0.1.

19. Solve ODE (F) by the explicit Euler method from t = 0.0 to 1.0 with At = 0.2
and 0. I.

20. Solve ODE (G) by the explicit Euler method from t = 0.0 to 1.0 with At = 0.2
and 0.1.

21.* Solve ODE (H) by the explicit Euler method from t = 0.0 to 1.0 with
At -- 0.2 and 0.1.
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22. Solve ODE (I) by the explicit Euler method from t = 0.0 to 1.0 with At = 0.2
and 0.1.

23. Solve ODE (J) by the explicit Euler method from t = 0.0 to 1.0 with At = 0.2
and 0.1.

24. Solve ODE (K) by the explicit Euler method from t = 0.0 to 1.0 with At = 0.2
and 0.1.

The Implicit Euler Method

25. Solve ODE (A) by the implicit Euler method from t = 0.0 to 1.0 with At = 0.2
and 0.1.

26.* Solve ODE (B) by the implicit Euler method from t = 0.0 to 1.0 with
At = 0.2 and 0.1.

27. Solve ODE (C) by the implicit Euler method from t = 0.0 to 1.0 with At = 0.2
and 0.1.

28. Solve ODE (D) by the implicit Euler method from t = 0.0 to 1.0 with At = 0.2
and 0.1.

29. Solve ODE (E) by the implicit Euler method from t = 0.0 to 1.0 with At = 0.2
and 0.1.

30. Solve ODE (F) by the implicit Euler method from t = 0.0 to 1.0 with At = 0.2
and 0.1.

31. Solve ODE (G) the implicit Euler method from t = 0.0 to 1.0 with At = 0.2
and 0.1.

7.6 Consistency, Order, Stability, and Convergence

Consistency and Order

32. Develop the explicit Euler approximation of the linear first-order ODE,
.~’+ @ = F(t). Derive the corresponding modified differential equation
(MDE), including the leading mmcation error term. Investigate consistency
and order.

33. Solve Problem 32
34. Solve Problem 32
35. Solve Problem 32
36. Solve Problem 32
37. Solve Problem 32
38. Solve Problem 32

for the implicit Euler method.
for the implicit midpoint method.
for the modified midpoint method.
for the implicit trapezoid method.
for the modified Euler method.
for the fourth-order Runge-Kutta method.

The order of a finite difference equation is the order of the leading truncation error
term. Order can be estimated numerically by solving an ODE that has an exact solution for
two different steps sizes and comparing the ratio of the errors. For step size halving, the
ratio of the errors, as At --~ 0, is given by

Error(h) _ 2n

Error(h/2)

where n is the order of the FDE. For ODEs that do not have an exact solution, order can be
estimated by solving the ODE numerically for three step sizes, each one being one-half the
previous one, letting the most accurate solution (the solution for the smallest step size) 
an approximation of the exact solution, and applying the procedure described above.
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39.*
40.*
41.

42.

43.
44.
45.

46.

Stability

47.
48.
49.
50.

51.
52.

Apply the above procedure to Eq. (H) solved by the explicit Euler method.
Apply the above procedure to Eq. (H) solved by the modified Euler method.

Apply the above procedure to Eq. (H) solved by the fourth-order Runge-Kutta
method.
Apply the above procedure to Eq. (H) solved by the Adams-Bashforth-
Moulton method.
Apply the above procedure to Eq. (J) solved by the explicit Euler method.
Apply the above procedure to Eq. (J) solved by the modified Euler method.
Apply the above procedure to Eq. (J) solved by the fourth-order Runge-Kutta
method.
Apply the above procedure to Eq. (J) solved by the Adams-Bashforth-Moulton
method.

Perform
Perform
Perform
Perform
(7.121).
FDE.
Perform
Perform
(7.143).
FDE.

53.

(7.229).
55. Perform

(7.250),
56. Perform

(7.235).
57. Perform

(7.252),

a stability analysis of the explicit Euler FDE, Eq. (7.59).
a stability analysis of the implicit Euler FDE, Eq. (7.73).
a stability analysis of the implicit midpoint FDE, Eq. (7.119).
a stability analysis for the modified midpoint FDEs, Eqs. (7.120) and
The predictor and corrector FDEs must be combined into a single-step

a stability analysis of the implicit trapezoid FDE, Eq. (7.141).
a stability analysis of the modified Euler FDEs, Eq. (7.142) and

The predictor and corrector FDEs must be combined into a single-step

Perform a stability analysis of the fourth-order Runge-Kutta FDEs, Eq. (7.179)
and (7.180). The four-step FDEs must be combined into a single-step FDE.
Perform a stability analysis of the fourth-order Adams-Bashforth FDE, Eq.

a stability analysis of the nth-order Adams-Bashforth FDEs, Eq.
for (a) n = 1, (b) n = 2, and (c) n = 3 (see Table 
a stability analysis of the fourth-order Adams-Moulton FDE, Eq.

a stability analysis of the nth-order Adams-Moulton FDEs, Eq.
for (a) n = 1, (b) n = 2, and (c) n -- 3 (see Table 

7.7 Single-Point Methods

Second-Order Single-Point Methods

58. Solve ODE (A) by the modified midpoint method.
59.* Solve ODE (B) by the modified midpoint method.
60. Solve ODE (C) by the modified midpointmethod.
61. Solve ODE (D) by the modified midpoint method.
62. Solve ODE (E) by the modified midpoint method.
63. Solve ODE (F) by the modified midpoint method.
64. Solve ODE (G) by the modified midpoint method.
65.* Solve ODE (H) by the modified midpoint method.
66. Solve ODE (I) by the modified midpoint method.
67. Solve ODE (J) by the modified midpoint method.
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68. Solve ODE (K) by the modified midpoint method.
69. Solve ODE (A) by the modified Euler method.
70.* Solve ODE (B) by the modified Euler method.
71. Solve ODE (C) by the modified Euler method.
72. Solve ODE (D) by the modified Euler method.
73. Solve ODE (E) by the modified Euler method.
74. Solve ODE (F) by the modified Euler method.
75. Solve ODE (G) by the modified Euler method.
76.* Solve ODE (H) by the modified Euler method.
77. Solve ODE (I) by the modified Euler method.
78. Solve ODE (J) by the modified Euler method.
79. Solve ODE (K) by the modified Euler method.

Runge-Kutta Methods

80. Derive the general second-order Runge-Kutta method, Eqs.
(7.169).

81. Derive the general third-order Runge-Kutta method:

Yn+l = Yn + C~k~ + Czk2 -~- C3k3

Show that one such method is given by

(k~ + 3k~ + k~)
y~+~ = y. +

4

k2:Atf tnq-~,yn+

Fourth-Order Runge-Kutta Method

k~ = At f(t n, Yn)

2 At 2k2"~k3 = At f tn + --~ , yn + ~-)

(7.158) and

82. Derive the general fourth-order Runge-Kutta method. Show that Eqs. (7.179)
and (7.180) comprise one such method.

83. Solve ODE (A) by the fourth-order Runge-Kutta method.
84.* Solve ODE (B) by the fourth-order Runge-Kutta method.
85. Solve ODE (C) by the fourth-order Rtmge-Kutta method.
86. Solve ODE (D) by the fourth-order Runge-Kutta method.
87. Solve ODE (E) by the fourth-order Runge-Kutta method.
88. Solve ODE (F) by the fourth-order Runge-Kutta method.
89. Solve ODE (G) by the fourth-order Runge-Kutta method.
90.* Solve ODE (H) by the fourth-order Runge-Kutta method.
91. Solve ODE (I) by the fourth-order Runge-Kutta method.
92. Solve ODE (J) by the fourth-order Runge-Kutta method.
93. Solve ODE (K) by the fourth-order Runge-Kutta method.

Runge-Kutta Methods with Error Estimation

94.* Solve ODE (J) by the Runge-Kutta-Fehlberg method, Eqs. (7.202) 
(7.204). Compare the results with the results of Problem 92. Evaluate the
error at each step.

95. Solve ODE (K) by the Runge-Kutta-Fehlberg method, Eqs. (7.202) 
(7.204). Compare the results with the results of Problem 93. Evaluate the
error at each step.
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96. The Runge-Kutta-Merson method is as follows:

Y,+I = Y, + ~(kl + 4k4 + ks), Error = ~(2k1 - 9k3 + 8k4 - ks),
k~ = At f(t~,

k2 = Atf(t n + ½At, yn + ½k~),
1 " 1k3 = Atf(t, + ~ At, y, + ~ kl + ~ k2)

k4 ~- Atf(t, +½At, y, +~k~ q- ~k3),

k5 = Atf(t. + At, y. + ½ k~ 3 --~ 3 -b2k4)

97. Solve ODE (J) by the Runge-Kutta-Merson method. Compare the results with
the results of Problems 92 and 94.

98. Solve ODE (K) by the Runge-Kutta-Merson method. Compare the results
with the results of Problems 93 and 95.

7.8 Extrapolation Methods

99.

100.*

101.

102.

103.

104.

105.

106.*

107.

108.

109.

Solve Eq. (A) by the extrapolated modified midpoint method for At = 0.2
and M = 2, 4, 8, and 16.
Solve Eq. (B) by the extrapolated modified midpoint method for At = 0.2
and M = 2, 4, 8, and 16.

Solve Eq. (C) by the extrapolated modified midpoint method for At = 0.2 and
M= 2, 4, 8, and 16.
Solve Eq. (D) by the extrapolated modified midpoint method for At = 0.2
and M = 2, 4, 8, and 16.
Solve Eq. (E) by the extrapolated modified midpoint method for At = 0.2 and
M = 2, 4, 8, and 16.
Solve Eq. (F) by the extrapolated modified midpoint method for At = 0.2 and
M=2, 4, 8, and 16.
Solve Eq. (G) by the extrapolated modified midpoint method for At --- 0.2
and M = 2, 4, 8, and 16.

Solve Eq. (H) by the extrapolated modified midpoint method for At ----- 0.2
and M --- 2, 4, 8, and 16.

Solve Eq. (I) by the extrapolated modified midpoint method for At ---= 0.2 and
M=2, 4, 8, and 16.
Solve Eq. (J) by the extrapolated modified midpoint method for At = 0.2 and
M = 2, 4, 8, and 16.
Solve Eq. (K) by the extrapolated modified midpoint method for At = 0.2
and M = 2, 4, 8, and 16.

7.9 Multipoint Methods

110. Derive the fourth-order Adams-Bashforth FDE, Eq. (7.229), with the leading
truncation error term.

111. Derive the nth-order Adams-Bashforth FDEs, Eq. (7.250), for (a) n = 1, 
n = 2, and (c) n = 

112. Derive the fourth-order Adams-Moulton FDE, Eq. (7.235), with the leading
truncation error term.
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113. Derive the nth-order Adams-Moulton FDEs, Eq. (7.252), for (a) n = 1, 
n = 2, and (c) n = 

114. Develop the error estimation formulas for the fourth-order Adams-Bashforth-
Moulton method, Eqs. (7.257) and (7.258).

In Problems 115 to 136, use the exact solution for starting values. Compare the
results in Problems 126 to 136 with the results for the corresponding ODEs in Problems
115 to 125.

115. Solve ODE (A) by the fourth-order Adams-Bashforth-Moulton method.
116.* Solve ODE (B) by the fourth-order Adams-Bashforth-Moulton method.
117. Solve ODE (C) by the fourth-order Adams-Bashforth-Moulton method.
118. Solve ODE (D) by the fourth-order Adams-Bashforth-Moulton method.
119. Solve ODE (E) by the fourth-order Adams-Bashforth-Moulton method.
120. Solve ODE (F) by the fourth-order Adams-Bashforth-Moulton method.
121. Solve ODE (G) by the fourth-order Adams-Bashforth-Moulton method.
122.* Solve ODE (H) by the fourth-order Adams-Bashforth-Moulton method.
123. Solve ODE (I) by the fourth-order Adams-Bashforth-Moulton method.
124. Solve ODE (J) by the fourth-order Adams-Bashforth-Moulton method.
125. Solve ODE (K) by the fourth-order Adams-Bashforth-Moulton method.
126. Solve ODE (A) by the fourth-order Adams-Bashforth-Moulton method with

mop up.
127. Solve ODE (B) by the fourth-order Adams-Bashforth-Moulton method with

mop up.
128. Solve ODE (C) by the fourth-order Adams-Bashforth-Moulton method with

mop up.
129. Solve ODE (D) by the fourth-order Adams-Bashforth-Moulton method with

mop up.
130. Solve ODE (E) by the fourth-order Adams-Bashforth-Moulton method with

mop up.
131. Solve ODE (F) by the fourth-order Adams-Bashforth-Moulton method with

mop up.
132. Solve ODE (G) by the fourth-order Adams-Bashforth-Moulton method with

mop up.
133.* Solve ODE (H) by the fourth-order Adams-Bashforth-Moulton method with

mop up.
134. Solve ODE (I) by the fourth-order Adams-Bashforth-Moulton method with

mop up.
135. Solve ODE (J) by the fourth-order Adams-Bashforth-Moulton method with

mop up.
136. Solve ODE (K) by the fourth-order Adams-Bashforth-Moulton method with

mop up.

In Problems t 37 to 147, use the fourth-order Runge-Kutta method to obtain starting
values. Compare the results with the results for the corresponding ODEs in Problems 115
to 125.

137. Solve ODE (A) by the fourth-order Adams-Bashforth-Moulton method.
138. Solve ODE (B) by the fourth-order Adams-Bashforth-Moulton method.
139. Solve ODE (C) by the fourth-order Adams-Bashforth-Moulton method.
140. Solve ODE (D) by the fourth-order Adams-Bashforth-Moulton method.
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141.
142.
143.
144.
145.
146.
147.
148.

Solve ODE
Solve ODE
Solve ODE
Solve ODE
Solve ODE
Solve ODE
Solve ODE

(E) by the fourth-order Adams-Bashforth-Moulton method.
(F) by the fourth-order Adams-Bashforth-Moulton method.
(G) by the fourth-order Adams-Bashforth-Moulton method.
(H) by the fourth-order Adams-Bashforth-Moulton method.
(I) by the fourth-order Adams-Bashforth-Moulton method.
(J) by the fourth-order Adams-Bashforth-Moulton method.
(K) by the fourth-order Adams-Bashforth-Moulton method.

Solve ODE (H) by the fourth-order Adams-Bashforth-Moulton method with
mop up using the fourth-order Runge-Kutta method to obtain starting values.
Compare the results with the results of Problems 122, 133, and 144.

149. Solve ODE (I) by the fourth-order Adams-Bashforth-Moulton method with
mop up using the fourth-order Runge-Kutta method to obtain starting values.
Compare the results with the results of Problems 123, 134, and 145.

150. Solve ODE (J) by the fourth-order Adams-Bashforth-Moulton method with
mop up using the fourth-order Runge-Kutta method to obtain starting values.
Compare the results with the results of Problems 124, 135, and 146.

151. Solve ODE (K) by the fourth-order Adams-Bashforth-Moulton method with
mop up using the fourth-order Runge-Kutta method to obtain starting values.
Compare the results with the results of Problems 125, 136, and 147.

7.11

Time

Nonlinear Implicit Finite Difference Equations

Linearization

152.
153.*
154.
155.
156.
157.
158.
159.
160.
161.
162.

Solve ODE (A) by the implicit Euler method using time linearization.
Solve ODE (B) by the implicit Euler method using time linearization.

Solve ODE (C) by the implicit Euler method using time linearization.
Solve ODE
Solve ODE
Solve ODE
Solve ODE
Solve ODE
Solve ODE
Solve ODE
Solve ODE

Newton’s Method

163. Solve ODE
164. Solve ODE
165. Solve ODE
166. Solve ODE
167. Solve ODE
168. Solve ODE
169. Solve ODE
170. Solve ODE
171. Solve ODE
172. Solve ODE
173. Solve ODE

(D) by the implicit Euler method using time linearization.
(E) by the implicit Euler method using time linearization.
(F) by the implicit Euler method using time linearization.
(G) by the implicit Euler method using time linearization.
(H) by the implicit Euler method using time linearization.
(I) by the implicit Euler method using time linearization.
(J) by the implicit Euler method using time linearization.
(K) by the implicit Euler method using time linearization.

(A) by the implicit Euler method using Newton’s method.
(B) by the implicit Euler method using Newton’s method.
(C) by the implicit Euler method using Newton’s method.
(D) by the implicit Euler method using Newton’s method.
(E) by the implicit Euler method using Newton’s method.
(F) by the implicit Euler method using Newton’s method.
(G) by the implicit Euler method using Newton’s method.
(H) by the implicit Euler method using Newton’s method.
(I) by the implicit Euler method using Newton’s method.
(J) by the implicit Euler method using Newton’s method.
(K) by the implicit Euler method using Newton’s method.
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7.12 Higher-Order Ordinary Differential Equations

174. Reduce the following ODE to a pair of first-order ODES:

ay" + by’ + cy = d y(O) = Yo and y’(O) = 

175. Reduce the following ODE to a pair of first-order ODES:

ay" + bly’ly’ + cy = F(t) y(0) =Y0 and y’(0) 

176. Reduce the following ODE to a set of first-order ODES:

ay" + by" + cy’ + dy = e y(O) = Yo, y’(O) = Y’o and y"(O) 

177. Reduce the following pair of ODEs to a set of four first-order ODES:

ay" + by’ + cz’ + dy + ez = F(t) y(O) = andy’(0 ) = y~

Az" + By’ + Cz’ + Dy + Ez = G(t) z(O) o andz’(O) = Z~

178. The ODE governing the displacement x(t) of a mass-damper-spring system is

rex" + Cx’ + Kx = F(t) x(0) = 0 and x’(0) =

Reduce this second-order ODE to a pair of coupled first-order ODEs.
179. The ODE governing the charge q(t) in a series L (inductance), R (resistance),

and C (capacitance) circuit 

, 1 dV(t) 
Lq’t + Rq + ~ q = d----~-- q(O) = qo and q’(O) 

Reduce this second-order ODE to two coupled first-order ODEs.
180. The angular displacement O(t) of a frictionless pendulum is governed by the

ODE

0" + ~ sin 0 = 0 0(0) = 00 and 0’(0) 0~

Reduce this second-order ODE to a pair of first-order ODEs.
181. The governing equation for the displacement y(t) of a projectile shot

vertically upward is

my" + C[ VI V = -mg y(O) = O, y’(O) = V(O) o

where V = dy/dt is the projectile velocity, C is a drag parameter, and g is the
acceleration of gravity. Reduce this second-order ODE to a pair of first-order
ODEs.

182. The governing ODEs for the position, x(t) and y(t), of a projectile shot at an
angle e with respect to the horizontal are

rex" + CI VI g cos 0 = 0, x(0) = 0, x"(0) = u(0) = V0 

my" + CIVIVsinO = -mg y(O) = O, y’(O) = v(O) o sinc~

where V = (u2 + v2)1/2, 0 = tan-~(v/u), u = dx/dt, v = dy/dt, isa drag
perameter, and g is the acceleration of gravity. Reduce this pair of coupled
second-order ODEs to a set of four first-order ODEs.
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7.13

183. The governing equation for the laminar boundary layer over a flat plate is

d3f , ,,d2f
d~/~-~ mJ~-g~2 --- 0 f(0) = 1, f’(0) = 0, andf’(t/) --~ 1 as n 

Reduce this ODE to a set of three first-order ODEs.
184. The governing equation for a laminar mixing layer is

d3f+f-~+(df~ 2= 0.0 f(0) = 0,f’(0)= 0, andf’(t/) 

as q-+ o~

Reduce this ODE to a set of three first-order ODEs.

Systems of First-Order Ordinary Differential Equations

185. Solve the following pair of initial-value ODEs by the explicit Euler method
from t = 0.0 to 1.0 with At = 0.2 and 0.1.

~’ = 2p + ~ + 1, :P(0) = 1 and ~’ = :P + ~ + 1, ~(0) (L)

186. Solve ODE (L) by the modified Euler method.
187. Solve ODE (L) by the fourth-order Runge-Kutta method.
188. Solve the following pair of initial-value ODEs by the explicit Euler method

from t = 0.0 to 1.0 with At = 0.2 and 0.1.

~’ = 2~ + ~ + t, ~(0) = 1 and ~’ = ~ + ~ + t, ~(0) (M)

189. Solve ODE (M) by the modified Euler method.
190. Solve ODE (M) by the fourth-order Runge-Kutta method.
191. Solve the following pair of intial-value ODEs by the explicit Euler method

from t = 0.2 to 1.0 with At = 2.0 and 0.1.

f~ = 2f~ + ~ + et, ~(0) = 1 and ~’ = ~ + ~ + 1, ~(0) (N)

192. Solve ODE (N) by the modified Euler method.
193. Solve ODE (N) by the fourth-order Runge-Kutta method.
194. Solve the following pair of initial-value ODEs by the explicit Euler method

from t = 0.0 to 1.0 with At = 0.2 and 0.1.

~’ = 2f~ + ~ + et + 1 + t, ~(0) = 0 and ~’ = ) + ~ + t, ~(0) (O)

195. Solve ODE (O) by the modified Euler method.
196. Solve ODE (O) by the fourth-order Runge-Kutta method.
197. Solve the following pair of initial-value ODEs by the explicit Euler method

from t = 0.0 to 1.0 with At = 0.2 and 0.1.

~’ = ~, ~(0) = 1 and ~’ = -4.p - 5~ + 1 + t + et, ~(0) -= (P)

198. Solve ODE (P) by the modified Euler method.
199. Solve ODE (P) by the fourth-order Runge-Kutta method.
200. Solve the following pair of initial-value ODEs by the explicit Euler method

from t = 0.0 to 1.0 with At = 0.2 and 0.1.

~’ = ~, ~(0) = 1 and ~’ = -6.25~ - 4~ + 1 + t + 2et, ~(0) = 1 (Q)
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201. Solve ODE (Q) by the modified Euler method.
202. Solve ODE (Q) by the fourth-order Runge-Kutta method.
203. Solve the following pair of initial-value ODEs by the explicit Euler method

from t = 0.0 to 1.0 with At = 0.2 and 0.1.

.~’ --- 0.1~2 + 1, ~(0) = 1 and ~’ = 0.1~ + O.lfl, ](0) (R)

204. Solve ODE (R) by the modified Euler method.
205. Solve ODE (R) by the fourth-order Runge-Kutta method.

7,14 Stiff Ordinary Differential Equations

The following problems involving stiffODEs require small step sizes and large numbers of
steps. Consequently, programs should be written to solve these problems.

206. Consider the model stiff ODE:

y’ = -1000[y - (t + 2)] + 1 y(0) (S)

Solve ODE (S) by the explicit Euler method from t = 0.0 to 0.01 with
At = 0.0005, 0.001, 0.002, and 0.0025. Compare the solution with the exact
solution.

207. Solve Eq. (S) by the implicit Euler method from t = 0.0 to 0.1 with
At = 0.01, 0.05, and 0.1.

208. Solve Eq. (S) by the implicit trapezoid method from t = 0.0 to 0.1 with
At = 0.01, 0.05, and 0.1.

209. Solve Eq. (S) by the modified Euler method from t = 0.0 to 0.01 with
At = 0.0005, 0.001, 0.002, and 0.0025.

210. Solve Eq. (S) by the second-order Gear method from t = 0.0 to 0.1 with
At = 0.01 and 0.02. Use the exact solution for starting values.

211. Solve Eq. (S) by the fourth-order Gear method from t = 0.0 to 0.1 with
At = 0.01 and 0.02. Use the exact solution for starting values.

212. Solve Eq. (S) by the fourth-order Gear method from t = 0.0 to 0.1 with
At = 0.01 using the first-, second-, and third-order Gear methods to obtain
starting values.

213. Solve the second-order ODE

~" + ~’ + ~ = 1 ~(0) = 0 and ~’(0) (T)

by the explicit Euler method from t = 0.0 to 1.0 for e = 0.01 with At = 0.01,
0.02, and 0.025.

214. Solve Eq. (T) by the implicit Euler method from t = 0.0 to 1.0 with At = 0.1
0.2, and 0.25.

215. Solve Eq. (T) by the implicit trapezoid method from t = 0.0 to 1.0 with
At = 0.1, 0.2 and 0.25.

216. Solve Eq. (T) by the modified Euler method from t = 0.0 to 1.0 with
At = 0.01, 0.02, and 0.025.

217. Solve Eq. (T) by the first-order Gear method from t = 0.0 to 1.0 with
At = 0.1 and 0.2.

218. Solve Eq. (T) by the second-order Gear method from t = 0.0 to 1.0 with
At = 0.1. Use the first-order Gear method for starting values.
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219. Solve Eq. (T) by the fourth-order Gear method from t = 0.0 to 1.0 with
At = 0.1 using the first-, second-, and third-order Gear methods to obtain
starting values.

220. Consider the pair of ODEs

.9’ = -~, .9(0) = 1 and ~’ = -100.9, ~(0) (U)

Assume that these two equations must be solved simultaneously with the
same At as part of a larger problem. Solve these equations by the explicit
Euler method from t = 0.0 to 1.0. Let At = 0.1, 0.2, and 0.25.

221. Solve Eq. (U) by the implicit Euler method from t = 0.0 to 1.0 with At = 0.1,
0.2, and 0.25.

222. Solve Eq. (U) by the implicit trapezoid method from t = 0.0 to 1.0. with
At = 0.1 and 0.2, and 0.25.

223. Solve Eq. (U) by the modified Euler method from t = 0.0 to 1.0 with
At = 0.1, 0.2, and 0.25.

224. Solve Eq. (U) by the first-order Gear method from t = 0.0 to 1.0 with
At = 0.1 and 0.2.

225. Solve Eq. (U) by the second-order Gear method from t = 0.0 to 1.0 with
At = 0.1 and 0.2. Use the first-order Gear method for starting values.

226. Solve Eq. (U) from t = 0.0 to 1.0 by the fourth-order Gear method with
At = 0.1. Use the first-, second-, and third-order Gear methods to obtain
starting values.

227. Consider the coupled pair of ODEs:

.9’ = 998.9 + 1998~, .9(0) = 1 and ~’ = -999.9 - 1999~, ~(0) = 1 

Solve these two equations by the explicit Euler method from t = 0.0 to 0.1
with At = 0.001, 0.002, and 0.0025.

228. Solve Eq. (V) by the implicit Euler method from t = 0.0 to 0.1 with
At = 0.01, 0.02, and 0.025.

229. Solve Eq. (V) by the implicit trapezoid method from t = 0.0 to 0.1 with
At = 0.01, 0.02, and 0.025.

230. Solve Eq. (V) by the modified Euler method from t = 0.0 to 0.1 with
At = 0.001, 0.002, and 0.0025.

231. Solve Eq. (V) by the first-order Gear method from t = 0.0 to 0.1 At = 0.01
and 0.02.

232. Solve Eq. (V) by the second-order Gear method from t = 0.0 to 0.1 with
At = 0.01 and 0.02. Use the first-order Gear method for starting values.

233. Solve Eq. (V) by the fourth-order Gear method from t = 0.0 to 0.1 with
At = 0.01 using the first-, second-, and third-order Gear methods to obtain
starting values.

234. Solve the following coupled pair of ODEs by the explicit Euler method from
t = 0.0 to 100.0:

.9’ = -~ + 0.999~, .9(0) = 1 and ~’ = 0.001~, ~(0) (W)

Let At = 1.0, 2.0, and 2.5.
235. Solve Eq. (W) by the implicit Euler method from t = 0.0 to 100.0 with

At = 10.0, 20.0, and 25.0.
236. Solve Eq. (W) by the implicit trapezoid method from t = 0.0 to 100.0 with

At = 10.0, 20.0, and 25.0.
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237. Solve Eq. (W) by the modified Euler method from t = 0.0 to 100.0 with
At = 1.0, 2.0, and 2.5.

238. Solve Eq. (W) by the first-order Gear method from t = 0.0 to 100.0 with
At = 10.0 and 20.0.

239. Solve Eq. (W) by the second-order Gear method from t = 0.0 to 100.0 with
At = 10.0 and 20.0. Use the first-order Gear method for starting values.

240. Solve Eq. (W) from t = 0.0 to 100.0 by the fourth-order Gear method with
At = 10.0. Use the first-, second-, and third-order Gear methods to obtain
starting values.

241. Solve the following coupled pair of ODEs by the explicit Euler method from
t = 0.0 to 100.0:

~’ = -~ + 0.999~, ~(0) = 2 and ~’ = -0.001~, ~(0) (X)

Let At = 1.0, 2.0, and 2.5.
242. Solve Eq. (X) by the implicit Euler method from t = 0.0 to 100.0 with

At = I0.0, 20.0, and 25.0.
243. Solve Eq. (X) by the implicit trapezoid method from t = 0.0 to 100.0 with

At = 10.0, 20.0, and 25.0.
244. Solve Eq. (X) by the modified Euler method from t = 0.0 to 100.0 with

At = 1.0, 2.0, and 2.5.
245. Solve Eq. (X) by the first-order Gear method from t = 0.0 to 100.0 with

At = 10.0 and 20.0.
246. Solve Eq. (X) by the second-order Gear method from t = 0.0 to 100.0 with

At -- 10.0 and 20.0. Use the exact solution for starting values.
247. Solve Eq. (X) from t = 0.0 to 100.0 by the fourth-order Gear method with

At ---- 10.0. Use the first-, second-, and third-order Gear methods to obtain
starting values.

7.15 Programs

248. Implement the fourth-order Runge-Kutta method program presented in
Section 7.15.1. Check out the program using the given data set.

249. Solve any of Problems 83 to 93 with the fourth-order Runge-Kutta method
program.

250. Modify the fourth-order Runge-Kutta method program to implement the
Runge-Kutta-Fehlberg method. Check out the modified program using the
given data set.

251. Solve any of Problems 83 to 93 with the Runge-Kutta-Fehlberg method
program.

252. Modify the fourth-order Runge-Kutta method program to implement the
Runge-Kutta-Merson method. Check out the modified program using the
given data set.

253. Solve any of Problems 83 to 93 with the Runge-Kutta-Merson method
program.

254. Implement the extrapolated modified midpoint method program presented in
Section 7.15.2. Check out the program using the given data set.

255. Solve any of Problems 99 to 109 with the extrapolated modified midpoint
method program.
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256. Implement the fourth-order Adams-Bashforth-Moulton method program
presented in Section 7.15.3. Check out the program using the given data set.

257. Solve any of Problems 115 to 125 with the fourth-order Adams-Bashforth-
Moulton method program.

APPLIED PROBLEMS

Several applied problems from various disciplines are presented in this section. These
problems can be solved by any of the methods presented in this chapter. An infinite variety
of exercises can be constructed by changing the numerical values of the parameters, the
step size At, and so forth. Most of these problems require a large amount of computation to
obtain accurate answers. Consequently, it is recommended that they be solve by computer
programs.

258. Population growth of any species is frequently modeled by an ODE of the
form

dN
d--[ = aN - bN2 N(O) = o

where N is the population, aN represents the birthrate, and bN2 represents the
death rate due to all causes, such as disease, competition for food supplies,
and so on. IfN0 = 100,000, a = 0,1, and b = 0.0000008, calculate N(t) for
t = 0.0 to 20.0 years.

259. A lumped mass rn initially at the temperature To is cooled by convection to
its surroundings at the temperature Ta. From Newton’s law of cooling,

~¢conv. = hA(T - Ta), where h is the convective cooling coefficient and A is
the surface area of the mass. The energy E stored in the mass is E = mCT,
where C is the specific heat. From an energy balance, the rate of change of E
must equal the rate of cooling due to convection Oconv." Thus,

dT hA
-- (T- Ta) T(O) Odt mC

Consider a sphere of radius r = 1.0 cm made of an alloy for which p =
3,000.0 kg/m3 and C = 1,000.0 J/(kg-K). If h = 500.0 J/(s-m2-K), T(0) 

500.0C, and Ta = 50.0C, calculate T(t) for t = 0.0 to 10.0s.
260. Consider the radiation problem presented in Part II.5, Eq. (II.20):

dT Ae~r T4
dt - ~ ( - T4a) r(o)= o

Consider a sphere of radius r = 1.0 cm made of an alloy for which p =
8,000kg/ms and C= 500.0J/(kg-K). If e = 0.5, T(0)= 2,500.0K, 
Ta = 100.0K, calculate T(t) for t = 0.0 to 10.0s. The Stefan-Boltzmann
Constant a = 5.67 x 10-8 J/(s-m2-K4).

261. Combine Problems 259 and 260 to consider simultaneous cooling by
radiation and convection. Let the convective cooling coefficient h =
600.0 J/(s-m2-K). Calculate T(t) for t = 0.0 to 10.0 s and compare the results
with the results of the previous problems.
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262. When an ideal gas flows in a variable-area passage in the presence of friction
and heat transfer, the Mach number M is governed by the following ODE [see
Eq. (9.112) in Zucrow and Hoffman, Vol. 1 (1976)]:

dM M[I+(y-I)M2/2]I ~dA 1 24f 1 ~dT1-~-x= i2-~M~ - ~xx+~TM ~+~ (+7M2) ~x

where x is the distance along the passage (cm), ;~ is the ratio of specific heats
(dimensionless), A is the cross-sectional flow area (cm2), f is the friction
coefficient (dimensionless), D is the diameter of the passage (cm), and 
the stagnation temperature (K). For a conical flow passage with a circular
cross section, A = riD2~4, where D(x)= i +~x, where Di is theinle t
diameter. Thus,

dA d(~D2 ) n dD n n
dx--ax =~xx ( /+~x)2=~(Di+°~x)a=a~D

The stagnation temperature T is given by

Q(x)T(x) = r, ~ c

where Q(x) is the heat transfer along the flow passage (J/cm) and C is the
specific heat (kJ/kg-K). Thus,

dT 1 dQ
dx-Cdx

For a linear heat transfer rate, Q = Qi + fix, and

dT 1 d ~
dx - C dx (Qi + fix) = 

The friction coefficientf is an empirical function of the Reynolds number and
passage surface roughness. It is generally assumed to be constant for a
specific set of flow conditions. Consider a problem where f = fi = 0.0,
a = 0.25 cm/cm, 7 = 1.4, and Di = 1.0 cm. Calculate M(x) for x = 0.0 to
5.0cm for (a) M,. = 0.7 and (b)/14,. = 

263. For Problem 262, let a = fl = 0.0, f = 0.005, ]; = 1.4, and Di = 1.0 cm,
where a = 0.0 specifies a constant-area tube. Calculate M(x) for x = 0.0 to
5.0 cm for (a) M/= 0.7 and (b) M/= 

264. For Problem 262, let a =f=0.0, T/= 1,000.0K, fl = 50.0J/cm, C=
1.0kJ/(kg-K), and D = 1.0cm. Calculate M(x) for x = 0.0 to 5.0cm for
(a) M; = 0.5 and (b) M~ = 

265. Solve Problem 264 for fl = -50.0 J/cm.
266. Consider combined area change and friction in the fluid mechanics problem

described in Problem 262. Solve Problem 262 with the addition off = 0.005.
267. Consider combined friction and heat transfer in the fluid mechanics problem

described in Problem 262. Solve Problem 264 with the addition off = 0.005.
268. The governing equation for a projectile shot vertically upward is

d2y
m -~ = --rag -- CI V[ V y(0) = 0 and y’(0) ---- o

where m is the mass of the projectile (kg), y(t) is the height (m), g is the
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acceleration of gravity (9.80665 m/s2), C is an aerodynamic drag parameter,
and V=dy/dt is the velocity. For m= 10.0kg, C=O.1N-s2/m2, and
V0 = 500.0 re~s, calculate (a) the maximum height attained by the projectile,
(b) the time required to reach the maximum height, and (c) the time required
to return to the original elevation.

269. A machine of mass m (kg) rests on a support that exerts both a damping force
and a spring force on the machine. The support is subjected to the displace-
ment y(t)= Yo sin~ot. From Newton’s second law of motion,

d2y _
m-d-~-

where (y- Y) is the relative displacement between the machine and the
support, C is the damping coefficient, and K is the spring constant. Determine
the motion of the machine during the first cycle of oscillation of the support
for rn = 1,000.0kg, C = 5,000.0N-s/m, K = 50,000.0N/m, Y0 = 1.0cm,
o9 = 100.0 rad/s, and y(0) = y’(0) = 

270. The current i(t) in a series L-R-C circuit is governed by the ODE

di I
L ~ + Ri + -~ q = V(t) i(O) o andq(O)= qo

where i is the current (amps), q is the charge (coulombs), dq/dt = i, L is the
inductance (henrys), C is the capacitance (farads), and V is the applied
voltage (volts). LetL = 100.0mH, R = 10.0ohms, C = 1 mf, V = 10.0volts,
i 0 = 0.0, and q0 = 0.0. Calculate fit) and q(t) for t = 0.0 to 0.05 s. What is the
maximum current, and at what time does it occur?

271. Solve Problem 270 for V = 10.0 sin wt, where o9 is the frequency (1/s) of the
applied voltage, which is given by o9 = 2~zf, wheref = 60.0 cycles/s.

272. The angular displacement 0(t) (radians) of a frictionless pendulum 
governed by the equation

d20 ~ ’dr-- T+ sinO=O 0(0)=00 andO’(O)=O0

where g is the acceleration of gravity (9.80665 m/s2) and L is the length of
the pendulum (m). For small 0, the governing equation simplifies 

d20 g
dt--g + -£0 = 0

Solve for O(t) for one period of oscillation for 0(0.0) -- 0.1 and 0.5 radians,
0’(0.0) = 0.0, and L = 0.1, 1.0, and 10.0m, using the simplified equation.

273. Solve Problem 272 using the exact governing equation. Compare the results
with the results of Problem 272.

274. The population of two species competing for the same food supply can be
modeled by the pair of ODEs:dN___~ = N1 (A1 _ BINI _ C1N2)

dt

dN2
d--~- = N2(A2 - B2N2 - C2N1)

N1 (0) = 1,0

N2(0) = N2,0
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where AN is the birthrate, BN2 models the death rate due to disease, and
CN1N2 models the death rate due to competition for the food supply. If
Nl(0.0) = N2(0.0) = 100,000, A~ = 0.1, B1 = 0.0000008, Cl = 0.0000010,
A2 = 0.1, B2 = 0.0000008, and C2 = 0.0000001, calculate Nl(t ) and Nz(t)
for t = 0.0 to 10.0 years.

275. Consider a projectile of mass rn (kg) shot upward at the angle ~ (radians) 
respect to the horizontal at the initial velocity V0 (m/s). The two ODEs that
govern the displacement, x(t) and y(t) (m), of the projectile from the launch
location are

dZx

m-d~ = -cI vI v cos 0
x(0) = 0 and x’(0) = u(0) 0 cosc~

d2y -CIVIVsinO -mg y(0) = 0 andy’(0) = v(0) = 

m-~=

where the vector velocity V = iu +jr, u = dx/dt and v = dy/dt, C is a drag
parameter, O=tan-~(v/u), and g is the acceleration of gravity
(9.80665m/s2). For rn = 10.0kg, C = 0.1N-s2/m2, V0 = 500.0m/s,
~ = 1.0 radian, and a level terrain, calculate (a) the maximum height attained
by the projectile, (b) the corresponding time, (c) the maximum range of 
projectile, (d) the corresponding time, and (e) the velocity V at impact.

276. The inherent features of finite rate chemical reactions can be modeled by the
prototype rate equation

de Ce - C c(o) = 
dt ¯

where C is the instantaneous nonequilibrium mass fraction of the species
under consideration, Ce is its equilibrium mass fraction corresponding to the
local conditions, and z has the character of a chemical relaxation time.
Assume that Ce varies quadratically with time. That is, Ce = Ce.o + ~t~. Let
C(0.0) = 0.0, Ce,o = 0.1, ~ = 0.5, and ~ = 0.0001. Solve for C(t) from
t = 0.0 to 0.01.
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8.1 INTRODUCTION

The steady one-dimensional heat transfer problem illustrated in Figure 8.1 consists of heat
diffusion (i.e., heat conduction) along a constant-area rod with heat convection to the
surroundings. The ends of the rod are maintained at the constant temperatures T1 and T2.
An energy balance on a differential element of the rod, presented in Section 11.6, yields the
following second-order boundary-value ordinary differential equation (ODE):

r" - ~2r = -~2:ra :r(x0 = :r(0.0) = T1 :r(x:) = r(~;) (8.1)

where T is the temperature of the rod (C), a2 hP/kA (c-2) (where h, P, k, andA ar
defined in Section II.6), and Ta is the ambient (i.e., surroundings) temperature (C).

The general solution of Eq. (8.1) 

T(x) = ~ + Be-~ + Ta (8.2)

which can be demonstrated by direct substitution. Substituting the boundary conditions
into Eq. (8.2) yields

A. = (T2 - Ta) - (T1 - T2)e-~L (T~ - T2)e~t - (T2 - Ta) (8.3)
e~L _ e_~L and B ---- e~L _ e-~

m1

Ta

/~c(x)

/

~(x)""~

IT2
x1 x2

d2T - ¢t2T = - (~2Ta, T(Xl) = T1, and T(x2) 2
dx2

~ L ~

I(x) dd-~4xY4 = g(x)E

y(0) = 0, y"(0) = 0, y(L) = 0, and y"(L) 

Figure 8.1 Steady one-dimensional heat transfer and deflection of a beam.
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Consider a rod 1.0cm long (i.e., L = 1.0cm) with T(0.0) = 0.0C and T(1.0) 
100.0 C. .Let ~z=16.0cm-Z and Ta=0.0C. For these conditions, Eq. (8.2)
yields

IT(x) = 1.832179(e4x -e-’~x)] (8.4)

The exact solution at selected values of x is tabulated in Table 8.1 and illustrated in
Figure 8.2.

The deflection of a laterally loaded symmetrical beam, illustrated at the bottom of
Figure 8.1, is considered in this chapter to illustrate finite difference methods for solving
fourth-order boundary value ODEs. This problem is discussed in Section 11.6 and solved in
Section 8.4,3.

The general features of boundary-value ordinary differential equations (ODEs) are
discussed in Section 11.6. In that section it is shown that boundary-value ODEs govern
equilibrium problems, which are boundary-value problems in closed domains. This
chapter is devoted to presenting the basic properties of boundary-value problems and to
developing several methods for solving boundary-value ODEs.

Numerous boundary-value ordinary differential equations arise in engineering and
science. Single ODEs governing a single dependent variable are quite common. Coupled
systems of ODEs governing several dependent variables are also quite common.
Boundary-value ODEs may be linear or nonlinear, second- or higher-order, and homo-
geneous or nonhomogeneous. In this chapter, the majority of attention is devoted to the

Table 8.1
Problem

Exact Solution of the Heat Transfer

x, cm T(x), x, cm T(x), 

0.000 0.000000 0.625 22.170109
0.125 1.909479 0.750 36.709070
0.250 4.306357 0.875 60.618093
0,375 7.802440 1.000 100.000000
0.500 13.290tli

IO0

.~ 60

¯ ~ 40

~. 2O

00

Figure 8.2

0.2 0.4 0.6 0.8 1.0
Location x, cm

Exact solution of the heat transfer problem.
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general second-order nonlinear boundary-value ODE and the general second-order linear
boundary-value ODE:

y" + P(x, y)yt + Q(x, y)y = F(x) y(xl) andy(x2) =Y2

y"+Py’+Qy=F(x) y(xl) =Yl andy(x2)
(8.5)
(8.6)

The solution to these ODEs is the function y(x). This function must satisfy two boundary
conditions at the two boundaries of the solution domain. The solution domain D(x)
is closed, that is, x1 < x < x2. Several numerical methods for solving second-order
boundary-value ODEs are presented in this chapter. Procedures for solving higher-order
ODEs and systems of ODEs are discussed.

First, consider a class of methods called finite difference methods. There are two
fundamentally different types of finite difference methods for solving boundary-value
ODEs:

1. The shooting (initial-value) method
2. The equilibrium (boundary-value) method

Several variations of both of these methods are presented in this chapter.
The shooting method transforms the boundary-value ODE into a system of first-

order ODEs, which can be solved by any of the initial-value (propagation) methods
developed in Chapter 7. The boundary conditions on one side of the closed domain can be
used as initial conditions. Unfortunately, however, the boundary conditions on the other
side of the closed domain cannot be used as initial conditions. The additional initial
conditions needed are assumed, the initial-value problem is solved, and the solution at the
other boundary is compared to the known boundary conditions on that boundary. An
iterative approach, called shooting, is employed to vary the assumed initial conditions on
one boundary until the boundary conditions on the other boundary are satisfied.

The equilibrium method constructs a finite difference approximation of the exact
ODE at every point on a discrete finite difference grid, including the boundaries. A system
of coupled finite difference equations results, which must be solved simultaneously, thus
relaxing the entire solution, including the boundary conditions, simultaneously.

A second class of methods for solving boundary-value ODEs is based on approx-
imating the solution by a linear combination of trial functions, for example, polynomials,
and determining the coefficients in the trial functions so as to satisfy the boundary-value
ODE in some optimum manner. The most common examples of this type of method are

1. The Rayleigh-Ritz method
2. The collocation method
3. The Galerkin method
4. The finite element method

These four methods are discussed in Chapter 12.
The organization of Chapter 8 is illustrated in Figure 8.3. A discussion of the general

features of boundary-value ordinary differential equations (ODEs) begins the chapter. The
material then splits into a presentation of the two fundamentally different approaches for
solving boundary-value ODEs: the shooting method and the equilibrium method.
Procedures are then presented for implementing derivative (and other) boundary condi-
tions. Then follows a discussion of higher-order equilibrium methods, nonlinear problems,
and nonuniform grids. A brief introduction to eigenproblems arising from boundary-value
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Boundary-Value
Ordinary Differential Equations

General Features of
Boundary-Value ODEs

Shooting Method ] I Equilibrium Method

I I

Derivative Boundary Conditions
¯ Other Boundary Conditions

Higher-Order Methods Nonlinear Problems } Nonuniform Grids

I Eigenproblems ]

Programs

Summary

Figure 8.3 Organization of Chapter 8.

ODEs follows. The chapter closes with a Summary, which discusses the advantages and
disadvantages of the shooting method and the equilibrium method, and lists the things you
should be able to do after studying Chapter 8.

8.2 GENERAL FEATURES OF BOUNDARY-VALUE ODEs

Several general features of boundary-value ordinary differential equations (ODEs) are
presented in this section. The general second-order linear ODE is discussed in some detail.
Nonlinear second-order ODEs, systems of ODEs, and higher-order ODEs are discussed
briefly.

8.2.1 The Linear Second-Order Boundary-Value ODE

The general linear second-order boundary-value ODE is given by Eq. (8.6):

[ y" + Py’ + Qy = F(x) y(xl) = Yl and y(x2) = Y2 (8.7)

where P and Q are constants.
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As discussed in Section 7.2 for initial-value ODEs, the exact solution of an ordinary
differential equation is the sum of the complementary solution yc(x) of the homogeneous

ODE and the particular solution yp(X) of the nonhomogeneous ODE. The complementary
solution yc(x) has the form

yc(x) = z~ (8.8)

Substituting Eq. (8.8) into Eq. (8.7) with F(x) = 0 yields the characteristic equation:

22 + P2 + Q = 0 (8.9)

Equation (8.9) has two solutions, 21 and 2. They can both be real, o r t hey can be a
complex conjugate pair. Thus, the complementary solution is given by

y~(x) = xlx + Be~x (8.10)

As discussed in Section 7.2, the particular solution has the form

yp(x) = o F(x) +B1 F’(x) +B2 F"(x) + ... (8.11)

where the terms F’(x), F"(x), etc., are the derivatives of the function F(x). Thus, the total
solution is

[ y(x)= ~x + Bex2x + yp(X) l (8.12)

The constants of integration A and B are determined by requiring Eq. (8.12) to satisfy the
two boundary conditions.

8.2.2 The Nonlinear Second-Order Boundary-Value ODE

The general nonlinear second-order boundary-value ODE is given by Eq. (8.5):

[ y" + P(x,y)y’ + Q(x,y)y = F(x) y(xl) = Yl and y(x2) = (8.13)

where the coefficients P(x, y) and Q(x, maybe linear or nonlinear functions ofy.When
solved by the shooting method, which is based on methods for solving initial-value ODEs,
the nonlinear terms pose no special problems. However, when solved by the equilibrium
method, in which the exact ODE is replaced by an algebraic finite difference equation
which is applied at every point in a discrete finite difference grid, a system of nonlinear
finite difference equations results. Solving such systems of nonlinear finite difference
equations can be quite difficult.

8.2.3 Higher-Order Boundary-Value ODEs

Higher-order boundary-value ODEs can be solved by the shooting method by replacing
each higher-order ODE by a system of first-order ODEs, which can then be solved by the
shooting method. Some higher-order ODEs can be reduced to systems of second-order
ODEs, which can be solved by the equilibrium method. Direct solution of higher-order
ODEs by the equilibrium method can be quite difficult.
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8.2,4 Systems of Second-Order Boundary-Value ODEs

Systems of coupled second-order boundary-value ODEs can be solved by the shooting
method by replacing each second-order ODE by two first-order ODEs and solving the
coupled systems of first-order ODEs. Alternatively, each second-order ODE can be solved
by the equilibrium method, and the coupling between the individual second-order ODEs
can be accomplished by relaxation. By either approach, solving coupled systems of
second-order ODEs can be quite difficult.

8.2.5 Boundary Conditions

Boundary conditions (BCs) are required at the boundaries of the closed solution domain.
Three types of boundary conditions are possible:

1. The function y(x) may be specified (Dirichlet boundary condition)
2. The derivative y’(x) may be specified (Neumann boundary condition)
3. A combination ofy(x) and y’(x) may be specified (mixed boundary condition)

The terminology Dirichlet, Neumann, and mixed, when applied to boundary conditions, is
borrowed from partial differential equation (PDE) terminology. The procedures for
implementing these three types of boundary conditions are the same for ODEs and
PDEs. Consequently, the same terminology is used to identify these three types of
boundary conditions for both ODEs and PDEs.

8.2.6 Summary

types of boundary-value ordinary differential equations (ODEs) have been consid-Four
ered:

1. The general linear second-order boundary-value ODE
2. The general nonlinear second-order boundary-value ODE
3. Higher-order boundary-value ODEs
4. Systems of second-order boundary-value ODEs

Solution methods for ODE types 2, 3, and 4 are based on the solution methods for
ODE type 1. Consequently, Chapter 8 is devoted mainly to the development of solution
methods for the general linear second-order boundary-value ODE, Eq. (8.7), subject 
boundary conditions at the boundaries of the closed solution domain. Keep in mind that
equilibrium problems are steady state problems in closed solution domains. Equilibrium
problems are not unsteady time dependent problems.

8.3 THE SHOOTING (INITIAL-VALUE) METHOD

The shooting method transforms a boundary-value ODE into a system of first-order
ODEs, which can be solved by any of the initial-value methods presented in Chapter 7.
The boundary conditions on one side of the closed solution domain D(x) can be used as
initial conditions for the system of initial-value ODEs. Unfortunately, however, the
boundary conditions on the other side of the closed solution domain cannot be used as
initial conditions on the first side of the closed solution domain. The additional initial
conditions needed must be assumed. The initial-value problem can then be solved, and the
solution at the other boundary can be compared to the known boundary conditions on that
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side of the closed solution domain. An iterative approach, called shooting is employed to
vary the assumed initial conditions until the specified boundary conditions are satisfied. In
this section, the shooting method is applied to the general nonlinear second-order
boundary-value ODE with known function (i.e., Dirichlet) boundary conditions, Eq.
(8.13). A brief discussion of the solution of higher-order boundary-value ODEs by the
shooting method is presented. Derivative (i.e., Neumann) boundary conditions are
discussed in Section 8.5.

As discussed in Section 7.4.2, when solving differential equations by an approximate
method, a distinction must be made between the exact solution of the differential equation
and the approximate solution of the differential equation. Analogously to the approach
taken in Section 7.4, the exact solution of a boundary-value ODE is denoted by an overbar
on the symbol for the dependent variable [i.e., ~(x)], and the approximate solution 
denoted by the symbol for the dependent variable without an overbar [i.e., y(x)]. Thus,

~(x) = exact solution

y(x) approximate solution

This very precise distinction between the exact solution of a differential equation and the
approximate solution of a differential equation is required for studies of consistency, order,
stability, and convergence.

When solving boundary-value ODEs by the shooting method, consistency, order,
stability, and convergence of the initial-value ODE solution method must be considered.
These requirements are discussed thoroughly in Section 7.6 for marching methods for
solving initial-value problems. Identical results are obtained when solving boundary-value
problems by marching methods. Consequently, no further attention is given to these
concepts in this section.

8.3.1 The Second-Order Boundary-Value ODE

Consider the general nonlinear second-order boundary-value ODE with Dirichlet bound-
ary conditions, written in the following form:

[~tt=f(x,~,~t) ~(Xl) = ~1 and.~(x2) = (8.14)

The exact solution of Eq. (8.14) is illustrated in Figure 8.4. The boundary conditions
~(xl) =~1 and ~(x2)=32 are both specified. The first derivative y(x~)=~/11 
specified as a boundary condition, but it does have a unique value which is obtained as part
of the solution.

Let’s rewrite the second-order ODE, Eq. (8.14), as two first-order ODEs. Define the
auxiliary variable ~(x) = ~/(x). Equation (8.14) can be expressed in terms off and 
follows:

~’ = ] ~(xl) = (8.15)

~’ =.~" =/(x,~,~) ~(Xl) = ~’(x~) =~’11 (8.16)

An initial-value problem is created by assuming a value for ~(x~) = ~’11. Choose an initial
estimate for ~’l~, denoted by y’l~1), and integrate the two coupled first-order ODEs, Eqs.
(8.15) and (8.16), by any initial-value ODE integration method (e.g., the Runge-Kutta
method). The solution is illustrated in Figure 8.5 by the curve labeledy’l~~). The solution at
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Yl~

~2

x1 X 2 X

Figure 8.4 $o|ution of the ~cncral second-order bounda~-wluc proN¢m.

x2 is y(x2) y~0, which is notequal to t he specified boundary condition ~(X2 ) = ~2

Assume a second value for ~(xl)= y’l~ 2), and repeat the process to obtain the solution
labeled y,]~2). The solution at 2 i s y(x2) =y~2), which again isnotequal to t he specified
boundary condition ~(x2) = ~2. This procedure is continued until the value for z(x1) = Y’]I
is determined for which y(x2) = ~2 within a specified tolerance.

For a nonlinear ODE, this is a zero finding problem for the function

y(x2) =f(z(xl)) -- (8.17)

which can be solved by the secant method (see Section 3.6). Thus,

~2 _ y~n) Y~")- Y2
y,,(n+l) -- --I1 -Y’I~ ’0 Y’I]n)-y’I~ "-1) slope

(8.18)

where the superscript (n) denotes the iteration number. Solving Eq. (8.18) for n+l) gives

y,,(,,+l) = y,l~,,) I1 slope
(8.19)

The entire initial-value problem is reworked with z(x~) = y’l{ ~+1) until Y(X2) approaches
within a specified tolerance.

Y~

x1

Figure 8.5

¯.1(2) 

×2

Iterative solution for the boundary condition.
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Example 8.1 The second-order shooting method using iteration

Chapter 8

As an example of the shooting method using iteration, let’s solve the heat transfer
problem presented in Section 8.1. The boundary-value ODE is [see Eq. (8.1)]:

T" - o~2T = -~2Ta T(0.0) = 0.0 C and T(1.0) = 100.0 (8.20)

Rewrite the second-order ODE, Eq. (8.20), as two first-order ODEs:

T’ = U T(0) = 0.0 (8.21)

U’ = a2(T - Ta) U(0.0) = T’(0.0) (8.22)

Equations (8.21) and (8.22) can be solved by the implicit trapezoid method, Eq. (7.141):

T,.+a = T,. +--~(Ui + U,.+I) (8.23a)

Ui+l = U/+ ~- [a2(T,. - Ta) + a2(T/+l - Ta)] (8.23b)

For nonlinear ODEs, the implicit trapezoid method yields nonlinear implicit finite
difference equations, which can be solved by the modified Euler (i.e., the modified
trapezoid) method, Eqs. (7.141) and (7.142), or by Newton’s method for systems 
nonlinear equations, Section 3.7. However, for linear ODEs, such as Eqs. (8.21) and
(8.22), the finite difference equations are linear and can be solved directly. Rearranging
Eq. (8.23) yields

ri+ 1 -- "~ Ui+ 1 = T~. + -~- Ui (8.24a)

O~2 l~Y O~2 ,~Y

2 Ti+l + Ui+l = ~-(Ti -- 2T~) + Ui
(8.24b)

Equation (8.24) can be solved directly for Ti+1 and U,.+~.
Let e2 = 16.0 cm-2, Ta = 0.0C, and Ax = 0.25cm. To begin the solution, let

U(0.0)(1) = T’(0.0)O) = 7.5 C/cm, and U(0.0)(2) = T’(0.0) (2) = 12.5 C/cm. The solu-
tions for these two values of U(0.0) are presented in Table 8.2 and Figure 8.6. From
Table 8.2, T(1.0)(1) = 75.925926 C, which does not equal the specified boundary condi-
tion ~’(1.0) = 100.0 C, and T(1.0)(2) = 126.543210 C, which also does not equal 100.0 C.
Applying the secant method yields:

T(1.0) (2) - T(1.0)0) 126.543210 - 75.925926
Slope = U(0.0)(2) _ U(0.0)(1) =

12.5 - 7.5
= 10.123457 (8.25)

100.0 -- T(1.0)(2)
U(0.0)(3) = U(0.0)(2) ÷ = 9.878049 (8.26)

Slope

The solution for U(0.0)O) = 9.878049 C/cm is presented in Table 8.3 and illustrated in
Figure 8.6. For this linear problem, T(1.0)(3) = 100.0 C, which is the desired value. The
three solutions for T’(0.0) (1), T’(0.0)(2), and T’(0.0)(3) are presented in Figure 8.6. The final
solution is presented in Table 8.4,. along with the exact solution ~’(x) and the error,
Error(x) = [T(x) - ~’(x)].

Repeating the solution for Ax = 0.125 cm yields the results presented in Table 8.5.
The accuracy of a numerical algorithm is generally assessed by the magnitude of the

errors it produces. Individual errors, such as presented in Tables 8.4 and 8.5, present a
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Table 8.2 Solution for U(0.0) (1) = 7.5 C/cm and U(0.0) (2) = 12.5 C/cm

445

x T(x)(~) U(x)O) T(x)(2) U(X)(2)

0.00 0.000000 7.500000 0.000000 12.500000
0.25 2.500000 12.500000 4.166667 20.833333
0.50 8.333333 34.166667 13.888889 56.944444
0.75 25.277778 101.388889 42.129630 168.981481
1.00 75.925926 303.796296 126.543210 506.327160

"~4o!
120

100

80

8o
40

~o
O~

0

Figure 8.6

¯ T" (0.0) = 9.878049 C/cm
0 T" (0.0) = 7.5 C/cm ,/~

0.2 0.4 0.6 0.8 1.0
Location x, cm

Solution by the shooting method.

Table 8.3 Solution for U(0.0) (3) = 9.878049 C/cm

x T(x)(3) U(x)(3)

0.00 0.000000 9.878049
0.25 3.292683 16.463415
0.50 10.975610 45.000000
0.75 33.292683 133.536585
1.00 100.000000 400.121951

Table 8.4 Solution by Shooting Method for
Ax = 0.25 cm

x, cm T(x), ~’(x), Error(x), 

0.00 0.000000 0.000000
0.25 3.292683 4.306357 -].013674
0.50 10.975610 13.290111 -2.314502
0.75 33.292683 36.709070 -3.416388
1.00 100.000000 100.000000
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Table 8.5 Solution by the Shooting Method for
Ax = 0.125 cm

x, cm T(x), C ~’(x), Error(x), 

0.000 0.000000 0.000000
0.125 1.792096 1.909479 -0.117383
0.250 4.062084 4.306357 -0.244273
0.375 7.415295 7.802440 -0.387145
0.500 12.745918 13.290111 -0.544194
0.625 21.475452 22.170109 -0.694658
0.750 35.931773 36.709070 - 0.777298
0.875 59.969900 60.618093 -0.648193
1.000 100.000000 100.000000

Chapter 8

detailed picture of the error distribution over the entire solution domain. A measure of the
overall, or global, accuracy of an algorithm is given by the Euclidean norm of the errors,
which is the square root of the sum of the squares of the individual errors. The individual
errors and the Euclidean norms of the errors are presented for all of the results obtained in
Chapter 8.

The Euclidean norm of the errors in Table 8.4 is 4.249254 C. The Euclidean norm of
the errors in Table 8.5 at the three common grid points (i.e., x = 0.25, 0.50, and 0.75 cm)
is 0.979800 C. The ratio of the norms is 4.34. The ratios of the individual errors at the three
common points in the two grids are 4.14, 4.25, and 4.39, respectively. Both of these results
demonstrate that the method is second order (for step size halving the ratio of errors is 4.0
for a second-order method in the limit as Ax ~ 0).

The errors in Table 8.5 are rather large, indicating that a smaller step size or a higher-
order method is needed. The errors from Tables 8.4 and 8.5 are plotted in Figure 8.7,
which also presents the errors from the extrapolation of the second-order shooting method
results, which is presented in Example 8.3, as well as the errors for the solution by the

100

II-
~ 10"1

LU 10-2

10-3
0

Figure 8.7

~ ~- Second-order~ ~__J trapezoid method

~ Ax = 0.125

Ax = 0.25 ~
J y Extrapolation of

~ J the second-order "Fourth-order

~ method Runge-Kutta
method

o. 5 o. o o. 5 1.bo
Location x, cm

Errors in the solution by the shooting method.
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fourth-order Runge-Kutta method (not presented here). For the Runge-Kutta method, the
Euclidean norms of the errors at the three common grid points for the two step sizes are
0.159057 C and 0.015528 C, respectively. The ratio of the norms is 10.24. The ratios of the
individual errors at the three common points in the two grids are 8.68, 10.05, and 10.46.
Both of these results suggest that the method is fourth order (for step size halving the ratio
of the errors is 16.0 for a fourth-order method in the limit as Ax --~ 0).

8.3.2 Superposition

For a linear ODE, the principle of superposition applies. First, compute two solutions for
z(xl) = )/111) and z(xl) = y,[~2), denoted by y(x)(0 and y(x)(2), respectively. Then form a
linear combination of these two solutions:

y(x) = G y(x)(~ + c2 y(x)(~ I (8.27)

Apply Eq. (8.27) at x = 1 and x= x2. Thus,

At x = x~: ~ = C1~ + Cz~~ (8.28)

At x = xz: ~2 = CIY(21) q- C2Y~2) (8.29)

Solving Eqs. (8.28) and (8.29) for C~ and 2 yields

(1)
.~2 -- y~2) Y2 -.~2

(8.30)C1 --Y2 "~) -- -~.(2)y2 and C2 - y~l) _ y~2)

Substituting C1 and C2 into Eq. (8.27) yields the solution. No iteration is required for
linear ODEs.

Example 8.2. The second-order shooting method using superposition

The heat transfer problem considered in Example 8.1 is governed by a linear
boundary-value ODE. Consequently, the solution can be obtained by generating two
solutions for two assumed values of U(0.0)= T’(0.0) and superimposing those 
solutions. The results of the first two solutions by the implicit trapezoid method with
Ax = 0.25 cm are presented in Table 8.2 and repeated in Table 8.6. From Table 8.6,
T2(1) = 75.925926 and T~2) = 126.543210. The specified value of ~’2 is 100.0 C. Substitut-
ing these values into Eq. (8.30) gives

100.000000 - 126.543210
Cl = 75.925926 - 126.543210 = 0.524389

75.925926 - 100.000000
0.475611

~2=75.925926 - 126.543210

(8.31)

(8.32)

Substituting these results into Eq. (8.27) yields

IT(x) = 0.524389T(x)O) + 0.47561IT(x)(2) 1 (8.33)
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Table 8.6 Solution by Superposition for
Ax = 0.25 cm

x, cm T(x)~), C T(x)(2), C T(x), 

0.00 0.000000 0.000000 0.000000
0.25 2.500000 4.166667 3.292683
0.50 8.333333 13.888889 10.975610
0.75 25.277778 42.129630 33.292683
1.00 75.925926 126.543210 100.000000

Chapter 8

Solving Eq. (8.33) for y(x) gives the values presented in the final column of Table 8.6,
which are identical to the values presented in Table 8.4.

8.3.3 Extrapolation

The concept of extrapolation is presented in Section 5.6. As shown there, the error of any
numerical algorithm that approximates an exact calculation by an approximate calculation
having an error that depends on an increment h can be estimated if the functional
dependence of the error on the increment h is known. The estimated error can be added to
the approximate solution to obtain an improved solution. This process is known as
extrapolation, or the deferred approach to the limit. The extrapolation formula is given by
Eq. (5.117):

Improved value = more accurate value

1
+ -- (more accurate value - less accurate value)

Rn - 1
(8.34)

where improved value is the extrapolated result, less accurate value and more accurate
value are the results of applying the numerical algorithm for two increments h and h/R,
respectively, where R is the ratio of the two step sizes (usually 2.0) and n is the order of the
leading truncation error term of the numerical algorithm.

Example 8.3. The second-order shooting method using extrapolation

Let’s apply extrapolation to the heat transfer problem presented in Section 8.1. The
boundary-value ODE is [see Eq. (8.1)]:

T" - e2T = -e2Ta T(0.0) = 0.0 C and T(1.0) = 100.0 (8.35)

Let c~2 ----- 16.0 cm-2 and Ta = 0.0C.
This problem is solved in Example 8.1 by the second-order implicit trapezoid

method for Ax = 0.25 and 0.125cm. The results are presented in Tables 8.4 and 8.5,
respectively. The results at the three common grid points in the two grids are summarized
in Table 8.7. For these results, R = 0.25/0.125 = 2.0, and Eq. (8.34) gives

1 4MAV - LAV
IV = MAV + 2-T-Z-f_1 (MAV - LAV) 3

(8.36)
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Table 8.7 Solution by Extrapolation of the Second-Order Shooting Method Results

x, cm T(LAV), T(MAV), T(IV), ~’(x), Error(x), 

0.00 0.000000 0.000000 0.000000 0.000000
0.25 3.292683 4.062084 4.318551 4.306357 0.012195
0.50 10.975610 12.745918 13.336020 13.290111 0.045909
0.75 33.292683 35.931773 36.811469 36.709070 0.102399
1.00 100.000000 100.000000 100.000000 100.000000

where IV denotes improved value, MAV denotes more accurate value corresponding to
h = 0.125 cm, and LAV denotes less accurate value corresponding to h = 0.25 cm. Table
8.7 presents the results obtained from Eq. (8.36). The Euclidean norm of these errors 
0.112924 C, which is 8.68 times smaller than the Euclidean norm of the errors in Table
8.5. These results and the corresponding errors are presented in Figure 8.6.

8.3,4 Higher-Order Boundary-Value ODEs

Consider the third-order boundary-value problem:

[~" =f(x,~,~’,~") ~(Xl) ~--~1, ~t(X1) =~’tl, andS(x2)
(8.37)

Rewriting Eq. (8.37) as three first-order ODEs gives:

~’ = ~ ~(xl) = (8.38)
~’ = ~ =y’ ~(x~) = Y(Xl) (8.39)
¢vt =~" =~t~’ =f(x,~, ~, ~) l~(Xl) =.~’t(Xl) =~"11 =.9 (8.40)

An initial-value problem is created by assuming a value for ¢v(x1) = ~/t(x 1 ) ~-- ~"11. Assume
values for Y"II and proceed as discussed for the second-order boundary-value problem.

For fourth- and higher-order boundary-value problems, proceed in a similar manner.
Start the initial-value problem from the boundary having the most specified boundary
conditions. In many cases, more than one boundary condition may have to be iterated. In
such cases, use Newton’s method for systems of nonlinear equations (see Section 3.7) 
conduct the iteration.

The solution of linear higher-order boundary-value problems can be determined by
superposition. For an nth-order boundary-value problem, n solutions are combined
linearly:

y(x) = l y(x)(1) +C2y(x(2) +... + Cn y(x)(n) (8.41)

The weighting factors Ci (i = 1, 2 ..... n) are determined by substituting the n boundary
conditions into Eq. (8.41), as illustrated in Eqs. (8.28) to (8.30) for the second-order
boundary-value problem.
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8.4 THE EQUILIBRIUM (BOUNDARY-VALUE) METHOD

The solution of boundary-value problems by the equilibrium (boundary-value) method 
accomplished by the following steps:

1. Discretizing the continuous solution domain into a discrete finite difference grid
2. Approximating the exact derivatives in the boundary-value ODE by algebraic

finite difference approximations (FDAs)
3. Substituting the FDAs into the ODE to obtain an algebraic finite difference

equation fiDE)
4. Solving the resulting system of algebraic FDEs

When the finite difference equation is applied at every point in the discrete finite difference
grid, a system of coupled finite difference equations results, which must be solved
simultaneously, thus relaxing the entire solution, including the boundary points, simulta-
neously. In this section, the equilibrium method is applied to the linear, variable
coefficient, second-order boundary-value ODE with known function (i.e., Dirichlet)
boundary conditions. Derivative (i.e., Neumann) boundary conditions are considered 
Section 8.5, and nonlinear boundary-value problems are considered in Section 8.7.

When solving boundary-value problems by the equilibrium method, consistency,
order, and convergence of the solution method must be considered. Stability is not an
issue, since a relaxation procedure, not a marching procedure is employed. Consistency
and order are determined by a Taylor series consistency analysis, which is discussed in
Section 7.6 for marching methods. The same procedure is applicable to relaxation
methods. Convergence is guaranteed for consistent finite difference approximations of a
boundary-value ODE, as long as the system of FDEs can be solved. In principle, this can
always be accomplished by direct solution methods, such as Gauss elimination.

8.4.1 The Second-Order Boundary-Value ODE

Consider the linear, variable coefficient, second-order boundary-value problem with
Dirichlet boundary conditions:

l~"+P(x)f/+Q(x)~=F(x) ~(xl) =~1 and~(x2) (8.42)

The discrete finite difference grid for solving Eq. (8.42) by the equilibrium method 
illustrated in Figure 8.8. Recall the second-order centered-difference approximations of~/li
and ~"li at grid point i developed in Section 5.4 [Eqs. (5.73) and (5.76), respectively]:

~’li - ~i+1 - ~i-~ q_ 0(Axz) (8.43)
2Ax

~ttli
.~i+1 -- 2.~i "~-~i-1

-- ~2 + 0(~) (8.44)

Substituting Eqs. (8.43) and (8.44) into Eq. (8.42) and evaluating the coefficients P(x) and
Q(x) at grid point i yields

+ °(zXx ) + ’L 2 Ax q- O(l~) q- Qi~i = Fi
(8.45)
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D(x)

~T1 i-1 i i+1 imax’~.,

Figure 8.8 Solution domain D(x) and finite difference grid.

All of the approximations in Eq. (8.45) are 0(Ax2). Multiplying Eq. (8.45) through 2,

gathering terms, and truncating the remainder terms yields:

Axp
(1-~i)Yi+l:Ax2Fi(1-~- i)Yi_l q-(--2+ 2 Oi )Yi-F +Axp (8.46)

Applying Eq. (8.46) at each point in a discrete finite difference grid yields a tridiagonal
system of FDEs, which can be solved by the Thomas algorithm (see Section 1.5).

Example 8.4. The second-order equilibrium method

Let’s solve the heat transfer problem presented in Section 8.1 by the second-order
equilibrium method. The boundary-value ODE is Eq. (8.1):

T" - 0:2T = -0:2Ta T(0.0) = 0.0 C and T(1.0) = 100.0 (8.47)

Replacing T" by the second-order centered-difference approximation, Eq. (8.44), and
evaluating all the terms at grid point i gives

~’i+I- 2~’i + ~i I
Ax2 - F 0(~ "2) -- 0~2~i = --~2Ta

(8.48)

Multiplying through by Ax2, gathering terms, and truncating the remainder term yields the
FDE:

Ti_1 - (2 + 0:2 Ax.2)T/+ Ti+~ = _0:2 Ax2 Ta (8.49)

Let 0:2 __ 16.0 cm-2, Ta = 0.0C, and Ax = 0.25 cm. Then Eq. (8.49) becomes

I T~._,- 3.0T i + Ti+ , =0 I (8.50)

Applying Eq. (8.50) at the three interior grid points, x = 0.25, 0.50, and 0.75 cm, gives

x = 0.25: r, - 3.0r2 + r3 = 0.0 r, = ~’, = 0.0 (8.51a)

x = 0.50: T2 - 3.0r3 + r 4 = 0.0 (8.51b)

x = 0.75: r 3 - 3.0r4 + T5 = 0.0 T5 = ~5 = 100.0 (8.51c)

Transferring T~ and T5 to the right-hand sides of Eqs. (8.51a) and (8.51c), respectively,
yields the following tridiagonal system of FDEs:

1.0 -3.0 1.0 T3 = 0.0 (8.52)
0.0 1.0 -3.0 T4 -100.0
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Table $.8 Solution by the Equilibrium Method for
Ax = 0.25 cm

x, cm T(x), C ~’(x), Error(x), 

0.00 0.000000 0.000000
0.25 4.761905 4.306357 0.455548
0.50 14.285714 13.290111 0.995603
0.75 38.095238 36.709070 1.386168
1.00 I00.000000 100.000000

Chapter 8

Solving Eq. (8.52) by the Thomas algorithm yields the results presented in Table 8.8. The
exact solution and the errors are presented for comparison.

Let’s repeat the solution for Ax = 0.125 cm. In this case Eq. (8.49) becomes

LT/_ -- 2.25T/+ T,.+~ = 0

Applying Eq. (8.53) at the seven

x = 0.125: T~ - 2.25T:

x = 0.250:

x = 0.375:

x = 0.500:

x = 0.625:

x = 0.750:

x = 0.875:

(8.53)

interior grid points gives

+ T3 = 0.0 T~ = f~ = 0.0 (8.54a)

T2 - 2.25T3 + Z4 = 0.0 (8.54b)

~3 - 2.25~’4 + ~’5 = 0.0 (8.54c)
T4 - 2.25T5 + Z6 ~--- 0.0 (8.54d)

T5 - 2.25T6 + T7 = 0.0 (8.54e)

Z6 -- 2.25r7 + T8 = 0.0 (8.54f)

T7 - 2.25r8 + T9 = 0.0 T9 = ~’9 = 100.0 (8.54g)

Transferring T~ and T9 to the right-hand sides of Eqs. (8.54a) and (8.54g), respectively,
yields a tridiagonal system of equations. That tridiagonal system of equations is solved
by the Thomas algorithm in Example 1.17 in Section 1.5. The results are presented in
Table 8.9.

Table 8.9 Solution by the Equilibrium Method for
Ax = 0.125 cm

x, cm T(x), C ~’(x), Error(x), 

0.000 0.000000 0.000000
0.125 1.966751 1.909479 0.057272
0.250 4.425190 4.306357 0.118833
0.375 7.989926 7.802440 0.187486
0.500 13.552144 13.290111 0.262033
0.625 22.502398 22.170109 0.332288
0.750 37.078251 36.709070 0.369181
0.875 60.923667 60.618093 0.305575
1.000 100.000000 100.000000
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Errors in the solution by the equilibrium method.

The Euclidean norm of the errors in Table 8.8 is 1.766412 C. The Euclidean norm of the
errors in Table 8.9 at the three common grid points is 0.468057 C. The ratio of the norms is
3.77. The ratios of the individual errors at the three common points in the two grids are
3.83, 3.80, and 3.75. Both of these results demonstrate that the method is second order.

The errors in Tables 8.8 and 8.9 are about 40 percent of the magnitude of the errors
in Tables 8.4 and 8.5, respectively, which present the solution by the second-order shooting
method. The errors in both cases can be decreased by using a smaller step size or a higher-
order method. The errors are illustrated in Figure 8.9, which also presents the errors for the
compact three-point fourth-order equilibrium method presented in Example 8.9 in Section
8.6, as well as the errors from extrapolation of the second-order method, which is
presented in Example 8.5. For the fourth-order method, the Euclidean norms of the
errors at the three common grid points in the two grids are 0.092448 C and 0.005919C,
respectively. The ratio of the norms is 15.62, which demonstrates the fourth-order behavior
of the method.

8.4.2 Extrapolation

Extrapolation was applied in Example 8.3 to the results obtained by the second-order
shooting method. The second-order results obtained in Example 8.4 by the equilibrium
method can be extrapolated by the same procedure presented in Section 8.3, Eqs. (8.34)
and (8.36).
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Example 8.5 The second-order equilibrium method by extrapolation

Chapter 8

Let’s apply extrapolation to the results obtained in Example 8.4. Those results are
presented in Tables 8.8 and 8.9. The results at the three common grid points in the two
grids are summarized in Table 8.10. For these results, R = 0.25/0.125 = 2.0. The results
obtained by applying Eq. (8.36) to the results presented in Table 8.10 are also presented 
Table 8.10 and Figure 8.9. The Euclidean norm of these errors is 0.035514C, which is
13.18 times smaller than the Euclidean norm of the errors presented in Table 8.9.

Table 8.10 Solution by Extrapolation of the Second-Order Equilibrium Method Results

x, cm T(LAV), T(MAV), T(IV), C ~’(x), Error(x), 

0.00 0.000000 0.000000 0.000000 0.000000
0.25 4.761905 4.425190 4.312952 4.306357 0.006595
0.50 14.285714 13.552144 13.307621 13.290111 0.017510
0.75 38.095238 37.078251 36.739255 36.709070 0.030185
1.00 100.000000 100.000000 100.000000 100.000000

8.4.3 Higher-Order Boundary-Value ODEs

Consider the general nonlinear fourth-order boundary-value problem presented in Section
I1.6, Eq. (II.45):

=J( ,y,y,y ,Y (8.55)

Since Eq. (8.55) is fourth-order, four boundary conditions are required. At least one
boundary condition must be specified on each boundary of the closed solution domain.
The two remaining boundary conditions can be specified on the same boundary, or one on
each boundary. These boundary conditions can depend on y, y’, y", or y".

A finite difference approximation (FDA) must be developed for every derivative 
Eq. (8.55). All the FDAs should be the same order. Second-order centered-difference
FDAs can be developed for all four derivatives in Eq. (8.55). The first and second
derivatives involve three grid points, points i - 1 to i + 1. The third and fourth derivatives
involve five grid points, points i - 2 to i + 2. Consequently, the resulting finite difference
equation (FDE) involves five grid points, points i - 2 to i.+ 2. Applying this FDE at each
point in a finite difference grid yields a pentadiagonal system of FDEs, which can be
solved by an algorithm similar to the Thomas algorithm for a tridiagonal system of FDEs.

Example 8.6. A fourth-order ODE by the second-order equilibrium method

Let’s solve the deflection problem presented in Section II.6 for a laterally loaded
symmetrical beam, Eq. (II.40), expressed in the form of Eq. (8.55):

y,,,,_ q(x) (8.56)
EI(x)
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where E is the modulus of elasticity of the beam material, I(x) is the moment of inertia of
the beam cross section, and q(x) is the distributed load on the beam. Let’s consider a
rectangular cross-section beam, for which I = wh3/12, where w is the width of the beam
and h is the height of the beam, and a uniform distributed load q(x) = q = constant.

The ends of the beam are at the same elevation, which can be chosen as y = 0.0.
Thus, y(0.0) y(L) = 0.0, where L isthelength of t he beam. One additional boundary
condition is required at each end of the beam. If the beam is fixed, then y’ is specified. If
the beam is pinned (i.e., clamped), then y" = 0.0. If the beam is free (i.e., cantilevered),
then y"=0.0. Let’s assume that both ends of the beam are pinned. Thus,
/’(0.0) =/’(L) = 

Thus, the problem to be solved, including the boundary conditions, is given by

y" = q y(0.0) = y’(0.0) y(L) = y’(L) = 0.0 (8.57)
E1

The exact solution of Eq. (8.57) 

y(x)- qx4 qLxS qLSx (8.58)
24EI 12EI + 24EI

As an example, let q = -2000.0N/m, L = 5.0m, w = 5.0cm, h = 10.0cm, and
E = 90 x 109 N/m2. Then Eqs. (8.57) and (8.58) become

y" = -0.0024 y(0.0) = y"(0.0) y( 5.0) -= f’( 5.0) = 0 (8 .5 9)

y(x) = 0.000100x4 - 0.001000x3 + 0.012500x (8.60)

Let’s solve this problem using a second-order centered-difference approximation for
y"’. Write Taylor series for ~i±1 and ~i±2 with base point i:

1 :’tl~ z~¢2 -- 1 -tl! 3 1 -tttl Z~X4
fei±l~---fciq-f/[i~’iv~Yli mgy iZ~x +~y li

~ l~0~(v)li 5 -~- 7~0.~(vi)li Ax 6 q-¯ ¯¯ (8.61)

~i±2 : ~i q- 2~t]i ~C"~ ~f, t4 -t [i 1~2 -’b gyS -ttt i Z~d¢3 _.~-- ~y16 -tttt li Z~X4

4-~60~(v)]i Axs + 7~0~(vi)li 6 -b... (8.62)

Adding ~i+~ and ~i-~ gives2-rr Z~X2 2 -rot, ~C4 _1_~2 i3(vi)l ’ ~,X6

@i+1 +~i-1) =2~i+~Y i +’~Y li --720--" ’, +"" (8.63)

Adding .~i+2 and .~i-2 gives

8-tr 32-ttlt ~4 128~(vi) z~df6q_... (8.64)0~i+2 "q- -~i-2) = 2f"i + "~Y i zfx2 q- Z4Y [i + ~.r i

Subtracting 4(~i+t +35i_~) from 05i+z +.~i-2) gives

(~i+2 q--~i-2) --4(,~i+1 q--~i--1) -~- "~ff tttli ~x4 q-~,~(vi)]i lk~¢ 6 q_.. (8.65)
Solving Eq. (8.64) for ~"[i yields

~"’li = ~i-2 - 4~i-1 + @i - 4~i+1 +~i+2 _ ~,~(vi)(~) 2 (8.66)

where xi_2 < ¢ < i + 2. Tnmcating the remainder term yields a second-order centered-
difference approximation for ~"’li:

Y"li ~_Yi-2 -- 4yi-I -F 6yt -- 4Yi+1 -’F yi+2 (8.67)
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Substituting Eq. (8.67) into Eq. (8.59) yields

Yi-2 - 4yi-i + 6yi - 4yi+! +Yi+2 = -0.0024 Ax4 (8.68)

Let Ax = 1.0 m. Applying Eq. (8.68) at the four interior points illustrated in Figure
8.10 gives

x = 1.0: YA - 4y~ ÷ 6y2 - 4y3 +Y4 = -0.0024 (8.69a)

x = 2.0: Y~ - 4Yz + 6y3 - 4y4 +Y5 = -0.0024 (8.69b)

x = 3.0: Y2 - 4Y3 + 6y4 - 4y5 +Y6 = -0.0024 (8.69c)

x = 4.0: Y3 - 4y4 + 6y5 - 4y6 +YB = -0.0024 (8.69d)

Note lhaty1 in Eq, (8.69a) andy6 in Eq. (8.69b) are zero. Grid points A and B are outside
the physical domain. Thus, yA and yB are unknown. These values are determined by
applying the boundary conditions .V’(0.0) = y’(L) = 0.0. Applying Eq. (8.44) at 
points 1 and 6 gives

Y"lt Y2 - 2yl + YA-- ~z = 0.0 (8.70a)

Y"I6 -- YB -- 2y6 q-Y~
/~x2 ~--- 0.0

(8.70b)

Solving Eq. (8.70) for YA and y~, with yl = Y6 = 0.0, gives

Ya = -Y2 and Ya = -Y5 (8.71)

Substituting these values into Eq. (8.69a) and (8.69d), respectively, and rearranging those
two equations yields the following system equation:

5y; - 4y3 + Y4 = -0.0024

-4y2 + 6y3 - 4Y4 + Y5 = -0.0024

Y2 - 4Y3 + 6y4 - 4Y5 = -0.0024

Y3 - 4y4 + 5y5 = -0.0024

Expressing Eq. (8.72) in matrix form yields

(8.72a)

(8.72b)

(8.72c)

(8.72d)

-4 6 -4 Y3 = |-0"00241
1 -4 6 - Y4 |-0.0024|
0 1 -4 Y5 ],_-0.0024_]

(8.73)

Although it is not readily apparent, Eq, (8.73) is a pentadiagonal matrix, which can 
solved very efficiently by a modified Gauss elimination algorithm similar to the Thomas
algorithm for tridiagonal matrices presented in Section 1.5. Solving Eq. (8.73) yields the

A 1 2 3 4 5 6 B i

0.0 1.0 2.0 3.0 4.0 5.0 x

Figure 8.10 Finite difference grid for the beam.
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Table 8.11 Solution by the Equilibrium Method
with Ax = 1.0 m

x, m y(x), ~(x), Error(x), 

0.00 0.000000 0.000000
1.00 0.012000 0.011600
2.00 0.019200 0.018600
3.00 0.019200 0.018600
4.00 0.012000 0.011600
5.00 0.000000 0.000000

0.000400
0.000600
0.000600
0.000400

results presented in Table 8.11. The exact solution and the errors are presented for
comparison.

Let’s repeat the solution for Ax = 0.5 m. In this case, Eq. (8.73) becomes

5 -4 1 0 0 0 0 0 0-
-4 6 -4 1 0 0 0 0 0

1 -4 6 -4 l 0 0 0 0
0 1 -4 6 -4 1 0 0 0
0 0 1 -4 6 -4 1 0 0
0 0 0 1 -4 6 -4 1 0
0 0 0 0 1 -4 6 -4 1
0 0 0 0 0 1 -4 6 -4
0 0 0 0 0 0 1 -4 5

Y3
Y4
Y5
Y6
Y7
Y8
Y9

_Yl0.

-0.000150
0.000150
0.000150
0.000150

= 0.000150
0.000150
0.000150
0.000150
0.000150

(8.74)

The pentadiagonal structure of Eq. (8.74) is readily apparent. Solving Eq. (8.74) yields 
results presented in Table 8.12.

The Euclidean norm of the errors in Table 8.11 is 0.123456 m. The Euclidean norm
of the errors in Table 8.12 at the four common grid points is 0.012345 m. The ratio of the
norms is 3.99. The ratios of the individual errors at the four common grid points in the two

Table 8.12 Solution by the Equilibrium Method
with Ax = 0.5 m

x, m y(x), ~(x), Error(x), 

0.0 0.000000 0.000000
0.5 0.006188 0.006131 0.000056
1.0 0.011700 0.011600 0.000100
1.5 0.016013 0.015881 0.000131
2.0 0.018750 0.018600 0.000150
2.5 0.019688 0.019531 0.000156
3.0 0.018750 0.018600 0.000150
3.5 0.016013 0.015881 0.000131
4.0 0.011700 0.011600 0.000100
4.5 0.006188 0.006131 0.000056
5.0 0.000000 0.000000
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grids are 3.96, 3.97, 3.98, and 3.99. Both of these results demonstrate that the method is
second order.

8.5 DERIVATIVE (AND OTHER) BOUNDARY CONDITIONS

The boundary-value problems considered so far in this chapter have all had Dirichlet (i.e.,
known function value) boundary conditions. Many problems in engineering and science
have derivative (i.e., Neumann) boundary conditions. A procedure for implementing
derivative boundary conditions for one-dimensional boundary-value problems is devel-
oped in this section. This procedure is directly applicable to derivative boundary
conditions for elliptic and parabolic partial differential equations, which are discussed in
Sections 9.6 and 10.7, respectively. Implementation of derivative boundary conditions by
both the shooting method and the equilibrium method are discussed in this section.

The heat transfer problem presented in Section 8.1 is modified to create a derivative
boundary condition by insulating the right end of the rod, so T’(L) = 0.0, as illustrated in
Figure 8.11. The boundary-value problem is specified as follows:

T" - o~2T = -o~2Ta T(0.0) = T1 and U(L) = 0.0 (8.75)

The general solution of Eq. (8.75) is [see Eq. (8.2)]

T(x) = ~x + Be-~x + T~ (8.76)

Substituting the boundary conditions into Eq. (8.76) yields

A = (T1 - Ta)(1 d- eZ~L)-1 and B = (T1 - Ta)eZ~L(1 q- eZ~L)-1 (8.77)

Let a2 = 16.0 cm-2, L = 1.0cm, T(0.0) = 100.0 C, T’(1.0) = 0.0C/cm, Ta =0.0C.
Substituting these values into Eq. (8.77) and the results into Eq. (8.76) gives the exact
solution:

T(x) = 0.03353501(e4x + 99.96646499e-4x) (8.78)

The solution at intervals of Ax = 0.125 cm is tabulated in Table 8.13 and illustrated in
Figure 8.12.

(~c(x) : h P (T-Ta)dX

Ti ~(x) ,--~--~ / ’--~ ~(x+dx) T’(L)

dT
x.~ = 0 ~(x)= - kA ~--~ x2 = L

=0

Figure 8.11 Heat transfer in a rod with an insulated end.
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Table 8.13 Exact Solution for a Rod with an
Insulated End

x, cm ~’(x), x, cm ~’(x), 

0.000 100.000000 0.625 8.614287
0.125 60.688016 0.750 5.650606
0.250 36.866765 0.875 4.129253
0.375 22.455827 1.000 3.661899
0.500 13.776782

IO0

8O

6O

40

2O

O0 0.2 0.4 0.6 0.8 1.0

Location x, cm
Figure 8.12 Exact solution for a rod with an insulated end.

8.5.1 The Shooting Method

The shooting method for derivative boundary conditions is analogous to the shooting
method for Dirichlet boundary conditions, except that we shoot for the value of the
derivative instead of the value of the function at the boundary. As an example, consider the
linear second-order boundary-value problem:

[~"+P~’+Q~=F(x) ~(Xl) = ~1 and ~’(x2) = ] (8.79)

Rewrite Eq. (8.79) as a system of two first-order ODEs:

~’ = ~ ~(x~) ~ (8.80a)

E = F(x) - P~ - Q~ ~(Xl) = ~’(xl) = ~’11 (8.80b)

The derivative boundary condition ~’(x2) = ~’12 yields

~(x2) = Y’I2 (8.81)

Consequently, the shooting method described in Section 8.3 applies directly, with the
single change that as we vary z(xl) = Y’I1, we are shooting for ~(x2) = Y12 rather than for
y(X2) = 32"
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Example 8.7 A derivative BC by the shooting method

Chapter 8

As an example of the shooting method with a derivative BC, let’s solve Eq. (8.75).
The implicit trapezoid method for this problem is presented in Example 8.1, Eqs. (8.23)
and (8.24). Let ~2 = 16.0 -2, Ta= 0.0C, and Ax =0.25 cm. Let T(0.0) = 100.0C and
U(0.0) = T’(0.0) be the initial conditions at x = 0.0 cm, and shoot for the boundary
condition at x = 1.0 era, ~’(1.0) = U(1.0) = 0.0 C/era. Let U(0.0)(1) = -405.0 C/era
and U(0.0)(2) = 395.0 C/cm. The solution for these two values of U(0.0) are presented
in Table 8.14 and Figure 8.13. For U(0.0)(1)=-405.0C/cm, T’(1.0)0)=
-207.469136C/cm, and for U(0.0)(2)=-395.0C/cm, T’(1.0)(2) = 197.592593 
The final solution (obtained by superposition), the exact solution, and the errors are
presented in Table 8.15. The final solution is also plotted in Figure 8.13.

Table 8.14 Solution for U(0.0) (1) -= -405.0 C/cm and U(0.0)(2) = -395.0 C/cm

x, em T(x)(t), C U(x)(t), C/cm T(x)(2), C U(x)(2), C/era

0.00 100.000000 -405.000000 100.000000 -395.000000
0.25 31.666667 - 141.666667 35.000000 - 125.000000
0.50 5.555556 -67.222222 16.666667 -21.666667
0.75 - 13.148148 - 82.407407 20.555556 52.777778
1.00 -49.382716 -207.469136 51.851852 197.592593

Repeating the solution with Ax = 0.125 cm yields the results presented in Table
8.16.

100’

8O

60

4O

2O

0

-20

-4O

Figure 8.13

¯ T" (0.0) = -399.878086 C/cm

o T" (0.0) = -395.0 C/cm

0.2 0.4 0.~

Location x, cm

Solution by the shooting method.
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Table 8.15 Solution with a Derivative BC by the
Shooting Method for z~c = 0.25 cm

x, cm T(x), C ~’(x), Error(x), 

0.00 100.000000 100.000000
0.25 33.373971 36.866765 -3.492794
0.50 11.246571 13.776782 -2.530211
0.75 4.114599 5.650606 - 1.536007
1.00 2.468760 3.661899 - 1.193140

Table 8.16 Solution with a Derivative BC by the Shooting Method for Ax = 0.125 cm

x, cm T(x)(1), C T(x)(2), C T(x), C ~(x), Error(x),,C

0.000 100.000000 100.000000 100.000000 100.000000
0.125 60.000000 60.266667 60.030083 60.688016 -0.657932
0.250 36.000000 36.604444 36.068189 36.866765 -0.798576
0.375 21.600000 22.703407 21.724478 22.455827 -0.731349
0.500 12.960000 14.856612 13.173962 13.776782 -0.602820
0.625 7.776000 10.971581 8.136502 8.614287 -0.477786
0.750 4.665600 10.012304 5.268775 5.650606 -0.381831
0.875 2.799360 11.722974 3.806056 4.129253 -0.323197
1.000 1.679616 16.559771 3.358285 3.661899 -0.303615

The Euclidean norm of the errors in Table 8.15 for Ax = 0.25 cm is 4.731224. The
Euclidean norm of the errors in Table 8.16 at the four common grid points is 1.113145 C.
The ratio of the norms is 4.25. These results demonstrate that the method is second order.
These Euclidean norms are comparable to the Euclidean norms for the errors in Tables 8.4
and 8.5, 4.249254C and 0.979800C, respectively, which were obtained for the heat
transfer problem with Dirichlet boundary conditions.

8.5.2 The Equilibrium Method

When the equilibrium method is used to solve a boundary-value problem with a derivative
boundary condition, a finite difference procedure must be developed to solve for the value
of the function at the boundary where the derivative boundary condition is imposed.
Consider the linear, variable coefficient, second-order boundary-value problem:

[ ~" +P(x)~’+ O(x)~ = F(x) ~(xl) =.~l and~’(x2) =~’[2 ] (8.82)

A finite difference equation must be developed to evaluate y(x2).
Consider the finite difference grid in the neighborhood of point x2, which is

illustrated in Figure 8.14. The second-order centered-difference approximation of Eq.
(8.82) at boundary point 2 i s given by Eq. ( 8.46) evaluated at i = 

AXp
(1-k~- i)Yl+l ~- ~C2 FI

(8.83)(1-~- t)Yi_l + (-2-k zXx’2 Qi)Yi + kXp
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I-I I~ I+I x

X=X2

Figure 8.14 Finite difference grid at the right boundary.

where point I + 1 is outside of the solution domain. The value ofyl+1 is unknown. It can
be approximated by expressing the derivative boundary condition at point I in finite
difference form as follows. From Eq. (8.43),

Y’ll -- YI+I --YI-1 + 0(Ax2) (8.84)
2Ax

Solving Eq. (8.84) for ~I+l gives

~I+1 =~I-1 -F 2 Ax~’li + Ax 0(Ax2) (8.85)

Truncating the remainder term yields an expression for YI+I:

YI+I =7I-1 + 2 Ec)’lz (8.86)

Substituting Eq. (8.86) into Eq. (8.83) and simplifying yields the desired 

2yi_ + (--2 = FI -- Z~c(2 + PI)~/II (8.87)~2QI)YI

When Eq. (8.87) is used in conjunction with the centered-difference approximation
at the interior points, Eq. (8.46), a tridiagonal system of equations results, which can 
solved by the Thomas algorithm.

Example 8.8. A derivative BC by the equilibrium method

Let’s solve the heat transfer problem in a rod with an insulated end, Eq. (8.75), using
the equilibrium method. Recall Eq. (8.75):

T" - ~2T = -~2Ta T(0.0) = 100.0 and T’(1.0) = (8.88)

The interior point FDE is presented in Section 8.4, Eq. (8.46):

Ti_1 -- (2 + cfl A~c2)T/+ Ti+l = -o~2 Ax2 Ta (8.89)

Applying Eq. (8.87) at the-right end of the rod with P = F = 0 and Q = _~2 gives

2TI_ 1 -- (2 + ~2 l~2)Tl = --2 /~t ~"ll (8.90)

Let ~2 = 16.0 cm-2, Ta = 0.0 C, ~"(1.0) = 0.0, and Ax = 0.25 cm. Equations (8.89) 
(8.90) become

T/_l - 3.0T,. + T/+~ = 0 (i = 1, 2 ..... I - 1) (8.91a)

2TI_1 - 3.0TI = 0 (i = I) (8.91b)
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Applying Eqs. (8.91a) and (8.91b) at the four grid points yields the following tridiagonal
system of equations, which can be solved by the Thomas algorithm:

x = 0.25: Tl - 3.0T2 + T3 = 0.0 T1 = ~’1 = 100.0 (8.92a)

x = 0.50: T2 - 3.0T3 + T4 = 0.0 (8.92b)

x = 0.75: T3 - 3.0T4 + T5 = 0.0 (8.92c)

x ----- 1.00: 2.0T4 - 3.0T5 = 0.0 ~’x[1.0 = 0.0 (8.92d)

The results are presented in Table 8.17. Repeating the solution with Ax = 0.125 cm yields
the results presented in Table 8.18. The errors are presented in Figure 8.15, which also
present the errors for extrapolation of these second-order results.

The Euclidean norm of the errors in Table 8.17 is 2.045460 C. The Euclidean norm
of the errors in Table 8.18 at the four common grid points is 0.536997 C. The ratio of the
errors is 3.81. These results demonstrate that the method is second order. These Euclidean
norms are comparable to the Euclidean norms for the errors in Tables 8.7 and 8.8,
1.766412 C and 0.468057 C, respectively, which were obtained for the solution of the heat
transfer problem with Dirichlet boundary conditions by the equilibrium method.

Table 8.17 Solution with a Derivative BC by the
Equilibrium Method for Ax = 0.25 cm

x, cm T(x), C ~’(x), Error(x), 

0.00 100.000000 100.000000 0.000000
0.25 38.297872 36.866765 1.431107
0.50 14.893617 13.776782 1.116835
0.75 6.382979 5.650606 0.732373
1.00 4.255319 3.661899 0.593420

Table 8.18 Solution with a Derivative BC by the
Equilibrium Method for Ax = 0.125 cm

x, cm T(x), C ~’(x), Error(x), 

0.000 100.000000 100.000000
0.125 60.998665 60.688016 0.310649
0.250 37.246996 36.866765 0.380231
0.375 22.807076 22.455827 0.351249
0.500 14.068925 13.776782 0.292144
0.625 8.848006 8.614287 0.233719
0.750 5.839088 5.650606 0.188482
0.875 4.289942 4.129253 0.160690
1.000 3.813282 3.661899 0.151383
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0.25 0.50 0.75 1.00

Location x, cm
Errors in the solution by the equilibrium method.

8.5.3 Mixed Boundary Conditions

A mixed boundary condition at the right-hand boundary x2 has the form

I A.~(x2) -F B~/(x2):C (8.93)

Mixed boundary conditions are implemented in the same manner as derivative boundary
conditions, with minor modifications.

A mixed boundary condition is implemented in the shooting method simply by
varying the assumed initial condition until the mixed boundary condition, Eq. (8.93), 
satisfied at the other boundary.

A mixed boundary condition is implemented in the equilibrium method in the same
manner as a derivative boundary condition is implemented. A finite difference approxima-
tion for Yi+i is obtained by approximating ~/(x2) by the second-order centered-difference
approximation, Eq. (8.43). Thus, Eq. (8.93) becomes

A~:1 +B ~i+1 -~z-~ + 0(Axz) = C (8.94)
2Ax

Solving Eq. (8.94) for ~i+1 and truncating the remainder term yields

YI+I = YI-1 + ~--(C - Ayi) (8.95)

Solving Eq. (8.95) in conjunction with the second-order centered-difference approxima-
tion of the boundary-value ODE at the interior points, Eq. (8.46), yields a tridiagonal
system of FDEs, which can be solved by the Thomas algorithm.
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8,5.4 Boundary Condition at Infinity

Occasionally one boundary condition is given at infinity, as illustrated in Figure 8.16. For
example, for bodies moving through the atmosphere, infinity simply means very far away.
In such a case, the boundary conditions might be

] ~(0) = D0 and ~(~x~) = ~o~ [ (8.96)

Derivative boundary conditions can also be specified at infinity. Two procedures for
implementing boundary conditions at infinity are:

1. Replace (x~ with a large value of x, say x = X.
2. An asymptotic solution at large values of x.

8.5.4.1 Finite Domain

In this approach, the boundary condition at x = oo is simply replaced by the same
boundary condition applied at a finite location, x = X. Thus,

[ ~(~x~) = ~oo --> ~(X) = ~oo large (8.97)X

This procedure is illustrated in Figure 8.17. The boundary-value problem is then solved in
the usual manner.

The major problem with this approach is determining what value of X, if any, yields
a reasonable solution to the original problem. In most cases, our interest is in the near

BY] ~(oo) = B

_
0

Figure 8.16

X~

Boundary condition at infinity.

~__~
Near region.

~(oo) = 

0 X1 X2 X3 X

Figure 8.17 Finite domain approximation.
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region far away from infinity. In that case, successively larger values of X, denoted by X1,
X2, etc., can be chosen, and the boundary-value problem is solved for each value of X. The
solution in the near region can be monitored as X increases, until successive solutions in
the region of interest change by less than some prescribed tolerance.

8.5.4.2 Asymptotic Solution

A second approach for implementing boundary conditions at infinity is based on an
asymptotic solution for large values of x. In many problems, the behavior of the solution
near x = ~ is much simpler than the behavior in the near region. The governing
differential equation can be simplified, perhaps by linearization, and the simplified
differential equation can be solved exactly, including the boundary condition at infinity,
to yield the solution

.~asymptotic(X) -~- F(x) X < x < cx~ (8.98)

The boundary condition for the solution of the original differential equation is determined
by choosing a finite location, x = X, and substituting that value of x into Eq. (8.98) 
obtain

~asymptotic(X) F(X) : (8.99)

The boundary condition ~(~x~) = ~ is replaced by the boundary condition ~(X) = Y, 
illustrated in Figure 8.18. As discussed in the previous subsection, the value of X can be
varied to determine its effect on the solution in the near region.

8.6 HIGHER-ORDER EQUILIBRIUM METHODS

Consider the general linear second-order boundary-value ODE:

[~" + P~/+ Q~, = F(x) .~(xl) = .Pl and.~(x2) = .~2 (8.100)

When solving ODEs such as Eq. (8.100) by the shooting method, it is quite easy 
develop higher-order methods (e.g., the fourth-order Runge-Kutta method). However, it 
more difficult to develop equilibrium methods higher than second order. Two procedures
for obtaining fourth-order equilibrium methods are presented in this section:

1. The five-point method
2. The compact three-point method

A~

,__~Near region ~(~) = 

N ~ ~~~~tic

solution

0 X x

Figure 8.18 Asymptotic solution approximation.
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8.6.1 The Five-Point Fourth-Order Equilibrium Method

Consider the five-point finite difference grid illustrated in Figure 8.19. Fourth-order
approximations for ~’ and ~/’ require five grid points: i- 2 to i + 2. The sixth-order
Taylor series for ~(x) at these points with base point i are given 

1-m (9
~i+2 = .~i +~’1i(2 AX) + ½~"1i(2 2 + gy i~-AX)3+ ~ivli (2 ~)4

+ 1 .~vi, z2 Ax)6 + (8.101a)-t-i~0yvli(2 Ax)5 7~Y lit "’"

~i+l = ~i -t- ~’li z~c-t-½~ttliz~’2 -t- l r’’’’-gy h AX3 q_ _~yl -iv i ~f4

1 -v Z~X5 4- 1 -vi Ax6+iTgY li -7--NY ; +... (8.101b)

~i-l -~ Pi -- Ptli ~C -}- ½ ~"[iz~c2-- gYi -" i ~c3 + ~yl -iv i AX4

1 -v z~X54- 1 -vi /~C6
ff0Y li --~-rY i +... (8.101c)

~i-2 =~i -.~’1i(2 Ax) + ½~"1i(2 2 - ~;V"Ii(2 Ax)3 -~ 1 =iv~Y Ii( 2 Ax)4

I -v 1 -~i (8.101 d)ff0Y Ii( 2 ~x)s + 7-WOY [i(2 ~c)6 +...

A finite difference approximation (FDA) for ~li can be obtained by forming the
combination -~i+2 + 8~i+1 - 8~i-1 -t-~i-2" Thus,

Y’li ~--- --Yi+2 @ 8"~i+112~X-- 8~i-~ -t- ;~i-2 t_ l_~0Yv(~). Ax4 (8.102)

A FDA for ~ttli can be obtained by forming the combination --~i+2

16~i+1 -- 30~i + 16~i_1 --~i-2" The result is

~ttli -- --~i+2 "-~ 1@i+1 -- 30~i q- 16~i_1 --~i-2
12 Ax2 (8.103)

These FDAs can be substituted into the boundary-value ODE to give an 0(/~x 4) finite
difference equation (FDE).

Problems arise at the points adjacent to the boundaries, where the centered fourth-
order FDA cannot be applied. Nonsymmetrical fourth-order FDAs can be used at these
points, or second-order FDEs can be used with some loss of accuracy. A pentadiagonal
matrix results. A method similar to the Thomas algorithm for tridiagonal matrices can be
used to give an efficient solution of the pentadiagonal system of FDEs.

8.6.2 The Compact Three-Point Fourth-Order Equilibrium Method

Implicit three-point fourth-order FDAs can be devised. When the overall algorithm is
implicit, as it is when solving boundary-value problems by the equilibrium method,
implicitness is already present in the FDEs.

J--2 iil " i i+’l i@2 x

Figure 8.19 Five-point finite difference grid.



468 Chapter 8

First, let’s develop the compact three-point fourth-order finite difference approxima-
tion for ~/. Subtract the Taylor series for ~i_1, Eq. (8.101c), from the Taylor series for ~i+1,
Eq. (8.101b):

~i+1 --~i--1 = 2 Ax~’li + ½ Ax3 ~"[i ÷ 0(AxS) (8.104)

Dividing Eq. (8.104) by 2 Ax gives

~i+1 -- ~i--1 -, -tit
2Ax -.Yli+~ Ax2y Ii÷0(AX4) (8.105)

Write Taylor series for ~’1i+1 and ~’[i-1 with base point i. Thus,

Y [i+l =Y [i +Y li --- 1 -ttt,
1 -iv AX3 Ax4-’ -’ -" z_~x~-~y li AX2 +gY i ’~-2~v[i ’~-"" (8.106)

.~’li-1 Y [i --~/’li -- -- 1 -,,,," Ax2 1 -iv Ax3 - ’ ~4=-’ Z-~ct~y li --gY i +~yVlli .... (8.107)

Adding Eqs. (8.106) and (8.107) yields

#’li+~ - 2~’1i ÷ #’li-1 = AxZY"li ÷ 0(AX4) (8.108)

Dividing Eq. (8.108) by 6, adding and subtracting f/l i, and rearranging gives

1 -!Y’li + g05 Ii+l - 2~’1i +Y’li-a) = Y’li + ~ Ax2y’li + 0(Ax4) (8.109)

The right-hand sides of Eqs. (8.105) and (8.109) are identical. Equating the left-hand sides
of those two equations gives

-t 1 -tY li + gO Ii+l - 2~’1i ÷.~1i--1) --~i+1 --~i--1 ÷ 0(Ax4) (8.110)2Ax

Define the first-order and second-order centered differences 6~i and 62~/I i, respectively, as
follows:

(~i = ~/+1 -- ~i--1 (8.111)

62~’1i ---- ~’1i+1 -- 2~’1i ÷~’li-I (8.112)

Substituting Eqs. (8.111) and (8.112) into Eq. (8.110) 

~/l, ÷ ~ (~2~tli = ~ ÷ 0(AX4) (8.1 13)

Solving Eq. (8.113) for ~/li yields

Yl, - ~Y~
2 ,Sx(! + 52/6) + O(Ax4)

(8.114)

Truncating the remainder term yields an implicit three-point fourth-order centered-
difference approximation for ~’1i:

5Yi (8.115)Y’li = 2 Ax(1 ÷ 32/6)

Now let’s develop the compact three-point fourth-order finite difference approxima-
tion for ~/. Adding the Taylor series for ~i+l, Eq. (8.101b), and ~i-1, Eq. (8.101c), gives

~i+1 - 2~i +~i-1 = Ax2 ~"li + ~2 Ax4 ~ivli + 0(Ax6) (8.116)
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Dividing Eq. (8.116) by 2 gives

~i+1 -- 2~Pi off ~i-1 -" a- ~ Ax2~ivliW0(Ax4) (8.117)kx~
=Y i-~

Write Taylor series for Y"li+~ and )"[i-~ with base point i. Thus,

.... t,t li3ivl Ax2 +gY ]i off2-~vl]i off’’’ (8.118)~"Ii+I=Y li+Y IiAx+$. , ,i l-v /~x3 " /~x4

-,, -m 1-iv 1~62 1-’¢ ~kx3_[_ 1-vi Z~x4
(8.119).~"1i-1 =Y [i--Y ]iz~XOff~Y i --gY [i --~Y i ....

Adding Eqs. (8.118) and (8.119) yields

.P"Ii+I - 2~"1i off’It[i- 1 = Z~2 .~ivli off 0(/~x4) (8.120)

Dividing Eq. (8.120) by 12, adding and subtracting Y"li, and rearranging gives

~ttli off-~2(~ttli+l -- 2~"1i off~ttli-1) =~t*[i-{-~2 2~’2 ~ivli + 0(~4) (8.121)

The right-hand sides of Eqs. (8.117) and (8.121) are identical. Equating the left-hand sides
of those equations gives

1 _~t, li Off ~ @"li÷l -- 2.P"Ii Off.~"li-1) = ~-~ (~i÷l -- 2.Pi Off~i-1) Off 0(~f4) (8.122)

Define the second-order centered-differences 625~i and 62y"1i as follows:

625’i = 5~i+~ - 2~i + 5~i-~ (8.123)

62Y"1i Y Ii+l -" -"= -" -- 2.~ li OffY li-~ (8.124)

Substituting Eqs. (8.123) and (8.124) into Eq. (8.122) 

.~" li + ~2 62~’t li = ~ Off 0(Ax4) (8.125)

Solving Eq. (8.125) for ~"li yields

Y"le = ~2(1 + a~/12) + O(~x4) (8.126)

Truncating the remainder term yields an implicit three-point fourth-order centered-
difference approximation for ~"1i:

y,tli =
62yi

~0C2(1 Off 62/12)
(8.127)

Consider the second-order boundary-value ODE:

~" + P(x,.P).V Off O(x,~).p = (8.128)

Substituting Eqs. (8.115) and (8.127) into Eq. (8.128) yields the implicit fourth-order 
difference equation:

62yi 6yi

ZDC2(1 Off 32/12) t-P~2 kx(1 + 32/6) ~- Qiyi =F~
(8.129)

If P and/or Q depend on y, the system of FDEs is nonlinear. If not, the system is linear.
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Example 8.9. The compact three-point fourth-order equilibrium method

As an example of the compact three-point fourth-order method, let’s solve the heat
transfer problem presented in Section 8.1. Thus,

T" - o~2T : -o~2Ta T(0.0) = 0.0 C and T(1.0) = 100.0 (8.130)

Substituting Eq. (8.127) into Eq. (8.130) gives

~52Ti
- o~2 Ti : -o~2Ta (8.131)

Ax2(1 + 62/12)

Simplifying Eq. (8.131) yields

~2Ti -- 52 ~2(1 q- 62/12)T,. : --c~2 Ax2(1 + 62/12)Ta (8.132)

Expanding the second-order centered-difference operator 32 gives

52 kx2
(T/+~ - 2Ti + Ti_~) - 52 zgv2 T/ 12 (T/+~ - 2T/+ T/_~) = _~2 kx2 Ta

(8.133)
where fi2Ta = 0 since Ta is constant. Defining fl = 52 kx2/12 and gathering terms yields

l (1 - fl)T/_ z - (2 + 10ft)T/+ (1 - fl)T/+ 1 = -12fiTa ]
(8.134)

Let 52 = 16.0 cm-2, Ta = 0.0 C, and Ax = 0.25 cm, which gives
fl = 16(0.25)2/12 = 0.083333. Equation (8.134) becomes

I0.916667Ti_~ - 2.833333Ti + = 0 (8.135)0.916667T,.+1

Applying Eq. (8.15) at the three interior grid points, transferring the boundary conditions
to the right-hand sides of the equations, and solving the tridiagonal system of FDEs by the
Thomas algorithm yields the results presented in Table 8.19. Repeating the solution with
Ax = 0.125 cm yields the results presented in Table 8.20.

The Euclidean norm of the errors in Table 8.19 is 0.092448 C, which is 19.11 times
smaller than the Euclidean norm of 1.766412 C for the errors in Table 8.8. The Euclidean
norm of the errors in Table 8.20 at the common grid points of the two grids is 0.005918 C,

Table 8.19 Solution by the Compact Fourth-Order
Equilibrium Method for kx = 0.25 cm

x, cm T(x), C ~’(x), Error(x), 

0.00 0.000000 0.000000
0.25 4.283048 4.306357 -0.023309
0.50 13.238512 13.290111 -0.051599
0.75 36.635989 36.709070 -0.073081
1.00 100.000000 100.000000
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Table 8.20 Solution by the Compact Fourth-Order
Equilibrium Method for Ax = 0.125 cm

x, era T(x), C ~"(x), Error(x), 

0.000 0.000000 0.000000
0.125 1.908760 1.909479 -0.000719
0.250 4.304863 4.306357 -0.001494
0.375 7.800080 7.802440 -0.002360
0.500 13.286807 13.290111 -0.003305
0.625 22.165910 22.170109 -0.004200
0.750 36.704394 36.709070 -0.004677
0.875 60.614212 60.618093 -0.003880
1.000 100.000000 100.000000

which is 79.09 times smaller than the Euclidean norm of 0.468057 C for the errors in Table
8.9. The ratio of the norms is 15.62, which demonstrates that the method is fourth order.

8.7 THE EQUILIBRIUM METHOD FOR NONLINEAR BOUNDARY-VALUE
PROBLEMS

Consider the general nonlinear second-order boundary-value ODE:

f/’+P(x’fe)f/+Q(x’fOf~=F(x) ~(XI) =~l and~(x2) =~2 (8.136)

The solution of Eq. (8.136) by the shooting method, as discussed in Section 8,3, 
straightforward. The shooting method is based on finite difference methods for solving
initial-value problems. Explicit methods, such as the Runge-Kutta method, solve nonlinear
initial-values ODEs directly. Consequently, such methods can be applied directly to
nonlinear boundary-value ODEs as described in Section 8.3 for linear boundary-value
ODEs.

The solution of Eq. (8.136) by the equilibrium method is more complicated, since
the corresponding finite difference equation (FDE) is nonlinear, which yields a system 
nonlinear FDEs. Two methods for solving nonlinear boundary-value ODEs by the
equilibrium method are presented in this section:

1. Iteration
2. Newton’s method

8.7.1 Iteration

The iteration method for solving nonlinear boundary-value ODEs is similar to the fixed-
point iteration method presented in Section 3.4 for solving single nonlinear equations. In
that method, the problemf(x) = 0 is rearranged into the form x g(x), and anini tial val ue
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of x is assumed and substituted into g(x) to give the next approximation for x. The
procedure is repeated to convergence.

The solution of a nonlinear boundary-value ODE by iteration proceeds in the
following steps.

1. Develop a finite difference approximation of the ODE. Linearize the ODE by
lagging all the nonlinear coefficients. Preserve the general character of the ODE
by lagging the lowest-order terms in a group of terms. For example,

.~,~t~l/2 ._). (~,,)(k+l)(~t)(k)(~l/2)(k) (8.137)

Choose finite difference approximations for the derivatives and construct the
linearized FDE.

2. Assume an initial approximation for the solution: y(x)(°). A good initial
approximation can reduce the number of iterations. A bad initial approximation
may not converge. Choose the initial approximation similar in form to the
expected form of the solution. For example, for the Dirichlet boundary
conditions ~(xl)=~1 and ~(X2)=~2, the initial approximation y(x)(°) could
be a step function at xl, a step function at x2, a linear variation from x1 to x2, or a
quadratic variation from x1 to x2, as illustrated in Figure 8.20. The step functions
are obviously less desirable than the linear or quadratic variations. The linear
variation is quite acceptable in many cases. If additional insight into the problem
suggests a quadratic variation, it should be used.

3. Calculate the lagged coefficients, P(x, y) = P[x, y(x)(°)] = P(x)(°), etc.
4. Solve the system of linear FDEs to obtain y(x)(1).

5. Calculate the lagged coefficients based on the new solution, y(x)(0, P(x)(1), etc.

6. Repeat steps 4 and 5 to convergence.

y

A

Initial step function

,,,’//~.~ Quadratic function

,,// [~- Linear function
I ~ Final.step

a b

Figure 8.20 Initial approximations for iteration.



3oundary-Value Ordinary Differential Equations

Example 8.10. A nonlinear implicit FDE using iteration
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Consider the following nonlinear boundary-value ODE:

~" + 2~/= 4 + 4x3 ~(1.0) = 2.0 and ~(2.0) = (8.138)

The exact solution to Eq. (8.138) 

~(x) = ~ +_1 (8.139)
x

Let’s solve Eq. (8.138) by iteration using the second-order equilibrium method.
Let’s approximate ~’ and ~/’ by second-order centered-difference approximations,

Eqs. (8.43) and (8.44), and lag the nonlinear coefficient of~’. This gives

yi+l -- 2yi +Yi 1~(k+l)
(k)(~i+l --Yi-l~(k+l)

=4+ 4x~ (8.140)

Multiplying Eq. (8.140) by 2 and gathering terms yields the nonlinear FDE:

/Axyi )Yi-I --/--wcYi )Yi+l : 4 AxZ(1 +x~) (8.141)

Let Ax = 0.25. Applying Eq. (8.141) at the three interior points of the uniform grid gives

x = 1.25: (1 - 0.25y k )y + (1 + 0.25y % 
= 4(0.25)2(1 + (1.25)3) (8.142a)

x: 1.SO: (1- 0.25y~k))y~~+0- 2y~k+l) +(1 + 0.25y~))y(4~+O

= 4(0.25)2(1 q- (1.50)3) (8.142b)

x = 1.75: (1 - 0.25y(4~))y~k+l) - 2y(4~+~) + (1 + 0.25Y(4k))y~~+~)

= 4(0.25)2(1 + (1.75)3) (8.142c)

Transferring ~(1.0) = 2.0 and ~(2.0) = 4.5 to the right-hand sides of Eqs. (8.142a) 
(8.142c), respectively, yields a tridiagonal system of FDEs, which can be solved by the
Thomas algorithm.

For the initial approximation of y(x), y(x)(°), assume a linear variation between the
boundary values. Thus,

y(x)(°) = -0.5 + 2.5x (8.143)

The values of y(x)(°~ are presented in the first line of Table 8.21, which corresponds to
k = 0. Substituting these values into Eq. (8.142) yields the following system of linear
algebraic FDEs, which can be solved by the Thomas algorithm:

I-2.00000 1.65625 0.000001 [y2 1 [ 0.0507811

0.18750 --2.00000 1.81250 Y3 = 1.093750 (8.144)
0.00000 0.03125 -2.00000 Y4 -7.269531

The solution y(x)(0 to Eq. (8.144) is presented in the second line of Table 8.21. Equation
(8.142) is then reevaluated with y(x)(1~, and a new tridiagonal system of linear FDEs is
assembled and solved by the Thomas algorithm. This solution y(x)(2) is presented in the
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Table 8.21 Solution of the Nonlinear Implicit FDE by Iteration

Chapter 8

x

(k) y(x) 1.00 1.25 1.50 1.75 2.00

0 y(x)~°) 2.0 2.625000 3.250000 3.875000 4.5
1 y(x)(l) 2.0 2.477350 3.022177 3.681987 4.5
2 y(x)(2) 2.0 2.395004 2.943774 3.643216 4.5

11 y(x)¢11) 2.0 2.354750 2.911306 3.631998 4.5
~(x) 2.0 2.362500 2.916667 3.633929 4.5
Error -0.007750 -0.005361 -0.001931

third line of Table 8.21. This procedure is repeated a total of 11 times until the solution
satifies the convergence criterion [y}k+l) _ y~k)[ < 0.000001.

8.7.2 Newton’s Method

Newton’s method for solving nonlinear boundary-value problems by the equilibrium
method consists of choosing an approximate solution to the problem Y(x) and assuming
that the exact solution/~(x) is the sum of the approximate solution Y(x) and a small
perturbation r/(x). Thus,

~(x) = Y(x) + (8.145)

Equation (8.145) is substituted into the nonlinear ODE, and terms involving products 
r/(x) and its derivatives are assumed to be negligible compared to linear terms in q(x) and
its derivatives. This process yields a linear ODE for q(x), which can be solved by the
equilibrium method. The solution is not exact, since higher-order terms in q(x) and its
derivatives were neglected. The procedure is repeated with the approximate solution until
q(x) changes by less than some prescribed tolerance at each point in the finite difference
grid.

The procedure is implemented as follows. Assume Y(x)(°). Solve the corresponding
linear problem for q(x)(°). Substitute these results in Eq. (8.145) to obtain y(x)(1).

y(x)(1) = Y(x)(°)+ r/(x)(°) Y(x)O) (8.146)

The next trial value for Y(x) is Y(x)~)= y(x)(~). Solve for the corresponding r/(x)~1).

Substituting these results into Eq. (8.145) gives y(x) (2). This procedure is applied
repetitively until ~/(x) changes by less than some prescribed tolerance at each point 
the finite difference grid. The general iteration algorithm is

= y(x)(~+~) = Y(x)(~) + q(x)(~) ] (8.147)y(x)(k+l)

Newton’s method converges quadratically. Convergence is faster if a good initial
approximation is available. The procedure can diverge for a poor (i.e., unrealistic) initial
approximation. Newton’s method, with its quadratic convergence, is especially useful if the
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same boundary-value problem must be worked many times with different boundary
conditions, grid sizes, etc.

Example 8.11. A nonlinear implicit FDE using Newton’s method

Let’s solve the problem presented in Example 8.10 by Newton’s method.

3" + 2~’ = 4 + 4x3 3(1.0) = 2.0 and ~(2.0) = (8.148)

Let Y(x) be an approximate solution. Then

~(x) = Y(x) + (8.149)

3’ = Y’ + 7’ (8.150)

~" = }~" + n" (8.151)

Substituting Eqs. (8.149) to (8.151) into Eq. (8.148) 

(Y" + 7") + 2(Y + r/)(Y’ + 7’) = 3 (8.152)

Expanding the nonlinear term yields

(Y" + 7") 2(YY’ + Y7’ + nY’ + nq’) = 4 + 3 (8.153)

Neglecting the nonlinear term qT’ in Eq. (8.153) yields the linear ODE:

[ rl" + 2Y7’ + 2Y’7 = G(x) ] (8.154)

where G(x) is given by

G(x) = 4 + 4x3 - Y" - 2YY’ (8.155)

The boundary conditions on ~(x) must be transformed to boundary conditions 
7(x). At x = 1.0,

r/(1.0) =3(1.0) - Y(1.0) = 0.0 - 0.0 (8.156)

since the approximate solution Y(x) must also satisfy the boundary condition. In a similar
manner, r/(2.0) = 0.0. Equation (8.154), with the boundary conditions
7(1.0) = q(2.0)= 0.0, can be solved by the equilibrium method to yield 7(x), 
yields y(x) = Y(x) ÷ rl(x). The procedure is applied repetitively to convergence.

Let’s approximate 7’ and 7" by second-order centered-difference approximations.
Equation (8.154) becomes

7i+1 -- Z~c227i q- 7i-1 ~- 2Y~ 7i+1-2--~c7i-~ ~_ 2Y,[i7i = Gi (8.157)

are also approximated by second-order centered-differenceValues of Y’li and
approximations:

Y’li - Y’+~ - Yi-I2Ax
and Y"[i = Y~+~ - 2Y,. + Yi-~Ax2

(8.158)

Multiplying Eq. (8.157) by ~ and gathering terms yields the li near FDE:

(1 - Ax Y/)Ti-~ + (-2 + Ax2y’li)qi + (1+ Ax Y/) ~]i+I -~- ~,2 Gi (8.159)
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Table 8.22 Values of x, Y(x)(°), Y’(x)(°), Y"(x)(°),

and G(x)

x Y(x)(°) Y’(x)(°) Y"(x)(°) G(x)

1.00 2.000
1.25 2.625 2.50 0.0 - 1.3125

. 1.50 3.250 2.50 0.0 1.2500
1.75 3.875 2.50 0.0 6.0625
2.00 4.500

Let Ax = 0.25. For the initial approximation y(x) (°) assume a linear variation
between the boundary values, as given by Eq. (8.153). These values ofy(x)(°) = Y(x)(°)

are presented in column 2 of Table 8.22. The values of Y’(x)(°), Y"(x)(°), and G(x) are also
presented in Table 8.22.

Applying Eq. (8.159) at the three interior points of the uniform grid gives

x = 1.25: 0.34375ql - 1.68750q2 + 1.65625q3 = -0.082031 (8.160a)

x = 1.50: 0.18750r/2 - 1.68750q3 + 1.81540r/4 = 0.078125 (8.160b)

x = 1.75: 0.03125r/3 - 1.68750q4 + 1.96875r/5 = 0.378906 (8.160c)

Substituting r/1 = q5 = 0 into Eq. (8.160) and writing the result in matrix form gives

--1.68750 1.65625 0.00000 1 [ q21 I -0.0820311
0.18750 -1.68750 1.81250 q3 : 0.078125 (8.161)
0.00000 0.03125 -1.68750 q4 0.378906

The results are presented in Table 8.23. The first line presents the values of x, and the
second line presents the values ofy(x)(°) = Y(x)(°). Solving Eq. (8.161) by the Thomas
algorithm yields the values of t/(x) (°) shown in line 3 of Table 8.23. Adding lines 2 and 3 of
Table 8.23 gives y(x)(0 = Y(x)(°) + r/(x) (°) presented in line 4, which will be used as

Table 8.23 Solution of the Nonlinear Implicit FDE by Newton’s Method

y(x)(~) = y(x)(~

k t/(x)(k) 1.00 1.25 1.50 1.75 2.00

0 y(x)(°) = Y(x)(°) 2.0 2.625000 3.250000 3.875000 4.5
tl(x)(°) 0.0 -0.269211 -0.323819 -0.230533 0.0

1 y(x)(1) = Y(x)(1 2.0 2.355789 2.926181 3.644466 4.5
r/(x)(0 0.0 -0.001037 -0.014870 -0.012439 0.0

2 y(x)(2) =Y(x)(2) 2.0 2.354752 2.911311 3.632027 4.5
q(x)(2) 0.0 - 0.000002 - 0.000005 - 0.000029 0.0

3 y(x)(3) = Y(x)(3 2.0 2.354750 2.911306 3.631998 4.5
/’](x)(3) 0.0 0.000000 0.000000 0.000000 0.0

4 y(x)(4) 2.0 2.354750 2.911306 3.631998 4.5
35(x) 2.0 2.362500 2.916667 3.633929 4.5

Error(x) -- 0.007750 - 0.005361 -- 0.001931
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Y(x)(t) for the next iteration. Repeating the solution with Y(x)(t) yields lines 5 and 6 in
Table 8.23. Four iterations are required to reach convergence to [ylk+~) -ylk)l < 0.000001.
The final solution y(x)(4), the exact solution ~(x), and the Error(x) y(x)(~- ~(x) ar
presented at the bottom of the table. Eleven iterations are required by the iteration method
presented in Example 8.10.

8,8 THE EQUILIBRIUM METHOD ON NONUNIFORM GRIDS

All of the results presented in Sections 8.3 to 8.7 are based on a uniform grid. In problems
where the solution is nonlinear, a nonuniform distribution of grid points generally yields a
more accurate solution if the grid points are clustered closer together in regions of large
gradients and spread out in regions of small gradients. Methods for implementing the
solution by the finite difference approach on nonuniform grids are presented in this
section. The use of nonuniform grids in the finite element method is discussed in Example
12.5 in Section 12.3.

Some general considerations apply to the use of nonuniform grids. Foremost of these
considerations is that the nonuniform grid point distribution should reflect the nonuniform
nature of the solution. For example, if the exact solution has a particular functional form,
the nonuniform grid point distribution should attempt to match that functional form.
Secondarily, the nonuniform grid point distribution should be relatively smooth. Abrupt
changes in the grid point distribution can yield undesirable abrupt changes in the solution.

Once a nonuniform grid point distribution has been determined, there are two
approaches for developing a finite difference solution on the nonuniform grid:

1. Direct solution on the nonuniform grid using nonequally spaced finite difference
approximations (FDAs)

2. Solution on a transformed uniform grid using equally spaced FDAs

In the first approach, nonequally spaced finite difference approximations for all of the
derivatives in the differential equation are developed directly on the nonuniform grid. In
the second approach, the differential equation is transformed from the nonuniformly
discretized physical space D(x) to a uniformly discretized transformed space/3(~), and
equally spaced finite difference approximations are employed in the uniformly discretized
transformed space. The first approach is illustrated in Example 8.12. The second approach
is not developed in this book.

Let’s_ develop centered-difference approximations for the first and second derivatives
)7’(x) andf"(x),_respectively, on the nonuniform finite difference grid illustrated in Figure
8.21. Considerf"(x) first. Write Taylor series for~+~ and~_~:

J~i+l =f/ "3l-fx[i z~X+ "q-½L[i z~2+ "q-~J~xxx[i ~X~_ "~- ¯ ¯ ’ (8.162)

~-~ =f -fxl; Ax_ + ½J~z[; Ax2- --~r~li Ax3- +"" (8.163)

where Ax+ = (xi+1 - xi) and Ax_ = (xi - xi_~). Multiply Eq. (8.162) by Ax_ and multiply
Eq. (8.163) by Ax+ and add the results to obtain

Z~C_ j~//+l -~- Z~X+ j~t._ 1 = (Z~X_ + Z~dC+)j~/ -’]’- (0)J~xl/--]- ½ (/~X_ ~ "~- ~f+ Z~2_)J~xxli

1 ~

/~X3)j~xxx[i Al-+ ~( _ ~3+ _ ~x+ ...
(8.164)
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Ax_

i-1

Figure 8.21

Ax+

i+1 x

Nonuniform finite difference grid.
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Dividing Eq. (8.164) by Ax_ and letting fl = Ax+/Ax_ gives

j~/+l + fl~i_l= (l + fl)~ii + ½(A~+ + Ax+ Ax_)fxxli1+ ~ (Ax+3 _ Ax+ Ax2_ff’xxxli ...

(8.165)

Rearranging Eq. (8.165) gives

½J~xr]i Ax_ Ax+(j~ ~- 1) =d~/+l -- (1 ÷ fl~/+ fir//-1 - ~Ax+ Ax2_(fl2 - 1).~xli +...

(8.166)

Solving Eq. (8.166) forfxxli yields

~,li = 2[~/+1 - (1 + 13)~i + ~ Ax+(fl - 1)f~li +’" (8.167)
Ax+ Ax_(1 + 3) 3

Truncating the remainder term yields the desired result, which is first-order accurate:

fxxli = 2[f+~ - (l + fl)f + flf_~] (8.168)AX+ AX_(1 + 3)

A finite difference approximation for the first derivative, ~xli, can be developed in a

similar manner. The result is

~rxli _~ii+, - (1 - fl2)j~/ _ fl2j~//_l _ lax Ax ~xxxli +""
(8.169)

Ax+(1 ÷ fl) 6 + -

Truncating the remainder term yields the desired result:

f~li =fi+1 - (1 - fl2)f _ fl2f_l (8.170)
AX+(1 + fl)

Note that Eq. (8.170) is second-order accurate even on a nonuniform grid.

Example 8.12. The equilibrium method on a nonuniform grid

Let’s solve the heat transfer problem presented in Section 8.1 using the first-order
nonuniform grid finite difference approximation given by Eq. (8.168). The boundary-value
problem is

T" - o~2T : -o~2Ta T(0.0) = 0.0 and T(1.0) = 100.0 (8.171)

Substituting Eq. (8.168) for T" yields

2[T/+~ - (1 + ]3)T/+ flT,._~] ~2T/----- -~2Ta (8.172)
Axe_ 3(1 + 3)
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Let 52 = 16.0 cm-2 and Ta = 0.0 C. Rearranging Eq. (8.172) yields

flTi_1 - [(1 +/3) + 8 2_/3(1 + fl )]Ti + Ti+1 = 0 (8.173)

From the results obtained in Sections 8.3 and 8.4, we see that the solution to the heat
transfer problem changes slowly at the left end of the rod and rapidly at the right end of the
rod. Thus, the grid points should be sparsely spaced near the left end of the rod and closely
spaced near the right end of the rod. As a simple nontmiform grid example, let’s choose a
second-order function to relate the nonuniformly-spaced grid points, denoted by x, to the
uniformly-spaced grid points, denoted by ~. Thus,

x = a + b~ + cYc2 (8.174)

Three sets of (x, ~) values are required to determine the coefficients a, b, and c. Two sets 
values are obviously specified by the boundary points: x = 0.0 where ~ = 0.0 and x = 1.0
where ~ = 1.0. The third set is chosen to effect the desired grid point distribution. For
example, let x = 0.875 where ~ --- 0.75. Substituting these three defining sets of (x, ~)
values into Eq. (8.174) and solving the resulting system of equations for a, b, and c gives

[ x = -0.458333 ÷ 0.5~ - 0.041667Yc2 ] (8.175)

Substituting ~ -- 0.25 and ~ = 0.5 into Eq. (8.175) yields the complete nonuniform grid
point distribution presented in Table 8.24. Figure 8.22 illustrates the nonuniform grid point
distribution.

Table 8.25 presents the values of x, Ax_, Ax+, /3, and the coefficient of T,. in
Eq. (8.173) at grid points 2 to 4 specified in Table 8.24. Applying Eq. (8.173) at the three
interior grid points gives:

x = 0.375000: 0.777778T~ - 3.333333T2 + T3 = 0 (8.176a)

x : 0.666667: 0.714286T2 - 2.547619T3 ÷ T4 = 0 (8.176b)

x = 0.875000: 0.600000T3 - 1.933333T4 + T5 : 0 (8.176c)

Table 8.24 Nonuniform
Grid Geometry

0.00 0.000000
0.25 0.375000
0.50 0.666667
0.75 0.875000
1.00 1.000000

0.0

0.00

Figure 8.22

0.375 0.666667 0.8751.0

/// x
0.25 0.50 0.75 1.00 x

Nonuniform grid point distribution.



480

Table 8.25 Metric Data for the Nonuniform Grid

i x, cm Ax_, cm Ax+, cm fl (...)T/

1 0.0
2 0.375000 0.375000 0.291667 0.777778 -3.333333
3 0.666667 0.291667 0.208333 0.714286 -2.547619
4 0.875000 0.208333 0.125000 0.600000 -1.933333
5 1.0

Chapter 8

Table 8.26 Solution by the Equilibrium Method on a
Nonuniform Grid

~ x, cm T(x), C ~’(x), Error(x), 

1 0.0 0.000000 0.000000
2 0.375000 7.670455 7.802440 -0.131986
3 0.666667 25.568182 26.241253 -0.673072
4 0.875000 59.659091 60.618093 -0.959002
5 1.0 100.000000 100.000000

Transferring T1 = 0.0 and T5 = 100.0 to the right-hand sides of Eqs. (8.176a) and
(8.176c), respectively, yields the following tridiagonal system of FDEs:

- -3.333333 1.000000
0.714286 -2.547610
0.000000 0.600000

1.000000/ T3 = 0.0
-1.933333/ T4 -100.0

(8.177)

Solving Eq. (8.177) by the Thomas algorithm yields the results presented in Table 8.26.
The Euclidean norm of the errors in Table 8.26 is 1.179038 C, which is about 33 percent
smaller than the Euclidean norm of 1.766412 C for the errors obtained for the uniform grid
solution presented in Table 8.7.

8.9 EIGENPROBLEMS

Eigenproblems arise in equilibrium problems in which the solution exists only for special
values (i.e., eigenvalues) of a parameter of the problem. Eigenproblems occur when
homogeneous boundary-value ODEs also have homogeneous boundary conditions. The
eigenvalues are to be determined in addition to the corresponding equilibrium configura-
tion of the system. Shooting methods are not well suited for solving eigenproblems.
Consequently, eigenproblems are generally solved by the equilibrium method.

8.9.1 Exact Eigenvalues

Consider the linear homogeneous boundary-value problem:

[.,~" + k2.~ = 0 .~(0) ---- .~(1) (8.178)
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The exact solution to this problem is

~(x) = A sin(kx) + B cos(kx) (8.179)

where k is an unknown parameter to be determined. Substituting the boundary values into
Eq. (8.179) gives

~(0) = A sin(k0) + B cos(k0) = 0 ---> (8.180)

)(1) = A sin(kl) (8.181)

Either A = 0 (undesired) or sin(k) = 0, for which

k = :knu n = 1, 2 .... (8.182)

The values of k are the eigenvalues of the problem. There are an infinite number of
eigenvalues. The solution of the differential equation is

.~(x) = A sin(nztx) (8.183)

The value of A is not uniquely determined. One of the major items of interest in
eigenproblems are the eigenvalues of the system. For each eigenvalue of the system,
there is an eigenfunction ~(x) given by Eq. (8.183).

8.9.2 Approximate Eigenvalues

Eigenvalues of homogeneous boundary-value problems can also be obtained by numerical
methods. In this approach, the boundary-value ODE is approximated by a system of finite
difference equations, and the values of the unknown parameter (i.e., the eigenvalues)
which satisfy the system of FDEs are determined. These values are approximations of the
exact eigenvalues of the boundary-value problem.

Example 8.13. Approximation of eigenvalues by the equilibrium method

Let’s solve Eq. (8.178) for its eigenvalues by the finite difference method. Choose 
equally spaced grid with four interior points, as illustrated in Figure 8.23. Approximate ~/’
with the second-order centered-difference approximation, Eq. (8.44). The corresponding
finite difference equation is:

~iq-I -- 2~i "~- ~i--L + 0(Ax2) + k2~’/= 0 (8.184)Ax2

Multiplying by Ax2, truncating the remainder term, and rearranging gives the FDE:

lYi-1 -- (2 - Ax~ k2)yi -}-Yi+l : 0 

Apply the FDE, with Ax = 0.2, at the four interior points:

(8.185)

x = 0.2: yt - (2 - 0.04/fl)y 2 +Y3 = 0 y~ = 0 (8.186a)

x = 0.4: y2 - (2 - 0.04kZ)y3 +Y4 = (8.186b)

x = 0.6: Y3 - (2 - 0.04kZ)y4 +Y5 = (8.186c)

x = 0.8: Y4 - (2 - 0.04kZ)y5 -I-y6 : Y6 = 0 (8.186d)
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~1 2 3 4 5 6,~

Figure 8.23 Finite difference grid for the eigenproblern.

Writing Eq. (8.186) in matrix form gives

I(2
- 0. 4k2) -- l 0

- 10 (2 - 0.04k2) - 1
0 - 1 (2 - 0.04k2)

0 0 -1

which can be expressed as

0
0
- 1 [yi] = 0

(2 - 0.04k2)

(8.187)

FDEs.

Table 8.27 Solution of the Eigenproblem

Z k k(exact) Error, %

1.618 -4-3.090 -4-r~ = 4-3.142 q:1.66
0.618 4-5.878 4-2n = 4-6.283 q:6.45

-0.618 4-8.090 -I-3~z = 4-9.425 ~:14.16
- 1.618 4-9.511 4-4~z = 4-12.566 qz24.31

where 2 = 0.04k2 and A is defined as

2 -1 0

A = -1 2 -1 0J (8.189)0 -1 2 -1
0 0 -1 2

This is a classical eigenproblem. The characteristic equation is given by

det(A - 21) = (8.190)

Define Z = (2- 0.04k2). The characteristic equation is determined by expanding the
determinant IA - 211 = 0, which gives

Z4- 3Z2 + 1 = 0 (8.191)

which is quadratic in Z2. Solving Eq. (8.191) by the quadratic formula yields

Z = (2 - 0.04k2) = ~1.618... q- 0.618... (8.192)

The values of Z, k, k(exact), and percent error are presented in Table 8.27.
The first eigenvalue is reasonably accurate. The higher-order eigenvalues become

less and less accurate. To improve the accuracy of the eigenvalues and to obtain higher-
order eigenvalues, more grid points are required. This is not without disadvantages,
however. Expanding the determinant becomes more difficult, and finding the zeros of high-
order polynomials is more difficult. Numerical methods for finding the eigenvalues, which
are introduced in Chapter 2, may be used to determine the eigenvalues for large systems of

(A - 2I)y = (8.188)
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8,10 PROGRAMS

Two FORTRAN subroutines for integrating boundary-value ordinary differential equations
are presented in this section:

1. The fourth-order Runge-Kutta shooting method
2. The second-order equilibrium method

The basic computational algorithms are presented as completely self-contained
subroutines suitable for use in other programs. Input data and output statements are
contained in a main (or driver) program written specifically to illustrate the use of each
subroutine.

8.10.1 The Fourth-Order Runge-Kutta Shooting Method

The general nonlinear second-order boundary-value ODE is given by Eq. (8.14):

.V’ =f(x,~,.V) .~(Xx) =~1 andS(x2)~-.~2 (8.193)

Equation (8.193) can be written as a pair of coupled nonlinear first-order initial-value
ODEs:

~’ = ~ ~(xl) = (8.194)

~’ =f(x,~, ~) ~(x~) ---- ~’(Xx) =- ~’1~ -- ? (8.195)

The general algorithm for the fourth-order Runge-Kutta method is given by Eqs. (7.179)
and (7.180). These equations are implemented in subroutine rk in Section 7.15.1 for a
single first-order initial-value ODE. That subroutine has been expanded in this section to
solve the system of two coupled first-order ODEs, Eqs. (8.194) and (8.195), which arise
from Eq. (8.193). The secant method for satisfying the right-hand side boundary condition
is given by Eqs. (8.18) and (8.19):

)/l~n+l/__ y,l~n) -- y,l~, ) __ y,l~,_~) - slope (8.196)

where the superscript (n) denotes the iteration number. Solving Eq. (8.196) for ~+~)

gives

Y’I~n+l) = Y’I~~) + y~ _
slope

(8.197)

A FORTRAN subroutine, subroutine shoot, for implementing the fourth-order
Runge-Kutta shooting method is presented in Program 8.1. Program main defines the
data set and prints it, calls subroutine shoot to implement the solution, and prints the
solution. Equations (8.194) and (8.195) are solved by the Runge-Kutta method 
subroutine rk2. A FORTRAN function, fi~nction f, specifies the derivative function
specified by Eq. (8.193).

Program 8.1. The fourth-order Runge-Kutta shooting method program

program main

main program to illustrate boundary-value ODE solvers

ndim array dimension, ndim = 9 in this example
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c

c

c

c

c

c

c

c

c

c

c

c

imax

x

Y
z
yl,zl

y2, z2

by, bz

za, zb

iter

tol

iw

number of grid points

independent variable array, x(i)

dependent variable array, y(i)

derivative dy/dx array, z(i)

left-hand side boundary condition values

right-hand side boundary condition values

right-hand-side boundary condition flags: 0.0 or 1.0

first and second guesses for z(1)

grid increment

maximum number of iterations

convergence tolerance
intermediate results output flag: 0 none, 1 some, 2 all

1000 format (’ Shooting method’/’

1 /’ ")

1010 format (i3,3f13.6)

1020 format (’ ’)

end

dimension x(9) , y(9) , z 

data ndim, imax, iter, Col,iw / 9, 5, 3, 1.0e-06, 1 /

data (x(i),i=l,5),dx / 0.0, 0.25, 0.50, 0.75, 1.00, 0.25 
data y(1),za, zb / 0.0, 7.5, 12.5/

data by, bz,yl,zl,y2, z2 / 1.0, 0.0, 0.0, 0.0, 100.0, 0.0 /

write (6,1000)

cali shoot (ndim, imax, x, y, z, by, bz, yl, zl, y2, z2, za, zb, dx, i ter,

1 ~oI, iw)
if (iw.ne.l) write (6,1010) (i,x(i),y(i),z(i),i=l,imax)

stop

/̄’ i’,7x, ’x’,12x, ’y’,12x, ’z’

subroutine shoot (ndim, imax, x,y, z,by, bz,yl, zl,y2, z2, za, zb, dx,

1 iter, tol, iw)
the shooting method

dimension x (ndim) , y (ndim) , z (ndim)

rhs =by*y2 +bz *z2

z (i) =za

do it=l, iter

call rk2 (ndim, imax, x,y, z, dx, iw)

if (iw. gt.l) write (6,1000)

if (iw. gC.O) write (6,1010) (i,x(i),y(i),z(i),i=l,imax)

if (iw. gt.O) write (6,1000)

if (it.eq.l) then

rhs l =by*y ( imax ) +bz * z ( imax 

z (i) =zb

else
rhs2 =by*y ( imax) +bz *z (imax)

if (abs(rhs2-rhs).le.tol) return

zb=z (i)
slope= (rhs2-rhsl) / (zb-za)

za=zb

rhsl =rhs2

z (i) =z (I) + (rhs-rhs2)/slope

end if

end do
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10oo
lO10

1020

if (iter.gt.3) write (6,1020) 

return
format (’ ’)

format (i3,3f13.6)
format (" ’/’ The solution failed to converge,

end

iter = ",i3)

i000

subroutine rk2 (ndim, imax, x, y, z, dx, iw)

implements the fourth-order Runge-Kutta method for two odes

dimensi on x (ndim) , y (ndim) , z (ndim)

do i=2, imax
dyl =dx*z (i -i 

dzl=dx*f (x(i-l) , y(i-l) , z (i-l))

dy2=dx* (z (i -i ) +dzl/2. 
dz2=dx*f (x ( i-l) +dx/2. O, y( i-l ) +dyl/2. O, z (i-l) +dzl/2. 

dy3=dx* (z (i-i ) +dz2/2. 

dz3=dx*f (x (i -I ) +dx/2. O, y ( i -I ) +dy2/2. 0, z ( i -i ) +dz2/2. 

dy4=dx* ( z ( i -I ) +dz3 
dz4=dx*f (x(i-l) +dx, y(i-l) +dy3, z ( i-i) 

y( i ) =y(i-i ) + (dyl +2. O* (dy2+dy3 ) +dy4) 

z (i) =z (i-i ) + (dzl +2.0 * (dz2 +dz3 ) +dz4 

if (iw. eq.2) write (6,1000) i,dyl,dy2,dy3,dy4,y(i)
if (iw. eq.2) write (6,1000) i,dzl,dz2,dz3,dz4,z(i)

end do

re t ~rn

format (i3,5f13.6)

end

function f (x, y,z)

derivative function
p coefficient of yp in the ode

q coefficient of y in the ode

fx nonhomogeneous term

data p,q, fx / 0.0, -16.0, 0.0 /

f=fx-p*z-q*y

re~urn

end

The data set used to illustrate subroutine shoot is taken from Example 8.1 with the

fourth-order Runge-Kutta method replacing the second-order implicit trapezoid method.

The output generated by the fourth-order Runge-Kutta program is presented in Output 8.1.

Output 8.1. Solution by the fourth-order Runge-Kutta shooting method

Shooting method

i x y z

1 0.000000 0o000000 7.500000
2 0.250000 2.187500 11.562500
3 0.500000 6.744792 28.033854
4 0.750000 18.574761 74.694553
5 1.000000 50.422002 201.836322
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0.000000 0.000000 12.500000
0.250000 3.645833 19.270833
0.500000 11.241319 46.723090
0.750000 30.957935 124.490922
1.000000 " 84.036669 336.393870

1 0.000000 0.000000 14.874459

2 0.250000 4.338384 22.931458

3 0.500000 13.376684 55.598456

4 0.750000 36.838604 148.138810

5 1.000000 100.000000 400.294148

Example 8.7 is concerned with a derivative (i.e., Neumann) boundary condition.

That problem can be solved by subroutine shoot by changing the. following variable
values: y(1) = 100.0, by= 0.0, bz= 1.0, y2 = 0.0, za = -405.0, and zb = -395.0.

8.10.2 The Second-Order Equilibrium Method

The general second-order nonlinear boundary-value ODE is given by Eq. (8.136):

~" =P(x,~)~’+Q(x,~)~=F(x) ~(xl) =~1 andS(x2)=~2 (8.198)

The second-order centered-difference FDE which approximates Eq. (8.198) is given 

Eq. (8.46):

AXp
+ (1 +~- i)Yi+l=Z~r2fi (8.199)(1-~- i)Yi_l -~-(-2 ~- z~" Qi)yi z~,Xe

Equation (8.199) is applied at every interior point in a finite difference grid. The resulting
system of FDEs is solved by the Thomas algorithm. An initial approximation y(x) (°) must

be specified. If the ODE is linear, the solution is obtained in one pass. If the ODE is

nonlinear, the solution is obtained iteratively.

A FORTRAN subroutine, subroutine equil, for implementing the second-order

equilibrium method is presented in Program 8.2. Program main defines the data set and

prints it, calls subroutine equil to set up and solve the system of FDEs, and prints the
solution. A first guess for the solution y(i) must be supplied in a data statement. Subroutine

thomas, Section 1.8.3, is used to solve the system equation.

Program 8.2. The second-order equilibrium method program

c

c

program main

main program to illustrate boundary-value ODE solvers

insert comment statements from subroutine shoot main program

dimension x(9) ,y(9) ,a(9,3) ,b(9) 

data ndim, imax, iter, tol,iw / 9, 5, I, l. Oe-06, 1 /

data (x(i), i=l,5),dx / 0.0, 0.25, 0.50, 0.75, 1.00, 0.25 
data (y(i), i=i,5) / 0.00, 25.0, 50.0, 75.0, 100.0 

data by, bz,yl,zl,y2, z2 / 1.0, 0.0, 0.0, 0.0, 100.0, 0.0 /

write (6,1000)
if (iw. gt.O) write (6,1010) (i,x(i),y(i),i=l,imax)

ca i i equi i (ndim, imax, x, y, by, yl, zl, y2, z2, a, b, w, dx, i t er, ~ oi, i w)

if (iw.gt.O) write (6,1020)

if (iw. ne.l) write (6,1010) (i,x(i),y(i),i=l,imax)
stop
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1000 format (" Equilibrium method’~’ ’/"

1010 format (i3,2f13.6)

1020 format (" ")
end

i’,7x, "x’,12x, ’y’/’ ’)

~ubrou tine equi i (ndim, imax, x., y, by, yl, zl, y2, z2, a, b, w, dx, i ter,

1 tol, iw)

c the equilibrium method for a nonlinear second-order ode

c fx nonhomogeneous term

c ~ coefficient of yp in the ode

c q coefficient of y in the ode

dimensi on x (ndim) , y (ndim) , a (ndim, 3 ), b (ndim) , 

data fx, p,q / 0.0, 0.0, -16.0 /

a(i,2)=1.0
a(i,3)=0.0

b(1)=y(1)

if (by. eq.l) then

a (imax, i) =0.0

a (imax, 2) =i. 
b (imax) =y2

else

a (imax, i) =2.0

a {imax, 2) =-2. O+q*dx**2

b (imax) =fx*dx* "2-2.0 *z2 *dx* 
end if

do it=lliter

do i=2, imax-i "

a (i, i) =I. 0-0.5*~*dx

a (i, 2) =-2. O+q*dx**2

a (i, 3) =i. 0+0.5*~*dx

b ( i ) =fx*dx* 

end do

call thomas (ndim, imax, a, b, w)

dymax=O. 0

do i=l, imax
dy=abs (y ( i ) - w (i) 

if ( dy. gt . dymax ) dymax=dy

y(i)=w(i)

end do

if (iw. gt.O) write (6,1000)

if (iw.gt.O) write (6,1010) (i,x(i).,y(i),i=l,imax)

if (dymax. le.tol) return

end do
if (iter.gt.l) write (6,1020) 

return

1000 format (’ ’)

1010 format (i3,2f13.6)
1020 format (’ "/’ The solution failed to converge, it = ",i3)

end

subroutine thomas (ndim, n, a, b, x)

the Thomas algorithm for a tridiagonal system

end
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The data set used to illustrate subroutine equil is taken from Example 8.4. The output
generated by the second-order equilibrium method program is presented in Output 8.2.

Output 8.2. Solution by the second-order equilibrium method

Equilibrium method

i x y

1 0.000000 0.000000
2 0.250000 25.000000
3 0.500000 50.000000
4 0.750000 75~000000

5 1.000000 i00.000000

1 0.000000 0.000000
2 0.250000 4.761905
3 0.500000 14.285714
4 0.750000 38.095238
5 1.000000 100.000000

Example 8.8 is concerned with a derivative (i.e., Neumann) boundary condition. That
problem can be solved by subroutine equil b3) changing the following variables in the data
statements: (y(i), i= 1,5)/100.0, 75.0, 50.0, 25.0, 0.0/, by=O.O, bz= 1.O, and yl = 100.0.

8.10.3 ¯ Packages for Integrating Boundary-Value ODEs

Numerous libraries and software packages are available for integrating boundary-value
ordinary differential equations. Many work stations and main frame computers have such
libraries attached to their operating systems.

Many commercial software packages contain algorithms for integrating boundary-
value ODEs. Some of the more prominent packages are Matlab and Mathcad. More
sophisticated packages, such as IMSL, MATHEMATICA, MACSYMA, and MAPLE, also
contain algorithms for integrating boundary-value ODEs. Finally, the book Numerical
Recipes (Press et al., 1989) contains numerous routines for integrating boundary-value
ordinary differential equations.

8.11 SUMMARY

Two finite difference approaches for solving boundary-value ordinary differential equa-
tions are presented in this chapter: (1) the shooting method and (2) the equilibrium
method. The advantages and disadvantages of these methods are summarized in this
section.

The shooting method is based on marching methods for solving initial-value ODEs.
The advantages of the shooting method are:

1. Any initial-value ODE solution method can be used.
2. Nonlinear ODEs are solved directly.
3. It is easy to achieve fourth- or higher-order accuracy.
4. There is no system of FDEs to solve.
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The disadvantages of the shooting method are:

1. One or more boundary conditions must be satisfied iteratively (by shooting).
2. Shooting for more than one boundary condition is time consuming.
3. Nonlinear problems require an iterative procedure (e.g., the secant method) 

satisfy the boundary conditions.

The equilibrium method is based on relaxing a system of FDEs simultaneously,
including the boundary conditions. The major advantage of the equilibrium method is that
the boundary conditions are applied directly and automatically satisfied. The disadvantages
of the equilibrium method are:

1. It is difficult to achieve higher than second-order accuracy.
2. A system of FDEs must be solved.
3. Nonlinear ODEs yield a system of nonlinear FDEs, which must be solved by

iterative methods.

No rigid guidelines exist for choosing between the shooting method and the
equilibrium method. Experience is the best guide. Shooting methods work well for
nonsmoothly varying problems and oscillatory problems where their error control and
variable grid size capacity are of great value. Shooting methods frequently require more
computational effort, but they are generally more certain of producing a solution.
Equilibrium methods work well for smoothly varying problems and for problems with
complicated or delicate boundary conditions.

After studying Chapter 8, you should be able to:

1. Describe the general feature of boundary-value ordinary differential equations
(ODEs)

2. Discuss the general features of the linear second-order ODE, including the
complementary solution and the particular solution

3. Discuss the general features of the nonlinear second-order ODE
4. Describe how higher-order ODEs and systems of second-order ODEs can be

solved using the procedures for solving a single second-order ODE
5. Discuss the number of boundary conditions required to solve a boundary-value

ODE
6. Discuss the types of boundary conditions: Dirichlet, Neumann, and mixed
7. Explain the concept underlying the shooting (initial-value) method
8. Reformulate a boundary-value ODE as a system of initial-value ODEs
9. Apply any initial-value ODE finite difference method to solve a boundary-

value ODE by the shooting method
10. Solve a nonlinear boundary-value ODE by the shooting method with iteration
11. Solve a linear boundary-value ODE by the shooting method with superposition
12. Explain the concept of extrapolation as it applies to boundary-value ODEs
13. Apply extrapolation to increase the accuracy of the solution of boundary-value

problems by the shooting method
14. Explain the concepts underlying the equilibrium (boundary-value) method
15. Solve a linear second-order boundary-value ODE by the second-order equili-

brium method
16. Apply extrapolation to increase the accuracy of the solution of boundary-value

problems by the equilibrium method
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17. Solve a boundary-value problem with derivative boundary conditions by the
shooting method

18. Solve a boundary-value problem with derivative boundary conditions by the
equilibrium method

19. Discuss mixed boundary conditions and boundary conditions at infinity
20. Derive the five-point fourth-order equilibrium method and discuss its limita-

tions
21. Derive the compact three-point fourth-order finite difference approximations

(FDAs) for f/and
22. Apply the compact three-point fourth-order FDAs to solve a second-order

boundary-value ODE
23. Explain the difficulties encountered when solving a nonlinear boundary-value

problem by the equilibrium method
24. Explain and apply the iteration method for solving nonlinear boundary-value

problems
25. Explain and apply Newton’s method for solving nonlinear boundary-value

problems
26. Derive finite difference approximations for f/and ~V’ on a nonuniform grid
27. Solve a second-order boundary-value ODE on a nonuniform grid
28. Discuss the occurrence of eigenproblems in boundary-value ODEs
29. Solve simple eigenproblems arising in the solution of boundary-value ODEs
30. List the advantages and disadvantages of the shooting method for solving

boundary-value ODEs
31. List the advantages and disadvantages of the equilibrium method for solving

boundary-value ODEs
32. Choose and implement a finite difference method for solving boundary-value

ODEs

EXERCISE PROBLEMS

8.1 Introduction

l. Derive the exact solution of the heat transfer problem presented in Section 8.1,
Eq. (8.4). Calculate the solution presented in Table 8.1.

8.2 General Features of Boundary-Value ODEs

2. Derive the exact solution of the linear second-order boundary-value ODE,
Eq. (8.7), where y(xl) = Yl, Y(X2) = Y2, and F(x) = exp(bx) + c + dx.

3. Evaluate the exact solution of Problem 8.2 for P = 5.0, Q = 4.0, F = 1.0,
y(0.0) = 0.0, and y(1.0) = 1.0. Tabulate the solution for x = 0.0 to 1.0 
intervals of Ax = 0.125. Plot the solution.

The following problems involve the numerical solution of boundary-value ODEs.
These problems can be worked by hand calculation or computer programs. Carry at least
six digits after the decimal place in all calculations. An infinite variety of additional
problems can be obtained from these problems by (a) changing the coefficients in the
ODEs, (b) changing the boundary conditions, (c) changing the step size, (d) changing 
range of integration, and (e) combinations of the above changes.



Boundary-Value Ordinary Differential Equations 491

For all problems solved by a shooting method, let y’(0.0) = 0.0 and 1.0 for the first
two guesses, unless otherwise noted. For all problems solved by an equilibrium method, let
the first approximation for y(x) be a linear variation consistent with the boundary
conditions. For all nonlinear ODEs, repeat the overall solution until IAYi,maxl < 0.001.

8.3 The Shooting (Initial-Value) Method

4. *Solve the following ODE by the shooting method using the first-order explicit
Euler method with (a) 5x = 0.25, (b) Ax = 0.125, and (c) 5x = 0.0625.
Compare the errors and calculate the ratio of the errors at x = 0.5.

,V’ + 5~’+@ = 1 }(0) = 0 and~(1) (A)

5. *Solve Problem 4 by the second-order modified Euler method.
6. *Solve Problem 4 by the fourth-order Runge-Kutta method.
7. Solve the following ODE by the shooting method using the first-order explicit

Euler method with (a) Ax = 0.25, (b) Ax = 0.125, and (c) Ax = 0.0625.
Compare the errors and calculate the ratio of the errors at x = 0.5.

)Y’ + @’ + 6.25~ = 1 33(0) = 0 and 33(1) (B)

8. Solve Problem 7 by the second-order modified Euler method.
9. Solve Problem 7 by the fourth-order Runge-Kutta method.

10. Solve the following ODE by the shooting method using the first-order explicit
Euler method with (a) Ax = 0.25, (b) Ax = 0.125, and (c) Ax = 0.0625.
Compare the errors and calculate the ratio of the errors at x = 0.5.

~" + 5~’ +@ = ex 3(0) = 0 and~(1) (C)

11. Solve Problem 10 by the second-order modified Euler method.
12. Solve Problem 10 by the fourth-order Runge-Kutta method.
13. Solve the following ODE by the shooting method using the first-order explicit

Euler method with (a) Ax = 0.25, (b) Ax = 0.125, and (c) Ax = 0.0625.
Compare the errors and calculate the ratio of the errors at x = 0.5.

~"+ 43’ + 6.25~ = ex ~(0) = 0 and~(1) (D)

14. Solve Problem 13 by the second-order modified Euler method.
15. Solve Problem 13 by the fourth-order Runge-Kutta method.
16. Solve the following ODE by the shooting method using the first-order explicit

Euler method with (a) Ax = 0.25, (b) Ax = 0.125, and (c) Ax = 0.0625.
Compare the errors and calculate the ratio of the errors at x = 0.5.

3" + 53’ + 43 = 2eX/2 + 1 +x fi(0) = 0 and3(1) (E)

17. Solve Problem 16 by the second-order modified Euler method.
18. Solve Problem 16 by the fourth-order Runge-Kutta method.
19. Solve the following ODE by the shooting method using the first-order explicit

Euler method with (a) Ax = 0.25, (b) 5x---0.125, and (c) zXx = 0.0625.
Compare the errors and calculate the ratio of the errors at x = 0.5.

~" + @’ + 6.253 = 2ex/2 + 1 + x ~5(0) = 0 and 3(1) (F)

20. Solve Problem 19 by the second-order modified Euler method.
21. Solve Problem 19 by the fourth-order Runge-Kutta method.
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22. Solve the following ODE by the shooting method using the first-order explicit
Euler method with (a) Ax = 0.25, (b) Ax = 0.125, and (c) Ax---0.0625.
Compare the errors and calculate the ratio of the errors at x = 0.5.

3"+(1 +x)3’ + (1 +x)3= 1 3(0) = 0 and.~(1)= (G)

23. Solve Problem 22 by the second-order modified Euler method.
24. Solve Problem 22 by the fourth-order Runge-Kutta method.
25. Solve the following ODE by the shooting method using the first-order explicit

Euler method with (a) Ax = 0.25, (b) Ax = 0.125, and (c) Ax = 0.0625.
Compare the errors and calculate the ratio of the errors at x = 0.5.

3"+(1 +x)3’ + (1 +x)3 x 3(0) = 0 andy(1) = 1 (H)

26. Solve Problem 25 by the second-order modified Euler method.
27. Solve Problem 25 by the fourth-order Runge-Kutta method.
28. Solve the following ODE by the shooting method using the first-order explicit

Euler method with (a) Ax = 0.25, (b) Ax = 0.125, and (c) Ax = 0.0625.
Compare the errors and calculate the ratio of the errors at x = 0.5.

3" + (1 +x)3’ + (1 +x)3 = 2eX/2 + 1 +x .~(0) = 0 and3(1) 

(I)

29. Solve Problem 28 by the second-order modified Euler method.
30. Solve Problem 28 by the fourth-order Runge-Kutta method.
3 I. Solve the following third-order boundary-value ODE by the shooting method

using the first-order explicit Euler method with (a) Ax = 0.25 and (b)
Ax = 0.125. Compare the solutions.

3" - 73" + 143’ - 83 = 1 3(0) = 0, 3’(0) = I, and .~(1) (J)

32. Solve Problem 31 by the second-order modified Euler method.
33. Solve Problem 31 by the fourth-order Runge-Kutta method.
34. Solve the following third-order boundary-value ODE by the shooting method

using the first-order explicit Euler method with (a) Ax = 0.25 and (b)
Ax = 0.125. Compare the solutions.

3"’ - 73"+ 143’ - 83 = 2ex/2 + 1 + x

3(0) = 0, ~V(0) = 1, and 3(1) -- 

35. Solve Problem 34 by the second-order modified Euler method.
36. Solve Problem 34 by the fourth-order Runge-Kutta method.
37. *Solve the following ODE by the shooting method using the first-order explicit

Euler method with (a) Ax= 0.25, (b) Ax = 0.125, and (c) Ax = 0.0625.
Compare the solutions at x = 0.5.

3" + (1 +3)3’ + (1 +3)3 = 1 3(0) = 0 andp(1) (L)

38. Solve Problem 37 by the second-order modified Euler method.
39. Solve Problem 37 by the fourth-order Runge-Kutta method.
40. Solve the following ODE by the shooting method using the first-order explicit

Euler method with (a) Ax = 0.25, (b) Ax = 0.125, and (c) Ax = 0.0625.
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Compare the solutions at x = 0.5.

~"+ (1 +x +3)~’ + (1 + x +~)3 ~/2 + 1 +x

~(0) = 0 and~(1) = 1 

41. Solve Problem 40 by the second-order modified Euler method.
42. Solve Problem 40 by the fourth-order Runge-Kutta method.

8.4 The Equilibrium (Boundary-Value) Method

43. *Solve Problem 4 by the second-order equilibrium method.
44. Solve Problem 7 by the second-order equilibrium method.
45. Solve Problem 10 by the second-order equilibrium method.
46. Solve Problem 13 by the second-order equilibrium method.
47. Solve Problem 16 by the second-order equilibrium method.
48. Solve Problem 19 by the second-order equilibrium method.
49. Solve Problem 22 by the second-order equilibrium method.
50. Solve Problem 25 by the second-order equilibrium method.
51. Solve Problem 28 by the second-order equilibrium method.
52. Solve Problem 31 by letting 5 = ~’, thus reducing the third-order ODE to a

second-order ODE for ~(x). Solve this system of two coupled ODEs by solving
the second-order ODE for ~(x) by the second-order equilibrium method and the
first-order ODE for ~(x) by the second-order modified Euler method. Solve the
problem for (a) Ax = 0.25 and (b) Ax = 0.125. Compare the solutions 
x = 0.5.

53. Solve Problem 34 by the procedure described in Problem 52. Compare the
solutions at x = 0.5.

8.5 Derivative (and Other) Boundary Conditions

Shooting Method

54. *Solve the following ODE by the shooting method using the second-order
modified Euler method with Ax = 0.125.

3" + 5~’ + 4~ = 1 ~(0) = 1 andS’(1) (N)

55. Solve the following ODE by the shooting method using the second-order
modified Euler method with Ax = 0.125.

3" + 4~’ + 6.253 = 1 3(0) = 1 andS’(1) (O)

56. Solve the following ODE by the shooting method using the second-order
modified Euler method with Ax = 0.125.

~" + 5~’ + 4~ = ex ~(0) --- 1 andS’(1) (P)

57. Solve the following ODE by the shooting method using the second-order
modified Euler method with Ax = 0.125.

y’ +@’ + 6.25) = ~ ~(0) = 1 andS’(1) = (Q)
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58. Solve the following ODE by the shooting method using the second-order
modified Euler method with Ax = 0.125.

35" + (1 + x)y’ + (1 + x)~ = 1 y(0) = 1 andS’(1) (R)

59. Solve the following ODE by the shooting method using the second-order
modified Euler method with Ax = 0.125.

~" + (1 + x)~’ + (1 + x)~ = 2e~/2 + 

The Equilibrium Method

~(0) = 1 andS’(1)= 
(S)

60. *Solve Problem 54 by the second-order equilibrium method.
61. Solve Problem 55 by the second-order equilibrium method.
62. Solve Problem 56 by the second-order equilibrium method.
63. Solve Problem 57 by the second-order equilibrium method.
64. Solve Problem 58 by the second-order equilibrium method.
65. Solve Problem 59 by the second-order equilibrium method.

Mixed Boundary Conditions

66. *Solve the following ODE by the shooting method using the first-order explicit
Euler method with (a) Ax = 0.125 and (b) Ax = 0.0625.

~" + 5)3’ + 4~ = 1 p(0) = 0 and p(1) - 0.53Y(1) (T)

67. Solve Problem 66 by the second-order modified Euler method.
68. Solve Problem 66 by the fourth-order Runge-Kutta method.
69. Solve the following ODE by the shooting method using the first-order explicit

Euler method with (a) Ax = 0.125 and (b) Ax = 0.0625.

f/’ + 4~’ + 6.25~ : ex .~(0) = 0 and~(1) - 0.5.V(1) (U)

70. Solve Problem 69 by the second-order modified Euler method.
71. Solve Problem 69 by the fourth-order Runge-Kutta method.
72. Solve Problem 66 by the second-order equilibrium method. Implement the

mixed boundary condition by applying the PDE at the boundary.
73. Solve Problem 69 by the second-order equilibrium method. Implement the

mixed boundary condition by applying the PDE at the boundary.

Boundary Conditions at Infinity

74. *Solve the following ODE by the shooting method using the first-order explicit
Euler method with (a) Ax = 0.25 and (b) Ax = 0.125.

f/’ - y = 0 ~(0) = 1 and ~(cx)) (V)

Let 3/(0.0) = 0.0 and -1.0 for the first two passes. Implement the boundary
condition at infinity by applying that BC at x = 2.0, 5.0, 10.0, etc., until the
solution at x = 1.0 changes by less than 0.001.

75. Work Problem 74 by the second-order modified Euler method.
76. Work Problem 74 by the fourth-order Runge-Kutta method.



Boundary-Value Ordinary Differential Equations 495

77. Solve the following ODE by the shooting method using the first-order explicit
Euler method with (a) Ax = 0.25 and (b) Ax = 0.125.

3" + 3’ - 23 = 1 3(0) = 1 and ~(o~) (W)

78. Work Problem 77 by the second-order modified Euler method.
79. Work Problem 77 by the fourth-order Runge-Kutta method.
80. Solve Problem 74 by the second-order equilibrium method.
81. Solve Problem 77 by the second-order equilibrium method.

8.6 Higher-Order Equilibrium Methods

The Five-Point Fourth-Order Equilibrium Method

82. Solve ODE (A) using the five-point fourth-order equilibrium method for
Ax : 0.125. Use the three-point second-order equilibrium method at points
adjacent to the boundaries.

83. Solve ODE (B) by the procedure described in Problem 82.
84. Solve ODE (C) by the procedure described in Problem 82.
85. Solve ODE (D) by the procedure described in Problem 82.

The Compact Three-Point Fourth-Order Equilibrium Method

86. *Compact three-point fourth-order finite difference approximations are
presented in Section 8.6.2 for ~V’(x) and ~V(x). When used in a second-order
boundary-value ODE, an implicit fourth-order FDE, Eq. (8.129), is obtained.
This equation is straightforward in concept but difficult to implement numeri-
cally. When the first, derivative, ~’(x) does not appear in the ODE, however, 
simple FDE can be developed, such as Eq. (8.134) in Example 8.9. Apply this
procedure to solve the following ODE with (a) Ax = 0.25 and (b) Ax = 0.125.

~" +~ = 1 ~(0) = 0 and~(1) 

87. Solve the following ODE by the procedure described in Problem 86:

~" +~ = 1 +x+ex ~(0) = 0 and~(1) 

88. Solve the following ODE by the procedure described in Problem 86:

~" -~ = 1 ~(0) = 0 and~(1) 

89. Solve the following ODE by the procedure described in Problem 86:

~" - ~ = 1 + x + ex ~(0) = 0 and ~(1) 

8.7 The Equilibrium Method for Nonlinear Boundary-Value Problems

Iteration

90. *Solve the following ODE by the second-order equilibrium method with
Ax : 0.25 and 0.125 by iteration. Compare the solutions at x : 0.5.

.~" + (1 +.~)~’ + (1 +.~).~ = 1 ~(0) = 0 and~(1) (X)
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91.
Ax = 0.25 and 0.125 by iteration. Compare the solutions at x = 0.5.

~" + (1 + x +~)~’ + (1 + x +.~)~ x/2 q- 1+x

.~(0) = 0 and.~(1) 

Newton’s Method

92.

93.

Solve the following ODE by the second-order equilibrium method with

(Y)

Solve the following ODE by the second-order equilibrium method with
Ax = 0.25 and 0.125 by Newton’s method, Compare the solutions at x = 0,5.

)" + (1 +~)~’ + (1 +~)~= 1 ~(0) = 0 and)(1) (Z)

Solve the following ODE by the second-order equilibrium method with
Ax = 0.25 and 0.125 by Newton’s method. Compare the solutions atx = 0.5.

y" + (1 +x +.~)p’ + (1 +x+y)y x/2 + 1 +x

:9(0) = 0 and~(1) = 1 

8.8 The Equilibrium Method on Nonuniform Grids

94. Solve the following ODE by the second-order equilibrium method on the
nonuniform grid specified in Table 8.25.

~" + 5)’ + 4~ = 1 )(0) = 0 and~(1) (BB)

Compare the results with the results obtained in Problem 5.
95. Solve Problem by the second-order equilibrium method on the transformed

grid specified in Table 8.25. Compare the results with the results obtained in
Problem 5.

96. Solve Problem 94 by the second-order modified Euler method. Compare the
results with the results obtained in Problem 5.

97. Solve the following ODE by the second-order equilibrium method on the
nonuniform grid specified in Table 8.25.

f/’ + 4~’ + 6.25~ = 1 ~(0) = 0 and~(1) (CC)

Compare the results with the results obtained in Problem 8.
98. Solve Problem 97 by the second-order equilibrium method on the trans-

formed grid specified in Table 8.25. Compare the results with the results
obtained in Problem 8.

99. Solve Problem 97 by the second-order modified Euler method. Compare the
results with the results obtained in Problem 8.

100. Solve the following ODE by the second-order equilibrium method on the
nonuniform grid specified in Table 8.25,

.~" + 5~’ + 4~ = e~ ~(0) = 0 and.~(1) (DD)

Compare the results with the results obtained in Problem 11.
101. Solve Problem 100 by the second-order equilibrium method on the trans-

formed grid specified in Table 8,25. Compare the results with the results
obtained in Problem 11.

102. Solve Problem 100 by the second-order modified Euler method. Compare the
results with the results obtained in Problem 11.
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103. Solve the following ODE by the second-order equilibrium method on the
nonuniform grid specified in Table 8.25.

y/’ + 4~’ + 6.25p = e~ p(0) = 0 andp(1) (EE)

Compare the results with the results obtained in Problem 14.
104. Solve Problem 103 by the second-order equilibrium method. Compare the

results with the results obtained in Problem 14.
105. Solve Problem 103 by the second-order modified Euler method. Compare the

results with the results obtained in Problem 14.

8.9 Eigenproblems

106. Consider the eigenproblem described by Eq. (8.178). The exact solution 
this eigenproblem is k = -l-nn (n = 1,2 .... ). The finite difference equation
corresponding to the eigenproblem is given by Eq. (8.185). The numerical
solution of this eigenproblem for Ax = ½ is presented in Table 8.27.
Determine the solution to this eigenproblem for (a) Ax = ~ and (b) Ax 
Compare the three sets of results in normalized form, that is, kin.

107. Consider the eigenproblem

£’ - ~ = 0 ~(0) = ~(1) 

This problem has no solution except the trivial solution 35(x)= 0. (a)
Demonstrate this result analytically. (b) Illustrate this result numerically 
setting up a system of second-order finite difference equations with Ax = 0.2,
and show that there are no real values of k.

108. Consider the eigenproblem

~"+ ~/+/fl~ = 0 ~(0) = ~(1) 

Estimate the first three eigenvalues by setting up a system of second-order
finite difference equations with fix = 0.25.

109. Work Problem 108 for the eigenproblem

3" + (1 + x)~’ + k2~ = 0 ~(0) = ~(1) 

110. Work Problem 108 for the eigenproblem

~" + ~’ + k2 (1 + x)~ = 0 ~(0) = ~(1) 

8.10 Programs

111. Implement the fourth-order Runge-Kutta shooting method program presented
in Section 8.10.1. Check out the program using the given data set.

112. Solve any of Problems 6, 9, 12 ..... 42 with the fourth-order Runge-Kutta
method program.

113. Implement the second-order equilibrium method program presented in
Sertion 8.10.2. Check out the program using the given data set.

114. Solve any of Problems 43 to 51 with the second-order equilibrium method
program.



498 Chapter 8

APPLIED PROBLEMS

Several applied problems from various disciplines are presented in this section. All these
problems can be solved by any of the methods presented in this chapter. An infinite variety
of exercises can be constructed by changing the numerical values of the parameters, the
grid size Ax, and so on.

115. The temperature distribution in the wall of a pipe through which a hot liquid
is flowing is given by the ODE

d2T 1 dT
~ =0

dr 2 r dr
T(1) = 100 C and T(2) = 

116.
Determine the temperature distribution in the wall.
The pipe described in Problem 115 is cooled by convection on the outer
surface. Thus, the heat conduction ~eo~d at the outer wall is equal to the heat
convection ~eonv to the surroundings:

dT
~cond = -k~’~ = ~conv ~--- hM(T - Ta)

117.

where the thermal conductivity k = 100.0J/(s-m-K), the convective cooling
coefficient h = 500.0 J/(s-m2-K), and a =0.0 C isthetemperature of t he
surroundings. Determine the temperature distribution in the wall.
The temperature distribution in a cylindrical rod made of a radioactive isotope
is governed by the ordinary differential equation

-d-~r~ ~-r d--; -A 1+
T’(0) = 0 and T(R) = 

118.
Solve this problem for T(r), where R = 1.0 and A = -100.0.
The velocity distribution in the laminar boundary layer formed when an
incompressible fluid flows over a fiat plate is related to the solution of the
ordinary differential equation

f(0) = 0, f’(0) = 0, and f’(r/) --~ 1 as q --~ 

119.

where f is a dimensionless stream function, the velocity u is proportional to
f’(q), and r/is proportional to distance normal to the plate. Solve this problem
forf(q).
The deflection of a simply supported and uniformly loaded beam is governed
by the ordinary differential equation (for small deflections)

EI daY -- qLx ~
dx 2 2 2

y(0) = 0 and y(L) = 

where q is the uniform load per unit length, L is the length of the beam, I is
the moment of inertia of the beam cross section, and E is the modulus of
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120.

elasticity. For a rectangular beam, I = wh3/12, where w is the width and h is
the height. Consider a beam (E = 200 GN/m2) 5.0 m long, 5.0 cm wide, and
10.0 cm high, which is subjected to the uniform load q = -1,500.0N/m on
the 5.0 cm face. Solve for the deflection y(x).
When the load on the beam described in Problem 120 is applied on the
10.0cm face, the deflection will be large. In that case, the governing
differential equation is

EI(d~y/dx~) qLx qx2

[1 q- (dy/dx)2]3/2 -- 2 ~- 2

For the properties specified in Problem 120, determine y(x).
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II1.1 INTRODUCTION

Partial differential equations (PDEs) arise in all fields of engineering and science. Most
real physical processes are governed by partial differential equations. In many cases,
simplifying approximations are made to reduce the governing PDEs to ordinary differ-
ential equations (ODEs) or even to algebraic equations. However, because of the ever
increasing requirement for more accurate modeling of physical processes, engineers and
scientists are more and more required to solve the actual PDEs that govern the physical
problem being investigated. Part III is devoted to the solution of partial differential
equations by finite difference methods.

For simplicity of notation, the phrase partial differential equation frequently will be
replaced by the acronym PDE in Part III. This replacement generally makes the text flow
more smoothly and more succinctly, without losing the meaning of the material.

Some general features of partial differential equations are discussed in this section.
The three classes of PDEs (i.e., elliptic, parabolic, and hyperbolic PDEs) are introduced.
The two types of physical problems (i.e., equilibrium and propagation problems) are
discussed.
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The objectives of Part IlI are:

1. To present the general features of partial differential equations
2. To discuss the relationship between the type of physical problem being solved,

the classification of the corresponding governing partial differential equation,
and the type of numerical method required

3. To present examples to illustrate these concepts.

111.2 GENERAL FEATURES OF PARTIAL DIFFERENTIAL EQUATIONS

A partial differential equation (PDE) is an equation stating a relationship between 
function of two or more independent variables and the partial derivatives of this function
with respect to these independent variables. The dependent variablef is used as a generic
dependent variable throughout Part III. In most problems in engineering and Science, the

independent variables are either space (x, y, z) or space and time (x, y, z, t). The dependent
variable depends on the physical problem being modeled. Examples of three simple partial
differential equations having two independent variables are presented below:

Equation (111.1) is the two-dimensional Laplace equation, Eq. (III.2) is the one-dimen-
sional diffusion equation, and Eq. (III.3) is the one-dimensional wave equation. For
simplicity of notation, Eqs. (1II.1) to (1II.3) usually will be written 

f~ +fv = 0 (III.4)

f = efxx (III.5)

fttt = C2£x (III.6)

where the subscripts denote partial differentiation.
The solution of a partial differential equation is that particular function, f(x, y) or

f(x, t), which satisfies the PDE in the domain of interest, D(x, y) or D(x, t), respectively,
and satisfies the initial and/or boundary conditions specified on the boundaries of the
domain of interest. In a very few special cases, the solution of a PDE can be expressed in
closed form. In the majority of problems in engineering and science, the solution must be
obtained by numerical methods. Such problems are the subject of Part III.

Equations (III.4) to (III.6) are examples of partial differential equations in 
independent variables, x and y, or x and t. Equation (1II.4), which is the two-dimensional
Laplace equation, in three independent variables is

V2f =f~ +fyy +f~z = 0 (III.7)
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where V2 is the Laplacian operator, which in Cartesian coordinates is

V2 a2 a~ a2 (1II.8)= ~+~

Equation (III.5), which is the one-dimensional diffusion equation, in four independent
variables is

f = ~(f~ +f~y +f~z) ~ VZf (III.9)

The parameter a is the diffusion coefficient. Equation (III.6), which is the one-dimensional
wave equation, in four independent variables is

f,, = c2(Lx +fyy +Az) = 2 v2f (III.10)
The parameter c is the wave propagation speed. Problems in two, three, and four
independent variables occur throughout engineering and science.

Equations (III.4) to (III.10) are second-order partial diff erential equations. The
order of a PDE is determined by the highest-order derivative appearing in the equation. A
large number of physical problems are governed by second-order PDEs. Some physical
problems are governed by a first-order PDE of the form

af, + bfx = 0 (Ill. 1 l)

where a and b are constants. Other physical problems are governed by fourth-order PDEs
such as

f~ +f=~y +fyyyy = 0 (III.12)

Equations (III.4) to (III. 12) are linear partial diff erential equations. A linear PDE
is one in which all of the partial derivatives appear in linear form and none of the
coefficients depends on the dependent variable. The coefficients may be functions of the
independent variables, in which case the PDE is a linear, variable coefficient, PDE. For
example,

af, + ~,Xfx = 0 (m.13)
where a and b are constants, is a variable coefficient linear PDE, whereas Eqs. (III.4) 
(IlL 12) are all linear PDEs. If the coefficients depend on the dependent variable, or the
derivatives appear in a nonlinear form, then the PDE is nonlinear. For example,

ff~ + Z,g = 0 (In. 14)

,f~ + ef~ = 0 {ii~.
are nonlinear PDEs.

Equations (III.4) to (III. 15) are homogeneous partial diff erential equations. An
example of a nonhomogeneous PDE is given by

v~U = f~x + f~ + f~, = F(x, y, z) (III. 16)

Equation (III. 16) is the nonhomogeneous Laplace equation, which is known as the Poisson
equation. The nonhomogeneous term, F(x, y, z), is a forcing function, a source term, or a
dissipation function, depending on the application. The appearance of a nonhomogeneous
term in a partial differential equation does not change the general features of the PDE, nor
does it usually change or complicate the numerical method of solution.
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Equations (III.4) to (IlL 16) are all examples of a single partial differential equation
governing one dependent variable. Many physical problems are governed by a system of
PDEs involving several dependent variables. For example, the two PDEs

af ÷ bgx = 0 (III.17a)

Agt + Bfx = 0 (III. 17b)

comprise a system of two coupled partial differential equations in two independent
variables (x and t) for determining the two dependent variables,f (x, t) g(x,t). Systems
containing several PDEs occur frequently, and systems containing higher-order PDEs
occur occasionally. Systems of PDEs are generally more difficult to solve numerically than
a single PDE.

As illustrated in the preceding discussion, a wide variety of partial differential
equations exists. Each problem has its own special governing equation or equations and its
own peculiarities which must be considered individually. However, useful insights into the
general features of PDEs can be obtained by studying three special cases. The first special
case is the general quasilinear (i.e., linear in the highest-order derivative) second-order
nonhomogeneous PDE in two independent variables, which is

IAf~ + Bf~v + Cfyy + Df~ + Efy + Ff = G ] (III. 18)

where the coefficients A to C may depend on x, Y, fx, andfy, the coefficients D to F may
depend on x, y, and f, and the nonhomogeneous term G may depend on x and y. The
second special case is the general quasilinear first-order nonhomogeneous PDE in two
independent variables, which is

Iaf + bfx = c] (III. 19)

where a, b, and c may depend on x, t, andf. The third special case is the system of two
general quasilinear first-order nonhomogeneous PDEs in two independent variables, which
can be written as

af + bfx + cgt + dgx = e

+ + Cgt + Dgx = E
(m.20a)
(III.20b)

where the coefficients a to d and A to D and the nonhomogeneous terms e and E may
depend on x, t,f, and g. The general features of these three special cases are similar to the
general features of all the PDEs discussed in this book. Consequently, these three special
cases are studied thoroughly in the following sections.

111.3CLASSIFICATION OF PARTIAL DIFFERENTIAL EQUATIONS

Physical problems are governed by many different partial differential equations. A few
problems are governed by a single first-order PDE. Numerous problems are governed by a
system of first-order PDEs. Some problems are governed by a single second-order PDE,
and numerous problems are governed by a system of second-order PDEs. A few problems



Partial Differential Equations 505

are governed by fourth-order PDEs. The classification of PDEs is most easily explained for
a single second-order PDE. Consequently, in the following discussion, the general
quasilinear (i.e., linear in the highest-order derivative) second-order nonhomogeneous
PDE in two independent variables [i.e., Eq. (1II. 18)] is classified first. The classification 
the general first-order nonhomogeneous PDE in two independent variables [i.e., Eq.
(III. 19)] is studied next. Finally, the classification of the system of two quasilinear first-
order nonhomogeneous PDEs [i.e., Eq. (1II.20)] is studied. The classification of higher-
order PDEs, larger systems of PDEs, and PDEs having more than two independent
variables is considerably more complicated.

The general quasilinear second-order nonhomogeneous partial differential equation
in two independent variables is [see Eq. (III. 18)]

Afxx + Bf,:~ + Cfyy + DL + Efy + Ff = a (IIi.21)

The classification of Eq. (1II.21) depends on the sign of the discriminant, B2 -4AC, as
follows:

Be - 4AC Classification

Negative Elliptic
Zero Parabolic
Positive Hyperbolic

The terminology elliptic, parabolic, and hyperbolic chosen to classify PDEs reflects
the analogy between the form of the discriminant, B~ - 4AC, for PDEs and the form of the
discriminant, Be - 4AC, which classifies conic sections. Conic sections are described by
the general second-order algebraic equation

Ax2 + Bay + Cy2 + Dx + Ey 4- F = 0 (III.22)

The type of curve represented by Eq. (III.22) depends on the sign of the discriminant,
B~ - 4AC, as follows:

B2 - 4AC Type of curve

Negative Ellipse
Zero Parabola
Positive Hyperbola

The analogy to the classification of PDEs is obvious. There is no other significance to the
terminology.

What is the significance of the above classification? What impact, if any, does the
classification of a PDE have on the allowable and/or required initial and boundary
conditions? Does the classification of a PDE have any effect on the choice of numerical
method employed to solve the equation? These questions are discussed in this section, and
the results are applied to physical problems in the next section.

The classification of a PDE is intimately related to the characteristics of the PDE.
Characteristics are (n- 1)-dimensional hypersurfaces in n-dimensional hyperspace that
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have some very special features. The prefix hyper is used to denote spaces of more than
three dimensions, that is, xyzt spaces, and curves and surfaces within those spaces. In two-
dimensional space, which is the case considered here, characteristics are paths (curved, in
general) in the solution domain along which information propagates. In other words,
information propagates throughout the solution domain along the characteristics paths.
Discontinuities in the derivatives of the dependent variable (if they exist) also propagate
along the characteristics paths. If a PDE possesses real characteristics, then information
propagates along these characteristics. If no real characteristics exist, then there are no
preferred paths of information propagation. Consequently, the presence or absence of
characteristics has a significant impact on the solution of a PDE (by both analytical and
numerical methods).

A simple physical example can be used to illustrate the physical significance of
characteristic paths. Convection is the process in which a physical property is propagated
(i.e., convected) through space by the motion of the medium occupying the space. Fluid
flow is a common example of convection. The convection ofa propertyf of a fluid particle
in one dimension is govemed by the convection equation

f + Ufx = 0 (III.23)

where u is the convection velocity. A moving fluid particle carries (convects) its mass,
momentum, and energy with it as it moves through space. The location x(t) of the fluid
particle is related to its velocity u(t) by the relationship

dx
-- = u (III.24)
dt

The path of the fluid particle, calldd its pathline, is given by

x = xo ÷ u(t) (III.25)
to

The pathline is illustrated in Figure III.la.
Along the pathline, the convection equation [i.e., Eq. (III.23)] can be written 

--d__zx,.f~ df 0 (III.26)ft + uL =f,+ at x = a-7=

which can be integrated to yield f = constant. Consequently, the fluid property f is
convected along the pathline, which is the characteristic path associated with the
convection equation. Equation (III.24), which is generally called the characteristic
equation, is the differential equation of the characteristic path. The physical significance
of the pathline (i.e., the characteristic path) as the path of propagation of the fluid property

f(x)

(a) Pathline. (b) Triangular property distribution.

Figure III.1 Pathline as the characteristic for the convection equation.
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f is quite apparent for fluid convection. Equation (III.26), which is generally called the
compatibility equation, is the differential equation which applies along the characteristic
path.

To illustrate further the property of a charadteristic path as the path of propagation in
a convection problem, consider the triangular property distribution illustrated in Figure
III. lb. As the fluid particles move to the right at the constant convection velocity u, each
particle carries with it its value of the property f. Consequently, the triangular property
distribution simply moves (i.e., convects) to the right at the constant convection velocity 
unchanged in magnitude and shape. The apex of the triangle, which is a point of
discontinuous slope in the property distribution, convects as a discontinuity in slope at
the convection velocity u. This simple convection example illustrates the significance of
characteristic paths.

Let’s return to the classification of Eq. (Ili.21). Several procedures exist for
determining the characteristics, and hence the classification, of PDEs. Because .discon-
tinuities in the derivatives of the solution, if they exist, must propagate along the
characteristics, one approach is to answer the following question: Are there any paths in
the solution domain D(x, y) passing through a general point P along which the second
derivatives off(x, y), that is,f~x,f~y, andfyy, are multivalued or discontinuous? Such paths,
if they exist, are the paths of information propagation, that is, the characteristics.

One relationship for determining the three second derivatives off(x, y) is given 
the partial differential equation itself, Eq. (Ili.21). Two more relationships are obtained 
applying the chain rule to determine the total derivatives offx andfy, which are themselves
functions of x and y. Thus,

d(fx) = f~x dx + fxy (III.27a)

d(fy) = fyx dx + fyy (III.27b)

Equations (III.21) and (III.27) can be written in matrix form as follows:

dx dy 0 = ’ d(f~) (III.28)
o az ay a(f~)

Equation (III.28) can be solved by Cramer’s rule to yield unique finite values offx~,f~, and
f~y, unless the determinant of the coefficient matrix vanishes. In that case, the second
derivatives of f(x, y) are either infinite, which is physically meaningless, or they are
indetemlinate, and thus multivalued or discontinuous.

Setting the determinant of the coefficient matrix of Eq. (III.28) equal to zero yields

A(dy)2 - B(dx)(dy) + C(dx)2 = 0 (III.29)

Equation (III.29) is the characteristic equation corresponding to Eq. (III.21). Equation
(III.29) can be solved by the quadratic formula to yield

dy B q- ~/B2 -4AC

-~x = 2A
(III.30)

Equation (III.30) is the differential equation for two families of curves in the xy plane,
corresponding to the + signs. Along these two families of curves, the second derivatives of
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f(x, y) may be multivalued or discontinuous. These two families of curves, if they exist, are
the characteristic paths of the original PDE, Eq. (Ili.21).

The two families of characteristic curves may be complex, real and repeated, or real
and distinct, according to whether the discriminant, Be- 4AC, is negative, zero, or
positive, respectively. Accordingly, Eq. (Ili.21) is classified as follows:

B2 - 4AC Characteristic curves Classification

Negative Complex Elliptic
Zero Real and repeated Parabolic
Positive Real and distinct Hyperbolic

Consequently, elliptic PDEs have no real characteristic paths, parabolic PDEs have one
real repeated characteristic path, and hyperbolic PDEs have two real distinct characteristic
paths.

The presence of characteristic paths in the solution domain leads to the concepts of
domain of dependence and range of influence. Consider a point P in the solution domain,
D(x, y). The domain of dependence of point P is defined as the region of the solution
domain upon which the solution at point P, f(Xp, yp), depends. In other words, f(Xp, yp)
depends on everything that has happened in the domain of dependence. The range of
influence of point P is defined as the region of the solution domain in which the solution
f(x, y) is influenced by the solution at point P. In other words, f(Xp, yp) influences the
solution at all points in the range of influence.

Recall that parabolic and hyperbolic PDEs have real characteristic paths. Conse-
quently, they have specific domains of dependence and ranges of influence. Elliptic PDEs,
on the other hand, do not have real characteristic paths. Consequently, they have no
specific domains of dependence or ranges of influence. In effect, the entire solution
domain of an elliptic PDE is both the domain of dependence and the range of influence of
every point in the solution domain. Figure III.2 illustrates the concepts of domain of
dependence and range of influence for elliptic, parabolic, and hyperbolic PDEs.

Unlike the second-order PDE just discussed, a single first-order PDE is always
hyperbolic. Consider the classification of the single general quasilinear first-order non-
homogeneous PDE, Eq. (III.19):

af, + bZ = c 011.31)

(a)
X

(b)

Figure 111.2 Domain of dependence (horizontal hatching) and range of influence
(vertical hatching) of PDEs: (a) eliptic PDE; (b) parabolic PDE; (c) hyperbolic 
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The characteristic paths, if they exist, are determined by answering the following question:
Are there any paths in the solution domain D(x, t) passing through a general point P along
which the first derivatives off(x, t) may be discontinuous? Such paths, if they exist, are the
characteristics of Eq. (1II.31).

One relationship for determining f and f~ is given by Eq. (III.31). Another
relationship is given by the total derivative off(t, x):

df =~ dt + fx dx (III.32)

Equations (Ili.31) and (III.32) can be written in matrix form 

(II1.33)

As before, the partial derivativesf andfx are uniquely determined unless the determinant
of the coefficient matrix of Eq. (1II.33) is zero. Setting that determinant equal to zero gives
the characteristic equation, which is

a dx - b dt = 0 (III.34)

Solving Eq. (Ill.34) for dx/dt gives

(III.35)

Equation (III.35) is the differential equation for a family of paths in the solution domain
along which f and fx may be discontinuous, or multivalued. Since a and b are real
functions, the characteristic paths always exist. Consequently, a single quasilinear first-
order PDE is always hyperbolic. The convection equation, Eq. (111.23), is an example 
such a PDE.

As a third example, consider the classification of the system of two general coupled
quasilinear first-order nonhomogeneous partial differential equations, Eq. (Ill.20):

af -t- bfx + cgt + dgx = e

Af + Bfx + Cgt + Ogx = E

(III.36a)

(III.36b)

The characteristic paths, if they exist, are determined by answering the following question:
Are there any paths in the solution domain D(x, t) passing through a general point P along
which the first derivatives off(x, t) and g(x, t) are not uniquely determined? Such paths, if
they exist, are the characteristics of Eq. (1II.36).

Two relationships for determining the four first derivatives off(x, t) and g(x, t) are
given by Eq. (III.36). Two more relationships are given by the total derivatives off and 

df = ft dt + f~ dx (III.37a)

dg= g~ dt+ g~ dx (111.37b)
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Equations (II1.36) and (III.37), which comprise a system of four equations for determining
f,f~, gt, and gx, .can be written in matrix form as follows:

I abc i]Iffxt] I1

A B C ~
(III.38)dtdxO

Lg,=df0 0 dt dx gx dg

As before, the partial derivatives are uniquely determined unless the determinant of the
coefficient matrix of Eq. (1II.38) is zero. Setting that determinant equal to zero yields the
characteristic equation, which is

(aC - Ac)(dx)2 - (aO - Ad + bC - Bc)(dx)(dt) + (bO - 2 = 0 (111.39)

Equation (III.39), which is a quadratic equation in dx/dt, may be written as

~(dx)2 - [3(dx)(dt) ~(dt)2 = 0 (111.40)

where .~ = (aC - Ac), [3 = (aD - Ad + bC - Bc), and ~ = (bD - Bd). Equation (1II.40)
can be solved by the quadratic formula to yield

(111.41)

Equation (III.41) is the differential equation for two families of curves in the xt
plane, corresponding to the + signs. Along these two families of curves, the first
derivatives of f(x, t) and g(x, t) may be multivalued. These two families of curves, if
they exist, are the characteristic paths of the original system of PDEs, Eq. (III.36). The
slopes of the two families of characteristic paths may be complex, real and repeated, or real
and distinct, according to whether the dlscnmlnant, B -4A C, 1s negative, zero, or
positive, respectively. Accordingly, Eq. (1II.36) is classified as follows:

/~2 _ 4.4 C Classification

Negative Elliptic
Zero Parabolic
Positive Hyperbolic

In summary, the physical interpretation of the classification of a partial differential
equation can be explained in terms of its characteristics. If real characteristics exist,
preferred paths of information propagation exist. The speed of propagation of information
through the solution domain depends on the slopes of the characteristics. Specific domains
of dependence and ranges of influence exist for every point in the solution domain.
Physical problems governed by PDEs that have real characteristics are propagation
problems. Thus, parabolic and hyperbolic PDEs govern propagation problems.

If the slopes of the characteristics are complex, then no real characteristics exist.
There are no preferred paths of information propagation. The domain of dependence and
range of influence of every point is the entire solution domain. The solution at every point
depends on the solution at all the other points, and the solution at eacfi point influences the



Partial Differential Equations 511

solution at all the other points. Since there are no curves along which the derivatives may
be discontinuous, the solution throughout the entire solution domain must be continuous.
Physical problems governed by PDEs that have complex characteristics are equilibrium
problems. Thus, elliptic PDEs govern equilibrium problems. These concepts are related to
the classification of physical problems in the next section.

The significance of the classification of a PDE as it relates to the numerical
approximation of the PDE is as follows. For an elliptic PDE which contains only
second-order spatial derivatives, there are no preferred physical information propagation
paths. Consequently, all points are dependent on all other points and all points influence all
other points. This physical behavior should be accounted for in the numerical approxima-
tion of the PDE.

For a parabolic PDE which contains only second-order spatial derivatives, the
preferred physical information propagation paths are lines (or surfaces)of constant time
(or constant timelike variable). In other words, at each time (or timelike variable) level, 
points are dependent on all other points and all points influence all other points. This
physical behavior should be accounted for in the numerical approximation of the PDE.

For a hyperbolic PDE which contains only first-order spatial derivatives, distinct
physical information propagation paths exist. Physical information propagates along these
distinct physical propagation paths. This physical behavior should be accounted for in the
numerical approximation of the PDE.

Elliptic and parabolic PDEs exist which contain first-order spatial derivatives in
addition to second-order spatial derivatives. In such cases, the physical behavior associated
with the second-order spatial derivatives is the same as before, but the physical behavior
associated with the first-order spatial derivatives acts similarly to the behavior of the first-
order spatial derivatives in a hyperbolic PDE. This physical behavior should be accounted
for in the numerical approximation of such PDEs.

111.4 CLASSIFICATION OF PHYSICAL PROBLEMS

Physical problems fall into one of,the following three general classifications:

1. Equilibrium problems
2. Propagation problems
3. Eigenproblems

Each of these three types of physical problems has its own special features, its own
particular type of governing partial differential equation, and it~ own special numerical
solution method. A clear understa~ding of these concepts is essential if meaningful
numerical solutions are to be obtained.

111.4.1 Equilibrium Problems

Equilibrium problems are steady-state problems in closed domains D(x, y) in which the
solutionf(x, y) is governed by an elliptic PDE subject to boundary conditions specified 
each point on the boundary B of the domain. Equilibrium problems are jury problems in
which the entire solution is passed on by a jury requiring satisfaction of all internal
requirements (i.e., the PDE) and all the boundary conditions simultaneously.

As illustrated in the previous section, elliptic PDEs have no real characteristics.
Thus, the solution at every point in the solution domain is influenced by the solution at all
the other points, and the solution at each point influences the solution at all the other
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~
D (x, y)

Boundary B
(B) given

ndence
and

Range of influence

Figure III.3. Solution domain for an equilibrium problem.

points. Figure III.3 illustrates the clo~ed solution domain D(x,y) and its boundary B.
Consequently, equilibrium problems are solved numerically by relaxation methods.

A classical example of an equilibrium problem governed by an elliptic PDE is steady
heat diffusion (i.e., conduction) in a solid (see Section III.5). The governing PDE is 
Laplace equation

V2 T = 0 (III.42)

where T is the temperature of the solid. In two dimensions, Eq. (111.42) 

Txx + Tyy = 0 (111.43)

Along the boundary B, the temperature T(x, y) is subject to the boundary condition

aT + bTn = c (111.44)

at each point on the boundary, where Tn denotes the derivative normal to the boundary.
Equilibrium problems arise in all fields of engineering and science. Equilibrium

problems in partial differential equations are analogous to boundary-value problems in
ordinary differential equations, which are considered in Chapter 8.

111.4.2 Propagation Problems

Propagation problems are initial-value problems in open domains (open with respect to
one of the independent variables) in which the solution f(x, t) in the domain of interest
D(x, t) is marched forward from the initial state, guided and modified by boundary
conditions. Propagation problems are governed by parabolic or hyperbolic PDEs. Propa-
gation problems in PDEs are analogous to initial-value problems in ODEs, which are
considered in Chapter 7.

The majority of propagation problems are unsteady problems. The diffusion
equation, Eq. (Ili.5), is an example of an unsteady propagation problem in which the
initial property distribution at time to, f(x, to) = F(x), is marched forward in time:

ft = af~x (III.45a)

A few propagation problems are steady-state problems. An example of a steady-state
propagation problem is

f~ = flfxx (III.45b)
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in which the initial property distribution at location yo,f(x, Y0) = F(x), is marched forward
in space in the y direction. The general features of these two PDEs, Eqs. (III.45a) and
(111.45b), are identical, with the space coordinate y in Eq. (III.45b) taking on the character
of the time coordinate t in the diffusion equation. Consequently, the marching direction
in a steady-state space propagation problem is called the timelike direction, and the
corresponding coordinate is called the timelike coordinate. The space direction in which
diffusion occurs [i.e., the x direction in Eqs. (III.45a) and (III.45b)] is called spacelike
direction, and the corresponding coordinate is called the spacelike coordinate. In the
present discussion, unsteady and steady propagation problems are considered simulta-
neously by considering the time coordinate t in the diffusion equation, Eq. (III.45a), to be 
timelike coordinate, so that Eq. (III.45a) models both unsteady and steady propagation
problems.

The solution of a propagation problem is subject to initial conditions specified at a
particular value of the timelike coordinate and boundary conditions specified at each point
on the spacelike boundary. The domain of interest D(x, t) is open in the direction of the
timelike coordinate. Figure 111.4 illustrates the open solution domain D(x, t) and its
boundary B which is composed of the initial time boundary and the two physical
boundaries. Propagation problems are initial-value problems, which are solved by
marching methods.

A classical example of a propagation problem governed by a parabolic PDE is
unsteady heat diffusion in a solid (see Section 111.6). The governing PDE is the diffusion
equation:

Tt = o~ V2T (III.46)

where T is the temperature and e is the thermal diffusivity of the solid. In one space
dimension, Eq. (III.46) 

Tt = ~T~ (III.47)

Since Eq. (III.47) is first order in time, values of T must be specified along the initial time
boundary. Since Eq. (1II.47) is second order in space, values of T must be specified along
both space boundaries.

Parabolic PDEs have real repeated characteristics. As shown in Section II1.6 for the
diffusion equation, parabolic PDEs have specific domains of dependence and ranges of
influence and infinite information propagation speed. Thus, the solution at each point in

f(O,t)-

Open boundary

March

ff(L,t)

O0 .tf(x,O) L ~-

Figure 111.4. Solution domain for a propagation problem.
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the solution domain depends on a specific domain of dependence and influences the
solution in a specific range of influence.

In two variables (e.g., space x and time t), parabolic PDEs have two real repeated
families of characteristics. As illustrated in Figure III.5, both families of characteristics
have zero slope in the xt plane, which corresponds to an infinite information propagation
speed. Consequently, parabolic PDEs behave like hyperbolic PDEs in the limit where the
information propagation speed is infinite. Thus, the solution at point P depends on the
entire solution domain upstream of and including the horizontal line through point P itself.
The solution at point P influences the entire solution domain downstream of and including
the horizontal line through point P itself. However, the solution at point P does not depend
on the solution downstream of the horizontal line through point P, nor does the solution at
point P influence the solution upstream of the horizontal line through point P. Numerical
methods for solving propagation problems governed by parabolic PDEs must take the
infinite information propagation speed into account.

A classical example of a propagation problem governed by a hyperbolic PDE is
acoustic wave propagation (see Section 111.7). The governing PDE is the wave equation

P~t = a2 V2P’ (111.48)

where P’ is the acoustic pressure (i.e., the pressure disturbance) and a is the speed 
propagation of small disturbances (i.e., the speed of sound). In one space dimension,
Eq. (III.48) 

P;, = aZPtxx (I11.49)

Since Eq. (III.49) is second order in time, initial values of both U and P~ must be specified
along the initial time boundary. Since Eq. (III.49) is second order in space, values of 
must be specified along both space boundaries.

Hyperbolic PDEs have real distinct characteristics. As shown in Section III.7 for the
wave equation, hyperbolic PDEs have finite domains of dependence and ranges of
influence and finite information propagation speed. Thus, the solution at each point in
the solution domain depends only on the solution in a finite domain of dependence and
influences the solution only in a finite range of influence.

In two variables (e.g., space x and time t), hyperbolic PDEs have two real and
distinct families of characteristics. As illustrated in Figure III.6, both families of

t~’ March 1’ Open

~ |boundary

~//~/~e~mna~tceU//~

Figure 111.5.

X~

Solution domain for a ’parabolic propagation problem..
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characteristics have finite slope in the xt plane, which corresponds to a finite information
speed. For acoustic fields, these two real families of characteristics are the right-running
(i.e., in the positive x direction) and left-running (i.e., in the negative x direction) acoustic
waves. These characteristics are illustrated in Figure III.6 at a particular point P. The
characteristics have finite information propagation speed, thus giving rise to a finite
domain of dependence and a finite range of influence for each point in the solution
domain. The solution at point P depends only on the solution within the domain of
dependence defined by the characteristics from the upstream portion of the solution
domain. The solution at point P influences only the solution within the range of influence
defined by the downstream propagating characteristics. The portion of the solution domain
outside of the domain of dependence and the range of influence of point P neither
influences the solution at .point P nor depends on the solution at point P. Numerical
methods for solving propagation problems governed by hyperbolic PDEs must take the
finite information propagation speed into account.

From the above discussion, it is seen that propagation problems are govemed by
either a parabolic or a hyperbolic PDE. These two types of PDEs exhibit many similarities
(e.g., an open boundary, initial data, boundary data, domains of dependence, and ranges of
influence). Both types of problems are solved numerically by marching methods. However,
there are significant differences in propagation problems governed by parabolic PDEs and
hyperbolic PDEs, due to the infinite information propagation speed associated with
parabolic PDEs and the finite information propagation speed associated with hyperbolic
PDEs. These differences must be accounted for when applying marching methods to these
two types of partial differential equations.

Propagation problems arise in all fields of engineering and science. Propagation
problems govemed by hyperbolic PDEs are somewhat analogous to initial-value problems
in ODEs, while propagation problems governed by parabolic PDEs share some of the
features of both initial-value and boundary-value problems in ODEs. Table III.1
summarizes the general features of PDEs as presented in this section.

111.4.3 Eigenproblems

Eigenproblems are special problems in which the solution exists only for special values
(i.e., eigenvalues) of a parameter of the problem. The eigenvalues are to be determined in

March ~’ Open
| boundary

~ ce ~

Figure III.6. Solution domain for a hyperbolic propagation problem.
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Table III.1 General Features of Partial Differential Equations

Type of physical problem

Equilibrium Propagation

Mathematical.
classification
of the PDE

Characteristics
Information

propagation
speed

Domain of
dependence

Range of
influence

Type of
numerical
method

Elliptic Parabolic Hyperbolic

Complex Real and repeated Real and distinct
Undefined Infinite Finite

Entire Present and Past solution
solution entire past domain between
domain solution domain characteristics

Entire Present and Future solution
solution entire future domain between
domain solution domain characteristics

Relaxation Marching Marching

addition to the corresponding configuration of the system¯ Eigenproblems for PDEs are
analogous to eigenproblems for ODEs, which are considered in Section 8.9. Eigen-
problems for PDEs are not considered in this book.

111.5 ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS

A classical example of an elliptic PDE is the Laplace equation:

V2f = 0 (III.50)

The Laplace equation applies to problems in ideal fluid flow, mass diffusion, heat
diffusion, electrostatics, etc. In the following discussion, the general features of the
Laplace equation are illustrated for the problem of steady two-dimensional heat diffusion
in a solid.

Consider the differential cube of solid material illustrated in Figure III.7. Heat flow
in a solid is governed by Fourier’s law of conduction, which states that

0 = -kA d-~-T (1II.50
dn

where//is the energy transfer per unit time (J/s), T is the temperature (K), A is the 
across which the energy flows (m2), dT/dn is the temperature gradient normal to the area A
(K/m), and k is the thermal conductivity of the solid (J/m-s-K), which is a physical
property of the solid material. The net rate of flow of energy into the solid in the x direction
is

[ O0(x) dx] O0(x) (III.52)
qNet,~ = il(X) - il(X + dx) = O(x) - il(X) + 3x 
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~l(x+dx)

dy

X

dx

Figure III.7. Physical model of heat diffusion.

Introducing Eq. (III.51) into Eq. (I11.52) yields

where dV = A ~ is the volume of ~e differential cube of solid matefal. Simil~ly,

0~et,y = ~ k dV (III.54)

For stea@ heat flow, there is no net ch~ge in ~e ~ount of energy stored in the soli< so
the s~ of the net rate of flow of ener~ in ~e t~ee directions is zero. Thus,

~ k Ox ] + ~ k Oz k ~] =0
(III.56)

Equation (III.56) governs the steady di~sion of heat ~ a solid. ~en the the~al
conductiviW k is constant (i.e., neither a Nncfion of temperate or location), Eq. (III.56)
simplifies to

(III.57)

which is the Laplace equation.
For steady ~o-dimensional heat di~sion, Eq. (III.57) becomes

T= + T~ = 0 (~II.58)

In te~s of ~e general second-order PDE de~ed by Eq. (III.21), A = I, B = 0, 
C = 1. ~e discfimin~t, B~ - 4AC, is

B~ - 4AC = 0~ - 4(1)(1) = -4 (III.59)

Consequently, Eq. (III.58) is an elliptic PDE.
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The characteristics associated with Eq. (III.58) are determined by performing 
characteristic analysis. In this case, Eq. (III.28) becomes

dx dy ~ T~ 7 = d(Tx) (III.60)
o dx ay Tyy

The characteristic equation corresponding to Eq. 0II.58) is determined by setting the
determinant of the coefficient matrix of Eq. (III.60) equal to zero and solving the resulting
equation for the slopes of the characteristic paths. Thus,

(1)(dy)2 -b (1)(ax)2 ~ 0 (III.61)

dy ±vc~--f
(III.62)

dx

Equation (III.62) shows that there are no real characteristics associated with the steady
two-dimensional heat conduction equation. Physically, this implies that there are no
preferred paths of information propagation, and that the domain of dependence and
range of influence of every point is the entire solution domain. The temperature at every
point depends on the temperature at all the other points, including the boundaries of the
solution domain, and the temperature at each point influences the temperature at all the
other points. The temperature distribution is continuous throughout the solution domain
because there are no paths along which the derivative of temperature may be discontin-
uous. The domain of dependence and the range of influence of point P are illustrated
schematically in Figure III.3.

Another classical example of an elliptic PDE is the Poisson equation, which is the
nonhomogeneous Laplace equation. Consider the problem of steady heat conduction in a
solid with internal energy generation ~ (J/s) given 

~ = Q(x,y, z) (III.63)

where Q is the energy generation rate per unit volume (j/m3-s). For steady heat flow, the
sum ofthe energy transferred to the solid by conduction and the internal energy generation
must equal zero. Thus, Eq. (III.56) becomes

~xx \ ~-XXfl + ~ \ @,1 + ~zz \ ~-zfl + Q = 0
(III.64)

When the thermal conductivity k is constant (i.e., neither a function of temperature nor
location), Eq. (III.64) becomes

(III.65)

Equation (III.6.5) is the Poisson equation. The presence of the n0nhomogeneous (i.e.,
source) term Q/k does not affect the classification of the nonhomogeneous Laplace
equation. All the general features of the Laplace equation discussed above apply to the
Poisson equation.
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In summary, steady heat conduction is an equilibrium problem and must be solved
by relaxation methods. The PDE governing steady heat conduction is a classical example
of an elliptic PDE.

111.6 PARABOLIC PARTIAL DIFFERENTIAL EQUATIONS

A classical example of a parabolic PDE is the diffusion equation:

f = aV2f (III.66)

The diffusion equation applies to problems in mass diffusion, momentum diffusion, heat
diffusion, etc. The general features of the diffusion equation are illustrated for the problem
of unsteady one-dimensional heat diffusion in a solid.

Consider the heat diffusion analysis presented in Section III.5. The net flow of heat
in the x, y, and z directions is given by Eqs. (III.53) to (III.55), respectively. For steady-
state heat flow, there is no net change in the amount of energy stored in the solid, so the
sum of the net heat flow components is zero. In an unsteady situation, however, there can
be a net change with time in the amount of energy stored in the solid. The energy E (J)
stored in the solid mass dm (kg) is given 

Estor~a = dm CT = (p dV)CT = (pCT) (II1.67)

where p is the density of the solid material (kg/m3), dV is the differential volume (m3), 
is the temperature (K), and C is the specific heat (J/kg-K), which is a physical property 
the solid material. The sum of the net heat flow components must equal the time rate of
change of the stored energy. Thus,

(III.68)

Equation (III.68) govems the unsteady diffusion of heat in a solid. When the thermal
conductivity k, density p, and specific heat C are all constant (i.e., neither functions of
temperature or position), Eq. (III.68) simplifies 

Tt = O~(Txx q- Tyy + Tzz) = OcV2T ] (111.69)

where c~ = k/pC is the thermal diffusivity (m2/s). Equation (III.69) is the diffusion
equation.

For unsteady one-dimensional heat diffusion, Eq. (III.69) becomes

Te = ~Txx (III.70)

In terms of the general second-order PDE defined by Eq. (III.21), A = c~, B = 0, and
C = 0. The discriminant, B2 - 4AC, is

B2 - 4de-= 02 - 4(a)(0) (III.71)

Consequently, Eq. (III.70) is a parabolic PDE.
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The characteristics associated with Eq. (III.70) are determined by performing 
characteristic analysis. In this case, Eq. (III.28) becomes

dx dt ~ Txt = d(Tx) (III.72)

The characteristic equation corresponding to Eq. (III.70) is determined by setting the
determinant of the coefficient matrix of Eq. (III.72) equal to zero and solving for the slopes
of the characteristic paths. In the present case, this yields

~ dt~ = 0 (III.73)

dt = 4-0 (111.74)

t = constant (III.75)

Equation (III.74) shows that there are two real repeated roots associated with the
characteristic equation, and Eq. (III.75) shows that the characteristics are lines of constant
time. The speed of propagation of information along these characteristic paths is

c ..... 4-o~ (III.76)
dt +0

Consequently, information propagates at an infinite speed along lines of constant time.
This situation is illustrated schematically in Figure III.5. The information at point P
propagates at an infinite speed in both directions. Consequently, the temperature at point P
depends on the temperature at all other points in physical space at all times preceding and
including the current time, and the temperature at point P influences the temperature at all
other points in physical space at all times after and including the current time. In other
words, the domain of dependence of point P is the finite region ahead of and including the
current time line. The range of influence of point P is the semi-infinite region after and
including the current time line. In this regard, the diffusion equation behaves somewhat
like an elliptic PDE at each time level.

In summary, unsteady heat diffusion is a propagation problem which must be solved
by marching methods. The PDE governing unsteady heat diffusion is a classical example
of a parabolic PDE.

111.7 HYPERBOLIC PARTIAL DIFFERENTIAL EQUATIONS

A classical example of a hyperbolic PDE is the wave equation:

ft, = c2 V2f (III.77)

The wave equation applies to problems in vibrations, electrostatics, gas dynamics,
acoustics, etc. The general features of the wave equation are illustrated in this section
for the problem of unsteady one-dimensional acoustic wave propagation.

Fluid flow is governed by the law of conservation of mass (the continuity equation),
Newton’s second law of motion (the momentum equation), and the first law of thermo-
dynamics (the energy equation). As shown in any text on fluid dynamics [e.g., Fox and
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McDonald (1985) or Zucrow and Hoffman (1976)], those basic physical laws yield 
following system of quasi-linear first-order PDEs:

Pt + ~.(pv) = 
pVt + p(V.V)V + VP ~-- 

P, + v.vP - a2(pt + V.Vp) = 

(m.78)
(IIi.79)
(ill.80)

where p is the fluid density (kg/m3), V is the fluid velocity vector (m/s), P is the static
pressure (N/m2), and a is the speed of propagation of small disturbances (m/s) (i.e., 
speed of sound). Equations (1II.78) to (III.80) are restricted to the flow of a pure substance
with no body forces or transport phenomena (i.e., no mass, momentum, or energy
diffusion). For unsteady one-dimensional flow, Eqs. 0II.78) to (111.80) yield:

pt + pux + upx = 0 (Ill.81)

put + puux + Px = 0 (III.82)

P, + uPx - a2(Pt + Upx) = 0 (II1.83)

Equations (III.81) to (III.83) are more general examples of the simple one-dimen-
sional convection equation

f + uf~ = 0 (III.84)

where the property f is being convected by the velocity u through the solution domain
D(x, t). Equation (Ili.84) in three independent variables is

f + uf~ + Vfy + wfz =f + V.Vf = Of = 0 (III.85)
Dt

where u, v, and w are the velocity components in the x, y, and z directions, respectively, and
the vector operator D/Dt is called the substantial derivative:

D 0 ~ 0 O 0

D--~ = 05 + U~x + v~ + W~z = ~ + V.V (III.86)

Equations (IIL81) and (III.83) are frequently combined to eliminate the derivatives
of density. Thus,

Pt + uPx + pa2ux = 0 (III.87)

Equations (III.81) to (III.83), or Eqs. (IIL82) and (III.87), are classical examples 
system of nonlinear first-order PDEs.

Acoustics is the science devoted to the study of the motion of small amplitude
disturbances in a fluid medium. Consider the classical case of infinitesimally small
perturbations in velocity, presure, and density in a stagnant fluid. In that case,

u = u0 + u’ = u’ P = Po + P’ P = P0 + P’ a = a0 + a’ (III.88)

where u0, P~, Po, and a0 are the undisturbed properties of the fluid, and u’, P’, p’, and a’ are
infinitesimal perturbations. For a stagnant fluid, uo = 0. Substituting Eq. (1II.88) into Eqs.
(III.82) and (III.87) and neglecting all products of perturbation quantities yields 
following system of linear PDEs:

PoU~ + P~’ = 0 (Ili.89)

PI+ 2 ,Poaoux = 0 (III.90)
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Equations (II1.89) and (III.90) can be combined to solve explicitly for either the pressure
perturbation P’ or the velocity perturbation u’. Differentiating Eq. (1II.89) with respect to 
and Eq. (111.90) with respect to t and combining the results to eliminate u’~t yields the wave
equation for the pressure perturbation, P’:

IP’t,
2 , 1= aoP’,a (Ill.91)

Differentiating Eq. (III.89) with respect to t and Eq. (111.90) with respect to x 
combining the results to eliminate P’xt yields the wave equation for the velocity perturba-
tion u’:

’ 2’I (III.92)I bltt ~ ao~lxx

Equations (111.91) and (Ili.92) show that the properties of a linearized acoustic field
are governed by the wave equation. In terms of the general second-order PDE defined by
Eq. (III.21), A = 1, B = 0, and C = -a~. The discriminant, B2 - 4AC, is

B2 - 4AC = 0 - 4(1)(-a~) = 4a~ (II1.93)

Consequently, Eqs. (Ili.91) and (III.92) are hyperbolic PDEs.
Since Eqs. (III.91) and (II1.92) both involve the same differential operators [i.e.,

( )tt = a20( )xx], they have the same characteristics. Consequently, it is necessary to study
only one of them, so Eq. (111.91) is chosen. The characteristics associated with Eq. (111.91)
are determined by performing a characteristics analysis. In this case, Eq. (111.28) becomes

dt dx 0 i P’xt = d(P’x) (III.94)
0 dt dx [_P~ [d(P’t)j

The characteristic equation corresponding to Eq. (III.91) is determined by setting the
determinant of the coefficient matrix of Eq. (III.94) to zero and solving for the slopes 
the characteristic paths. This yields

(dx)2 - a~o(dt)2 = 0 (III.95)

Equation (I!I.95) is a quadratic equation for dx/dt. Solving for dx/dt gives

dx
dt q-a° (III. 96)

x = xo -t- aot (III.97)

Equation (II1.96) shows that there are two real distinct roots associated with the
characteristic equation, and Eq. (II1.97) shows that the characteristic paths are straight
lines having the slopes 4-1/ao in the xt plane. The speed of propagation of information
along these characteristic paths is

dx
c -- dt - +a° (III.98)

Cons~equently, information propagates at the acoustic speed ao along the characteristic
paths. This situation is illustrated schematically in Figure III.5. Information at point P
propagates at a finite rate in physical space. Consequently, the perturbation pressure at
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point P depends only upon the solution within the finite domain of dependence illustrated
in Figure II1.6. Likewise, the perturbation pressure at point P influences the solution only
within the finite range of influence illustrated in Figure III,6, .The finite speed of
propagation of information and the finite domain of dependence and range of influence
must be accounted for when solving hyperbolic PDEs.

Equations (III.89) and (III.90) are examples of a system of two coupled first-order
convection equations of the general form:

f + agx = 0 (IIL99a)

gt + af~ -- 0 (III.99b)

Differentiating Eq. (III.99a) with respect to t, differentiating Eq. (IlI.99b) with respect 
and multiplying by a, and subtracting yields the wave equation:

ft = a2 f~ (1II. 100)

Consequently, the second-order wave equation can be interpreted as a system of two
coupled first-order convection equations.

In summary, unsteady wave motion is a propagation problem which must be solved
by marching methods. The wave equation governing unsteady wave motion is a classical
example of a hyperbolic PDE.

111.8THE CONVECTION-DIFFUSION EQUATION

The Laplace equation and the Poisson equation govem steady diffusion processes. The
diffusion equation governs unsteady diffusion processes. The convection equation and the
wave equation govern unsteady convection processes. When convection and diffusion are
both present in a physical process, the process is governed by the convection-diffusion
equation. The unsteady convection-diffusion equation is given by

ft + v.vf = v2fI (III.lO1)

and the steady convection-diffusion equation is given by

V.Vf = 0~ V2fl (III.102)

Equations (III. I 01) and (IlL 102) are both second-order PDEs. Consider the unsteady
one-dimensional convection-diffusion equation:

f + Ufx = ~fxx (III.103)

The discriminant of Eq. (III.103) is 2- 4AC =0.Consequently, Eq.(III .103) is a
parabolic PDE. Performing a characteristic analysis of Eq. 0IL 103) yields the character-
istic paths dt --- :kO, which shows that physical information propagates at an infinite rate.

However, as shown in Section III.3, the term uf~ models physical convection, which
is a hyperbolic process with the distinct characteristic path

dx

dt u
(III. 104)
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This characteristic path is not found in a classical characteristic analysis of the unsteady
convection-diffusion equation.

Consider the steady two-dimensional convection-diffusion equation:

ufx + = (fxx +fyy) (III. 105)

The discriminant of Eq. (111.105) is B2- 4AC = -4. Consequently, Eq. (Ili.105) is 
elliptic PDE, with no real characteristic paths. However, the terms Ufx and vfy model
physical convection, which has distinct information propagation paths. These information
propagation paths are not found in a classical characteristic analysis of the steady
convection-diffusion equation.

The significance of the above discussion is as follows. When numerically approx-
imating PDEs which contain both first-order and second-order spatial derivatives, the
different physical behavior associated with the different spatial derivatives should be taken
into account.

111.9 INITIAL VALUES AND BOUNDARY CONDITIONS

A differential equation governs a family of solutions. A particular member of the family of
solutions is specified by the auxiliary conditions imposed on the differential equation.

For steady-state equilibrium problems, the auxiliary conditions consist of boundary
conditions on the entire boundary of the closed solution domain. Three types of boundary
conditions can be imposed:

1. Dirichlet boundary condition: The value of the function is specified.

f is specified on the boundary.

Neumann boundary condition: The value
boundary is specified.

Of is specified on the boundary.

On

(III. 106)

of the derivative normal to the

(III.107)

3. Mixed boundary condition: A combination of the function and its normal
derivative is specified on the boundary.

af + b 00~ is specified on the boundary. (III. 108)

One of the above types of boundary conditions must be specified at each point on the
boundary of the closed solution domain. Different types of boundary conditions can be
specified on different portions of the boundary.

For unsteady or steady propagation problems, the auxiliary conditions consist of an
initial condition (or conditions) along the time (or timelike) boundary and boundary
conditions on the physical boundaries of the solution domain. No auxiliary conditions can
be applied on the open boundary in the time (or timelike) direction. For a PDE containing
a first-order time (or timelike) derivative, one initial condition is required along the time
(or timelike) boundary:

f (x, y, z, O) = F(x, y, on thetimeboundary (III. 109)
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For a PDE containing a second-order time (or timelike) derivative, two initial conditions
are required along the time (or timelike) boundary:

f (x, y, z, O) = F(x, y, on thetimeboundary

ft(x, y, z, O) = G(x, y, on thetimeboundary

(III. 110a)

(:~i. 110b)

The required boundary conditions on the physical boundaries of the solution domain can
be of the Dirichlet type, Eq. (III. 106), the Neumann type, Eq. (III. 107), or the mixed type,
Eq. (III. 108). Different types of boundary conditions can be specified on different portions
of the boundary.

Proper specifications of the type and number of auxiliary conditions is a necessary
condition to obtain a well-posed problem, as discussed in Section III. 10.

111.10 WELL-POSED PROBLEMS

The general features of partial differential equations are discussed in the preceding
sections. Elliptic PDEs govern equilibrium problems in closed domains. No real char-
acteristics exist. Parabolic PDEs govern propagation problems in open domains. Real
repeated characteristics exist. Hyperbolic PDEs govern propagation problems in open
domains. Real distinct characteristics exist. In all three cases, auxiliary conditions (i.e.,
initial values and boundary conditions) are required to specify a particular solution of 
PDE. The interrelationship between the type of PDE, the auxiliary data, and whether or not
a solution exists and is unique gives rise to the concept of a well-posed problem.

Hadamard (1923) states that a physical problem is well posed if its solution exists, 
unique, and depends continuously on the boundary and/or initial data.

For an elliptic PDE, the solution domain D(x, y) must be closed, and continuous
boundary conditions must be specified along the entire physical boundary B. The boundary
conditions may be of three types: (a) Dirichlet boundary conditions, (b) Neumann
boundary conditions, or (c) mixed boundary conditions.

For a parabolic PDE, the solution domain D(x, t) must be open in the time (or
timelike) direction, initial data must be specified along the time (or timelike) boundary, 
continuous boundary conditions must be specified along the physical boundaries of the
solution domain. The boundary conditions can be of the Dirichlet type, the Neumann type,
or the mixed type.

For a hyperbolic PDE, the solution domain D(x, t) must be open in the time (or
timelike) direction, initial data must be specified along the time (or timelike) boundary, 
continuous boundary conditions must be specified along the physical boundaries of the
solution domain. The boundary conditions can be of the Dirichlet type, the Neumarm type,
or the mixed type. For a hyperbolic PDE, the initial data cannot be specified along only
one characteristic curve (or surface). A pure initial-value problem (the Cauchy problem)
can be defined for a hyperbolic PDE by specifying initial data along several characteristic
curves (or surfaces). An initial-boundary-value problem is defined by specifying initial
data along a noncharacteristic curve and boundary conditions along the physical bound-
aries of the solution domain.

Care must be exercised to ensure that a problem is well posed. Only well-posed
problems are considered in this book.
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II1.11 SUMMARY

The general features of partial differential equations have been presented, and the concept
of characteristics has been introduced. Characteristics are the physical paths along which
information propagates. Partial differential equations are classified as elliptic, parabolic, or
hyperbolic, according to whether there .are no real characteristics, real repeated character-
istics, or real distinct characteristics, respectively. Examples of several partial differential
equations that arise in engineering and science have been presented.

The Laplace equation is a classical example of an elliptic PDE, which must be
solved by relaxation methods:

V2f = 0 (III. 111)

Chapter 9 is devoted to the solution of the Laplace equation. The diffusion equation is a
classical example of a parabolic PDE, which must be solved by marching methods:

f = ~ V2f (III.112)

Chapter 10 is devoted to the solution of the diffusion equation. The convection equation is
a classical example of a hyperbolic PDE, which must be solved by marching methods:

ft ÷ V.Vf = 0 (III.113)

Chapter 11 is devoted to the solution of the convection equation. When convection and
diffusion are both present, the process is governed by the convection-diffusion equation:

f + V.V/= a V2f (III.114)

The convection-diffusion equation is a more complicated example of a parabolic PDE,
which must be solved by marching methods. Section 10.9 is devoted to the solution of the
convection-diffusion equation. Some physical problems are governed by a system of
convection equations. In some cases, they can be recast as the wave equation:

ftt= c2 vZf (III.120)

The wave equation is a more complicated example of a hyperbolic PDE, which must be
solved by marching methods. Section 11.8 is devoted to the solution of the wave equation.
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9.1. Solution of the heat diffusion problem by the five-point method
9.2. Consistency and order analysis of the five-point method
9.3. Solution of the heat diffusion problem by the Gauss-Seidel method
9.4. Solution of the heat diffusion problem by the SOR method
9.5. Solution of the heat diffusion problem with a derivative boundary condition
9.6. Solution of the heat diffusion problem with internal energy generation by the five-

point method
9.7. Solution of the heat diffusion problem by the compact fourth-order method
9.8. Solution of the heat diffusion problem by extrapolation
9.9. Solution of the heat diffusion problem with internal energy generation for a

nonrectangular domain
Solution of the heat diffusion problem by the control volume method

9.1 INTRODUCTION

The two thermal systems illustrated in Figure 9.1 are considered in this chapter to illustrate
methods for solving elliptic partial differential equations (PDEs). The top figure illustrates
a thin plate of width w = 10 cm, height h = 15 cm, and thickness t = 1 cm. The faces of
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the plate are insulated so that no heat flows in the direction of the thickness t. The top edge
of the plate is maintained at temperature T = 100 sin(nx/w) C, and the other three edges
are maintained at T = 0 C. Heat flows into the plate through the top edge and out of the
plate through the other three edges. There is no internal energy generation within the plate.
The internal temperature distribution within the plate T(x, y) is required, and the total heat
transfer rate through the top of the plate ~ required. The temperature distribution within the
plate is governed by the two-dimensional Laplace equation:

Txx + Tyy = 0 (9.1)

which is subject to the boundary conditions specified on the four edges of the plate.
The exact solution to this linear PDE is obtained by assuming a product solution of

the form T(x, y) = X(x)Y(y), substituting this functional form into the PDE and separating

- ~I(y+dy)

h ~1~dx )

~tT specified on

boundaries

Txx +Tyy = O, T(x,y) = 

T specified on
boundaries

Txx+Tyy+ ~ = O, T(x,y) = 

Figure 9.1 Steady heat diffusion problems.
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variables, integrating the resulting two ordinary differential equations for X(x) and Y(y),
and applying the boundary conditions at x = 0, x = w, y = 0, and y = h. The result is

T(x, y) = 1 O0 sinh(~ty/w) sin(~x/w)
sinh( rth / w)

(9.2)

The exact solution at selected locations is tabulated in Table 9.1 for the left half of the
plate. The solution is symmetrical about the vertical centerline. Selected isotherms (i.e.,
lines of constant temperature) are illustrated in Figure 9.2.

The total heat transfer rate through the top of the plate 0 is determined by integrating

the local heat transfer rate across the top of the plate. From Fourier’s law of conduction

kdA _ k(tdx) dA OT -k(tdx)~y
(9.3) r/Oy OrlOy

where k = 0.4 J/s-cm-C is the thermal conductivity of the plate. Differentiating Eq. (9.2)
gives

I00 sin(r~x/w). (~ cosh(r~y~ (9.4)
Oy sinh@h /w) \w/ \ w 

Substituting Eq. (9.4) into Eq. (9.3), setting y = h, and integrating from x = 0 to x 
yields

200kt

tanh(~zh /w)
(9.5)

For the values of w, h, t, and k specified above, 0 = 80.012913 J/s.
The bottom figure in Figure 9.1 illustrates a long rectangular electrical conductor

which has internal energy generation due to electrical resistance heating. The temperature

Table 9.1 Exact Solution of the Heat Diffusion Problem.

Temperature T(x, y), 

y, cm x = 0.00cm x= 1.25cm x = 2.50cm x = 3.75cm x = 5.00cm

15.000000 0.000000 38.268343 70.710678 92.387953 100.000000
13.750000 0.000000 25.837518 47.741508 62.377286 67.516688
12.500000 0.000000 17.442631 32.229780 42.110236 45.579791
11.250000 0.000000 11.772363 21.752490 28.420998 30.762667
10.000000 0.000000 7.940992 14.673040 19.171250 20.750812
8.750000 0.000000 5.350040 9.885585 12.916139 13.980329
7.500000 0.000000 3.594789 6.642304 8.678589 9.393637
6.250000 0.000000 2.401061 4.436582 5.796673 6.274274
5.000000 0.000000 1.582389 2.923873 3.820225 4.134981
3.750000 0.000000 1.010893 1.867887 2.440512 2.641592
2.500000 0.000000 0.597304 1.103674 1.442020 1.560831
1.250000 0.000000 0.277016 0.511860 0.668777 0.723879
0.000000 0.000000 0.000000 0.000000 0.000000 0.000000



530 Chapter 9

15

10

100

0

0 5 10
Location x, cm

Figure 9.2 Exact solution of the heat diffusion problem.

distribution within the conductor T(x, y) is required. The temperature distribution within
the conductor is governed by the two-dimensional Poisson equation:

Txx + Tyy = -~- (9.6)

where k is the thermal conductivity of the conductor and ~ is the volumetric heating rate
(J/cm3-s). This problem is considered in Section 9.8 to illustrate finite difference methods
for solving the Poisson equation.

Numerous elliptic partial differential equations arise in engineering and science. Two
of the more common ones are the Laplace equation and the Poisson equation, presented
below for the generic dependent variable f(x, y):

]f~ +f~y = 0 (9.7)

fxx + fyy = F(x, y) (9.8)

where F(x,y) is a known nonhomogeneous term. The Laplace equation applies to
problems in mass diffusion, heat diffusion (i.e., conduction), neutron diffusion, electro-
statics, inviscid incompressible fluid flow, etc. In fact, the Laplace equation governs the
potential of many physical quantities where the rate of flow of a particular property is
proportional to the gradient of a potential. The Poisson equation is simply the nonhomo-
geneous Laplace equation. The presence of the nonhomogeneous term F(x, y) can greatly
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complicate the exact solution of the Poisson equation. However, the presence of this term
does not complicate the numerical solution of the Poisson equation. The nonhomogeneous
term is simply evaluated at each physical location and added to the finite difference
approximation of the Laplace equation. Consequently, the present chapter is devoted
mainly to the numerical solution of the Laplace equation. All the results apply directly to
the numerical solution of the Poisson equation.

The solution of Eqs. (9.7) and (9.8) is the functionf(x, y). This function must satisfy
a set of boundary conditions on the boundaries of the closed solution domain. These
boundary conditions may be of the Dirichlet type (i.e., specified values off), the Neumann
type (i.e., specified values of the derivative off), or the mixed type (i.e., a specified
combination off and its derivative). The basic properties of finite difference methods for
solving equilibrium problems governed by elliptic PDEs are presented in this chapter.

Figure 9.3 presents the organization of Chapter 9. After the introductory discussion
presented in this section, the general features of elliptic partial differential equations are
reviewed. This is followed by a discussion of the finite difference method, which leads into
the finite difference solution of the Laplace equation. The concepts of consistency, order,
and convergence are introduced and discussed. Iterative methods of solution of the system
of finite difference equations are presented. A procedure for implementing derivative
boundary conditions is presented next. A brief introduction to finite difference methods for
solving the Poisson equation follows. A discussion of several special topics then follows:
higher-order methods, nonrectangular domains, nonlinear problems, and three-dimen-
sional problems. All of the above discussions are based on the finite difference approach.
A brief introduction to the control volume method is then presented. A presentation of a
computer program for solving the Laplace equation and the Poisson equation follows. A
summary wraps up the chapter. The numerical methods presented in this chapter are
applied to solve the thermal systems presented in this section.

9.2 GENERAL FEATURES OF ELLIPTIC PDEs

The general features of elliptic partial differential equations (PDEs) are discussed in
Section III.5. In that section it is shown that elliptic PDEs govern steady-state equilibrium
problems, which are boundary-value problems in closed domains. Consequently, elliptic
PDEs are solved numerically by relaxation methods. As shown in Section III.5, problems
governed by elliptic PDEs have no real characteristic paths. Physically, this means that
there are no preferred paths of information propagation and that the domain of dependence
and the range of influence of every point is the entire solution domain. The solution at
every point depends on the solution at all other points, including the boundaries of the
solution domain, and the solution at every point influences the solution at all other points.
The solution is continuous throughout the solution domain since there are no paths along
which the derivatives of the solution may be discontinuous. These general features of
elliptic PDEs are illustrated in Figure 9.4.

Every exact partial derivative in a PDE should be approximated in a manner
consistent with the physical requirements of the problem. For an elliptic PDE, the solution
at every point in the solution domain depends on the solution at all the other points, in
particular, the inmaediate neighboring points. Thus, the exact partial derivatives in elliptic
PDEs are approximated by centered-difference approximations, as discussed in Section
9.3.2.
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9.3 THE FINITE DIFFERENCE METHOD

The finite difference method is a numerical procedure which solves a partial differential
equation (PDE) by discretizing the continuous physical domain into a discrete finite
difference grid, approximating the individual exact partial derivatives in the PDE by
algebraic finite difference approximations (FDAs), substituting the FDAs into the PDE 
obtain an algebraic finite difference equation (FDE), and solving the resulting algebraic
finite difference equations (FDEs) for the dependent variable. For simplicity of notation,
the phrase "finite difference equation" frequently will be replaced by the acronym "FDE"
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Domain D(x,y)

Boundary
conditions

General features of elliptic PDEs.

in Part Ill of this book. Some general characteristics of finite difference grids and finite
difference approximations for equilibrium problems governed by elliptic PDEs are
discussed in this section.

9.3.1 Finite Difference Grids

The closed solution domain D(x, y) in xy space for a two-dimensional equilibrium problem
is illustrated in Figure 9.5. The solution domain must be covered by a two-dimensional
grid of lines, called thefinite difference grid. The intersections of these grid lines are the
gridpoints at which the finite difference solution to the partial differential equation is to be
obtained. For the present, let these grid lines be equally spaced lines perpendicular to the x
and y axes having uniform spacings Ax and Ay, respectively, but with Ax and Ay not
necessarily equal. The resulting finite difference grid is illustrated in Figure 9.5. The
subscript i is used to denote the physical grid lines corresponding to constant values of x
[i.e., xi = (i- 1)Ax], and the subscript j is used to denote the physical grid lines
corresponding to constant values of y [i.e., yj = (j- 1)Ay]. Thus, grid point (i,j)
corresponds to location (xi,Yj) in the solution domain D(x,y). The total number of x
grid lines is denoted by imax, and the total number of y grid lines is denoted by jmax.

Three-dimensional physical spaces can be covered in a similar mamaer by a three-
dimensional grid of planes perpendicular to the coordinate axes, where the subscripts i, j,

jmax

j+l

J
j-1

2
1

2
Figure 9.5

Solution domain D(x,y)

i-1 i i+1 imax x
Solution domain D(x, y) and discrete difference grid.
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and k denote the physical grid planes perpendicular to the x, y, and z axes, respectively.
Thus, grid point (i,j, k) corresponds to location (xi, yj, zk) in the solution domain D(x, y, z).

The dependent variable at a grid point is denoted by the same subscript notation that
is used to denote the grid points themselves. Thus, the functionf(x, y) at grid point (i,j) is
denoted by

f(xi, Yi) = fi,j (9.9)

In a similar manner, derivatives are denoted by

Of(xi’yJ)" 3fOx ia =Lli,j and oZf(xi’yJ)-Ox2 ~f~ ij =f~xli,j (9.10)

Analogous notation applies in three-dimensional spaces.

9.3.2 Finite Difference Approximations

Now that the finite difference grid has been specified, finite difference approximations
(FDAs) of the individual exact partial derivatives appearing in the partial differential
equation must be developed. This is accomplished by writing Taylor series for the
dependent variable at several neighboring grid points using grid point (i,j) as the base
point, and combining these Taylor series to solve for the desired partial derivatives. This is
done in Chapter 5 for functions of one independent variable, where approximations of
various types (i.e., forward, backward, and centered) having various orders of accuracy
(i.e., first order, second order, etc.) are developed for various derivatives (i.e., first
derivative, second derivative, etc.). Those results are presented in Table 5.1.

The forms of the finite difference approximations of the individual exact partial
derivatives in a PDE should be governed by the physics being represented by the PDE. For
elliptic PDEs containing only second derivatives, a characteristic analysis shows that there
are no preferred physical informative propagation paths. Thus, the solution at all points
depends on the solution at all other points, and the solution at all points influences the
solution at all the other points. Consequently, centered-space finite difference approxima-
tions should be used for the second-order spatial derivatives in the Laplace equation and
the Poisson equation.

In the development of finite difference approximations, a distinction must be made
between the exact solution of a partial differential equation and the approximate solution
of the partial differential equation. For the remainder of this chapter, exact solutions will be
denoted by an overbar over the symbol for the dependent variable [i.e., jT(x,y)], and
approximate solutions will be denoted by the symbol for the dependent variable without an
overbar [i.e., f(x, y)]. Thus,

[~7(x, y) = exact solution

f(x, y) = approximate solution

Individual exact partial derivatives may be approximated at grid point (i,j) in terms
of the values ofj 7 at grid point (i,j) itself and adjacent grid points in a number of ways. For
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example, consider the partial derivative ~x. Writing the Taylor series for ~,’+1 j and ~_1 j
using grid point (i,j) as the base point gives

~i+l~j =J~/d q-~xli,j A~c + ~xlid ~ + ~lid ~3 + ~[ij ~4 +... (9.11)

~_Lj=~d-~xli,j~ +~x~lid~-~xli~ 3 +~[~li,j~ a +... (9.12)

where the convention (~)n ~ ~ is emplwed for compacmess. Equations (9.11) 

(9.12) can be expressed as Taylor fo~ulas wi~ remainders:

~+1~ =~,j +~xlij ~ + ~li~ ~ + ~]i~ ~3 + ~li~ ~4 + Rn+,(¢+ ) (9.13)

~-~ =~ -~.1~,~ ~ + ~[i,j ~ -~x~[i,9 ~3 + ~=~lid ~4 + R~+~(¢_) (9.13)

where the remainder term Rn+1 is given by

1 ~+~(~)A~+~
R,+~ -- (n + l)! ax"+t (9.15)

where xi <_ ~+ <_ xi+~ and xi_~ <_ ~_ <_ xi. If the infinite Taylor series are truncated after
the nth derivative to obtain approximations offi+~ and~/_~d, then the remainder term Rn+1
is the error associated with the trtmcated Taylor series. In most cases, our main concern
will be the order of the error, which is the rate at which the error goes to zero as Ax --~ 0.
The remainder term depends on Ax~+~. Consequently, as Ax -~ 0, the error goes to zero as
Ax~+~. Thus, the order of the truncated Taylor series approximations of~+ld is n + 1,
which is denoted by the symbol 0(Ax"+~).

Adding Eqs. (9.13) and Eq. (9.14) and solving for~xli,j yields

= Ax2 - ~_~x(¢) Ax2 (9.16)

wherexi_~ _< { _< xi+~. _Truncating the remainder term yields a second-order centered-
space approximation off=liO, which is denoted byf=li.j:

f~ li,~ -- Ax2
(9.17)

The remainder term in Eq. (9.16) which was truncated to_obtain Eq. (9.17) is called
the truncation error of the finite difference approximation off~li~. Equation (9.17) is 
second-order centered-space approximation Of~xx at grid point (i,j).

Performing the analogous procedure in the y direction yields the following result:

~yy]i~j __d*~j+l ~2d~yyyy(/~) Ay~ (9.18)

where Yi-! <- rl ~ Yi+l. _Truncating the remainder term yields a second-order centered-
space approximation Offyylid, which is denoted byfyyli,j. Thus,

f*g+~ - 2f’v +f’~-~ l
fyyli,j --" Ay2

(9.19)
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9.3.3 Finite Difference Equations

Finite difference equations are obtained by replacing the individual exact partial deriva-
tives in a partial differential equation by finite difference approximations, such as Eqs.
(9.17) and (9.19), to obtain a finite difference approximation of the partial differential
equation, which is called afinite difference equation (FDE). A finite difference approx-
imation of the two-dimensional Laplace equation is developed in Section 9.4, and a finite
difference approximation of the two-dimensional Poisson equation is developed in Section
9.8.

9.4 FINITE DIFFERENCE SOLUTION OF THE LAPLACE EQUATION

Consider the two-dimensional Laplace equation:

.~xx +37yy = 0 (9.20)

Replacingj~x~ and)7~, by the second-order centered-difference approximations at grid point
(i,j), Eqs. (9.17), and (9.19), respectively, yields

f/w1j -- 2f/j -~-fi_ld...~fid.+l -- 2f/d -~f/,j-1 0 (9.21)ax2 zX~

Equation (9.21) is a second-order centered-space approximation of Eq. (9.20). Equation
(9.21) can be written 

I 2 2 2
f+l,j + 3~,j+~ +f-~,j +/3 f/d.-1 - 2(1 +/~ )fd. = 0 (9.22)

where/3 is the grid aspect ratio:

(9.23)

Solving Eq. (9.22) forf~ yields

2
Y,,~+~ +f~-w + ¢/~d.-I
2(1 +/32) (9.24)

The implicit nature of the finite difference equation is apparent in Eq. (9.24). The
solution at every grid point depends on the solutions at the four neighboring grid points,
which are not known until the entire solution is known. This implicit behavior of the finite
difference equation is typical of the finite difference approximation of elliptic partial
differential equations which govern equilibrium physical problems.

In the special case where Ax = Ay, the grid aspect ratio/3 is unity, and Eqs. (9.22)
and (9.24) become

If+ld. +f/a+1 +f-ld. +fd.-~ - 4fj = 0
f/d" = ¼(f/+ld. "~f/d’+l "q-f--ld’ "q-lid’-l)

(9.25)

(9.26)



Elliptic Partial Differential Equations

()
Figure 9.6 Finite difference stencil for the five-point method.
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Although there is no formal mathematical advantage when fl is unity, values of fl greater
than unity tend to produce less accurate solutions than values of fl in the neighborhood of
unity. Equation (9.26) has a very simple physical interpretation. It shows that, for a grid
aspect ratio of unity, the solution at every point is the arithmetic average of the solutions at
the four neighboring points. This result applies only to the Laplace equation (i.e., no
nonhomogeneous term).

The finite difference solution of a partial differential equation is obtained by solving
a finite difference equation, such as Eq. (9.22) or Eq. (9.25), at every point in 
discretized solution domain.

A finite difference equation can be illustrated pictorially by afinite difference stencil,
which is a picture of the finite difference grid used to develop the finite difference
equation. The grid points employed in the finite difference approximations of the .exact
partial derivatives are denoted by open circles with the weighting factor associated with
each grid point inside the circle. The finite difference stencil for Eq. (9.25) is illustrated 
Figure 9.6. Equations (9.22) and (9.25) are called five-point approximation of t he
Laplace equation.

The rate at which the truncation errors of the finite difference solution approach zero
as Ax and Ay go to zero is called the order of the finite difference equation. The total error
at any point in the solution domain is directly related to the local truncation errors
throughout the entire solution domain. Consequently, the total error at a given point
depends on Ax and Ay in exactly the same manner as the local truncation errors depend on
Ax and Ay. Thus, the order of a finite difference solution of a partial differential equation is
the order of the truncation errors of the finite difference approximations of the individual
exact partial derivatives in the partial differential equation. For example, for Eqs. (9.22)
and (9.25), the trtmcation error is 0(Ax2) + 0(Aye). Consequently, the total error at a point
decreases quadratically as Ax and Ay --~ 0. The finite difference solution is second-order
accurate in space.

Let’s illustrate the five-point approximation of the Laplace equation by solving the
heat diffusion problem presented in Section 9.1. The rectangular physical domain is 10 cm
wide and 15 cm high. Discretizing the domain into a 5 x 7 finite difference grid yields the
grid illustrated in Figure 9.7. For this grid, the grid aspect ratio fl is unity, so Eq. (9.25)
is the relevant FDE. The temperature across the top edge of the plate is
T(x, h) = 1 O0 sin(rex~w) C, and the temperatures on the other three edges of the plate
are T = 0 C. The temperatures at the four corners of the plate are not required by the five-
point FDE.
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Finite difference grid for Ax = Ay = 2.5 cm.

Applying Eq. (9.25) at every point in the finite difference grid yields the following
system of FDEs:

0.0 4- 0.0 -- 4T22 4- T23 4-

0.0 + T22 - 4T23 + T24 4-

0.0 4- T23 - 4T24 4- T25 4-

0.0 + T24 - 4T25 + T26 4-

0.0 + T25 - 4T26 + 70.710678 +

T22 + 0.0 - 4T32 + T33 +

T23 + T32 - 4T33 + T34 4-

T24 4- T33 - 4T34 4- T35 4-

T25 -~- T34 -- 4T35 + T36 4-

T26 ~- T35 -- 4T36 + 100.0 4- T46

T32 + 0.0 - 4T42 + T43 + 0.00

T33 + T4~ - 4T43 4- T44 4- 0.0

T34 4- T43 - 4T44 4- T45 4- 0.0

T35 + T44 - 4T45 + T46 + 0.0

T36 4- T45 - 4T46 4- 70.710678 + 0.0

T32 =0

T33 = 0

T34 = 0

T35 = 0

T36 ~--- 0

T42 = 0

T43 = 0

T4~=0

Tas = 0

=0

=0

=0

=0

=0

=0

(9.27)

where the subscripts i, j have been written as t~ for simplicity, and the boundary point
values of temperature are transferred to the right-hand sides of the equations before solving



Elliptic Partial Differential Equations 539

them. Equation (9.27) consists of 15 FDEs. Equation (9.27) can be written in matrix 
as follows:

-4 1

1 -4

0 1

0 0

0 0

1 0

1

0 0 0 1

1 0 0 0 1
-4 1 0 0 0 1

1 -4 1 0 0 0 1

0 1 -4 0 0 0 0 1

0 0 0 -4 1 0 0 0 1

0 0 0 1 -4 1 0 0 0

1 0 0 0 1 -4 1 0 0
1 0 0 0 1 -4 1 0

1 0 0 0 1 -4 0
1 0 0 0 0 -4

1 0 0 0 1

1 0 0 0

1 0 0

1 0

-r2:

T26

r32
r33

× T34

r36
r42
r43
r44
r4~

_ T46

0

0

0

0

-70.710678

0

0

0

0

-100

0

0

0

0

-70.710678

1

0

0

0

1

-4

1

0

0

1

0

0

0

1

-4

1

0

1

0

0

0

1

-4

1

1

0

0

0

1

-4

(9.28)

which is in the general form

AT = b (9.29)

where A is a (15 x 15) coefficient matrix, and T and b are (15 x 1) column vectors. 
the terms not shown in the lower-left and upper-right portions of matrix A are zero.
Equation (9.28) is a banded matrix.

Some discussion of terminology is called for at this point. The individual equation
that approximates an exact PDE at a grid point, for example, Eqs. (9.22) and (9.25), 
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called a finite difference equation (FDE). When solving elliptic PDEs, all of the FDEs are
coupled, and a system of FDEs must be solved, for example, Eq. (9.28). This system 
FDEs is called the system equation. The system equation can be solved by the methods
presented in Chapter 1.

The system equation obtained in this section, Eq. (9.28), can be solved by either 
direct method (e.g., Gauss elimination) or an iterative method (e.g., successive-over-
relaxation). The results presented in the remainder of this section were obtained by Gauss
elimination. Iterative methods for solving the system equation are presented in Section 9.6.

Example 9.1. Solution of the heat diffusion problem by the five-point method

Let’s solve the heat diffusion problem on the 5 x 7 grid illustrated in Figure 9.7 by solving
the system equation, Eq. (9.28), by Gauss elimination. The solution is tabulated in Table
9.2, which also presents the solution for a 9 x 13 grid at the common points of the two
grids. Due to symmetry, the solution along the x --- 7.5 cm line is identical to the solution
along the x = 2.5 cm line. Consequently, the solution along the x = 7.5 cm line is not
presented. Errors in the solution, Error(x, y) IT(x, y) - ~’( y)], are presented directly
below the solution values. The errors presented in Table 9.2 for the 5 x 7 grid, while not
enormous, are rather large.

Let’s rework the problem with Ax = Ay--- 1.25 cm. In this case, imax = 9 and
jmax = 13, and there are (imax - 2) x (jmax - 2) = 7 x 11 ---- 77 unknown temperatures.
The solution for the 9 x 13 grid is obtained as before. The amount of computational effort
is increased considerably because of the larger number of equations to be solved. The
solution at the common locations with the 5 x 7 grid is also tabulated in Table 9.2. The
solution on the 9 x 13 grid is also presented in Figure 9.8, where the numerical solution is
indicated by the dashed lines. The numerical solution is obviously a good approximation
of the exact solution.

Table 9.2 Solution of the Heat Diffusion Problem by the Five-Point Method

T(x, y), 
Error(x, y) IT(x, y)- ~’( y)], C

Ax = Ay = 2.5 cm, 5 x 7 grid Ax = Ay = 1.25 cm, 9 x 13 grid

y, cm x = 2.5 cm x = 5.0 cm x = 2.5 cm x = 5.0 cm

15.0 70.710678 100.000000 70.710678 0.000000
12.5 33.459590 47.319006 32.549586 46.032067

1.229810 1.739215 0.319806 0.452276
10.0 15.808676 22.356844 14.964426 21.162895

1.135636 1.606032 0.291386 0.412083
7.5 7.418270 10.491019 6.838895 9.671658

0.775966 1.097382 0.196591 0.278021
5.0 3.373387 4.770690 3.036510 4.294274

0.449514 0.635709 0.112637 0.159293
2.5 1.304588 1.844967 1.153627 1.631475

0.200914 0.284136 0.049953 0.070644
0.0 0.000000 0.000000 0.000000 0.000000
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Numerical solution of the heat diEusion problem on a 9 × 13 grid.

Comparing the results in Table 9.2 for the two grids shows that the errors for the
9 × 13 grid are approximately one-fourth the size of the errors for the 5 × 7 grid. The
second-order accuracy of the finite difference equation is quite apparent.

The total heat transfer rate 0 across the top of the plate is given by

If IiO= dO= -k(t dx) 

The temperature derivative OT(x, h)/Oy can be evaluated at each axial grid location by any
of the one-sided difference formulas presented in Chapter 5. Let’s apply the second-order
one-sided-difference formula given by Eq. (5.101). Thus,

T/’jmax-2 -- 4~’jmax-1 q- 3T/’jmax (9.31)TYli’jmax ----
2 Ay

Evaluating Eq. (9.31) along the vertical centerline of the plate, x = 5.0 cm, using the data
presented in Table 9.2 for the 5 x 7 grid gives

r(5.0, 10.0) - 4r(5.0, 12.5) + 3r(5.0, 
Ty(5.0, 15.0) 2 Ay

(9.32)

22.356844 - 4(47.319006) + 3(100.0)
Ty(5.0, 15.0) 

2(2.5)
- -26.616164 C/cm

(9.33)
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Table 9.3 Temperature Derivatives along the Top Edge of the Plate

Chapter 9

Ty(x, 15.0), C/cm

Ax = Ay = 2.5 cm, 5 x 7 grid zLr = Ay = 1.25 cm, 9 x 13 grid

x, cm Ty, C/cm x, cm :Ty, C/cm x, cm Ty, C/cm

0.0 0.000000 0.00 0.000000 6.25 -27.578685
2.5 - 18.820470 1.25 - 11.423466 7.50 -21.107812
5.0 -26.616164 2.50 -21.107812 8.75 - 11.423465
7.5 - 18.820470 3.75 -27.578685 10.00 0.000000

10.0 0.000000 5.00 -29.850954

Table 9.3 presents this result and the results at the remaining grid points along the top edge
of the plate for the solutions presented in Table 9.2 for both grid sizes.

Equation (9.30) can be integrated by Simpson’s 1/3 rule, Eq. (6.35). Applying 
(6.35) to integrate Eq. (9.30) for the 5 x 7 grid results gives

0 = -(0.4)(1.0) ~ [0.000000 + 4(- 18.820470) + 2(-26.616164)

÷ 4(-18.820470) + 0.000000] = 67.932030 J/s (9.34)

From Section 9.1, the exact solution is 0= 80.012913J/s. Thus, the error is
-12.080884J/s. Repeating the calculation for the 9x 13 grid results gives
~ = 76.025061 J/s, tbr which the error is -3.987852 J/s. The ratio of the errors is

E(Ax = Ay = 2.5) -12.080884 3.03
(9.35)Ratio -- E(Ax = Ay = 1.25) - -3.987852 

which shows that the procedure is approximately second order.

The numerical solution obtained on the 9 x 13 grid is sufficiently accurate for most
practical applications. If a more accurate solution is required, it can be obtained by
decreasing the grid size even more and repeating the solution. In principle, this process can
be repeated indefinitely. However, in practice, the amount of computational effort increases
rapidly as the sizes of the grid spacings decrease (or conversely, as the number of grid
points increases).

The results presented in this section were obtained by Gauss elimination. As
mentioned in Section 1.3, the number of multiplicative operations, N, required for
Gauss elimination to solve a system of linear algebraic equations is given by

N = ½n3 q- n2 - ½n (9.36)

where n is the number of equations to be solved. Thus, the amount of computational effort
increases approximately as the cube of the number of grid points. For a two-dimensional
problem, the number of grid points increases as the square of the reciprocal of the grid size
(assuming that the grid aspect ratio fl remains constant as the grid size is reduced).
Consequently, the amount of computational effort increases approximately as the sixth
power of the reciprocal of the grid size. For the two grid sizes chosen in this section (i.e.,
Ax = Ay = 2.5 cm and &~c = Ay = 1.25 cm), the number of operations N = 1,345 and
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158,081, respectively. Clearly the amount of computational effort increases at an alarming
rate.

Equation (9.36) is applicable to Gauss elimination for a full coefficient matrix. The
coefficient matrices arising in the numerical solution of partial differential equations are
banded matrices, as illustrated in Eq. (9.28). When such systems are solved by Gauss
elimination, all of the zero coefficients outside of the outer bands remain zero and do not
need to be computed. A significant amount of computational effort can be saved by
modifying the Gauss elimination algorithm to omit the calculation of those terms.
However, the bands of zeros between the central tridiagonal band of coefficients and the
outer bands fill up with nonzero coefficients, which must be computed. Consequently, even
when the banded nature of the coefficient matrix is accounted for, Gauss elimination still
requires a large amount of computational effort for large systems of equations. In that case,
iterative methods, which are discussed in Section 9.6, should be employed.

Another problem that arises in the direct solution of systems of linear algebraic
equations is the large amount of computer memory required to store the coefficient matrix.
From Eq. (9.28), it is apparent that many of the elements in the (15 x 15) coefficient
matrix are zero. In fact only 59 of the 225 elements are nonzero, that is, 26 percent. For the
(77 x 77) coefficient matrix associated with the 9 x 13 grid, only 169 of the 5,929
elements are nonzero, that is, 2.9 percent. The percent of nonzero elements decreases
dramatically as the size of the coefficient matrix increases, since the total number of
elements is nz, whereas the number of nonzero elements is somewhat less than 5n. To
illustrate this point more dramatically, if Ax = Ay = 0.1 cm, then imax = 101 and
jmax = 151, and there are n = 99 x 149 = 14,751 interior grid points. The coefficient
matrix for the corresponding system of finite difference equations would contain
14,751 x 14,751 = 217,592,001 elements. This exceeds the memory of all but the most
advanced computers, and clearly cannot be considered. However, each finite difference
equation contains at most five nonzero elements. Thus, the minimum amount of computer
memory in which the coefficient matrix can be stored is 5n, not n2. However, if Gauss
elimination is used to solve the system of FDEs, then computer memory must be reserved
for all of the nonzero elements of the coefficient matrix within and including the outer
bands.

Iterative methods, on the other hand, use only the nonzero elements of the coefficient
matrix. As shown in Eq. (9.22), these nonzero elements are 1, f12, 1, f12, and -2(1 + f12),
corresponding to grid points (i ÷ 1,j), (i,j 1), (i - 1,j ), (i, j - 1), and (i,j ), respectively.
These five coefficients are the same for all of the finite difference equations. Thus, there is
no need to store even these 5n coefficients if iterative methods are used. Only the
n = imax x jmax values of T/,j, the solution array itself, must be stored. Consequently,
iterative methods, which are discussed in Section 9.6, should be employed when the
number of grid points is large.

9.5 CONSISTENCY, ORDER, AND CONVERGENCE

There are three important properties of finite difference equations, for equilibrium
problems governed by elliptic PDEs, that must be considered before choosing a specific
numerical approach. They are

1. Consistency
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2. Order
3. Convergence

These concepts are defined and discussed in this section.

9.5.1 Consistency

First consider the concept of consistency.

Chapter 9

A finite difference equation is consistent with a partial differential equation if
the difference between the FDE and the PDE (i.e., the truncation error)
vanishes as the sizes of the grid spacings go to zero independently.

When the truncation errors of the finite difference approximations of the individual
exact partial derivatives are known, proof of consistency is straightforward. When the
truncation errors of the finite difference approximations of the individual exact partial
derivatives are not known, the complete finite difference equation must be analyzed for
consistency. Thatis accomplished by expressing each term in the finite difference equation
[i.e., f(x,y), not f(x, y)] in a Taylor series with base point (i,j). The resulting equation,
which is called the modified differential equation (MDE), can then be simplified to yield
the exact form of the truncation error of the complete finite difference equation.
Consistency can be investigated by letting the grid spacings go to zero.

Warming and Hyett (1974) developed a convenient technique for analyzing the
consistency of finite difference equations which approximate propagation type PDEs. The
technique can be applied to FDEs that approximate elliptic PDEs. The technique involves
determining the actual partial differential equation that is solved by a finite difference
equation. This actual partial differential equation is called the modified differential
equation (MDE). Following Warming and Hyett, the MDE is determined by expressing
each term in a finite difference equation in a Taylor series at some base point. Effectively,
this changes the FDE back into a PDE.

Terms appearing in the MDE which do not appear in the original partial differential
equation are truncation error terms. Analysis of the truncation error terms leads directly to
the determination of consistency and order.

Example 9.2. Consistency and order analysis of the five-point method

As an example, consider the five-point approximation of the Laplace equation,
.~ +j~y = 0, for Ax = Ay, Eq. (9.25):

fi+ld q-fid+l q-fi-l,j q-fid-I -- 4fj = 0 (9.37)

Equation (9.37) can be rearranged as follows:

(f+l,i + f-l,j) + (f~/+~ + f,j-~) - 4f~- = 0 (9.38)

The Taylor series, with base point (i,j), for all values off(x, y) appearing in Eq. (9.38) 

1 ~ q_ 1 Ax3 + ~-4fx~xli~/Ax4 q-"" (9.39)f±ld =fi,j + fxli,j Ax q- gfxxlid ~fxxxlij

fij±l : fij "q- fyli~] Ay +½fyylid Ay2 "Jc" 1 1 ,..-~fyyyli,j AY3 + ~4fyyyyli,j AY4 4- (9.40)
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Dropping the notation lit/for clarity and substituting Eqs. (9.39) and (9.40) into Eq. (9.38)
gives

(2fq-fxx~r2 -k~fxxxxZkx4 -b ̄  ¯ .) + (2f -kfyy 2 -t-l-!fffyyyyAy4 + ̄  ̄  .)- 4f - 0

(9.41)

Cancelling zero-order terms, dividing through by Ax = Ay, and rearranging terms yields
the MDE:

_ &~2 ..... ~fyyyy Ay2 .... (9.42)fxx .~fyy = 1gfxxx~

As Ax--~ 0 and Ay-~ 0, Eq. (9.42) approaches fx~ +fyy = 0, which is the Laplace
equation. Consequently, Eq. (9.37) is a consistent approximation of the Laplace equation.

9.5.2 Order

Next consider the concept of order.

The order of a finite difference approximation of a partial dfferential equation
is the rate at which the error of the finite difference solution approaches zero
as the sizes of the grid spacings apprpach zero.

The order of a finite difference equation is the order of the truncation error terms in the
finite difference approximations of the individual exact partial derivatives in the PDE.

When the truncation errors of the finite difference approximations of the individual
exact partial derivatives are known, as in Eqs. (9.16) and (9.18), the order of the FDE 
obvious. When the truncation errors of the finite difference approximations of the
individual exact partial derivatives are not known, the order can be determined from the
modified differential equation. For example, the order of the five-point finite difference
approximation of the Laplace equation, Eq. (9.37), can be obtained from the correspond-
ing MDE, Eq. (9.42). From Eq. (9.42), Eq. (9.37) is an z) + 0(Ay2) approximation of
the Laplace equation.

9.5.3 Convergence

Consider the concept of convergence.

A finite difference method is convergent if the solution of the finite difference
equation approaches the exact solution of the partial differential equation as
the sizes of the grid spacings go to zero.

Let~d denote the exact solution of the partial differential equation, f/.j denote the
exact solution of the finite difference equation, and Eij denote the difference between
them. The statement of convergence is

fi d --~ii,/ = Ei~/"-~ 0 as Ax --~ 0 and Ay ~ 0 (9.43)

The proof of convergence of a finite difference solution is in the domain of the
mathematician. We shall not attempt to prove convergence directly. Numerous discussions
of convergence appear in the literature, for example, Forsythe and Wasow (1960). We shall
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assume that if a finite difference approximation of an elliptic PDE is a consistent
approximation of the PDE, then the finite difference method is convergent.

9.6 ITERATIVE METHODS OF SOLUTION

Direct solutions of the system equation approximating the Laplace equation for the two-
dimensional heat diffusion problem, Eq. (9.28), are presented in Section 9.4. As discussed
at the end of that section, direct solutions require excessive computational effort and
computer memory as the number of grid points increases. In such cases, iterative methods
should be employed.

Several iterative methods are discussed in Section 1.7, namely:

1. Jacobi iteration
2. Gauss-Seidel iteration
3. Successive-over-relaxation (SOR)

As discussed in Section 1.7, iterative methods require diagonal dominance to guarantee
convergence. Diagonal dominance requires that

laii I >~ ~ laijl (i = 1 ..... n) (9.44)
j=lj¢i

with the inequality satisfied for at least one equation. The system equation arising from the
five-point second-order centered-space approximation of the Laplace equation is always
diagonally dominant, as illustrated by the finite difference stencil presented in Figure 9.6
and the coefficient matrix presented in Eq. (9.28). Consequently, iterative methods can 
employed to solve the system equation approximating the Laplace equation.

The Jacobi method converges slowly, so it will not be used here. The Gauss-Seidel
method, which is the limiting case of the SOR method when the over-relaxation factor
¢o = 1.0, will be used to demonstrate the general features of iterative methods. However,
successive-over-relaxation (SOR) is the recommended method and should be used in general.

9.6.1 The Gauss-Seidel Method

The Gauss-Seidel method, applied to the finite difference approximation of the Laplace

equation, is obtained by adding the term, 4-f,j, to Eq. (9.24) and rearranging as follows:

l£k+l
k A£~+I

.’id =f/d + ’-’-’iv’ (9.45)

_ +#~+~ , o2~k+
Afi~+’ f/~+,v. + fl2f/,k].+, ~’i-l.j -e #Jiv’-, (9.46)- 2(1 

where the superscript k (k --- 0, 1, 2 .... ) denotes the iteration number. The term Af/~+~ 
called the residual in the relaxation method. Equation (9.46) is based on the sweep
directions illustrated in Figure 9.9. The order of the sweeps is irrelevant, but once chosen,
it should be maintained.

An initial approximation (k ---- 0) must be made forf/~-, to start the process. Several
choices are available. For example,

1. Letf,j --- 0.0 at all of the interior points.
2. Approximate fd by some weighted average of the boundary values.
3. Construct a solution on a coarser grid, then interpolate for starting values on a

finer grid. This procedure can be repeated on finer and finer grids.
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Sweep directions for the GaussrSeidel method.

Iterative methods do not yield the exact solution of the system equation directly.
They approach the exact solution asymptotically as the number of iterations increases.
When the number of iterations increases without bound, the iterative solution yields the
exact solution of the system equation, within the round-off limit of the computer. However,
in most practical problems, such extreme precision is not warranted. Consequently, the
iterative process is usually terminated when some form of convergence criterion has been
achieved. Various convergence criteria are possible. For example:

~Ji,jAfk+l I < ~3 (for all i,j) [Afjk+l/fjlk < e (for all i,j) (9.47)

At~k+l S-’ ]z~fZ+~/t~Z[ (9.48)
i#

J’- n 3t/2 [- n -]1/2

/E (mf/’j) / <£
k+l k 2

I_ z4 J k i4 J

where e is the convergence tolerance. The three criteria on the left are absolute criteria and
are useful when the magnitude of the solution is known so that a meaningful value ofg can
be specified. The three criteria on the right are relative criteria and are useful when the
magnitude of the solution is not known, in which case a meaningful absolute convergence
tolerance cannot be specified. Caution in the use of relative criteria is necessary if any of
the f4 are close to zero in magnitude.

Example 9.3. Solution of the beat diffusion problem by the Gauss-Seidel method

Let’s solve the two-dimensional heat diffusion problem presented in Section 9.1 by the
Gauss-Seidel method using the 5 x 7 finite difference grid illustrated in Figure 9.7.
Let Tij = 0.0 be the initial guess. The solution at selected iteration steps is presented in
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Table 9.4 Temperatures at y = l 0 cm for the 5 x 7 Grid as a Function of Iteration Number k for
the Gauss-Seidel Method

Temperature T(x, 10.0), 
Iteration
number k x = 2.5 cm x = 5.0cm x = 7.5 cm IATi,jlmax

0 0.000000 0.000000
1 4.419417 8.459709 8.373058 2.94E + 01
2 8.925485 14.899272 11.834527 1.0bE÷01
3 11.920843 18.169362 13.551171 3.74E÷00
4 13.566276 19.921549 14.481619 1.75E÷00
5 14.484384 20.906785 15.012409 9.85E - 01

10 15.696510 22.232231 15.739435 7.74E - 02
20 15.807760 22.355825 15.808109 6.29E - 04
30 15.808669 22.356836 15.808672 5.16E - 06
40 15.808676 22.356844 15.808676 4.24E - 08
~ 15.808676 22.356844 15.808676

Exact 14.673040 20.750812 14.673040
E~or 1.135636 1.606032 1.135636

Table 9.4 for the three grid points along the horizontal grid line y = 10 cm, along with the
maximum value of IATi~.I -- [ATidlmax in the entire grid. The solution has converged to
five significant figures on the 20th iteration. The maximum residual continues to decrease
as the iterative process continues, as illustrated in Figure 9.10, but no changes occur in the
solution in the first five significant digits. The converged (to 13 significant digits) solution
is presented in the third line from the bottom of Table 9.4. These are the same values
obtained by the Gauss-Seidel method in Example 9.1. The exact solution is presented in
the second line from the bottom of the table. The difference between the converged
solution of the system equation and the exact solution of the partial differential equation,
which is the truncation error of the finite difference solution, is presented in the last line of
Table 9.4.

The maximum residual, {AT/~.[max, is presented in Figure 9.10 as a function of the iteration
number k. The curve labeled "Gauss-Seidel" corresponds to the results presented in Table
9.4. The curves labeled "SOR" are discussed in the next subsection. The maximum
residual decreases exponentially with increasing k.

9.6,2 The Successive-Over-Relaxation (SOR) Method

The convergence rate of the relaxation method can be greatly increased by using over-
relaxation. The Gauss-Seidel method, Eq. (9.45), becomes over-relaxation simply by over-
relaxing the residual,Afj , by the over-relaxation factor 09. Thus,

+ o, (9.5O)

where the residual, ,aij , is gwen by Eq. (9.46), as before. When Eq. (9.50) is applied
repetitively, it is called the successive-over-relaxation (SOR) method. When co = 1.0, the
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Figure 9.10 Maximum residual as a function of the iteration number, k.

SOR method reduces to the Gauss-Seidel method. The maximum rate of convergence is
achieved for some optimum value of co, denoted by coopt, which lies between 1.0 and 2.0.

In some special cases, the optimum over-relaxation factor coopt can be predicted
theoretically. For a rectangular region with Dirichlet boundary conditions (i.e., specified
values of the dependent variable), coopt, can be estimated from [Frankel (1950)]:

coopt = 2(-1 -- ~) (9.51)

where

- 2 2cos( /x _ +_~ =
1 + f12 .J

(9.52)

where I-----(imax- 1) is the number of spatial increments in the x direction,
J = (jmax - 1) is the number of spatial increments in the y direction, and/~ Ax/Ay
is the grid aspect ratio. Values of coopt for the 10 cm by 15 cm physical space considered in
the heat diffusion pi’oblem are presented in Table 9.5 for several grid sizes.

Example 9.4. Solution of the heat diffusion problem by the SOR method

Table 9.6 presents the solution of the heat diffusion problem presented in Section 9.1 for
the 5 x 7 grid using the SOR method with coopt = 1.23647138. The convergence history is
illustrated in Figure 9.10. The curve labeled "SOR (0.0)" uses Tij = 0.0 as the initial
approximation. The curve labeled "SOR (weighted average)" uses the linearly weighted

Table 9.5 Values of COopt for Several Grid Sizes

Grid size Grid size
imax x jmax COopt imax x jmax fDopt’

3 × 4 1.01613323 17 x 25 1.71517254
5 x 7 1.23647138 33 × 49 1.84615581
9 × 13 1.50676003 65 × 97 1.91993173
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Table 9.6 Temperatures at y -- 10 cm for the 5 x 7 Grid as a Function of Iteration Number k for
the SOR Method with a)opt

Temperature T(x, 10.0), 
Iteration
number k x = 2.5 cm x = 5.0cm x ---- 7.5 cm [ATijlma×

0 0.000000 0.000000 0.000000
1 6.756677 13.732603 14.601036
2 12.696767 20.924918 14.977353
3 15.197910 21.700940 15.539634
4 15.549183 22.137471 15.720817
5 15.714157 22.288290 15.784980

10 15.808558 22.356761 15.808648
15 15.808676 22.356844 15.808676
20 15.808676 22.356844 15.808676
~z 15.808676 22.356844 15.808676

Exact 14.673040 20.750812 14.673040
E~or 1.135636 1.606032 1.135636

3.05E + 01
6.93E + 00
2.02E + 00
3.53E - 01
1.33E - 01
2.78E - 04
3.17E - 07
3.09E - 10

average of the four corresponding boundary values as the initial approximation. As
illustrated in Figure 9.10, the initial approximation has little effect on the convergence rate.
Comparing Tables 9.4 and 9.6 shows that the solution converges much more rapidly using
the SOR method. In fact, the solution has converged to five significant digits by the 10th
iteration for the SOR method, as compared to 20 iterations for the Gauss-Seidel method.
Figure 9.10 presents the maximum residual, I AT/,j [ma~, as a function of iteration number k
for the SOR method with O)opt for comparison with the results of the Gauss-Seidel method.

9.7 DERIVATIVE BOUNDARY CONDITIONS

All the finite difference solutions to the Laplace equation presented thus far have been for
Dirichlet boundary conditions; that is, the values of~(x, y) are specified on the boundaries.
In this section, a procedure for implementing a derivative, or Neumann, boundary
condition is presented. We will solve the steady two-dimensional heat diffusion problem
presented in Section 9.1 by recognizing that the vertical midplane of the rectangular plate
considered in that problem is a plane of symmetry. Thus, no heat crosses the midplane, and
the temperature gradient at that location is zero. This is true only when the boundary
conditions on the edges of the plate are symmetrical, which is the case in this particular
problem.

The formal statement of the problem is as follows. A rectangular plate of height
h = 15 cm, width w = 5 cm, and thickness t = 1 cm is insulated on both faces so that no
heat flows in the direction of the thickness t. The temperature on the top edge of the plate is
held at 100 sin(nx/w) C, and the temperatures on the left and bottom edges of the plate are
held at 0 C. The right edge of the plate is insulated, so OT/Ox = 0 along that edge. This
boundary condition is

~’x(5.0, y) = (9.53)
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Exact solution of the heat diffusion problem with a derivative boundary condition.

The temperature distribution ~’(x, y) in the plate is required. The exact solution to this
problem is the same as the exact solution to the problem presented in Section 9. I, which is
given by Eq. (9.2). The plate, the boundary conditions, and the exact solution are presented
in Figure 9.11, for selected isotherms.

In this section, we will solve this problem numerically using the finite difference
method developed in Section 9.4, modified to account for the derivative boundary
condition along the right edge of the plate, Eq. (9.53).

Let’s apply the interior point finite difference equation, Eq. (9.22), at gfid point (I,j)
on the fight edge of the plate, as illustrated in Figure 9.12.

J~+l~j -}- fl2f/,j+l "nLj~-I~j "~ fl2f/d’-I -- 2(1 + /y2)f~,j = (9.54)

Grid point (I + 1,j) is outside of the solution domain, soj~+~,j is not defined. However, 
value for f/+l d can be determined from the derivative boundary condition on the fight edge
of the plate.

The finite difference approximations employed in Eq. (9.54) for the spatial
derivatives J~xx and jTyy are second order. It’s desirable to match this truncation error by
using a second-order centered-difference approximation for the derivative boundary
condition, f",:[1d = known. Apply Eq. (5.99) at gfid point (I,j):

-- Z Ax + 0(Axz) (9.55)
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I,j+l

I-3,j I-2,j I-l,j I,j
¯

I+l,j

I,j -1

Figure 9.12 Finite difference grid at the boundary.

Solving Eq. (9.55) forf~+lJ and truncating the remainder term gives

f/+~j --f/-1,j + 2f~lla Ax

Substituting Eq. (9.56) into Eq. (9.54)yields

fl2f~,j+t -F 2f~_,d + fl f~,j_, - 2(1 + fl2)f~,j __2~xll,j ~

In the present problem, ~ [l,i = 0. However, in general, ~xll,j ~ O.

Example 9.5.
condition

(9.56)

(9.57)

Solution of the heat diffusion problem with a derivative boundary

As an example, let’s work the two-dimensional heat diffusion problem with a derivative
boundary condition on a 5 x 13 grid using Eq. (9.57) along the right edge of the plate. The
results are presented in Figure 9.13, where the numerical solution is indicated by the
dashed lines. The numerical solution is obviously a good approximation of the exact
solution. These results are identical to the results illustrated in Figure 9.8 and tabulated in
Table 9.2 for the 9 x 13 grid for the full plate solution. This would not be the case, in
general. The solution and the error, Error(5.0, y) = [T(5.0, y) - ~’(5.0, y)], along the 
edge of the plate are presented in Table 9.7 for every other grid point.

The numerical results presented in this section were obtained by Gauss elimination for a
5 x 13 grid. The objective of the numerical studies presented in this section was to
demonstrate procedures for implementing derivative boundary conditions. Accuracy and
computational efficiency were not of primary interest. More accurate solutions can be
obtained using finer grids. When a large number of grid points are considered, iterative
methods should be employed.

9.8 FINITE DIFFERENCE SOLUTION OF THE POISSON EQUATION

The numerical solution of the Laplace equation is considered in Sections 9.4 to 9.7. In this
section, the numerical solution of the Poisson equation is discussed. The Poisson equation
is simply the nonhomogeneous Laplace equation. It applies to problems in mass diffusion,
heat diffusion (i.e., conduction), incompressible fluid flow, etc., in which a nonhomo-
geneous term is present.
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Figure 9.13 Solution of the heat diffusion problem with a derivative boundary condition.

Table 9.7 Solution Along the Right Edge of the Plate

Location Temperature

(5.0,y), T(5.0,y), C ~’(5.0,y), C Error(5.0,y), 

(5.0,15.0) 100.000000 100.000000
(5.0,12.5) 46.032068 45.579791 0.452277
(5.0,10.0) 21.162895 20.750812 0.412083
(5.0,7.5) 9.671658 9.393637 0.278021
(5.0,5.0) 4.294274 4.134981 0.159293
(5.0,2.5) 1.631476 1.560831 0.070595
(5.0,0.0) 0.000000 0.000000

The thermal system illustrated in Section 9.1, consisting of a rectangular electrical
conductor with internal heat generation due to electrical resistance heating, is governed by
the following Poisson equation:

T~ + Ty~ -- k (9.58)

which is subject to boundary conditions specified on the four sides of the conductor. The
conductor is made of a copper alloy (k = 0.4 J/cm-s-C). The conductor has a width
w = 1.0cm and a height h = 1.5cm. Negligible heat flows along the length of the
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conductor. Energy is generated within the conductor by electrical resistance heating at the
rate ~)= 400 J/cm3-s. The four sides of the conductor are held at 0 C. The conductor
cross-section and boundary conditions are illustrated in Figure 9.14. The temperature
distribution ~’(x, y) in the conductor cross section is required. The exact solution to this
problem is

(O/k)(w~/4- 2) 4w2(O/k)
~(x, y) 

2 rc3

’ ~-~ (--1)n cos[(2n + 1)z~x/w] cosh[(2n + 1)r~y/w]
x/__, (9.59)

~=0 (2n + 1)3 cosh[(2n + 1)zth/2w]

where x and y are measured from the center of the conductor. The exact solution for
w = 1.0cm and h = 1.5 cm is presented in Figure 9.14 for selected isotherms.

In this section the two-dimensional heat diffusion problem with internal energy
generation is solved using the finite difference equations developed in Section 9.4 for
solving the Laplace equation. Those equations must be modified to include the non-
homogeneous (i.e., source) term.

Replacing ~’~ and Ty~ by the second-order centered-difference approximations at
grid point (i,j) Eqs. (9.17) and (9.19), respectively, evaluating Q at grid point (i,j),
multiplying by Ax~, and introducing the grid aspect ratio/~ defined by Eq. (9.23) yields:

(9.60)

1.5

1.0

0.5

0
0.0

Figure 9.14

0
20

0.5 1.0
Location x, cm

Exact solution of the heat diffusion problem with internal energy generation.
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Solving Eq. (9.60) for Ti, j gives

2 z~2(~_.i,j/k)T~+I,.i + ~ZTi,j+l + T~_w + ~ Ti,j_~ +
Ti, j =

2(1 +/32)
(9.61)

In the special case where Ax = Ay, the grid aspect ratio fl is unity, and Eqs. (9.60) and
¯ (9.61) become

Ti+I,jA~-Ti,j+I--~-Tt._I,j--~-Ti, j_ 1 - 4T/,j --~/~f2 (~)=0

ri+~,j + T;,~-+1 + T~_w + T~,~_~ + ax2(O;,//0

(9.62)

(9.63)

Equations (9.60) to (9.63) are analogous to Eqs. (9.22) to (9.26) presented in 
9.4 for solving the Laplace equation numerically. All the general features of the numerical
solution of the Laplace equation presented in Sections 9.4 to 9.7 apply directly to the
numerical solution of the Poisson equation.

Example 9.6. Solution of the heat diffusion problem with internal energy generation
by the five-point method.

As an example, let’s solve the two-dimensional heat diffusion problem with internal energy
generation described at the beginning of this section on a 5 × 7 grid, for
Ax = Ay = 0.25 cm, for which fl = 1.0. Equation (9.62) is the relevant FDE. For this
grid, there are 3 x 5 = 15 interior points and 15 corresponding finite difference equations.
This system of linear algebraic equations is solved by Gauss elimination. The results are
presented in Table 9.8 for the upper left quadrant of the solution domain. Due to symmetry

Table 9,8 Solution of the Heat Diffusion Problem with Internal Energy Generation

r(x, y), 
~’(x, y), 

Error(x, y) = IT(x, y) - ~’(x, y)], 

~x = Ay = 0.25 cm, 5 × 7 grid Ax = Ay = 0.125cm, 9 × 13 grid

y, cm x --- 0.25 cm x = 0.50cm x = 0.25 cm x = 0.50cm

1.25 48.462813 62.407953 49.910484 64.045535
50.442904 64.619671 50.442904 64.619671

- 1.980101 -2.211718 -0.532420 -0.574136
1.00 68.943299 90.206185 70.482926 92.228966

71.018567 92.938713 71.018567 92.938713
-2.075268 -2.732528 -0.535641 -0.709747

0.75 74.604197 98.030191 76.095208 100.064542
76.606298 100.771385 76.606298 100.771383

- 2.002101 -2.741194 -0.511090 -0.706843
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Figure 9.15 Solution of the heat diffusion problem with intemal energy generation.

about the horizontal and vertical centerlines, the solutions in the other three quadrants are
mirror images of the results presented in Table 9.8. The errors are rather large. Comparing
these results with the results presented in Table 9.2 for the solution of a heat diffusion
problem without intemal energy generation shows that the errors in Table 9.8 are
considerably larger in some regions. The larger errors are due to the presence of the
source term.

Let’s rework the problem on a 9 x 13 grid. The amount of computational effort is
increased considerably because of the larger number of equations to be solved. The
solution at the common locations with the 5 x 7 grid is presented in Table 9.8 and
illustrated in Figure 9.15, where the numerical solution is indicated by the dashed lines.
Comparing the results presented in Table 9.8 for the two grid sizes shows that the errors for
the 9 x 13 grid are approximately one-fourth the size of the errors for the 5 x 7 grid,
which demonstrates that the method is second order. For the 9 × 13 grid, the numerical
solution is a good approximation of the exact solution. No special problems arise due to
the presence of the .source term.
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9.9 HIGHER-ORDER METHODS

The five-point method developed in Section 9.4 and employed in Sections 9.4 to 9.8 is a
second-order method. The objective of this section is to present some fourth-order
methods. Three such methods are considered in this section:

1. The explicit fourth-order centered-difference FDA
2. The implicit compact fourth-order centered-difference FDA
3. Extrapolation of the five-point FDE developed in Section 9.4

Each of these methods has limitations. The explicit fourth-order FDA use five grid
points along both the x and y axes to obtain fourth-order approximations ofg~= andjTyy. The
result forf~x is given by Eq. (5.112) in Chapter 5. When applied at points adjacent to 
boundary, these FDAs require a point outside of the boundary, and thus cannot be used. An
unsymmetrical fourth-order FDA or the second-order five-point method must be used at
these points, thus reducing the accuracy somewhat. Consequently, this approach is not
developed in this book.

The implicit compact fourth-order approach is based on the implicit compact three-
point FDAs developed in Chapter 8, Eqs. (8.115) and (8.127). This approach works 
for Dirichlet boundary conditions. However, it is difficult to obtain fourth-order accuracy
at the boundaries for Neumaun (i.e., derivative) boundary conditions.

Extrapolation of the five-point FDE, Eqs. (9.22) and (9.25) developed in Section 
is straightforward. However, successively reducing the grid size to obtain several solutions
for extrapolation becomes computationally expensive, since each halving of the grid
spacing increases the number of grid points by four for a two-dimensional problem and by
eight for a three-dimensional problem.

9.9.1 Compact Fourth-Order Method

The compact fourth-order method is based on the compact three-point fourth-order
a_ppro_ximations developed in Section 8.6.2. Consider the Laplace equations,
f= +_fyy = 0. Recall Eq. (8.127) for ~xx, written forg~xx, and the corresponding expression
for fyy:

fxxli.j -~ ~2(1 q_ 6x2/12) (9.64)

fyyli,j = ~y2(1 -+- 6y2/12) (9.65)

2where 6x~ and Oy are second-order centered differences in x and y, respectively. Substituting
Eqs. (9.64) and (9.65) into the Laplace equation gives

(9.66)
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Multiplying Eq. (9.66) by (1 + 6x2/12)(1 + 37~/12) 

Equation (9.67) c~ be rea~anged as follows:

~ ~+ ~ -/~ ~,~=0

Applying the ~st ~o operators, (6~/~ 2) ~d (6~/A~),
(#/A~), gives

~2

~ ) 6~
0

Applying the remaining operator, (6~/~), gives

f+l,j -- 2f,j + f-l,j ~ f,j+l -- 2f,j + f,j-1
~2

(9.67)

and the final

(9.68)

Operator,

(9.69)

_2f+~,j - 2f, jA~dc2 + fi-l,j ~ f/+l,j-I -- 2fi,j-l~c 2 +f/-1,j-1.) = (9.70)

Equation (9.70) can be simplified by multiplying by 12Ax2 Aye/(Ax2 + Aye), gathering
terms, and introducing the grid aspect ratio, 3 = Ax/Ay, to yield

2(5 
f/+l,j+l -’[-fi+l,j-1 "[-f/--1,j+l "{-f/--l,j-1 + ~-~ .~ ~- ~i+l,j "[-f/-l,j)

2(~/~~ - ~). 
-~ -~- i tJi.j+, +fi.j-,) - 20~,j = 0 (9.71)

For unity grid aspect ratio (i.e.,/~ = 1.0), Eq. (9.71) becomes

’ f/+l,j+l +f/+l,j-1 +f-l,j+l +f/-1,j-I + 4(f+l,j +f/,j+l +fi-l,j +f/,j-1) 

- 20f, j = 0I (9.72)

Equations (9.71) and (9.72) are the compact fourth-order finite difference approximations
of the Laplace equation. The finite difference stencil for Eq. (9.72) is illustrated Figure
9.16.
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)

Figure 9.16 Finite difference stencil for the compact fourth-order method.

Example 9.7. Solution of the heat diffusion problem by the compact fourth-order
method

Let’s work the heat diffusion problem presented in Section 9.1 by the compact fourth-order
method for the 5 × 7 grid illustrated in Figure 9.7, for which fl = 1.0. Apply Eq. (9.72) 
every point in the finite difference grid. For each unknown grid point, (i, j), apply Eq.
(9.72) in grid point order (i - 1, j - 1), (i - 1, j), (i - 1, j + 1), (i, j - 1), etc. This 
the following system of FDEs:

0.0 + 4(0.0) + 0.0 + 0.0 - 20T22 + 4T23 + 0.0 + 4T32

0.0 + 4(0.0) + 0.0 + 4T22 - 20T2g + 4T24 + T32 + 4Tgg

0.0 + 4(0.0) + 0.0 + 4T23 -- 20T24 + 4T25 + T33 + 4T34

0.0 + 4(0.0) + 0.0 + 4T24 - 20T25 + 4T26 T34 + 4T35

0.0 + 4(0.0) + 0.0 + 4T25 - 20T26 + 4(70.710678) + T3~ + 4T36 

0.0 + 4T22 + T23 + 4(0.0) - 20T32 + 4T33 + 0.0 + 4T4z

T22 + 4T~3 + T~4 + 4T3z - 20T33 + 4T34 + T42 + 4T43

T23 + 4T24 + T25 + 4T33 -- 20T34 + 4T35 + T43 + 4T44

+T33 =0

+T34 =0

+%5 =0

+T36 =0

100.0 = 0

+T43 =0

+T44 =0"

+T45 =0

T24 + 4T25 + T26 + 4T34 - 20T35 + 4T36 + T44 + 4T,~5 + T46 : 0

T25 + 4T26 + 70.710678 + 4T35 - 20T36 + 4(100.0) + T45 + 4T46 + 4(70.710678) 

0.0 + 4T32 + T33 + 4(0.0) -- 20T42 + 4T43 + 0.0 + 4(0.0) + 0.0 

T32 + 4T33 + T34 + 4T42 - 20T43 + 4T44 + 0.0 + 4(0.0) + 0.0 = 

T33 + 4T34 + T35 + 4T43 - 20T44 + 4T45 + 0.0 4.4(0.0) + 0.0 = 

T34 + 4T35 + T36 + 4T44 -- 20T45 + 4T46 + 0.0 + 4(0.0) + 0.0 = 

T35 + 4T36 + 100.0 + 4T45 - 20T46 + 70.710678 + 0.0 + 4(0.0) + 0.0 = 

(9.73)
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where the subscripts i, j have been written as/j for simplicity. The boundary point values
of temperature are transferred to the right-hand sides of the equations before solving them.
Equation (9.73) consists of 15 FDEs. Writing Eq. (9.73) in matrix form yields

--20 4 0 0 0 4 1
4 -20 4 0 0 1 4 1

0 4 -2O 4 0 0 1 4 1

0 0 4 -20 4 0 0 1 4 1

0 0 0 4 -20 0 0 0 1 4

4 1 0 0 0 -20 4 0 0 0 4

1 4 1 0 0 4 -20 4 0 0 1 4

1 4 1 0 0 4 -20 4 0 0 1

1 4 1 0 0 4 -20 4 0 0
1 4 0 0 0 4 -20 0 0

4 1 0 0 0 -20 4

1 4 1 0 0 4 -20

1 4 1 0 0 4

1 4 1 0 0

1 4 0 0

T24

/33
× T34

7"35
r36
r4~

r44
/45

_ T46

0

0

0

0

382.842712

0

0

0

0

753.553390

0

0

0

0

170.710678

1

1

4 I

1 4 1

0 1 4

0 0 0

4 0 0

-20 4 0

4 -20 1

0 4 -20

(9.74)

All the terms not shown in the lower-left and upper-right portions of matrix A are zero.
Equation (9.74) is the system equation corresponding to Eq. (9.28) for the five-point
method. Solving Eq. (9.74) by Gauss elimination yields the results tabulated in Table 9.9
which also presents the results for a 9 × 13 grid. The results are an excellent approxima-
tion of the exact solution. Comparing these results with the results of the second-order
five-point method presented in Table 9.2 shows that the errors of the compact fourth-order
method are approximately two orders of magnitude smaller than the errors of the second-
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Table 9.9 Solution of the Heat Diffusion Problem by the Compact Fourth-Order Method

r(x,y), 
Error(x, y) [T(x, y)- f "(x, y)], C

Ax = Ay = 2.5cm, 5 x 7 grid ~x= Ay = 1.25cm, 9 x 13 grid

y, cm x = 2.5 cm x = 5.0 cm x = 2.5 cm x = 5.0 cm

12.5 32.230760 45.581178 32.229792 45.579809
0.000980 -0.001387 0.000012 -0.000018

10.0 14.673929 20.752069 14.673049 20.750825
0.000889 -0.001257 0.000009 -0.000013

7.5 6.642901 9.394481 6.642308 9.393644
0.000597 0.000844 0.000004 0,000007

5.0 2.924214 4.135463 2.923875 4.134984
0.000341 0.000482 0.000002 0.000003

2.5 1.103825 1.561044 1.103674 1.560831
0.000151 0.000213 0.000000 0.000000

order five-point method. The solution obtained by the compact fourth-order method is
sufficiently accurate for most engineering applications.

9.9.2 Extrapolation

The concept of extrapolation can be used to extrapolate the results of the second-order
five-point method to fourth-order by calculating the solutions for a 5 × 7 grid and a 9 × 13
grid and applying the extrapolation formula at the common grid points. The extrapolation
formula is:

1
IV = MAV + ~ (MAV - LAV) (9.75)

where IV is the improved (i.e., extrapolated) value, MAV is the more accurate value (i.e.,
the 9 x 13 grid results), LAV is the less accurate value (i.e., the 5 × 7 grid results), and n 
the order of the method. For the second-order five-point method, n = 2, and Eq. (9.75)
becomes

1 4 MAV - LAV
IV = MAV + ~ (MAV - LAV) 

3
(9.76)

Example 9.8. Solution of the heat diffusion problem by extrapolation

The solution of the heat diffusion problem presented in Section 9.1 by the second-order
five-point method is presented in Section 9.4 for a 5 x 7 grid and a 9 x 7 grid in Table 9.2.
Those results forx --- 2.5cm andx = 5.0cm, aty = 12.5, 10.0, 7.5, 5.0, and 2.5 cm, and
the extrapolated values obtained using Eq. (9.76) are presented in Table 9.10. The results
obtained by extrapolation are not as accurate as the results obtained by the compact fourth-
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Table 9.10 Solution of the Heat Diffusion Problem by Extrapolation

Chapter 9

T(x, y), 
Error(x, y) -=- IT(x, y) - ~"(x, y)], 

Second-order five-point method

5 × 7 grid 9 x 13 grid Extrapolation

y, cm x = 2.5cm x = 5.0cm x ---= 2.5 cm x = 5.0cm x = 2.5cm x = 5,0cm

12.5 33.459590 47.319006 32.549586 46.032067 32.246251 45.603087
1.229810 1.739215 0.319806 0.452276 0.016471 0.023296

10.0 15.808676 22.356844 14.964426 21.162895 14.683009 20.764912
1.135636 1.606032 0.291386 0.412083 0.009969 0.014100

7.5 7.418270 10.491010 6.838895 9.671658 6.645770 9.398538
0.775966 1.097382 0.196591 0.278021 0.003466 0.004901

5.0 3.373387 " 4.770690 3,036510 4.294274 2.924218 4.135469
0.449514 0.635709 0.112637 0.159293 0.000345 0.000488

2.5 1.304588 1.844967 1.153627 1.631425 1.103307 1.560311
0.200914 0.284136 0.049953 0.070644 -0.000367 -0.000520

order method on a 5 x 7 grid presented in Table 9.9. However, the results are in excellent
agreement with the exact solution.

Extrapolation can be applied to successively higher-order results to obtain even
higher-order results. For example, the heat diffusion problem can be solved a third time by
the five-point method on a 17 × 33 grid. The results obtained on the 9 x 13 and 17 x 33
grids can be extrapolated to fourth order as done in Example 9.8 for the results obtained on
the 5 × 7 and 9 × 13 grids. Both sets of extrapolated results are fourth order, that is, n = 4.
Equation (9.75) can be applied with n = 4 to these two sets of fourth-order results 
obtain sixth-order results. The extrapolation formula is given by

1 16 MAV - LAV
1V = MAV + ~ (MAV - LAV) 

15
(9.77)

However, sixth-order results are obtained only at the common points in the three grids, that
is, at the points corresponding to the 5 x 7 grid.

9.10 NONRECTANGULAR DOMAINS

The methods presented so far have all been concerned with rectangular physical spaces
and rectangular finite difference grids. Several significant simplifications result in this case:

1. Grid points of the finite difference grid fall on the boundary of the physical
space, so boundary conditions can be specified.

2. The computational grid is uniform and orthogonal, so accurate finite difference
approximations of exact partial derivatives can be derived.

3. The grid spacing adjacent to the boundaries is uniform and orthogonal.
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Y

Figure 9.17 Rectangular and nonrectangular physical spaces. (a) Rectangular physical space.
(b) Quarter-round physical space.

Figure 9.17a illustrates this situation. When the physical space is not rectangular, however,
problems arise. Consider the quarter-round physical space illustrated in Figure 9.17b,
which is discretized by a rectangular finite difference grid. Except for rare points, grid
points do not fall on the curved boundary of the physical space, thus making it impossible
to specify boundary conditions. The finite difference grid is not uniform at interior points
adjacent to the curved boundary. Obviously, some new finite difference approach is
required.

There are several approaches available for modeling nonrectangular physical spaces:

1. Approximate physical boundary
2. Other coordinate systems
3. Nonuniform finite difference approximations
4. Transfomaed spaces

Approximate physical boundaries can be developed by specifying a very dense finite
difference grid (i.e., a large number of grid points) and letting the grid points closest to the
physical boundary represent the physical boundary. This approach is not recommended.
When the physical space has cylindrical or spherical symmetry, the governing partial
differential equations can be expressed in cylindrical or spherical coordinates, respec-
tively, and a uniform orthogonal cylindrical or spherical finite difference grid can be used.
Alternately, a rectangular grid can be imposed on the nonrectangular physical space, as
illustrated in Figure 9.17b, the boundary conditions can be imposed at the points where the
grid lines intersect the physical boundary, and nonuniform finite difference approximations
of the individual exact partial derivatives in the partial differential equation (PDE) can 
applied at the interior points adjacent to the physical boundary. This approach is developed
in this section. The final approach listed above, transformed spaces, is in general the
preferred approach. That approach is described, but not developed, in Section 9.10.2.

9,10,1 Nonuniform Finite Difference Approximations

Figure 9.18 presents the local finite difference grid for a nonuniform finite difference grid.
Let’s develop nonuniform finite difference approximations ofj~xx and j?yy for this nonuni-
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(i-l,j)

Figure 9.18

Y
, (i,j+l)

Ay+

Ax+

Ay_

(i,j-1)

(i+~ ,j) 

Finite difference grid for a nonuniform grid.

form grid. Let the grid increments be denoted by Ax+ and A_y+. First consider the finite
difference approximation Of)x~li,j. Writing Taylor series forf+~,y and~/_~,j gives

L I,j = ~i,j ~- ft’x[i,j l~¢ + -~- ½}xxli,j ~ -~- ~xxx[i,j l~¢3+ -~- " " " (9.78)

~i-l,j =~ii,j --~xli,j AX_ A~-½}xxli,j 1~_ --~¢xxxli,j ~3__ _1_... (9.79)

Multiplying Eq. (9.78) by Ax_ and Eq. (9.79) by Ax+ and adding the results gives

~x_ ~/+,,j + ~+~/_,,j = (ax+ + ~x_~,~. + ½(~x_ + ~+ + ~+ ~-)Lli,s
q-A(Ax_ Ax3+ - Ax+ _)fxxxli,j (9.80)

Solving Eq. (9.80) forj~li,j gives

2ax+ - ?(~-_+~+2}~1,.~ = (~_ ~+ + ~x+ ~x~_)fi-w (~_
2Ax_ - 1

+ (Ax_ AxZ+ + Ax+ Ax2_)f+’’j - ~(Ax+ - Ax_)~xx~({) (9.81)

where xi_~ < ~ < x_i+~. Truncating the remainder term yields the first-order centered-space
approximation off~ ]i j, denoted by f~x

2
fxxli,j -- (AX_ Ax2+ -~- Ax+ Ax2_)fi-l’j

2Ax
+ (~_ ~+ +~,+ axe)f’ +’,~

2(Ax_ -t- Ax+) 
(Ax_ Z~,X2q_ JI- ~,Xq= AX2_)Ji’j

(9.82)

Repeating these steps fOrfyyJi,j yields

2Ay+ 2(Ay_+Ay+) . it.
f~li,~ = (ay_ a~+ + ay+ aE_)£,/-’ - (&_ zx~+ + zXy+

2Ay_
+ (zXy_ a~ + ,~y+ zXy~_)fu-~ (9.83)

Equations (9.82) and (9.83) are formally first-order approximations. However, as shown 
Eq. (9.81), the leading truncation error term Contains the difference of Ax+ and Ax_, which
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is significantly smaller than Ax+ or Ax_ themselves. Consequently, while not formally
second order, Eqs. (9.82) and (9.83) generally yields results which approach second order.

Example 9.9. Solution of the heat diffusion problem with internal energy generation
for a nonrectangular domain

As an example of a problem with a nonrectangular boundary, let’s consider a circular
electrical conductor with internal energy generation due to electrical resistance heating. As
discussed in Section 9.8, this problem is governed by the Poisson equation:

T~ + Tyy ÷ ~ = 0 (9.84)

For a circular conductor, Eq. (9.84), expressed in cylindrical coordinates, 

l ~(rTr)+- ~ 0 (9.85)

Let’s assume that the internal energy generation is specified by the relationship

~ = A(1.0- 0.9~) (9.86)

where A = 400 J/cm3-s and the radius of the conductor is R = 1.0 cm. The thermal
conductivity of the conductor is k = 0.4 J/cm-s-C. The exact solution of Eq. (9.85) 
given by

T(r) (r2-1) (r~9 1=~ - ~
0.9 (9.87)

For the specified values of ~ and k, Eq. (9.87) gives

T(r) = 250(1 - - 100(1 (9.88)r2) ?.3)

Equation (9.84), expressed in Cartesian coordinates, 

Txx + Tyy + ~ = 0 (9.89)

Superimposing a rectangular finite difference grid on the quarter-round physical space
leads to the problems discussed relative to Figure 9.17b. This problem obviously should be
solved using Eq. (9.85). However, let’s solve Eq. (9.89) to illustrate the application 
nonuniform finite difference approximation on a nonrectangular grid (i.e., a circular
boundary in a rectangular space). Substituting Eqs. (9.82) and (9.83) into Eq. (9.89) 
the desired FDE:

X~jTi+l,j - 2A°i,)ri,j + AT, jTi_L) + B~jTi,j+~ - 2B~,jTi,j + B~,jri,j_~ + ~ = 0

(9.90)

where the coefficients, A~j, etc., are defined as the corresponding coefficients in Eqs.
(9.82) and (9.83).
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Let kx = Ay = 0.25 cm. The resulting solution domain and finite difference grid are
illustrated in Figure 9.19. The values of Ax and Ay between the grid points adjacent to the
circular boundary are noted on the figure. For the present problem, Q/k is given by

0 400(1.0 0~r)=1000(1.0 (9.91)k 0.4

Due to symmetry about the x and y axes, Eq. (9.90) can be applied there by setting
Ti_l,j = Ti+~,j along they axis and T/,j_~ = T/,j+~ along thex axis. Applying Eq. (9.90) 
the 15 unknown points in Figure 9.19 yields the following system of FDEs:

32.0000T2~

32.0000T22 + 16.0000T~3

32.0000T23 + 16.0000T~4

32.0000T24 q- 16.0000(0)

16.0000T31 + 32.0000T22

16.0000T32 + 16.0000T23 + 16.0000T~2

16.0000T33 + 16.0000T24 + 16.0000T~3

16.0000T34 + 19.5709(0) + 16.0000T~4

16.0000T4~ + 32.0000T32

16.0000T42 + 16.0000T33 + 16.0000T22

+ 32.0000T12 - 64.0000Tll

+ 16.0000T11 - 64.0000T~2

+ 16.0000T~2 -- 64.0000T~3

+ 16.0000T~3 - 64.0000T~4

+ 16.0000T~1 - 64.0000T2~

+ 16.0000T2~ - 64.0000Tzz

+ 16.0000T22 - 64.0000T23

+ 17.0850T23 - 68.6559T24

+ 16.0000T2~ - 64.0000T31

+ 16.0000Tsl - 64.0000T32

16.0000T43 + 16.0000T34 + 16.0000T23 + 16.0000T23 - 64.0000T33

30.1107(0) + 47.0940(0) + 19.4440T~4 + 21.8564T33 - 118.5051 T34

16.0000(0) + 32.0000T42 + 16.0000T31 - 64.0000T41

19.5709(0) + 16.0000T43 + 17.0850T32 + 16.0000T4~ -68.6559T42

47.0940(0) + 30.1107(0) + 21.3564T33 + 19.4440T4~ - 118.5051 

= -1000.0000

=-775.0000

= -550.0000

= -325.0000

= -775.0000

= -681.8019

= -496.8847

= -288.4875

= -550.0000

= -496.8847

= -363.6039

= -188.7510

= -325.0000

= -288.4875

= -188.7510

(9.92)

Equation (9.92) is the system equation for this problem.. Solving Eq. (9.92) by the 
method with an absolute convergence tolerance of 0.00000! yields the results presented in
Table 9.11.

Repeating the solution with Ax = Ay = 0.125cm yields the results presented in
Table 9.12, which presents the solution only at the common grid points of the two grids.
Comparing Table 9.11 with Table 9.9 and Table 9.12 with Table 9.10 shows that the errors
for the nonrectangular domain are comparable to the errors for the rectangular domain.

Comparing the errors in Tables 9.11 and 9.12 shows that the method is behaving
second order.

9.10.2 Transformed Grids

The governing differential equations of engineering and science are generally derived and
expressed in a Cartesian (i.e., rectangular) coordinate system. All the examples considered
in Chapters 9 to 11 are expressed in Cartesian coordinates.

Finite difference methods for solving differential equations require that the contin-
uous physical space be discretized into a uniform orthogonal computational space. The
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Figure 9.19 Finite difference grid for the quarter-round space.

Table 9.11 Solution of the Heat Diffusion Problem for a Nonrectan-
gular Domain on a 5 × 5 Grid

T(x, y), 
~(x, y), 

E~or(x, y) [T(x, y) - ~(xy)], 

y, cm x = 0.0cm x = 0.25cm x=O.5Ocm x = 0.75cm

0.75 52.3761 43.6732 20.0274
51.5625 43.1606 20.1128
0.8136 0.5126 -0.0854

0.50 101.8453 90.8093 61.0997 20.0274
100.0000 89.3443 60.3553 20.1128

1.8453 1.4650 0.7444 0.0854
0.25 139.0117 125.5637 90.8093 43.6732

135.9375 123.1694 89.3443 43.1606
3.0742 2.3943 1.4650 0.5126

0.00 154.6367 139.0117 101.8453 52.3761
150.0000 135.9375 100.0000 51.5625

4.6367 3.0742 1.8453 0.8136
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Table 9.12 Solution of the Heat Diffusion Problem for a Nonrectan-
gular Domain on a 9 × 9 Grid

r(x, y), 
Error(x, y) [T(x, y)- ~(xy)], 

y, cm x = 0.0 cm x = 0.25 cm x = 0.50 cm x = 0.75 cm

0.75 51.7754 43.3193 20.1659
0.2129 0.1587 0.0531

0.50 100.4552 89.7267 60.5859 20.1659
0.4552 0.3824 0.2306 0.0531

0.25 136.6561 123.7572 89.7267 43.3193
0.7186 0.5878 0.3824 0.1587

0.00 151.0689 136.6561 100.4552 51.7754
1.0689 0.7186 0.4552 0.2129

application of boundary conditions requires that the boundaries of the physical space fall
on coordinate lines of the coordinate system. Accurate resolution of the solution requires
that grid points be clustered in regions of large gradients. Economy requires that grid
points be spread out in regions of small gradients. These requirements are generally
incompatible with a Cartesian coordinate system.

As an example, consider the physical space illustrated in Figure 9.20, which is
bounded by the four boundaries x = X1, x = X2, y = 0, and y = Y(x), in which the
function f(x, y) is governed by a partial differential equation. Assume that the x gradient
(i.e., fi) is much larger near x = 0 than at any other location. Superimposing a uniform
orthogonal Cartesian grid on the physical space, as illustrated in Figure 9.20, leads to the
following problems:

1. The upper boundary of the physical space [i.e., the y = Y(x) boundary] does not
fall on a coordinate line (i.e., a line of constant y), so the application 
boundary conditions is difficult.

2. The grid spacings adjacent to the upper boundary are not uniform, so centered-
space finite difference approximations (FDAs) are not second-order.

3. In view of the large values offi near x = 0, the tmiform grid spacing in the x
direction (i.e., Ax) is either too large near x = 0 if Ax is chosen based on the
smaller values offx near x = X1 and X2, or too small away from x = 0 if Ax is
chosen based on the larger values offx near x = 0.

I i I I I I I I I I I I I’l ~

I I I I I I 1 I I I I k,~l I I r’-i~l
~ ~ .-"T!. ~’Y(x)

I-"P-,LI I I I.,~11 I I I I I I I I I
I I I~1L,4"I I I I I I I I I I I I

~ IIIIIIII1|1
IIIIIIIII IIIIII LIOx1 l ~

0 X2 x

¯ Figure 9.20 Physical space and a Cartesian grid.
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The first two problems listed above can be eliminated by using the body-fitted clustered
grid illustrated in Figure 9.21 a. However, the grid spacings Ax and Ay are both nonuniform
everywhere, and the grid is not orthogonal. This problem can be eliminated by
transforming the nonuniform nonorthogonal physical space illustrated in Figure 9.21a
into the uniform orthogonal computational space illustrated in Figure 9.21b.

The transformation relating the physical space xy and the computational space Cn is
specified by the direct transformation:

= ~(x,y) and n ---- n(x,y) (9.93)

The transformation from computational space ~n to physical space xy is specified by the
inverse transformation:

x = x(~, n) and Y = Y(~, (9.94)

The determination of the coordinate transformation is called grid generation.
Once the coordinate transformation has been determined, the differential equations

must be transformed from physical space xy to computational space Cn. For example,
consider the first-order PDE:

a~x+b =c (9.95)

Equation (9.95) is transformed from physical space xy to computational space ~n 
applying the chain rule for partial derivatives. Thus,

of ofo~ 0fan_ of of
Ox - O~ Ox~ On Ox {x-~ + nx-~q

(9.96)

of of o¢ ~ of on_ of of
Oy -- O~ Oy On Oy ~y ~ -t- ny ~

(9.97)

where the derivatives ~x, ~y, nx, and ?~y are the metrics of the direct transformation.
Substituting Eqs. (9.96) and (9.97) into Eq. (9.95) yields the transformed PDE. 

of of(a~x + b~y) ~-~ + (anx + bny) -~q (9.98)

’qmax
Y

Ox1 0 X2 ~

(a) Physical space.

Figure 9.21 Body-fitted coordinate system.

11 F~max

(b) Computational space.
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Equation (9.98) is solved in the uniform orthogonal computational space, ~q, using
second-order centered-difference finite difference approximations (FDAs).

The advantages of transforming the differential equations to a body-fitted uniform
orthogonal computational space are:

1. The boundaries of the physical space fall on coordinate lines of the computa-
tional space, so boundary conditions can be implemented accurately and easily.

2. The finite difference approximations of the exact partial derivatives are obtained
on a uniform orthogonal grid.

3. Grid points can be clustered in regions of large gradients and spread out in
regions of small gradients.

The most significant disadvantage is that the transformed PDEs are more complicated, so
the resulting finite difference equations (FDEs) are also more complicated.

The book by Thompson et al. (1985) presents a thorough discussion of the
transformed space concept.

9.11 NONLINEAR EQUATIONS AND THREE-DIMENSIONAL PROBLEMS

The partial differential equations considered so far in this chapter are linear (i.e., the
Laplace equation and the Poisson equation). Consequently, the corresponding finite
difference equations are linear. All the examples considered so far are for two-dimensional
problems. Some of the problems that arise for nonlinear partial differential equations and
for three-dimensional problems are discussed briefly in this section.

9.11.1 Nonlinear Equations

When a nonlinear elliptic partial differential equation is solved by finite difference
methods, a system of nonlinear finite difference equations results. Several approaches
can be used to solve the system of nonlinear equations.

Two procedures are presented in Section 8.7 for solving the systems of nonlinear
finite difference equations that arise when one-dimensional boundary-value problems are
solved by the equilibrium method:

1. The iteration method
2. Newton’s method

In the iteration method, the finite difference equations are linearized, and the system
of linearized finite difference equations is solved by an iterative technique, such as SOR.
This approach can be extended to solve nonlinear elliptic partial differential equations in
two or three space dimensions. This approach involves a. two-step procedure. Step 1
involves the evaluation of the nonlinear coefficients in the system of finite difference
equations, based on the current estimate of the solution. These coefficients are updated
periodically, typically by under-relaxation. Step 2 involves the solution of the system of
linearized FDEs by an iterative technique. Steps 1 and 2 are repeated until the system of
nonlinear FDEs converges to the desired tolerance. It is not necessary to solve the
linearized equations to a small tolerance during the early stages of the overall two-step
procedure. As the two-step procedure approaches convergence, the tolerance of the linear
equation solver should be decreased towards the desired final tolerance.
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In Newton’s method, the solution f(x, y) is assumed to be the solution of a trial
function F(x, y) and a small perturbation t/(x, y). Thus,"

f(x, y) = V(x, y) + q(x, (9.99)

This expression is substituted into the nonlinear PDE, and nonlinear terms involving q and
its derivatives are neglected. A linear elliptic PDE for q(x,y) is obtained, which has
q(x,y) = 0.0 on the boundaries. This linear elliptic PDE can be solved by the method
presented in Section 9.4 or 9.6 for t/(x, y). Adding this solution for t/(x, y) F(x, y) yields
an improved approximation forf(x,y). This procedure is repeated to convergence.

The multigrid method discussed by Brandt (1977) can be applied directly to solve
nonlinear elliptic partial differential equations. Unfortunately, this method is beyond the
scope of this text. Any serious effort to solve nonlinear elliptic PDEs should consider the
multigrid method very seriously. It works equally well for linear and nonlinear PDEs and
for one-, two-, or three-space dimensions. The book by Hackbusch (1980) presents 
comprehensive discussion of the multigrid method.

9.11.2 Three-Dimensional Problems

Three-dimensional problems can be solved by the same methods that are used to solve
two-dimensional problems by including the finite difference approximations of the exact
partial derivatives in the third direction. The major complication is that the size of the
system of FDEs increases dramatically. The efficient solution of nonlinear three-dimen-
sional elliptic PDEs is beyond the scope of this book. The multigrid method can be applied
to three-dimensional problems. It is probably the most efficient procedure for solving
three-dimensional elliptic PDEs, both linear and nonlinear.

9.12 THE CONTROL VOLUME METHOD

All the methods presented so far in Chapter 9 are based on the finite difference approach.
The control volume approach is introduced in this section. The control volume approach is
especially useful for problems where interfaces exist between regions having different
physical properties. The control volume approach is based on flux balances on a finite
control volume instead of the governing partial differential equations.

To illustrate the control volume approach, let’s apply it to solve the heat diffusion
problem presented in Section 9.1. The continuous physical domain D(x,y) is first
discretized into a discrete finite difference grid, as illustrated in Figure 9.5. Four cells
surround grid point (i, j). A finite size control volume is drawn around each grid point, 
illustrated in Figure 9.22 by the dashed lines. For simplicity, the grid points are denoted by
the single subscripts 0 to 8. Two heat fluxes//cross the boundaries of the control volume in
each cell, and a total of eight heat fluxes cross the boundary of the control volume. At
steady state, the net heat flux into the control volume is zero. Thus,

~15 ~- t~18 "-~ ~25 "~ ~26 -- ~36 -- ~37 -- ~47 -- ~48 ~- 0 (9.100)

The heat flux ~ is specified by Fourier’s law of conduction:

OT
~ = -kA-- (9.~01)On
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6
j+l -t

Figure 9.22

Cell 2 ....
I ....

~ 0

~38 ---~

2

Cell 1

Control volume discretization.

where OT/On denotes the temperature gradient in the direction normal to a face of the
control volume, k is the thermal conductivity of the substance, A is the area across which
heat flows, and the negative sign arises because heat flows in the direction opposite to the
sign of the temperature gradient. Note that the thermal conductivity k can vary from cell to
cell in this approach. Expressions must be derived for the eight heat fluxes in terms of the
temperatures at the nine grid points.

The eight heat fluxes depend on the temperature gradients at the midpoints of the
eight segments of the control volume boundary illustrated in Figure 9.22. Thus, the
temperature gradients at these eight points must be approximated. That is accomplished by
developing an interpolating polynomial for each cell and differentiating the interpolating
polynomials to determine OT/On at the midpoints of the eight segments.

Consider cell 1 in Figure 9.22. Assume an interpolating polynomial of the following
form:

T(x, y) = a + bx + cy + dxy (9.102)

Let the origin of the local coordinate system be at grid point 0. Thus, point 1 is at (Ax, 0),
point 2 is at (0, Ax), and point 5 is at (Ax, Ay). Substituting the four values of T at points 
1, 2, and 5 into Eq. (9.102) gives

TO = a (9.103a)

T1 = a + b Ax (9.103b)

T2 : a + c Ay (9.103c)

T5 = a + b Ax+c Ay+d AxAy (9.103d)
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Solving Eq. (9.103) by Gauss elimination gives

T(x’ y) = T° + (~---)x + (T~A~°)Y + Ts -T1- T2)xy~x--A~ (9.104)

Heat flux ~q5 is evaluated by differentiating Eq. (9.104) with respect to x and
evaluating the result at (Ax/2, Ay/4). Thus,

OT(x,y) (fL_~) + Ts - Tt - T2. ) (9.105)--0-~=
+ ~-~-~ y

OT(&x/2, Ay/4)Oy

= (~--~-) + (T° + Ts - T1- Ay-Ax-A~ ~-= 3(T1- T°) + Ts - T24 Ax

(9.106)

Substituting Eq. (9.106) into Eq. (9.101), where Ay/2, gives

0~s = - ~ [3(iq - To) + rs - T~] (9.107)

In a similar manner,

3T(~/4, Ay/2) {T2 - To~ {To + T5 - T,- r2~ ~ 3(T2 - To)+ 5 - T1

(9.109)

Equations (9.107) and (9.110) speci~ the ~o heat fluxes in cell 1. Applying the 
pmced~e to cells 2, 3, ~d 4 yields the other six heat fl~es at the surface of the con~ol
volume. Thus,

q~6 = - [3(r: - to) + r6 - r3] (9.~ 1~)

q~ = - ~ [3(ro - r~) + r~ - r~] (9. 

q37 ~ --(~)[3(Zo -- Z3)~ ~4- (~.113)

q4v = - [3(To - T4) + T3 - TT] (9.114)

q4s = - [3(ro - v4) + r~ - rs] (9.1~5)

q18 = -- ~ [3(~1 --To)+T~--T4] (9.116)
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)

)
Figure 9.23 Computational stencil for the control volume method.

Substituting Eqs. (9.107), (9.110), and (9.111) to (9.116) into Eq. (9.100), 
terms, and simplifying yields the control volume approximation of the heat diffusion
equation:

2(3 - J~Z)(T~ + T3) + 2(3/~2 - 1)(T2 + T4) + (f12 + 

×(2" 5+T6+T7+T8)- 12(j~ 2+ 1)T 0 =0 (9.117)

where ~ = Ax/Ay is the grid aspect ratio. For unity grid aspect ratio (i.e., /3 = 1), Eq.
(9.117) becomes

[ 2(T1+ T2 + T3 + T4) + (Ts + T6 + T7 + T~) -12To = (9.118)

The computational stencil corresponding to Eq. (9.118) is illustrated in Figure 9.23.

Example 9.10. Solution of the heat diffusion problem by the control volume method

Table 9.13 Solution of the Heat Diffusion Problem by the Control Volume
Method

y~ cm

r(x, y), 
Error(x, y) IT(x, y) - f (xy)], 

Ax = Ay = 2.5 cm, 5 x 7 grid Ax -- zXy = 1.25 cm, 9 x 13 grid

x= 2.5cm x = 5.0cm x = 2.5cm x = 5.0cm

12.5 31.561725 44.635020 3.062060 45.343460
-0.668055 -0.944771 -0.167720 -0.236331

10.0 14.073316 19.902674 14.518283 20.533330
-0.599724 -0.848138 -0.154757 -0.217482

7.5 6.243305 8.829366 6.535827 9.244523
-0.398999 -0.564271 -0.106477 -0.149114

5.0 2.698021 3.815578 2.861504 4.047952
-0.225852 -0.319403 -0.062369 -0.087029

2.5 1.004366 1.420389 1.075579 1.521725
-0.099308 -0.140442 -0.028095 -0.039106
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Let’s solve the heat diffusion problem presented in Section 9.1 by the control volume
method for the 5 x 7 grid illustrated in Figure 9.7, for which /~ = 1.0. Applying Eq.
(9.118) at every point in the finite difference grid yields a system of equations similar 
Eq. (9.27) and a system equation similar to Eq. (9.28). The solution and the errors, which
were obtained by applying the SOR method to solve the system equation, are tabulated in
Table 9.13. The results for a 9 x 13 grid are also presented. Comparing these results with
the results obtained by the five-point method, which are presented in Table 9.2 in Example
9.1, shows that the errors are a little larger for the control volume method. Comparing the
errors for the 5 x 7 and 9 x 13 grids in Table 9.13 shows that the method is second order.

9,13 PROGRAMS

Three FORTRAN subroutines for solving the Laplace equation and the Poisson equation
are presented in this section:

1. The five-point method tbr the Laplace equation with Dirichlet BCs
2. The five-point method for the Laplace equation with Neumann BCs
3. The five-point method for the Poisson equation with Dirichlet BCs

The basic computational algorithms are presented as completely self-contained
subroutines suitable for use in other programs. Input data and output statements are
contained in a main (or driver) program written specifically to illustrate the use of each
subroutine.

9.13.1 The Five-Point Method for the Laplace Equation with Dirichlet BCs

The Laplace equation is given by Eq. (9.7):

f= +fyy = 0 (9.119)

When Dirichlet (i.e., specified f) boundary conditions are imposed, those values must 
specified at the boundary points. That type of boundary condition is considered in this
section. The second-order centered-space approximation of Eq. (9.119) is given by Eq.
(9.22):

2 2 "~
fi+l,j + [~ fi,j+l +f/-1,j -~- fi fi,j-1 -- 2(1 + fl’)f,j = 0 (9.120)

where fl is the grid aspect ratio, fl = Ax/Ay.
A FORTRAN subroutine, subroutine pdel, for solving the system equation arising

from the application of Eq. (9.120) at every point in a rectangular finite difference grid 
presented in Program 9.1. The system equation is solved by successive-over-relaxation. A
value for the over-relaxation factor ~o must be specified. Program main defines the data set
and prints it, calls subroutine pdel to implement the solution, and prints the solution.

Program 9.1. The five-point method Laplace equation solver with Dirichlet BCs
program

program main

c main program to illustrate Laplace (Poisson) equation solvers

c nxdim x-direction array dimension, nxdim = 9 in this program
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c

c

c

c

c

c

c

c

c

c

c

c

c

c

c

i000

I010

nydim

imax
jmax

iw

ix

x

Y
f

fx

fxy

dx, dy

i ter

tol

y-direction array dimension, nydim = 13 in this program

number of grid points in the x direction

number of grid points in the y direction

intermediate results output flag: 0 none, i all

output increment: 1 every point, n every nth point
x direction array, x(i,j)

y direction array, y(i,j)

solution array, f(i,j)

right-hand side derivative boundary condition

nonhomogeneous term in the Poisson equation

x-direction and y-direction grid increments

maximum number of iterations

convergence tolerance

omega sor overrelaxation factor

dimension x(9,13) ,y(9~13) ,f(9,13)

data nxdim, nydim, imax, jmax, iw, ix / 9, 13, 5, 7, 0, 1 /

data (f(i,l),i=l,5)/0.0, 70. 71067812,100.0, 70. 71067812,0.0/

data (f(i,7),i=l,5) / 0.0, 0.0, 0.0, 0.0, 0.0 
data (f(l,j),j=2,6) / 0.0, 0.0, 0.0, 0.0, 0.0 

data (f(5, j),j=2,6) / 0.0, 0.0, 0.0, 0.0, 0.0 

data fx, fxy / 0.0, 0.0 /

data dx, dy, iter, tol,omega/2.5, 2.5, 25, 1.0e-06, 1.23647138/

initialize interior points to 0.0 and print initial values

do i=2, imax-i

do j=2, jmax-i

f(i,j)=O.O

end do

end do

write (6, 1000)
if (iw. eq.l) then

do j=l, jmax, ix

write (6,1010) (f(i,j),i=l,imax, 

end do

end if

solve the pde and print the solution

call pdel (nxdim, nydim, imax, jmax, x, y, f, fx, fxy, dx, dy, i ter, tol,

1 omega, iw, ix)

do j=l, jmax, ix

write (6,1010) (f(i,j),i=l,imax, 

end do

stop
format (" Laplace equation with Dirichlet BCs’/’ ’)

format (5f12.6)

end

subrou fine pdel (nxdim, nydim, imax, jmax, x, y, f, fx, fxy, dx, dy,

1 iter, to1, omega, iw, ix)

Laplace equation solver with Dirichlet BCs

dimension x (nxdim, nydim), y(nxdim, nydim), f (nxdim, nydim)

beta2= ( dx/dy) * 

d=2. 0* (i. O+beta2 

do it=l,iter
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dfmax= O. 0

do j=2,jmax-I

do i=2, imax-i
dr= (f (i +l, j) +be~a2*f (i, j+l) +f (i-l, j) +beta2*f (i, 

-d*f(i,j))/d

if (abs (dr) .gt. dfmax) dfmax=df

f (i, j) =f (i, j ) +omega 

end do

end do

if (iw. eq.l) then

do j=l, jmax, ix

write (6,1000) (f(i,j),i=l,imax, 

end do

end i f

if (dfmax.le.tol) then

write (6,1010) 
return

end if

end do

write

return

(6, 1000) iter

I000 format (5f12.6)
1010 format (’

1020 format (’

end

The solution has converged, it = ’,i3/" ")
The solution failed to converge, iter = ",i3/" ")

The data set used to illustrate subroutine pdel is taken from Example 9.1. The output
generated by the program is presented in Output 9.1.

Output 9.1. Solution of the Laplace equation with Dirichlet BCs by the five-point
method

Laplace equation with Dirichlet BCs

The solution converged, it = 14

0.000000 70.710678 I00.000000 70.710678 0.000000
0.000000 33.459590 47.319006 33.459590 0.000000
0.000000 15.808676 22.356844 15.808676 0.000000
0.000000 7.418270 10.491019 7.418271 0.000000
0.000000 3.373387 4.770590 3.373387 0.000000

0.000000 1.304588 1.844967 1.304589 0.000000
0.000000 0.000000 0.000000 0.000000 0.000000

9.13.2 The Five-Point Method for the Laplace Equation with Neumann BCs

When Neumann boundary conditions are imposed, a finite difference equation based on
that boundary condition must be solved at the boundary points. Equation (9.57) presents
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the relevant FDE for a derivative boundary
rectangular domain:

condition on the

Chapter 9

right-hand side of a

2 2
fl2f/,j+l q- 2f/-1,j -~- fl ~/j-I- 2(1 +fl )f/d = -2a~xl/gAx (9.121)

Subroutinepdel presented in Section 9.13.1 can be modified to include the derivative BC
on the fight-hand side simply by solving Eq. (9.121) for f(imax,j)(j = 2,jmax- 
Similar procedures can be implemented on the other three sides of a rectangular domain.

A FORTRAN subroutine, subroutine pde2, for implementing the system equation
arising from the application of Eq. (9.120) at every interior point in a rectangular finite
difference grid and Eq. (9.121) at every fight-hand side boundary point is presented 
Program 9.2. Only the statements which are different from the statements inprogram main
and program pdel in Section 9.13.1 are presented. Program main defines the data set and
prints it, calls subroutine pde2 to implement the solution, and prints the solution.

Program 9.2. The five-point method Laplace equation solver with Neumann BCs
program

c

program main

main program to illustrate Laplace (Poisson) equation solver

data nxdim, nydim, imax, jmax, iw, ix / 9, 13, 3, 7, 0, 1 /

data (f(i,l),i=l,3) / 0.0, 70.71067812, 100.0 

data (f(i,13),i=l,5) / 0.0, 0.0, 0.0, 0.0, 0.0 

data (f(l,j),j=2,12) / 0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0. 

data (f(5,j),j=2,12) / 0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0. 

data dx, dy, iter, tol,omega /2.5, 2.5, 25, 1.0e-06, 1.23647138/

call pde2 (nxdim, nydim, imax, jmax, x, y, f, fx, fxy, dx, dy, i ter, tol,

1 omega, iw, ix)

1000 format (" Laplace equation with Neumann BCs’/" "]

end

subroutine pde2 (nxdim, nydim, imax, jmax, x, y, f, fx, fxy, dx, dy,

1 iter, tol, omega, iw, ix)

Laplace equation solver with Neumann BCs

do i=2, imax

if (i.lt.imax) then
df= (f (i +l, j) +beta2*f (i, j+l) +f (i-l, j) 

1 *f(i, j-l)-d*f(i, j) 

else

df=(beta2*f (i, j+l) +2. O*f (i-l, j) +beta2*f (i, 

1 -d*f (i, j) +2. O*fx*dx)/d

end if

end do

The data set used to illustrate subroutine pde2 is taken from Example 9.5. The output
generated by the program is presented in Output 9.2.
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Output 9.2. Solution of the Laplace equation with Neumann BCs by the five-point
method

Laplace equation with Neumann BCs

The solution has converged, it = 14

0.000000 70.710678 100.000000

0.000000 33.459590 47.319006
0.000000 15.808676 22.356844
0.000000 7.418270 10.491019
0.000000 3.373387 4.770690
0.000000 1.304589 1.844967
0.000000 0.000000 0.000000

9.13.3 The Five-Point Method for the Poisson Equation with Dirichlet BCs

The Poisson equation is given by Eq. (9.8):

fxx + fy~ = F(x,y) (9.122)

where F(x, y) is the nonhomogeneous term. The second-order centered-space approxima-

tion of Eq. (9.122) is given by Eq. (9.120) with the term kx2F/,j included:

fi+l,j q- fl2fi,j+l -Jc fi-l,j q- fl2fi,j-1 -- 2(1 + fl2)fi, j = Z~V2 Fi, j (9.123)

where//is the grid aspect ratio, fl = Ax/Ay. Subroutinepdel presented in Section 9.13.1
for solving the Laplace equation includes the nonhomogeneous term F(x, y). Conse-
quently, that subroutine also solves the Poisson equation. The only difference is that the
variable specifying the value of the nonhomogeneous term fxy must be specified.

A FORTRAN subroutine, subroutine pde3, for implementing the system equation
arising from the application of Eq. (9.123) at every point in a rectangular finite difference
grid is presented in Program 9.3. Only the statements which are different from the
statements in program main and program pdel in Section 9.13.1 are presented. Program
main defines the data set and prints it, calls subroutinepde3 to implement the solution, and
prints the solution.

Program 9.3. The five-point method Poisson equation solver with Dirichlet BCs
program

c

I000

program main
main program to illustrate Laplace (Poisson) equation solvers

data fx, fxy / 0.0, -1000.0 /
data dx, dy, iter, Col, omega /0.25, 0.25, 25,1. 0e-06,1.23647138/
cal i pde3 (nxdim, nydim, imax, jmax, x, y, f, fx, fxy, dx, dy, i ter, tol,

1 omega, iw, ix)

format (’ Poisson equation with Dirichlet BCs’/’ ")
end

subroutine pde3 (nxdim, nydim, imax, jmax, x,y,f, fx, fxy, dx, dy,
1 iter, tol,omega, iw, ix)
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Poisson

1
end

equation solver with Dirichlet BCs

dr= ( f (i +l, j ) +beta2*f (i, j+l) +f (i-l, j ) +beta2*f (i, 

-d* f ( i , j) -fxy*dx* *2)/d

The d~a set used toillustrate subrou6ne pde3 is takenfromExample 9.6. The output
generated by the program is presen~d in Output9.3.

Output 9.3. Solution of the Poisson equation with Dirichlet BCs by the five-point
method

Poisson equation with Dirichlet BCs

The solution has converged, it = 17

0.000000 0
0.000000 48
0.000000 68
0.000000 74
0.000000 68
0.000000 48
0.000000 0

000000 0.000000 0.000000 0.000000
462813 62.407953 48.462813 0.000000

943299 90.206185 68.943299 0.000000

604197 98.030191 74.604197 0.000000

943299 90.206186 68.943299 0.000000

462813 62.407953 48.462813 0.000000

000000 0.000000 0.000000 0.000000

The Poisson equation solver can be extended to account for Neumann (i.e.,
derivative) BCs in the manner described in Section 9.13.2 for the Laplace equation solver.

9.13.4 Packages for Integrating the Laplace and Poisson Equations

Numerous libraries and software packages are available for integrating the Laplace and
Poisson equations. Many work stations and main frame computers have such libraries
attached to their operating systems.

Many commercial software packages contain algorithms for integrating the Laplace
and Poisson equations. Due to the wide variety of elliptic PDEs governing physical
problems, many elliptic PDE solvers (i.e., programs) have been developed. For this reason,
no specific programs are recommended in this section.

9.14 SUMMARY

The numerical solution of elliptic partial differential equations by finite difference methods
is discussed in this chapter. Elliptic PDEs govern equilibrium problems, which have no
preferred paths of information propagation. The domain of dependence and range of
influence of every point is the entire closed solution domain. Such problems are solved
numerically by relaxation methods. The two-dimensional Laplace equation is considered
as the model elliptic PDE in this chapter.

Finite difference methods, as typified by the five-point method, yield a system of
finite difference equations, called the system equation, which must be solved by relaxation
methods. The successive-over-relaxation (SOR) method is generally the method of choice.
The multigrid method (Brandt, 1977) shows the best potential for rapid convergence.

Nonlinear partial differential equations yield nonlinear finite difference equations.
Systems of nonlinear FDEs can be extremely difficult to solve. The multigrid method can
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be applied directly to nonlinear PDEs. Three-dimensional PDEs are approximated simply
by including the finite difference approximations of the spatial derivatives in the third
direction. The relaxation techniques used to solve two-dimensional problems generally can
be used to solve three-dimensional problems, at the expense of a considerable increase in
computational effort.

After studying Chapter 9, you should be able to:

1. Discuss the general features of elliptic PDEs
2. Recognize the Laplace equation and the Poisson equation
3. Explain the general features of the Laplace equation and the Poisson equation
4. Describe the three types of boundary conditions applicable to PDEs
5. Discretize a continuous physical space into a discrete finite difference grid
6. Develop finite difference approximations (FDAs) of the individual exact partial

derivatives appearing in PDEs
7. Develop a finite difference approximation of an elliptic PDE
8. Determine the order of a FDA of an elliptic PDE
9. Apply the five-point method to solve the Laplace equation and the Poisson

equation
10. Develop the system equation for the finite difference approximation of an

elliptic PDE
11. Express the system equation in matrix form
12. Discuss the advantages and disadvantages of both direct methods and iterative

methods for solving the system equation
13. Solve the system equation by Gauss elimination
14. Solve the system equation by successive-over-relaxation (SOR)
15. Explain the importance of the optimum overrelaxation factor (Dopt
16. Apply the modified differential equation concept to develop the MDE

corresponding to the finite difference approximation of an elliptic PDE
17. Determine the consistency of a FDE from the MDE
18. Determine the order of a FDE from the MDE
19. Determine if a finite difference method is convergent
20. Apply derivative boundary conditions for an elliptic PDE
21. Apply the compact fourth-order method to solve an elliptic PDE
22. Apply the extrapolation method to solve an elliptic PDE
23. Develop unequally spaced FDAs of partial derivatives
24. Solve an elliptic PDE on a nonrectangular domain
25. Explain the complications that arise in the finite difference solution of

nonlinear PDEs
26. Suggest some approaches for solving nonlinear elliptic PDEs
27. Explain the complications that arise in the finite difference solution of three-

dimensional problems
28. Suggest some approaches for solving three-dimensional problems
29. Explain the control volume concept
30. Apply the control volume concept to solve an elliptic PDE
31. Choose a method for solving a linear elliptic PDE and implement the method

to obtain a numerical solution
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EXERCISE PROBLEMS

Section 9.1 Introduction

1. Consider the two-dimensional Laplace equation, 9~ +j~yy = 0. Classify this
PDE. Determine the characteristic curves. Discuss the significance of these
results as regards domain of dependence, range of influence, signal propagation
speed, auxiliary conditions, and numerical solution procedures.

2. Develop the exact solution of the heat diffusion problem presented in Section
9.1, Eq. (9.2).

3. By hand, calculate the exact solution for T(5.0, 12.5).

Section

4.

9.3 The Finite Difference Method

Develop the second-order centered-space approximations for ~ and j~yy, Eqs.
(9.16) and (9.18), respectively, including the leading truncation error terms.
Develop a second-order centered-space approximation of the mixed partial
derivative]~y for the finite difference grid illustrated in Figure 9.5.

Section 9.4 Finite Difference Solution of the Laplace Equation

6. Develop the five-point finite difference approximation of the Laplace equation
for (a) Ax = Ay, and (b) Ax/Ay = fl¢ 1.

7. *Solve the heat diffusion problem presented in Section 9.1 by hand using the
five-point method with A~c = Ay = 5.0 cm using Gauss elimination. Compare
the results with the exact solution in Table 9.1.

8. Solve the heat diffusion problem presented in Section 9.1 by hand using the
five~point method with Ax = Ay = 2.5 cm using Gauss elimination. Compare
the results with the exact solution in Table 9.1. Compare the errors and the
ratio of the errors with the results of Problem 7.

9. *Modify the heat diffusion problem presented in Section 9.1 by letting
T----0.0C on the top boundary and T= 100.0C on the right boundary.
Solve this problem by hand using the five-point method with Ax = Ay =
5.0 cm using Gauss elimination.

10 Modify the heat diffusion problem pres.ented in Section 9.1 by letting
T= O.OC on the top boundary and T= 100.0C on the right boundary.
Solve this problem by hand using the five-point method with Ax = Ay =
2.5 cm using Gauss elimination.

11. *Consider steady heat diffusion in the unit square, 0.0 < x < 1.0 and
O.O<_y<_ 1.0. Let r(O,y)=r(x,O)-~lOO.O and r(1,y)=T(x, 1)=0.0.
Solve this problem by hand using the five-point method with Ax = Ay =
0.25 using Gauss elimination.

Section 9.5 Consistency, Order, and Convergence

12. Derive the modified differential equation (MDE) for the five-point approxima-
tion of the Laplace equation with Ax = Ay, Eq. (9.25). Discuss consistency
and order of this FDE.
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LaplaceConsider the following finite difference approximations of the
equation:

(a) f/+t,j+l +fi+l,j +fi+l,j-1 +fi,j+l +fi,j-1 -~-f/-1,S+l q-fi-l,s

+f~-w-~ - sf~,s = o (A)
(b) f/+l,j+l + 2f+l,j +f/+l,j-1 + 2f/,j+l + 2f/,j-I +f/-1,j+l

+ 2f_~,j +fi-t,j-~ - 12f,j = 0 (13)

(c) -f+2,: + 16/+Lj --fi,j+2 "~- 16f,j+~ + 16f,S_t --fi,s_2

+ 16f-l,j -f-2¢ - 60f,j = 0 (C)

(d) fi+l,j+l -’[- 4f+l,j -[-f/+l,j-1 + 4f, j+l + 4f/,j-1 +f/-1,j+l

-q- 4f/-l,j + fi-l,j-1 -- 20fi,j ~- 0 (D)

Derive the MDE for each of these FDEs. Discuss consistency and order.

Section 9.6 Iterative Methods of Solution

The Gauss-Seidel Method

14. Solve the heat diffusion problem presented in Section 9.1 by hand using the
five-point method with Ax = Ay __- 5.0 cm using Gauss-Seidel iteration. Iterate
until IATmaxl < s = 1.0.

The Successive-Over-Relaxation (SOR) Method

15. Use the program presented in Section 9.13.1 to solve the Laplace equation in a
rectangle with Dirichlet boundary conditions. Solve the heat diffusion problem
presented in Section 9.1 with Ax = Ay = 5.0 cm and compare the results with
Table 9.1 and Problem 7.

16. Use the program presented in Section 9.13.A to solve the Laplace equation in a
rectangle with Dirichlet boundary conditions. Solve the heat diffusion problem
presented in Section 9.1 with Ax = Ay = 2.5 cm and compare the results with
Tables 9.1 and 9.2 and Problem 8.

17. Solve Problem 16 with co = COopt from Eq. (9.51). Compare the rates 
convergence of Problems 16 and 17.

18. Solve Problem 11 with Ax -- Ay = 0.1 using the program presented in Section
9.13.1 with (a) CO= 1.0 and (b) CO= COopt from Eq. (9.51), both 
s = 0.000001. Compare the rates of convergence.

19. Use the computer program presented in Section 9.13.1 to determine COopt
numerically for the unit square, 0.0 < x < 1.0 and 0.0 < y < 1.0, Problem 18.
Let A = Ax = Ay and e = 0.000001. For A : 0.25, 0.125, and 0.0625,
calculate COopt and compare with the values obtained from Eq. (9.51).

Section 9.7 Derivative Boundary Conditions

20. Work Example 9.5 by hand with Ax = Ay = 2.5 cm using Gauss elimination.
21. Consider steady heat diffusion in the unit square, 0.0 < x < 1.0 and

0.0 < y < 1.0. Let T(0.0, y) T(x, 0. 0) = 100.0 and Tx(1.0, y)



584 Chapter 9

Ty(x, 1.0)= 0.0. Solve this problem using the five-point method with
Ax = Ay = 0.25 by hand using Gauss elimination.

22. Consider steady heat diffusion in the unit square, 0.0 < x < 1.0 and
0.0 <y < 1.0. Let T(x, 0.0) = 0.0, T(x, 1.0) = 100.0, and T0.0, 0.0) = 0.0.
The left side of the square is cooled by convection to the surroundings. For
steady conditions, the rate of convection ~¢conv must equal the rate of conduc-
tion Ocond at the boundary. Thus,

kA 0T
~conv = hA(r - Ta) ~. ~cond -- 0X (E)

(a) Develop a finite difference approximation of the convection boundary
condition, Eq. (E). Let h = 100.0J/(s-m2-K), k = 5.0J/(s-m-K), 
Ta = 10.0 C. Solve this problem by hand for Ax = Ay = 0.25 cm using
Gauss elimination.

23. Implement the program presented in Section 9.13.2 to consider a derivative BC
along the right side of a rectangle. Solve Example 9.5 using the program.
Compare the results with the results presented in Table 9.7.

Section 9.8 Finite Difference Solution of the Poisson Equation

24. Develop the five-point finite difference approximation of the Poisson equation
for (a) Ax = Ay, and (b) Ax/Ay = 13 ~ 1.

25. Derive the modified differential equation (MDE) for the five-point approxima-
tion of the Poisson equation with Ax = Ay. Discuss consistency and order of
the FDE.

26. *Solve the heat diffusion problem presented in Section 9.8 by hand using the
five-point method with Ax = Ay = 0.5 cm using Gauss elimination.

27. Solve the heat diffusion problem presented in Section 9.8 by hand using the
five-point method with Ax = Ay = 0.25 cm using Gauss elimination.

28. Implement the program presented in Section 9.13.3 to solve the Poisson
equation in a rectangle with Dirichlet boundary conditions using SOR. Solve
the heat diffusion problem presented in Section 9.8 with co = 1.0 and
e = 0.000001.

29. Solve Problem 28 with co = coopt from Eq. (9.51).

Section 9.9 Higher-Order Methods

Compact Fourth-Order Method

30. Solve the heat diffusion problem presented in Section 9.1 using Eq. (D) from
Problem 13 with Ax= Ay= 5.0cm. Compare the results with the exact
solution in with Table 9.1 and the results obtained in Problem 7.

31. Solve the heat diffusion problem presented in Section 9.1 using Eq. (D) from
Problem 13 with Ax = Ay = 2.5cm. Compare the results with the exact
solution in Table 9.1 and the results obtained in Problem 8.

Extrapolation

32. Extrapolate the results obtained in Problems 15 and 16. Compare the results
with the results of Problem 31.
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Section 9.10 Nonrectangular Domains

33. Solve Example 9.9 for Ax = Ay = 5.0cm by hand using Gauss elimination.
34. Write a program to solve the Poisson equation on a nonrectangular domain by

successive-over-relaxation (SOR). Solve Example 9.9 using the program.
Compare the results with the results presented in Example 9.9.

Section 9.11 Nonlinear Equations and Three-Dimensional Problems

35. Derive the seven-point finite difference approximation of the three-dimensional
Laplace equation with Ax = Ay = Az.

36. Consider steady heat diffusion in the unit cube, 0.0 < x < 1.0, 0.0 < y < 1.0,
and 0.0 < z < 1.0. Let T = 100.0 on the surface z = 1.0 and T = 0.0 on the
other five surfaces. Solve this problem by hand by the seven-point method with
Ax = Ay = Az = 0.5.

37. Solve Problem 36 with Ax = Ay = Az = 1/3 using Gauss elimination.
38. Solve Problem 36 with Ar = Ay = Az = 1/4 using Gauss-Seidel iteration

with e = 0.1. Let T~°)_.k,,j, = 0.0.

Section 9.12 The Control Volume Method

39. Solve the heat diffusion problem presented in Section 9.1 by the control
volume method using Eq. (9.118) with Ax=Ay= 5.0cm. Compare the
results with the exact solution presented in Table 9.1 and the results obtained
in Problem 7.

40. Solve the heat diffusion problem presented in Section 9.1 by the control
volume method using Eq. (9.118) with Ax=Ay= 2.5cm. Compare the
results with the exact solution presented in Table 9.1 and the results obtained
in Problem 8.

Section 9.13

41.

Programs

Implement the five-point method for the Laplace equation with Dirichlet BCs
program presented in Section 9.13.1. Check out the program using the given
data set.

42. Solve any of Problems 15 to 20 with the program.
43. Implement the five-point method for the Laplace equation with Neumann BCs

program presented in Section 9.13.2. Check out the program using the given
data set.

44. Solve any of Problems 20 to 23 with the program.
45. Implement the five-point method for the Poisson equation with Dirichlet BCs

program presented in Section 9.13.3. Check out the program using the given
data set.

46. Solve any of Problems 26 to 29 with the program.
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Parabolic Partial Differential
Equations

10.1.
10.2.
10.3.
10.4.
10.5.
10.6.
10.7.
10.8.
10.9.
10.10.
10.11.
10.12.
10.13.

Introduction
General Features of Parabolic PDEs
The Finite Difference Method
The Forward-Time Centered-Space (FTCS) Method
Consistency, Order, Stability, and Convergence
The Richardson and DuFort-Frankel Methods
Implicit Methods
Derivative Boundary Conditions
Nonlinear Equations and Multidimensional Problems
The Convection-Diffusion Equation
Asymptotic Steady State Solution of Propagation Problems
Programs
Summary
Problems

Examples
10.1. The FTCS method applied to the diffusion equation
10.2. Consistency and order analysis of the FTCS method
10.3. Stability analysis of the FTCS method
10.4. The BTCS method applied to the diffusion equation
10.5. The Crank-Nicolson method applied to the diffusion equation
10.6. Derivative boundary condition for the diffusion equation
10.7. The FTCS method applied to the convection-diffusion equation
10.8. The BTCS method applied to the convection-diffusion equation
10.9. Asymptotic steady state solution of the convection-diffusion equation

10.1 INTRODUCTION

Figure l 0.1 illustrates two heat diffusion problems. The plate illustrated at the top of the
figure has a thickness L = 1.0 cm and thermal diffusivity a = 0.01 cm2/s. The internal
temperature distribution is governed by the unsteady one-dimensional heat diffusion
equation:

:r, = ~:r= (10.1)

587
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T(O,t) ~ - Solid Plate

~ -T(L,t)

Tt = ~xTxx, T(x,O) = F(x), T(x,t) 

,~-Porous Material
T(L,t)

L x

Tt+UTx= c~Txx, T(x,0) = F(x), T(x,t) 

Figure 1O.1 Unsteady heat diffusion problems.

The plate is heated to an initial temperature distribution, T(x, 0), at which time the heat
source is turned off. The initial temperature distribution in the plate is specified by

T(x, 0.0) = 200.0x

T(x, 0.0) = 200.0(1.0 - 

0.0 < x < 0.5 (10.2a)

0.5 < x < 1.0 (10.2b)

where T is measured in degrees Celcius (C). This initial temperature distribution 
illustrated by the top curve in Figure 10.2. The temperatures on the two faces of the plate
are held at 0.0 C for all time. Thus,

T(0.0, t) = T(1.O, t) = 0.0 (10.2c)

The temperature distribution within the plate, T(x, t), is required.
The exact solution to this problem is obtained by assuming a product solution of the

form T(x, 0 = X(x)~(t), substituting this functional form into the PDE and separ~ing
variables, integrating the two resulting ordinary differential equations for X(x) and T(t),
applying the boundary conditions at x = 0 and x = L, and superimposing an infinite
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Figure 10.2
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¯ 4.0
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Location x, cm

Exact solution of the heat diffusion problem.

number of harmonic functions (i.e., sines and cosines) in a Fourier series to satisfy the
initial conditions T(x, 0). The result is

T(x, t) 800 ~. (-l) m- sin[(2rn
: 7~2 m=0(2m-F 1)2

(lO.3)

The exact solution at selected values of time is tabulated in Table 10.1 and illustrated in
Figure 10.2. The solution is symmetrical about the midplane of the plate. The solution
smoothly approaches the asymptotic steady state solution, T(x, ~x~) = 0.0.

The second problem illustrated in Figure 10.1 is a combined convection-diffusion
problem, which is governed by the convection-diffusion equation. This problem is similar
to the first problem, with the added feature that the plate is porous and a cooling fluid flows
through the plate. The exact solution and the numerical solution of this problem are
presented in Section 10.10.

A wide variety of parabolic partial differential equations are encountered in
engineering and science. Two of the more common ones are the diffusion equation and
the convection-diffusion equation, presented below for the genetic dependent variable
f (x, t):

(lO.4)
(lO.5)
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Table 10.1 Exact Solution of the Heat Diffusion Problem

Chapter 10

Temperature T(x, t), 

t,s x=0.0 x=0.1 x=0.2 x=0.3 x=0.4 x=0.5

0.0 0.0 20.0000 40.0000 60.0000 80.0000 100.0000
0.5 0.0 19.9997 39.9847 59.6604 76.6674 84.0423
1.0 0.0 19.9610 39.6551 57.9898 72.0144 77.4324
2.0 0.0 19.3513 37.6601 53.3353 64.1763 68.0846
3.0 0.0 18.1235 34.8377 48.5749 57.7018 60.9128
4.0 0.0 16.6695 31.8585 44.1072 52.0966 54.8763
5.0 0.0 15.2059 28.9857 40.0015 47.1255 49.5912

10.0 0.0 9.3346 17.7561 24.4405 28.7327 30.2118
20.0 0.0 3.4794 6.6183 9.1093 10.7086 11.2597
50.0 0.0 0.1801 0.3427 0.4716 0.5544 0.5830
~ 0.0 0.0000 0.0000 0.0000 0.0000 0.0000

where ~ is the diffusivity and u is the convection velocity. The diffusion equation applies to
problems in mass diffusion, heat diffusion (i.e., conduction), neutron diffusion, etc. The
convection-diffusion equation applies to problems in which convection occurs in combi-
nation with diffusion, for example, fluid mechanics and heat transfer. The present chapter
is devoted mainly to the numerical solution of the diffusion equation. All of the results also
apply to the numerical solution of the convection-diffusion equation, which is considered
briefly in Section 10.10.

The solution of Eqs. (10.4) and (10.5) is the function f(x, 0. This function 
satisfy an initial condition at t = 0, f(x, O) = F(x). The time coordinate has an unspecified
(i.e., open) final value. Since Eqs. (10.4) and (10.5) are second order in the spatial
coordinate x, two boundary conditions are required. These may be of the Dirichlet type
(i.e., specified values off), the Neumann type (i.e., specified values off~), or the mixed
type (i.e., specified combinations off and fx)- The basic properties of finite difference
methods for solving propagation problems governed by parabolic PDEs are presented in
this chapter.

The organization of Chapter 10 is presented in Figure 10.3. Following the Introduc-
tion, the general features of parabolic partial differential equations are discussed. This
discussion is followed by a discussion of the finite difference method. The solution of the
diffusion equation by the forward-time centered-space (FTCS) method is then presented.
This presentation is followed by a discussion of the concepts of consistency, order, stability,
and convergence. Two additional explicit methods, the Richardson (leapfrog) method and
the DuFort-Frankel method are then presented to illustrate an unstable method and an
inconsistent method. Two implicit methods are then presented: the backward-time
centered-space (BTCS) method and the Crank-Nicholson method. A procedure for
implementing derivative boundary conditions is presented next. A discussion of nonlinear
equations and multidimensional problems follows. A brief introduction to the solution of
the convection-diffusion equation is then presented. This is followed by a discussion of the
asymptotic steady-state solution of propagation problems as a procedure for solving mixed
elliptic-parabolic and mixed elliptic-hyperbolic problems. A brief presentation of a
program for solving the diffusio.n equation follows. A summary wraps up the chapter.
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Figure 10.3 Organization of Chapter 10.

10.2 GENERAL FEATURES OF PARABOLIC PDEs

Several concepts must be considered before a propagation type PDE can be solved by a
finite difference method. In this section, some fundamental considerations are discussed,
the general features of diffusion are presented, and the concept of characteristics is
introduced.

10.2.1 Fundamental Considerations

Propagation problems are initial-boundary-value problems in open domains (open with
respect to time or a timelike variable) in which the solution in the domain of interest is
marched forward from the initial state, guided and modified by the boundary conditions.
Propagation problems are governed by parabolic or hyperbolic partial differential equa-
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tions. The general features of parabolic and hyperbolic PDEs are discussed in Part III.
Those features which are relevant to the finite difference solution of both parabolic and
hyperbolic PDEs are presented in this section. Those features which are relevant only to
the finite difference solution of hyperbolic PDEs are presented in Section 11.2.

The general features ofparabolic partial differential equations (PDEs) are discussed
in Section 111.6. In that section it is shown that parabolic PDEs govern propagation
problems, which are initial-boundary-value problems in open domains. Consequently,
parabolic PDEs are solved numerically by marching methods. From the characteristic
analysis presented in Section 111.6, it is known that problems governed by parabolic PDEs
have an infinite physical information propagation speed. As a result, the solution at a given
point P at time level n depends on the solution at all other points in the solution domain at
all times preceding and including time level n, and the solution at a given point P at time
level n influences the solution at all other points in the solution domain at all times
including and after time level n. Consequently, the physical information propagation speed
c = dx/dt is infinite. These general features of parabolic PDEs are illustrated in Figure 10.4.

10.2.2 General Features of Diffusion

Consider pure diffusion, which is governed by the diffusion equation:

If, = .fxx ] (lO.6)

distribution,where 7 is the diffusion coefficient. Consider an initial property
f(x, 0) = ~b(x), given the general term of an exponential Fourier series:

qS(x) = e~’~x (10.7)

where I = ~c-L-]-, km = 2nm/2L is the wave number, and L is the width of the physical
space. Assume that the exact solution of Eq. (10.6) is given 

f (x, t) = e-~k2~t c~(x) (10.8)

Substituting Eq. (10.7) into Eq. (10.8) yields

f(x, t) = e-~tAmel~’x (10.9)

Boundary
condition

bounOg:r~ I March |

/,~,/, ~~ ~~/~ange o~.~/uence

~ic = ~= +~o~c = ~ = :l:~’~.~_Boundary
~_~\\\\.\\~\\~\\~\~’,~ condition

~ Domain of
~~,[~X~.~~ dependence

f- Initial condition L x

Figure 10.4 General features of parabolic PDEs.
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Differentiating Eq. (10.9) with respect to t and x gives

f t = --o~;.e" 2 -ak2~t--Am ~r3rk,,x = --~ e-ak~t ~ (x) (10.10)

f= = e-~tA~(Ik~)2 ~.,~ =-k~e-~t ~(x) (10.11)

Substituting Eqs. (10.10) ~d (10.11) into Eq. (10.6) demonsVates that Eq. (10.8) 
exact solution of the di~sion equation:

f(x, t) = e-~t~(x) ] (10.12)

Equation (10.12) shows that the initial prope~ dis~bmion ~(x) simply decays with 
at the exponential rate exp(-gk~t). Thus, the rate of decay depends on ~e squ~e of the
wave number k~. The initial prope~ distribution does not propagate in space.

For an ~biff~ initial prope~ distribution represented by a FoYer series, Eq.
(10.12) shows that each Fourier component simply decays exponentially with time, 
that each component decays at a rate which depends on the squ~e of its individual wave
number k~. Thus, the total prope~ distfibmion changes shape. Consequemly, pure
di~sion causes the initial prope~ distribution to decay and ch~ge shape, but the
prope~ dis~bution does notpropagate in space.

10.2.3 Characteristic Concepts

The concept of characteristics of partial differential equations is introduced in Section
III.3. In two-dimensional space, which is the case considered here (i.e., space x and time t),
characteristics are paths (curved, in general) in the solution domain D(x, t) along which
physical information propagates. If a partial differential equation possesses real character-
istics, then physical information propagates along the characteristic paths. The presence of
characteristics has a significant effect on the solution of a partial differential equation (by
both analytical and numerical methods).

Consider the unsteady one-dimensional diffusion equation f = aft. It is shown in
Section III.6 that the characteristic paths for the unsteady one-dimensional diffusion equation
are the lines of constant time. Thus, physical information propagates at an infinite rate
throughout the entire physical solution domain. Every point influences all the other points,
and every point depends on the solution at all the other points, including the boundary points.
This behavior should be considered when solving parabolic PDEs by numerical methods.

10.3 THE FINITE DIFFERENCE METHOD

The objective of a finite difference method for solving a partial differential equation (PDE)
is to transform a calculus problem into an algebra problem by

1. Discretizing the continuous physical domain into a discrete difference grid
2. Approximating the individual exact partial derivatives in the partial differential

equation (PDE) by algebraic finite difference approximations (FDAs)
3. Substituting the FDAs into the PDE to obtain an algebraic finite difference

equation (FDE)
4. Solving the resulting algebraic FDEs

There are several choices to be made when developing a finite difference solution to
a partial differential equation. Foremost among these are the choice of the discrete finite
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Figure 10.5 Physical domain of dependence of parabolic PDEs.

difference grid used to discretize the continuous physical domain and the choice of the
finite difference approximations used to .represent the individual exact partial derivatives in
the partial differential equation. Some fundamental considerations relevant to the finite
difference approach are discussed in the next subsection. The general features of finite
difference grids and finite difference approximations, which apply to both parabolic and
hyperbolic PDEs, are discussed in the following subsections.

10.3.1 Fundamental Considerations

The objective of the numerical solution of a PDE is to march the solution at time level n
forward in time to time level n ÷ 1, as illustrated in Figure 10.5, where the physical
domain of dependence of a parabolic PDE is illustrated. In view of the infinite physical
information propagation speed c = dx/dt associated with parabolic PDEs, the solution at
point P at time level n + 1 depends on the solution at all of the other points at time level
n+l.

Finite difference methods in which the solution at point P at time level n ÷ 1
depends only on the solution at neighboring points at time level n have a finite numerical
information propagation speed c, = &r/At. Such finite difference methods are called
explicit methods because the solution at each point is specified explicitly in terms of the
known solution at neighboring points at time level n. This situation is illustrated in Figure
10.6, which resembles the physical domain of dependence of a hyperbolic PDE. The
numerical information propagation speed c, = Ax/At is finite.

Finite difference methods in which the solution at point P at time level n + 1
depends on the solution at neighboring points at time level n + 1 as well as the solution at
time level n have an infinite numerical information propagation speed c, = Ax/At. Such
methods couple the finite difference equations at time level n ÷ 1 and result in a system of
finite difference equations which must be solved at each time level. Such finite difference
methods are called implicit methods because the solution at each point is specified
implicitly in terms of the unknown solution at neighboring points at time level n ÷ 1.
This situation is illustrated in Figure 10.7, which resembles the physical domain of
dependence of a parabolic PDE. The numerical information propagation speed,
cn = Ax/At, is infinite.
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Figure 10.6 Numerical domain of dependence of explicit methods.

The similarities of and the differences between explicit and implicit numerical
marching methods are illustrated in Figures 10.6 and 10.7. The major similarity is that
both methods march the solution forward from one time level to the next time level. The
major difference is that the numerical information propagation speed for explicit marching
methods is finite, whereas the numerical information propagation speed for implicit
marching methods is infinite.

Explicit methods are computationally faster than implicit methods because there is
no system of finite difference equations to solve. Thus, explicit methods might appear to
be superior to implicit methods. However, the finite numerical information propagation
speed of explicit methods does not correctly model the infinite physical information
propagation speed of parabolic PDEs, whereas the infinite numerical information propaga-
tion speed of implicit methods correctly models the infinite physical information
propagation speed of parabolic PDEs. Thus, implicit methods appear to be well suited
for solving parabolic PDEs, and explicit methods appear to be unsuitable for solving
parabolic PDEs. In actuality, only an infinitesimal amount of physical information
propagates at the infinite physical information propagation speed. The bulk of the physical
information travels at a finite physical information propagation speed. Experience has
shown that explicit methods as well as implicit methods can be employed to solve
parabolic PDEs.

Ax Ax
Cn = A--~- = +ooP Cn - At - +~o_

Numerical domain of dependence

Figure 10.7

x

Numerical domain of dependence of implicit methods.
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Solution domain, D(x, t), and finite difference grid.

10.3.2 Finite Difference Grids

The. solution domain D(x, t) in xt space for an unsteady one-dimensional propagation
problem is illustrated in Figure 10.8. The solution domain must be covered by a two-
dimensional grid of lines, called thefinite difference grid. The intersections of these grid
lines are the grid points at which the finite difference solution of the partial differential
equation is to be obtained. For the present, let the spatial grid lines be equally spaced lines
perpendicular to the x axis having uniform spacing Ax. The temporal grid line spacing At
may or may not be equally spaced. The resulting finite difference grid is also illustrated in
Figure 10.8. The subscript i is used to denote the physical grid lines [i.e., xi = (i - 1) Ax],
and the superscript n is used to denote the time grid lines (i.e., f = n At if At is constant).
Thus, grid point (i, n) corresponds to location (xi, t") in the solution domain D(x, t). The
total number of x grid lines is denoted by imax, and the total number of time steps is
denoted by umax.

Two-dimensional physical spaces can be covered in a similar manner by a three-
dimensional grid of planes perpendicular to the coordinate axes, where the subscripts i and
j denote the physical grid planes perpendicular to the x and y axes, respectively, and the
superscript n denotes time planes. Thus, grid point (i,j, n) corresponds to location

(xi,YJ, f’) in the solution domain D(x,y, t). Similarly, in three-dimensioinal physical
space, grid point (i,j, k, n) corresponds to location (xi, yj, zk, t") in the solution domain
O(x, y, z, t).

The dependent variable at a grid point is denoted by the same subscript-superscript
notation that is used to denote the grid points themselves. Thus, the functionf(x, t) at grid
point (i, n) is denoted 

f(x,, f) =fin (10.13)

In a similar manner, derivatives are denoted by
Of(xi, t") Of n ~’,n 02f(xi’ f’) 02f i =fxxl7

(10.14)
Ot -- -~ i=Jt li and Ox2 -- Oxz

Similar results apply in two- and three-dimensional spaces.
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10.3.3 Finite Difference Approximations

Now that the finite difference grid has been specified, finite difference approximations of
the individual exact partial derivatives in the partial differential equation must be obtained.
This is accomplished by writing Taylor series for the dependent variable at one or more
grid points using a particular grid point as the base point and combining these Taylor series
to solve for the desired partial derivatives. This is done in Chapter 5 for functions of one
independent variable, where approximations of various types (i.e., forward, backward, and
centered) of various orders (i.e., first order, second order, etc.) are developed for various
derivatives (i.e., first derivative, second derivative, etc.). Those results are presented 
Table 5.1.

In the development of finite difference approximations, a distinction must be made
between the exact solution of a partial differential equation and the solution of the finite
difference equation which is an approximate solution of the partial differential equation.
For the remainder of this chapter, the exact solution ofa PDE is denoted by an overbar over
the symbol for the dependent variable, that is, j~(x, t), and the approximate solution 
denoted by the symbol for the dependent variable without an ovarbar, that is, f (x, t). Thus,

j~(x, t) = exact solution

f(x, t) --- approximate solution

Exact partial derivatives, such as~ and j~, which appear in the p_arabolic diffusion
equation can be approximated at a grid point in terms of the values_off at that grid point
and adjacent grid points in several ways. The exact time derivativef can be approximated
at time level n by a first-order forward-time approximation or a second-order centered-time
approximation. It can also be approximated at time level n + 1 by a first-order backward-
time approximation or at time level n ÷ 1/2 by a second-order centered-time approxima-
tion. The spatial_derivative f~ must be approximated at the same time level at which the
time derivative f is evaluated.

The second-order spatial derivative J~xx is a model of physical diffusion. From

characteristic concepts, it is known that the physical information propagation speed
associated with second-order spatial derivatives is infinite, and that the solution at a
point at a specified time level depends on and influences all of the other points in the
solution domain at that time level. Consequently, second-order spatial derivatives, such as
J~x, should be approximated by centered-space approximations at spatial location i. The
centered-space approximations can be second-order, fourth-order, etc. Simplicity of the
resulting finite difference equation usually dictates the use of second-order centered-space
approximations for second-order spatial derivatives.

10.3.3.1 Time Derivatives

Consider the partial derivativeS. Writing the Taylor series for~n+l using grid point (i, n)
as the base point gives

+ ,lin 1- . ..At -F ~fttli At2 -{-" (10.15)
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where the convention (At)m ~ At" is employed for compactness. Solving Eq. (10.15) for
~1~’ yields

At

where t < z < t + At. Truncating the remainder term yields the first-order forward-time
approximation of~l~, denoted by f l~’:

(10.17)

The remainder term which has been truncated in Eq. (10.17) is called the truncation error
of the finite difference approximation of~l~’. A first-order backward-time approximation
and a second-order centered time approximation can be developed in a similar manner by
choosing base points n + 1 and n + 1/2, respectively.

10.3.3.2 Space Derivatives

Consider the partial derivatives)~x andjTxx. Writing Taylor series for~_l andYin_l using grid
point (i, n) as the base point gives

~in-1 =~ii n -fxl7 6x ÷ ½]~xxl7 6x2 -~=x[7 6x3 ÷ ~4~xxrxl7 ~x4 ÷’’’ (10.19)

Subtracting Eq. (10.19) from Eq. (10.18) and solving forjTxl~ gives

£17 -~in+l -~in-I ~£xx(¢) ~2 (10.20)
2Ax

where xi_1 <~ ~ <~ Xi+1. Truncating the remainder term yields the second-order centered-
space approximation off~l~, denoted by f~l~:

2 At
(10.21)

Adding Eqs. (10.18) and (10.19) and solving forj~[~ gives

- n ~--- -- ÷f/-1 1 - ~fxxli f+l
2~//n
Ax2 ~fxxxx( ) Ax2 (10.22)

where xi_~ < ~ < xi+~. Truncating the remainder term yields the second-order centered-
space approximation of~l~, denoted byf~l~:

fxxl~ fii~-I -- 2fi n ÷fill= Ax~ (10.23)

Second-order centered-difference finite difference approximations (FDAs) of~ and

]’xx at time level n ÷ 1 are obtained simply by replacing n by n ÷ 1 in Eqs. (10.21) and
(10.23)..
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10.3.4 Finite Difference Equations

Finite difference equations are obtained by substituting the finite difference approxima-
tions of the individual exact partial derivatives into the PDE. Two types of FDEs can be
developed, depending on the base point chosen for the FDAs. If grid point (i, n) is chosen
as the base point of the FDAs, thenfn+~ appears only in the finite difference approxima-
tion of~. In that case, the FDE can be solved directly forf n+~. Such FDEs are called
explicit FDEs. However, if grid point (i, n + 1) is chosen as the base point of the FDAs,
then f/n+t appears in the finite difference approximations of bother andf~, andf~_~~ and
f~_~{~ appear in the finite difference approximation ofj~. In that case,fn+l cannot be solved
for directly, sincefn+~ depends onf~_-~~ andfn~~, which are also unknown. Such FDEs are
called implicit FDEs.

Explicit FDEs are obviously easier to evaluate numerically than implicit FDEs.
However, there are advantages and disadvantages of both explicit and implicit FDEs.
Examples of both types of FDEs for solving the unsteady one-dimensional diffusion
equation are developed in this chapter.

10.4 THE FORWARD-TIME CENTERED-SPACE (FTCS) METHOD

In this section the unsteady one-dimensional parabolic diffusion equation ~ = ~xx is

solved numerically by the forward-time centered-space (FTCS) method. In the FTCS
method, the base point for the finite difference approximation (FDA) of the partial

differential equation (PDE) is grid_point (i, n). The finite difference equation (FDE)
approximates the partial derivative_fi by the first-order forward-time approximation, Eq.
(10.17), and the partial derivative fxx by the second-order centered-space approximation,
Eq. (10.23). The finite difference stencil is illustrated in Figure 10.9, where the grid points
used to appr_oximate ~ are denoted by the symbol x and the grid points used to
approximate f~x are denoted by the symbol ̄. Thus,

f" - 2fi." +fin~fin+l --fin -- O~ i+1 (10.24)At zXx2

Solving forf "+~ yields the desired FDE:

d(f/~_l - 2f" +f~_,) (10.25)+

where d = ~kt/Ax2 is called the diffusion number. Equation (10.25) is the FTCS
approximation of the unsteady one-dimensional diffusion equation.

The general features of the FTCS approximation of the diffusion equation can be
illustrated by applying it to solve the heat diffusion problem described in Section 10.1.
Several solutions are presented in Example 10.1.

0-1,n)
Figure 10.9

(i,n+l)

(i,n) (i+1 ,n)
The FTCS method stencil.
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Example 10.1. The FTCS method applied to the diffusion equation

Chapter 10

Let’s solve the heat diffusion problem presented in Section 10.1 by the FTCS method with
Ax = 0.1 cm. Let At = 0.1 s, so d = ~ At/Ax~ = (0.01)(0.1)/(0.1) 2 = 0.1. The numer-
ical solution T(x, t) and errors, Error = IT(x, t) ~(x, t) ], at selected times arepresented
in Table 10.2 and illustrated in Figure 10.10. Due to the symmetry of the solution, results
are tabulated only for x = 0.0 to 0.5 cm. It is apparent that the numerical solution is a good
approximation of the exact solution. The error at the midpoint (i.e., x = 0.5 cm) is the
largest error at each time level. This is a direct result of the discontinuity in the slope of the
initial temperature distribution at that point. However, the magnitude of this error
decreases rapidly as the solution progresses, and the initial discontinuity in the slope is
smoothed out. The errors at the remaining locations grow initially due to the accumulation
of truncation errors, and reach a maximum value. As the solution progresses, however, the
numerical solution approaches the exact asymptotic solution, ~(x, ~x~) = 0.0, so the errors
decrease and approach zero. The numerical results presented in Table 10.2 present a very
favorable impression of the FTCS approximation of the diffusion equation.

The results obtained with d = 0.1 are quite good. However, a considerable
amount of computational effort is required. The following question naturally arises: Can
acceptable results be obtained with larger values of At, thus requiring less computational
effort? To answer this question, let’s rework the problem with At = 0.5 s (i.e., d = 0.5),
which requires only one-fifth of the computational effort to reach a given time level. The
results at selected times are illustrated in Figure 10.11. Although the solution is still
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Figure 10.10 Solution by the FTCS method with d = 0.1.
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Table 10.2 Solution by the FTCS Method for d = 0.I

T(x, t), 
Error(x, t) IT(x, t)- ~’(x, t)]

t,s x=0.0 x=0.1 x=0.2 x=0.3 x=0.4 x=0.5

0.0 0.0 20.0000 40.0000 60.0000 80.0000 100.0000
1.0 0.0 19.9577 39.6777 58.2210 72.8113 78.6741

-0.0033 0.0226 0.2312 0.7969 1.2417
2.0 0.0 19.3852 37.8084 53.7271 64.8650 68.9146

0.0339 0.1483 0.3918 0.6887 0.8300
3.0 0.0 18.2119 35.0634 48.9901 58.2956 61.5811

0.0884 0.2257 0.4152 0.5938 0.6683
4.0 0.0 16.7889 32.1161 44.5141 52.6255 55.4529

0.1994 0.2576 0.4069 0.5289 0.5766
5.0 0.0 15.3371 29.2500 40.3905 47.6070 50.1072

0.1312 0.2643 0.3890 0.4815 0.5160
10.0 0.0 9.4421 17.9610 24.7230 29.0653 30.5618

0.1075 0.2049 0.2825 0.3326 0.3500
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Figure 10.11 Solution by the FTCS method with d = 0.5.
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Figure 10.12 Solution by the FTCS method with d = 1.0.

reasonable, it is apparent that the solution is no longer smooth. A slight oscillation about
the exact solution is apparent. Every numerically computed point is on the opposite side of
the exact solution than its two neighbors.

Let’s rework the problem again with At = 1.0 s (i.e., d = 1.0). The results after each
of the first three time steps are illustrated in Figure 10.12. This solution is obviously
physically incorrect. Severe oscillations have developed in the solution. These oscillations
grow larger and larger as time increases. Values of T(x, t) greater than the initial value of
100.0 and less than the boundary values of 0.0 are predicted. Both of these results are
physically impossible. These results are numerically unstable.

The results presented in Figure 10.11, while qualitatively correct, appear on the
verge of behaving like the results presented in Figure 10.12. The value d = 0.5 appears to
be the boundary between physically meaningful results for d less than 0.5 and physically
meaningless results for d greater than 0.5. To check out this supposition, let’s rework the
problem for two more values of d: d = 04 and d = 0.6. These results are illustrated in
Figure 10.13 at t = 6.0 s. The numerical solution with d = 0.4 is obviously modeling
physical reality, while the solution with d = 0.6 is not. These results support the
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Figure 10.13 Solution by the FTCS method at t = 6.0 s.

supposition that the value d = 0.5 is the boundary between physically correct solutions
and physically incorrect solutions.

The apparent stability restriction, d < 0.5, imposes a serious limitation on the usefulness
of the FTCS method for solving the diffusion equation. One procedure for deciding
whether or not a solution is accurate enough is to cut Ax in half and repeat the solution up
to the same specified time level to see if the solution changes significantly. For the FTCS
method, cutting Ax in half while holding d constant requires a factor of four decreases in
At. Thus, four times as many time steps are required to reach the previously specified time
level, and twice as much work is required for each time step since twice as many physical
grid points are involved. Thus, the total computational effort increases by a factor of 8!

To further illustrate the FTCS approximation of the diffusion equation, consider a
parametric study in which the temperature at x = 0.4 cm and t = 5.0 s, T(0.4, 5.0), 
calculated using values of Ax = 0.1, 0.05, 0.025 and 0.0125 cm for values of d = 0.1 and
0.5. The value of At for each solution is determined by the specified values of Ax and d.
The exact solution is ~’(0.4, 5.0) = 47.1255 C. The results are presented in Table 10.3.
The truncation error of the FTCS method is 0(At) + 0(Axe). For a constant value of 
At = d AX2/0~. Thus, as Ax is successively halved, At is quartered. Consequently, both the
0(At) error term and the 0(Ax2) error term, and thus the total error, should decrease by a
factor of approximately 4 as Ax is halved for a constant value of d. This result is clearly
evident from the results presented in Table 10.3.
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Table 10.3 Parametric Study of T(0.4, 5.0) by the FTCS Method

Chapter 10

T(0.4, 5.0), 
Error (0.4, 5.0) = [T(0.4, 5.0) - ~’(0.4, 5.0)], 

Ax, cm t,s d=0.1 t,s d=0.5

0.1 0.1 47.6070 0.5 45.8984
0.4815 - 1.2271

0.05 0.025 47.2449 0.125 47.4117
0.1194 0.2862

0.025 0.00625 47.1553 0.03125 47.1970
0.0298 0.0715

0.0125 0.0015625 47.1329 0.0078125 47.1434
0.0074 0.0178

The forward-time centered-space (FTCS) method has a finite numerical information
propagation speed c. = Ax/At. Numerically, information propagates one physical grid
increment in all directions during each time step. The diffusion equation has an infinite
physical information propagation speed. Consequently, the FTCS method does not
correctly model the physical information propagation speed of the diffusion equation.
However, the bulk of the information propagates at a finite speed, and the FTCS method
yields a reasonable approximation of the exact solution of the diffusion equation. For
example, consider the results presented in this section. The solution at t = 5.0 s is
presented in Table 10.4 for d ---- 0.1 and 0.5. The grid spacing, Ax --- 0.1 cm, is the
same for both solutions. The time step is determined from At = d Ax2/~. Thus, the
numerical information propagation speed cn = Ax/at is given by

Ax Ax ~ 0.01 0.1
cm/s (10.26)cn -- At -- d Z~f2/~X -- d Ax - d(0.1) - 

Thus, cn = 1.0 cm/s for d = 0.1 and cn = 0.2 cm/s for d = 0.5. Consequently, the
numerical information propagation speed varies by a factor of five for the results presented
in Table 10.4. Those results show very little influence of this large change in the numerical
information propagation speed, thus supporting the observation that the bulk of the
physical information travels at a finite speed.

The explicit FTCS method can be applied to nonlinear PDEs simply by evaluating
the nonlinear coefficients at base point (i, n). Systems of PDEs can be solved simply 

Table 10.4 Solution by the FTCS Method ~ t = 5.0 s

r(x, 5.0), 
Error = [T~, 5.0) - ~(x, 5.0)1, 

d x=0.0 x=0.1 x=0.2 x=0.3 x=0.4 x=0.5

0.1 0.0 15.3371 29.2500 40.3905 47.6070 50.1072
0.1312 0.2643 0.3890 0.4815 0.5160

0.5 0.0 15.6250 28.3203 41.0156 45.8984 50.7812
0.4191 -0.6654 1.0141 - 1.2271 1.1900
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solving the corresponding system of FDEs. Multdimensional problems can be solved
simply by adding on the finite difference approximations of the y and z partial derivatives.
Consequently, the FTCS method can be used to solve nonlinear PDEs, systems of PDEs,
and multidimensional problems by a straightforward extension of the procedure presented
in this section. The solution of nonlinear equations and multidimensional problems is
discussed further in Section 10.9.

In summary, the forward-time centered-space (FTCS) approximation of the diffusion
equation is explicit, single step, consistent, 0(At)+ 0(Ax2), conditionally stable, 
convergent. It is somewhat inefficient because the time step varies as the square of the
spatial grid size.

10.5 CONSISTENCY, ORDER, STABILITY, AND CONVERGENCE

There are four important properties of finite difference methods, for propagation problems
governed by parabolic and hyperbolic PDEs, that must be considered before choosing a
specific approach. They are:

1. Consistency
2. Order
3. Stability
4. Convergence

These concepts are defined and discussed in this section.
A finite difference equation is consistent with a partial differential equation if the

difference between the FDE and the PDE (i.e., the truncation error) vanishes as the sizes 
the grid spacings go to zero independently.

The order of a FDE is the rate at which the global error decreases as the grid sizes
approach zero.

A finite difference equation is stable if it produces a bounded solution for a stable
partial differential equation and is unstable if it produces an unbounded solution for a
stable PDE.

A finite difference method is convergent if the solution of the finite difference
equation (i.e., the numerical values) approaches the exact solution of the partial differential
equation as the sizes of the grid spacings go to zero.

10.5.1 Consistency and Order

All finite difference equations must be analysed for consistency with the differential
equation which they approximate. When the truncation errors of the finite difference
approximations of the individual exact partial derivatives are known, proof of consistency
is straightforward. When the truncation errors of the individual finite difference approx-
imations are not known, the complete finite difference equation must be analyzed for
consistency. That is accomplished by expressing each term in the finite difference equation
[i.e., f(x, t), not j2(x, t)] by a Taylor series with a particular base point. The resulting
equation, which is called the modified differential equation (MDE), can be simplified to
yield the exact form of the truncation error of the complete finite difference equation.
Consistency can be investigated by letting the grid spacings go to zero. The order of the
FDE is given by the lowest order terms in the MDE.
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Warming and Hyett (1974) developed a convenient technique for analyzing the
consistency of finite difference equations. The technique involves determining the actual
partial differential equation that is solved by a finite difference equation. This actual partial
differential equation is called the modified differential equation (MDE). Following
Warming and Hyett, the MDE is determined by expressing each term in a finite difference
equation in a Taylor series at some base point. Effectively, this changes the FDE back into
a PDE.

Terms expressing in the MDE which do not appear in the original partial differential
equation are truncation error terms. Analysis of the trtmcation error terms leads directly to
the detemaination of consistency and order. A study of these terms can also yield insight
into the stability of the finite difference equation. However, that approach to stability
analysis is not presented in this book.

Example 10.2. Consistency and order analysis of the FTCS method.

As an example, consider the FTCS approximation of the diffusion equation~ = aj~ given
by Eq. (10.25):

f,+l =f, + d(f~_l _ 2f" +f~-l) (10.27)

where d = ~ At/~x2 is the di~sion nmnber. Let grid point (i, n) be the base point, and
~te Taylor series for all of the te~s in Eq. (10.27). Thus,

1 n
f "+~ =f" +f[7 At + ~ ~tl7 A? + g ~,tli 6t3 +"" (10.28)

1 n ~5 n ~6
~ ~ f=~li + ~ f~xxli ~ ... (10.29)

Dropping the notation I~ for clafi~ ~d substituting Eqs. (10.28) and (10.29) into 
(10.27) gives

1f +f At +~ ft At2 +gftt At3 +""

~ At
~6+ fxx== + .... 2f) ( 0.30)=f 4

C~celling zero-order te~s (i.e., f), dividing t~ough by At, and rea~anging te~s yields
the MDE:

: .....
+ ~ ~f~ + --.

As At ~ 0 ~d ~ ~ 0, Eq. (10.31) approachesf : ~f~, which is the di~sion equation.
Consequently, Eq. (10.27) is a consistent approximation of the di~sion equation.
Equation (10.31) shows that the FDE is 0(At)+ 0(~2).

10.5.2 Stability

First, the general behavior of the exact solution of the PDE must be considered. If the
partial differential equation itself is unstable, then the numerical solution also must be
unstable. The concept of stability does not apply in that case. However, if the PDE itself is
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stable, then the numerical solution must be bounded. The concept of stability applies in
that case.

Several methods have been devised to analyze the stability of a finite difference
approximation of a PDE. Three methods for analysing the stability of FDEs are

1. The discrete perturbation method
2. The yon Neumann method
3. The matrix method

The von Neumann method will be used to analyze stability for all of the finite difference
equations developed in this book.

Stability analyses can be peformed only for linear PDEs. Consequently, nonlinear
PDEs must be linearized locally, and the FDE which approximates the linearized PDE is
analyzed for stability. Experience has shown that the stability criteria obtained for the FDE
approximating the linearized PDE also apply to the FDE approximating the nonlinear
PDE. Instances of suspected nonlinear instabilities have been reported in the literature, but
it is not clear whether those phenomena are due to actual instabilities, inconsistent finite
difference equations, excessively large grid spacings, inadequate treatment of boundary
conditions, or simply incorrect computations. Consequently, in this book, the stability
analysis of the finite difference equation which approximates a linearized PDE will be
considered sufficient to determine the stability criteria for the FDE, even for nonlinear
partial differential equations.

The von Neumann method of stability analysis will be used exclusively in this book.
In the von Neumann method, the exact solution of the finite difference equation is obtained
for the general Fourier component of a complex Fourier series representation of the initial
property distribution. If the solution for the general Fourier component is bounded (either
conditionally or unconditionally), then the finite difference equation is stable. If the
solution for the general Fourier component is unbounded, then the finite difference
equation is unstable.

Consider the FTCS approximation of the unsteady diffusion equation, Eq. (10.25):

fi.+l =fi. + d(fi-~_l - 2fi.° +fi"-l) (10.32)

The exact solution of Eq. (10.32) for a single step can be expressed 

f,+l _- 6fi" (10.33)

where G, which is called the amplification factor, is in general a complex constant. The
solution of the FDE at time T = N At is then

fl,~ = GN fio (10.34)where fi N -= f(xi, T) and fi0 = f(xi ’ 0). For fU to remain bounded,

~ (10.35)

Stability analysis thus reduces to the determination of the single step exact solution of the
finite difference equation, that is, the amplification factor G, and an investigation of the
conditions necessary to ensure that IGI _< 1.
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From Eq. (10.32), it is seen thatf"+~ depends not only onfin, but also onf~_l and
f~_~. Consequently, f"--1 andf~q must be related to f", so that Eq. (10.32) can be solved
explicitly for G. That is accomplished by expressingf(x, tn) = F(x) in a complex Fourier
series. Each component of the Fourier series is propagated forward in time independently
of all of the other Fourier components. The complete solution at any subsequent time is
simply the sum of the individual Fourier components at that time.

The complex Fourier series forf(x, t") F(x) isgiven by

f(x, ~) =F(x) = ~ etk°’x = ~   F, , (10.36)

where the wave number km is defined as

km = 2rmr/2L

Let f" =f(xi, t") consist of the general term Fm. Thus,

fi n = F,~ = Amelkmxi = ~4melkm(i ~x) = Ameli(k,,, Ax) (10.37)

Thenf~:~ =f(~¢i±l, tn) is given 

fn, 1 = Amelk’~(xi±rx) = AmeIk"(i+l)(Ax) = Ameli(k"z~X)e+l(k’Ax) = fne+((km ~) (10.38)

Equation (10.38) relates f~:a to fn. A similar analysis off(xi, tn+~) gives

f/n~+~l =f,+~e~/(k~ ~x) (10.39)

Substituting these results into a FDE expresses the FDE in terms off ~ and f"+~ only,
which enables the exact solution, Eq. (10.33), to be determined.

Equations (10.38) and (10.39) apply to the mth component of the complex Fourier
series, Eq. (10.36). To ensure stability for a general property distribution, all components
of Eq. (10.36) must be considered, and all values of Ax must be considered. This 
accomplished by letting rn vary from -oz to +o~ and letting Ax vary from 0 to L. Thus,
the product km Ax varies from -~x~ to

The complex exponentials in Eqs. (10.38) and (10.39), that exp[±I(km Ax)]
represent sine and cosine functions, which have a period of 2rc. Consequently, the values of
these exponentials repeat themselves with a period of 2~. Thus, it is only necessary to
investigate the behavior of the amplification factor G over the range 0 ___ (kmAx) _< 2r~. In
view of this behavior, the term (km Ax) will be denoted simply as 0, and Eqs. (10.38) and
(10.39) can be written 

fi~-I = f nero and ,en+l _ fn+l e~lO (10.40)Ji±l -- "

Equation (10.40) can be expressed in terms of sin 0 and cos 0 using the relationships

elO -t- e-IO eIO -- e-IO
cos 0 - and sin 0 - (10.41)

2 21

The steps for performing avon Neumann stability analysis of a finite difference
equation (FDE) are summarized below.

1. Substitute the complex Fourier components forf~:~ andf~,-~1 into the FDE.
2. Express exp(±/0) in terms of sin 0 and cos 0 and determine the amplification

factor, G.
3. Analyze G (i.e., [G[ < 1) to determine the stability criteria for the FDE.
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Example 10.3. Stability analysis of the FTCS method

609

As an example of the von Neumann method of stability analysis, let’s perform a stability
analysis of the FTCS approximation of the diffusion equation, Eq. (10.25):

f/n+l =fi n _~_ d(fi.~ 1 __ 2fi n .~finl)

(10.42)

The required Fourier components are given by Eq. (10.40). Substituting Eq. (10.40) 
Eq. (10.42) gives

fin÷l =fi n _}_ d(fine~O _ 2fi n q_ fn e-lO)
(10.43a)

which can be written as

fin+l=fn[l+d(eI°+e-I° 2’]=fn[l+2d( (O+e-lO )1- 1 (10.43b)
2

Introducing the relationship between the cosine and exponential functions, Eq. (10.41),
yields

f,+l =f"[1 + 2d(cos 0 - 1)] (10.44)

Thus, the amplification factor G is defined as

G = 1 q-2d(cos 0- 1) [ (10.45)

The amplification factor G is the single step exact solution of the finite difference
equation for the general Fourier component, which must be less than unity in magnitude to
ensure a bounded solution. For a specific wave number km and grid spacing Ax, Eq. (10.45)
can be analysed to determine the range of values of the diffusion number d for which
IGI _< 1. In the infinite Fourier series representation of the property distribution, km ranges
from -cx~ to +~. The grid spacing Ax can range from zero to any finite value up to L,
where L is the length of the physical space. Consequently, the product (k, nAX) = 0 ranges
continuously from -~x~ to +cx~. To ensure that the FDE is stable for an arbitrary property
distribution and arbitrary Ax, Eq. (10.45) must be analysed to determine the range 
values of d for which Ial < 1 as 0 ranges continuously from -c~ to +~x~.

Solving Eq. (10.45) for IGI < 1 yields

-1 < 1 +2d(cos0- 1) < 1 (10.46)

Note that d = ~ At/Ax2 is always positive. The upper limit is always satisfied for d > 0
because (cos 0- 1) varies between -2 and 0 as 0 ranges from -~x~ to +~x~. From the
lower limit,

1
d < -- (10.47)

- 1 - cos 0

The minimum value of d corresponds to the maximum value of (1 - cos 0). As 0 ranges
from -~x~ to +~x~, (1 - cos 0) varies between 0 and 2. Consequently, the minimum value
ofd is ½. Thus, IGI < 1 for all values of 0 = km kx if

(10.48)
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Consequently, the FTCS appro.ximation of the diffusion equation is conditionally stable.
This result explains the behavior of the FTCS method for d = 0.6 and d = 1.0 illustrated
in Example 10.1.

The behavior of the amplification factor G also can be determined by graphical methods.
Equation (10.45) can be written in the form

G = (1 - 2d) + 2dcos (10.49)

In the complex plane, Eq. (10.49) represents an oscillation on the real axis, centered 
(1- 2d+I0), with an amplitude of 2d, as illustrated in Figure 10.14. The stability
boundary, [G[ = 1, is a circle of radius unity in the complex plane. For G to remain on or
inside the unit circle, -1 < IGI _< 1, as 0 varies from -o~ to +o~, 2d < 1. The graphical
approach is very useful when G is a complex function.

10.5.3 Convergence

The proof of convergence of a finite difference method is in the domain of the
mathematician. We shall not attempt to prove convergence directly. However, the
convergence of a finite difference method is related to the consistency and stability of
the finite difference equation. The Lax equivalence theorem [Lax (1954) states:

Given a properly posed linear initial-value problem and a finite difference approx-
imation to it that is consistent, stability is the necessary and sufficient condition for
convergence.

Thus, the question of convergence of a finite difference method is answered by a study of
the consistency and stability of the finite difference equation. If the finite difference
equation is consistent and stable, then the finite difference method is convergent.

The Lax equivalence theorem applies to well-posed, linear, initial-value problems.
Many problems in engineering and science are not linear, and nearly all problems involve
boundary conditions in addition to the initial conditions. There is no equivalence theorem
for such problems. Nonlinear PDEs must be linearized locally, and the FDE that
approximates the linearized PDE is analysed for stability. Experience has shown that the
stability criteria obtained for the FDE which approximates the linearized PDE also apply to

~ 4d
¯ I I ¯ I I

~ Stability boundaries

Figure 10.14 Locus of the amplification factor G for the FTCS method.
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the FDE which approximates the nonlinear PDE, and that FDEs that are consistent and
whose linearized equivalent is stable generally converge, even for nonlinear initial-
boundary-value problems.

10.5.3 Summary

The concepts of consistency, stability, and convergence must be considered when choosing
a finite difference approximation of a partial differential equation. Consistency is
demonstrated by developing the modified differential equation (MDE) and letting the
grid increments go to zero. The MDE also yields the order of the FDE. Stability is
ascertained by developing the amplification factor, G, and determining the conditions
required to ensure that IGI _< 1.

Convergence is assured by the Lax equivalence theorem if the finite difference
equation is consistent and stable.

10.6 THE RICHARDSON AND DUFORT-FRANKEL METHODS

The forward-time centered-space (FTCS) approximation of the diffusion equation~ = ~37~
presented in Section 1 0.4 has several desirable features. It is an explicit, two-level, single-
step method. The finite difference approximation of the spatial derivative is second order.
However, the finite difference approximation of the time derivative is only first order. An
obvious improvement would be to use a second-order finite difference approximation of
the time derivative. The Richardson (leapfrog) and DuFort-Frankel methods are two such
methods.

10.6.1 The Richardson (Leapfrog) Method

Richardson (1910) pr_oposed approximating the diffusion equation ~ --- ~j~.~ by replacing
the partial derivative ft by the three-level second-order centered-difference approximation
based on time levels n - 1, n, and n + 1, and replacing the partial derivative fxx by the
second-order centered-difference approximation, Eq. (10.23). The corresponding finite
difference stencil is presented in Figure 10.15. The Taylor series forf n+~ andfn-~ with
base point (i, n) are given 

~n+l ~___~n q-~17 1- n 1- n 1 - n¯ At "~ ~fttli Al2 "~ ~fttt[i At3 "q- ~-4~tttt]i At4 "q- " " " (10.50)

At + ~f, li At~ 1- ,- ~fttli At3 q- ~-4~ttttli At4 "~-’’" (10.51)

(i,n+l)

(i-I ,n) )T~i, 

(i,n-1)

Figure 10.15

(i+1 ,n)

The Richardson (leapfrog) method stencil.
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Adding Eqs. (10.50) and (10.51) gives

j~/n+l .q_j~in-1 = 2~n -~-~t]~ At2 ~ ~ttt]7 ~t4 +’’" (10.52)

Solving Eq. (10.52) for~l~ gives

~n+l __~n-1 ~ttt(T) A~
(10.53)~1~ - 2 at

where ~-~ < v < ~+~. Truncating the remainder te~ yields the second-order centered-
time approximation:

~.+~ _~.-~
f~ -- 2 ~t (10.54)

Substituting Eqs. (10.54) and (10.23) into the di~sion equation gives

Z"+~ -~"-~ - ~ - 2~" +Z~ 00.55)2 ~t ~2

Solving Eq. (10.55) forf "+~ yields

~"+~ =~"~ + 2~(~+~ - 2~" +Z%~) 00.56)

where d = ~ ~t/~~ is the di~sion number.
The ~chardson method appe~s to be a significant improvement over the FTCS

method because of the increased accuracy of the finite difference approx~ation of~.
However, Eq. (10.56) is unconditionally unstable. Peffo~ng a yon Ne~a~ stabili~
analysis of Eq. (10.56) (where f" Gf"-~) yields

1 4G = ~+ ~(cos0 - ~) 00.57)

which yields

G2 + bG - 1 = 0 (10.58)

where b = -4d(cos 0- 1) = 8d sinZ(0/2). Solving Eq. (10.58) by the quadratic 
yields

-~+4~ = 00.59)2

When b = 0, ~G~ = 1. For all other values of b, ~G[ > 1. Consequently, the ~ch~dson
(leapfrog) method is unconditionally unstable when applied to the di~sion equation.

Since the ~ch~dson method is unconditionally ~stable when applied to the
di~sion equation, it c~ot be used to solve that equation, or ~y other parabolic PDE.
This conclusion applies only to p~abolic ~ifferential equations. The combination of a
t~ee-level centered-time approximation off combined with a centered-space approxima-
tion of a spatial derivative may be stable when applied to h~erbolic p~ial differential
equations. For example, when applied to the h~erbolic convection equation, where it is
~own simply as the leapfrog metho~ a conditionally stable finite difference method is
obtained. However, when applied to the convection-di~sion equation, an unconditionally
unstable finite difference equation is again obtained. Such occu~ences of diame~cally
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opposing results require the numerical analyst to be constantly alert when applying finite
difference approximations to solve partial differential equations.

10.6.2 The DuFort-Frankel Method

DuFort and Frankel_(1953_) proposed a modification to the Richardson method for the
diffusion equation f = ef~ which removes the unconditional instability. In fact, the
resulting FDE is unconditionally stable. The central grid point value fn in the second-
order centered-difference approximation ofg~17 is replaced by the average off at time
levels n + 1 and n - 1, that is, f n = (fn+t +f/,-1)/2. Thus, Eq. (10.55) becomes

f,.,+t f?-i f,.~_l _ (f,+l +c,-~)¯ -- " Ji Ji--1- ~ (10.60)
2 At Ax2

At this point, it is not obvious how the truncation error is affected by this replacement. The
value f/"+~ appears on both sides of Eq. (10.60). However, it appears linearly, so Eq.
(10.60) can be solved explicitly forf"+k Thus,

I(1÷ 2d)fi"+1 --- (1 - 2d)fi"-~ ÷ ÷f/nl) (10.61)2d(f~-i

where d = ~ At/Ax2 is the diffusion number.
The modified differential equation (MDE) corresponding to Eq. (10.61) 

At4

+ ~ ~fxx~ A~2 + 5-g6 (Zf~x~ +’" (10.62)

As At -+ 0 and Ax -+ 0, the terms involving the ratio (At/Ax) do not go to zero. In fact,
they become indeterminate. Consequently, Eq. (10.62) is not a consistent approximation 
the diffusion equation. A von Neumann stability analysis does show that [GI _< 1 for all
values ofd. Thus, Eq. (10.61) is unconditionally stable. However, due to the inconsistency
illustrated in Eq. (10.62), the DuFort-Frankel method is not an acceptable method for
solving the parabolic diffusion equation, or any other parabolic PDE. Consequently, it will
not be considered further.

10.7 IMPLICIT METHODS

The forward-time centered-space (FTCS) method is an example of an explicit finite
difference method. In explicit methods, the finite difference approximations of the
individual exact partial derivatives in the partial differential equation are evaluated at
the known time level n. Consequently, the solution at a point at the solution time level
n ÷ 1 can be expressed explicitly in terms of the known solution at time level n. Explicit
finite difference methods have many desirable features. However, they share one undesir-
able feature: they are only conditionally stable, or as in the case of the DuFort-Frankel
method, they are not consistent with the partial differential equation. Consequently, the
allowable time step is generally quite small, and the amount of computational effort
required to obtain the solution of some problems is quite large. A procedure for avoiding
the time step limitation is obviously desirable. Implicit finite difference methods provide
such a procedure.
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In implicit methods, the finite difference approximations of the individual exact
partial derivatives in the partial differential equation are evaluated at the solution time level
n + 1. Fortuitously, implicit difference methods are unconditionally stable. There is no
limit on the allowable time step required to achieve a numerically stable solution. There is,
of course, some practical limit on the time step required to maintain the truncation errors
within reasonable limits, but this is not a stability consideration; it is an accuracy
consideration. Implicit methods do have some disadvantages, however. The foremost
disadvantage is that the solution at a point in the solution time level n ÷ 1 depends on the
solution at neighboring points in the solution time level, which are also unknown.
Consequently, the solution is implied in terms of unknown function values, and a
system of finite difference equations must be solved to obtain the solution at each time
level. Additional complexities arise when the partial differential equations are nonlinear. In
that case, a system of nonlinear finite difference equations results, which must be solved by
some manner of linearization and/or iteration.

In spite of their disadvantages, the advantage of unconditional stability makes
implicit finite difference methods attractive. Consequently, two implicit finite difference
methods are presented in this section: the backward-time centered-space (BTCS) method
and the Crank-Nicolson (1947) method. 

10.7.1 The Backward-Time Centered-Space (BTCS) Method

In this subsection the unsteady one-dimensional diffusion equation,~ = ~x, is solved by
the backward-time centered-space (BTCS) method. This method is also called the fully
implicit method. The finite difference equation which approximates the partial differential
equation is obtained by replacing the exact partial derivativef by the first-order backward-
time approximation, which is developed below, and the exact partial derivative ~ by the
second-order centered-space approximation, Eq. (10.23), evaluated at time level n ÷ 
The finite difference stencil is illustrated in Figure 10.16. The Taylor series for~n with base
point (i, n + 1) is given 

~/, =~,+1 +~l~,+~(_At) + ½~tl~+l(_At)Z (10.63)

Solving Eq. (10.63) for~17+1 gives

~/nq-1 __j~/n ÷ ½j~tt(T) At (10.64)

Truncating the remainder term yields the first-order backward-time approximation:

f"+~ -f" (10.65)f~lT+~ - at

(i-l,n+l) (i,n+l) (i+l,n+l)

"
(i,n)

Figure 10.16 The BTCS method stencil.
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Substituting Eqs. (10.65) and (10.23) into the diffusion equation,~ = ~J~x~, yields

f/n+l __ 2f/n+l -t- £n+lf/~+~ -f/~ _ a i+~ -Ji-1 (10.66)
At Ax2

Rearranging Eq. (10.66) yields the implicit BTCS FDE:

I -dfn-+~l +(1 +2)f~+l-dfn++~l =f~l
(10.67)

where d = ~ At/Ax2 is the diffusion number.
Equation (10.67) cannot be solved explicitly for n+l because the two unknown

neighboring valuesf~_-~~ andf~_’~l also appear in the equation. The value off"+1 is implied
in Eq. (10.67), however. Finite difference equations in which the unknown solution value
f"+~ is implied in terms of its unknown neighbors rather than being explicitly given in
terms of known initial values are called implicit FDEs.

The modified differential equation (MDE) corresponding to Eq. (10.67) 

f = o~f~.x + ½ ft At _ l
+ ~2 0~f~xxx ,~r2 1

-6ftt At2 +"" + "’"~O~f~xxxxx z~X4 -[- (10.68)

As At --~ 0 and Ax ~ 0, all of the truncation error terms go to zero, and Eq. (10.68)
approaches f = ~f~x. Consequently, Eq. (10.67) is consistent with the diffusion equation.
The truncation error is 0(At)+ 0(Axe). From avon Neumann stability analysis, 
amplification factor G is

1
G = (10.69)

1 + 2d(1 - cos 0)

The term (1 - cos 0) is greater than or equal to zero for all values of 0 = (k,, Ax).
Consequently, the denominator of Eq. (10.69) is always >_ 1. Thus, [GI < 1 for all positive
values of d, and Eq. (10.67) is unconditionally stable. The BTCS approximation of the
diffusion equation is consistent and unconditionally stable. Consequently, by the Lax
Equivalence Theorem, the BTCS method is convergent.

Consider now the solution of the unsteady one-dimensional diffusion equation by
the BTCS method. The finite difference grid for advancing the solution from time level n

t~/- Boundary condition f(O,t)
~

]
Boundary condition f(L,t) ~ I

n+l

n

01~
I ~

3 L x

Figure 10.17 Finite difference grid for implicit methods.
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to time level n ÷ 1 is illustrated in Figure 10.17. For Dirichlet boundary conditions (i.e.,
the value of the function is specified at the boundaries), the finite difference equation must
be applied only at the interior points, points 2 to imax - 1. At grid point 1,f~n+l =j~(0, t),
and at grid point imax, f~+ax~ =.~(L, t). The following set of simultaneous linear equations
is obtained:

(1 + 2d)An+l - dAn+l =An 2c- d~(O, l) = 2

-df2 n+l + (1 + 2d)f3n+l -- df4n+l = f3 n = 63

-df3"+~ + (1 + 2d)f4"+1 - df~"+~ =f4" = b4 (10.70)

-dfi~+axl_2 + (l + 2d)f~+axl_l =f~ax-1 d~¢(L, t) = bimax_1

Equation (10.70) comprises a tridiagonal system of linear algebraic equations. That
system of equations may be written as

Af n+l = b (10.71)

where A is the (imax - 2 × imax - 2) coefficient matrix, f,+l is the (imax - 2 x 
solution column vector, and b is the (imax - 2 × 1) column vector of nonhomogeneous
terms. Equation (10.71) can be solved very efficiently by the Thomas algorithm presented
in Section 1.5. Since the coefficient matrix A does not change from one time level to the
next, LU factorization can be employed with the Thomas algorithm to reduce the
computational effort even further.

The FTCS method and the BTCS method are both first order in time and second order
in space. So what advantage, if any, does the BTCS method have over the FTCS method?
The BTCS method is unconditionally stable. The time step can be much larger than the time
step for the FTCS method. Consequently, the solution at a given time level can be reached
with much less computational effort by taking time steps much larger than those allowed for
the FTCS method. In fact, the time step is limited only by accuracy requirements.

Example 10.4. The BTCS method applied to the diffusion equation.

Let’s solve the heat diffusion problem described in Section 10.1 by the BTCS method with
Ax = 0.1 cm. For the first case, let At = 0.5 s, so d = ~ At/Ax2 -- 0.5. The results at
selected time levels are presented in Figure 10.18. It is obvious that the numerical solution
is a good approximation of the exact solution. The general features of the numerical
solution presented in Figure 10.18 are qualitatively similar to the numerical solution
obtained by the FTCS method for At = 0.5 s and d = 0.5, which is presented in Figure
10.11. Although the results obtained by the BTCS method are smoother, there is no major
difference. Consequently, there is no significant advantage of the BTCS method over the
FTCS method for d = 0.5.

The numerical solutions at t = 10.0 s, obtained with At -- 1.0, 2.5, 5.0, and 10.0 s,
for which d = 1.0, 2.5, 5.0, and 10.0, respectively, are presented in Figure 10.19. These
results clearly demonstrate the unconditional stability of the BTCS method. However, the
numerical solution lags the exact solution seriously for the larger values of d. The
advantage of the BTCS method over explicit methods is now apparent. If the decreased
accuracy associated with the larger time steps is acceptable, then the solution can be
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obtained with less computational effort with the BTCS method than with the FTCS
method. However, the results presented in Figure 10.19 suggest that large values of the
diffusion number, d, lead to serious decreases in the accuracy of the solution.

The final results presented for the BTCS method are a parametric study in which the value
of T(0.4, 5.0) is calculated using values of Ax = 0.1, 0.05, 0.025, and 0.0125cm, for
values ofd = 0.5, 1.0, 2.0, and 5.0. The value of At for each solution is determined by the
specified values of Ax and d. The exact solution is ~’(0.5, 5.0) = 47.1255 C. The results
are presented in Table 10.5. The truncation error of the BTCS method is 0(At) + 0(Ax2).
For a constant value of d, At = d Ax~/e. Thus, as z~c is successively halved, At is
quartered. Consequently, both the 0(zXt) error term and the 0(Ax2) error term, and thus the
total error, should decrease by a factor of approximately 4 as Ax is halved for a constant
value of d. This result is clearly evident from the results presented in Table 10.5.

The backward-time centered-space (BTCS) method has an infinite numerical
information propagation speed. Numerically, information propagates throughout the
entire physical space during each time step. The diffusion equation has an infinite physical
information propagation speed. Consequently, the BTCS method correctly models this
feature of the diffusion equation.

When a PDE is nonlinear, the corresponding FDE is nonlinear. Consequently, a
system of nonlinear FDEs must be solved. For one-dimensional problems, this situation is
the same as described in Section 8.7 for ordinary differential equations, and the solution
procedures described there also apply here. When systems of nonlinear PDEs are
considered, a corresponding system of nonlinear FDEs is obtained at each solution point,
and the combined equations at all of the solution points yield block tridiagonal systems of
FDEs. For multidimensional physical spaces, banded matrices result. Such problems are
frequently solved by alternating-direction-implicit (ADI) methods or approximate-factor-
ization-implicit (AFI) methods, as described by Peaceman and Rachford (1955) 
Douglas (1962). The solution of nonlinear equations and multidimensional problems are
discussed in Section 10.9. The solution of a coupled system of several nonlinear multi-
dimensional PDEs by an implicit finite difference method is indeed a formidable task.

Table 10.5 Parametric Study of T(0.4, 5.0) by the BTCS
Method

T(0.4, 5.0), 
Error (0.4, 5.0) = [T(0.4, 5.0) - ~’(0.4, 5.0)1, 

Ax, cm d = 0.5 d = 1.0 d = 2.5 d = 5.0

0.1 48.3810 49.0088 50.7417 53.1162
1.2555 1.8830 3.6162 5.9907

0.05 47.4361 47.5948 48.0665 48.8320
0.3106 0.4693 0.9410 1.7065

0.025 47.2029 47.2426 47.3614 47.5587
0.0774 0.1171 0.2359 0.4332

0.0125 47.1448 47.1548 4711845 47.2340
0.0193 0.0293 0.0590 0.1085
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In summary, the backward-time centered-space approximation of the diffusion
equation is implicit, single step, consistent, 0(At)÷ 0(Ax2), unconditionally stable, 
convergent. Consequently, the time step is chosen based on accuracy requirements, not
stability requirements. The BTCS method can be used to solve nonlinear PDEs, systems of
PDEs, and multidimensional problems. However, in those cases, the solution procedure
becomes quite complicated.

10.7.2 The Crank-Nicolson Method

The backward-time centered-space (BTCS) approximation of the diffusion equation
~ = ~f~, presented in the previous subsection, has a major advantage over explicit
methods: It is unconditionally stable. It is an implicit single step method. The finite
difference approximation of the spatial derivative is second order. However, the finite
difference approximation of the time derivative is only first order. Using a second-
order finite difference approximation of the time derivative would be an obvious
improvement.

Crank and Nicolson (1947) proposed approximating the partial derivative~t at grid
point (i, n + 1/2) by the second-order centered-time approximation obtained by com-
bining Taylor series for~"+1 and~n. Thus,

~n+l =~n+l/2 ÷~[7+1/2 ÷~ftt[i "~ +~anti +... (10.72)

~, =~,+]/e -fli ~ + ~Jttli -- --6 St. i ~ 2 } +’’" (10.73)

Sub,acting these ~o equations and solving for~17+~/z gives

J~ttl n+l/2 ~//n+l __j~i n 2~l (’~) A~2 (10.74)i = At

where t" < z < t n+l . Truncating the remainder term in Eq. (10.74) yields the second-order
centered-time approximation off:

f,17+1/2 _f n+l _fin (10.75)

The partial derivative ~x at grid point (i, n + ½) is approximated 

iXXlT+l/2
__1 (/" in+l
-- ~ \Jxxli (10.76)

The order of the FDE obtained using Eqs. (10.75) and (10.76) is expected to 
0(At2) ÷ 0(Ax2), but that must be proven from the MDE. The partial derivativejTxx at time
levels n and n ÷ 1 are approximated by the second-order centered-difference approxima-
tion, Eq. (10.23), applied at time levels n and n + 1, respectively. The finite difference
stencil is illustrated in Figure 10.20. The resulting finite difference approximation of the
one-dimensional diffusion equation is

fin+l __fin
{fi~_+ll __ 2fin+l ÷fn_-~l fi~-I -- 2fi n ÷ fin-l.’~

At ~ ~~,, Ax2
-~

Ax2 ) (10.77)
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(i-l,n+l) (i,n+l) (i+l,n+l)
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"! (i,n+1/2)

(i-1 ,n) (i,n) (i+1 ,n)

Figure 10.20 The Crank-Nicolson method stencil.

Rearranging Eq. (10.77) yields the Crank-Nicolson finite difference equation:

-d~_+l1 q- 2(1 + dff~in+l - dfin++ll
(10.78)

= d~nl -t- 2(1 - d~n q- dfin+l

where d = ~ At/Ax2 is the diffusion number.
The modified differential equation (MDE) obtained by writing Taylor series for

f(x, t) about point (i, n + ½) 

f~ = ~fxx - ~-4ftttt AtE +"" + ~ ~fxxtt AtE

+~=f=x~AX~. 1 ~,- A.4-- 3-ff6 ,~x~.~x~ +"" (10.79)

As At--~ 0 and Ax-+ 0, all of the truncation error terms go to zero, and Eq. (10.79)
approachesft = ~fx~. Consequently, Eq. (10.78) is consistent with the diffusion equation.
The leading truncation error terms are 0(At2) and 0(Ax2). From a yon Neumann stability
analysis, the amplification factor G is

1 - d(1 - cos 0)
G = (10.80)

1 + d(1 - cos 0)

The term (1 - cos 0) _> 0 for all values of 0 (km Ax). Consequently IGI _<1 f orall
positive values of d, and Eq. (10.78) is unconditionally stable. The Crank-Nicolson
approximation of the diffusion equation is consistent and unconditionally stable. Conse-
quently, by the Lax equivalence theorem, the Crank-Nicolson approximation of the
diffusion equation is convergent.

Now consider the solution of the unsteady one-dimensional diffusion equation by
the Crank-Nicolson method. The finite difference grid for advancing the solution from
time level n to time level n + 1 is illustrated in Figure 10.17. For Dirichlet boundary
conditions (i.e., the value of the function is specified at the boundaries), the finite
difference equation must be applied only at the interior points, points 2 to imax - I. At
grid point 1, f~,+l =~(0, t), and at grid point imax, f~ =~(L, t). The following set 
simultaneous linear equations is obtained:

2(1 + d)f2n+l - df3n+l -- dfln q- 2(1 - d)f2n q- df3n q- drY(O, t) = 2

-df2"+1 + 2(1 + d)f3n+l - df4"+~ = df2n + 2(1 - dff~~ + d~" = b3
-df3"+1 + 2(1 + d)f4~+~ - df5~+~ = d3~~ + 2(1 - d)f4~ + d3~" = b4

n+l d’lf.n+l d n n-df~ax_2+e(l+ /Jimax_l~-- ~f~nax_2-~2(1-d~a~_l+df,~ax+df~(L,t)bi~ax-~
(10.81)
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Equation (10.81) comprises a tridiagonal system of linear algebraic equations, which 
very similar to the system of equations developed in Section 10.7.1. for the backward-time
centered-space (BTCS) method. Consequently, the present system of equations can 
solved by the Thomas algorithm, as discussed in that section.

Like the backward-time centered space (BTCS) method, the Crank-Nicolson method
is unconditionally stable. Consequently, the solution at a given time level can be reached
with much less computational effort by taking large time steps. The time step is limited
only by accuracy requirements.

Example 10.5. The Crank-Nicolson method applied to the diffusion equation

Let’s solve the heat diffusion problem described in Section 10.1 by the Crank-Nicolson
method with Ax= 0.1 cm. Let At= 0.5 s, so d= 0.5. The numerical solution is
presented in Figure 10.21. As expected, the results are more accurate than the correspond-
ing results presented in Figure 10.18 for the BTCS method.

The numerical solution at t = 10.0 s, obtained with At = 1.0, 2.5, 5.0, and 10.0s,
for which d = 1.0, 2.5, 5.0, and 10.0, respectively, is presented in Figure 10.22. These
results clearly demonstrate the unconditional stability of the Crank-Nicolson method.
However, an overshoot and oscillation exists in the numerical solution for all values of d
considered in Figure 10.22. These oscillations are not due to an instability. They are an
inherent feature of the Crank-Nicolson method when the diffusion number becomes large.
The source of these oscillations can be determined by examining the eigenvalues of the
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Figure 10.21 Solution by the Crank-Nicolson method with d = 0.5.
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1.0

coefficient matrix for the complete system of linear equations, Eq. (10.81). The results
presented in Figure 10.22 suggest that values of the diffusion number d much greater than
1.0 lead to a serious loss of accuracy in the transient solution.

The final results presented for the Crank-Nicolson method are a parametric study in which
the value of T(0.4, 5.0) is calculated using values of Ax--0.1, 0.05, 0.025, and
0.0125 cm, for values of d = 0.5, 1.0, 2.0, and 5.0. The value of At for each solution is
determined by the specified values of Ax and d. The exact solution is
~’(0.4, 5, 0) = 46.1255 C. Results are presented in Table 10.6. The truncation error 
the Crank-Nicolson method is 0(At2) q- 0(Zkx2). For a given value of d, At = d AxZ/e.
Thus, as Ax is successively halved, At is quartered. Consequently, the 0(At2) term should
decrease by a factor of approximately 16 and the 0(At2) term should decrease by a factor
of approximately 4 as Ax is halved for a constant value of d. The results presented in Table
10.6 show that the total error decreases by a factor of approximately 4, indicating that the
0(Ax2) term is the dominant error term.

The Crank-Nicolson method has an infinite numerical information propagation
speed. Numerically, information propagates throughout the entire physical space during
each time step. The diffusion equation has an infinite physical information propagation
speed. Consequently, the Crank-Nicolson method correctly models this feature of the
diffusion equation.
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Table 10.6 Parametric Study of T(0.4, 5.0) by the Crank-
Nicolson Method

T(0.4, 5.0), 
Error (0.4, 5.0) = [T(0.4, 5.0) - ~’(0.4, 5.0)], 

Ax, cm d = 0.5 d = 1.0 d = 2.5 d = 5.0

0.1 47.7269 47.7048 46.1511 47.9236
0.6014 0.5793 -0.9744 0.7981

0.05 47.2762 47.2744 47.2831 47.0156
0.1507 0.1489 0.1576 -0.1099

0.025 47.1632 47.1631 47.1623 47.1584
0.0377 0.0376 0.0368 0.0329

0.0125 47.1349 47.1349 47.1349 47.1347
0.0094 0.0094 0.0094 0.0092

The implicit Crank-Nicolson method can be used to solve nonlinear PDEs, systems
of PDEs, and multidimensional PDEs. The techniques and problems are the same as those
discussed in the previous section for the BTCS method and in Section 10.9.

In summary, the Crank-Nicolson approximation of the diffusion equation is implicit,
single step, consistent, 0(At2) + 0(Ax2), unconditionally stable, and convergent. Conse-
quently, the time step size is chosen based on accuracy requirements, not stability
requirements.

10.8 DERIVATIVE BOUNDARY CONDITIONS

All of the finite difference solutions of the unsteady one-dimensional diffusion equation
presented thus far in this chapter have been for Dirichlet botmdary conditions, that is, the
values of the function are specified on the boundaries. In this section, a procedure for
implementing derivative, or Neumarm, boundary conditions is presented.

The general features of a derivative boundary condition can be illustrated by
considering a modification of the heat diffusion problem presented in Section 10.1, in
which the thickness of the plate is L = 0.5 cm and the boundary condition on the fight side
of the plate is

~x(0.5, t) = 0.0 (10.82)

The initial condition, ~(x, 0.0), and the boundary condition of the left side, ~’(0.0, t), are
the same as in the original problem. This problem is identical to the original problem due
to the symmetry of the initial condition and the boundary conditions. The exact solution is
given by Eq. (10.3), tabulated in Table 10.1, and illustrated in Figure 10.23. The solution
smoothly approaches the asymptotic steady state solution, ~"(x, ~x~) = 0.0.

In this section, we will solve this problem numerically using the forward-time
centered-space (FTCS) method at the interior points. The implementation of a derivative
boundary condition does not depend on whether the problem is an equilibrium problem or
a propagation problem, nor does the ntmaber of space dinaensions alter the procedure.
Consequently, the procedure presented in Section 8.5 for implementing a derivative
boundary condition for one-dimensional equilibrium problems can be applied directly to
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one-dimensional propagation problems. The finite difference grid for implementing a
right-hand side derivative boundary condition is illustrated in Figure 10.24.

Let’s apply the FTCS finite difference equation (FDE) at grid point I on the fight-
hand boundary, as illustrated in Figure 10.24. The FDE is Eq. (10.25):

f~n+l =h" + a(f?_~ -- 2f? +~) (10.83)

Grid point I ÷ 1 is outside of the solution domain, sof/n+~ is not defined. However, a value
_for ftn+~ can be determined from the boundary condition on the right-hand boundary
fx17 = known.

The finite difference approximation employed in Eq. (10.83) for the space derivative
J~x is second order. It’s desirable to match this truncation error by using a second-order

(1-1,n+1) (I,n+l) (I+1,n+1)

(1-1,n) (I,n) (1+1,n)

Figure 10.24 Finite difference stencil for right-hand side derivative BC.
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finite difference approximation for the derivative boundary condition ~17 = known.
Applying Eq. (10.21) at grid point ! gives

- , J~+l -fiLl + 0(Ax2)
(10.84)fxli - 2 Ax

Truncating the remainder term and solving Eq. (10.84) forff+~ gives

Substituting Eq. (10.85) into Eq. (10.83) yields

d n __f/"+~ =f[ + [J~-I 2f[ + (f[_~ + 2]xl 7 Ax)] (10.86)

Rearranging Eq. (10.86) gives the FDE applicable at the right-hand side boundary:

Equation (10.87) must be examined for consistency and stability. Consider the
present example where~]~ = 0. The modified differential equation (MDE) corresponding
to Eq. (10.87) 

As z~x -~ 0 and At -~ 0, all of the tnmcation error terms go to zero, and Eq. (10.88)
approachesf = efx~. Consequently, Eq. (10.87) is consistent with the diffusion equation.
A matrix method stability analysis yields the stability criterion d <

Example 111.6. Derivative b~undary e~nd~t~n f~r the diffusion

Let’s work the example problem with Ax = 0.1 cm and At = 0.1 s, so d = 0.1, using Eq.
(10.25) at the interior points and Eq. (10.87) at the right-hand boundary. The results 
presented in Figure 10.25. The numerical solution is a good approximation of the exact
solution. These results are identical to the results presented in Figure 10.10 for this
problem which has a symmetrical initial condition and symmetrical boundary conditions.

10.9 NONLINEAR EQUATIONS AND MULTDIMENSIONAL PROBLEMS

All of the finite difference equations and examples presented so far in this chapter are for
the linear unsteady one-dimensional diffusion equation. Some of the problems which arise
for nonlinear partial differential equations and multidimensional problems are discussed
briefly in this section.

10.9.1 Nonlinear Equations

Considerthe nonlinear unsteady one-dimensional convection-diffusion equation:

(10.89)
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Figure 10.25 Solution with a derivative BC.

where the convection velocity u and the diffusion coefficient c~ depend ong7. The FTCS
approximation of Eq. (10.89) 

The nonlinear coefficients are simply evaluated at the base point (i, n) where f", and hence
u7 and aT, are known. The FDE can be solved directly forf ~+1. The nonlinear coefficients
cause no numerical complexities. This type of result is typical of all explicit finite
difference approximations.

The BTCS approximations of Eq. (10.89) 

(10.91)

The nonlinear coefficients present a serious numerical problem. The nonlinear coefficients
u~’+~ and ~+~ depend onf"+~, which is unknown. Equation (I0.91), when applied at every
point in the finite difference grid, yields a system of coupled nonlinear finite difference
equations. The system of coupled nonlinear FDEs can be solved by simply lagging the
nonlinear coefficients (i.e., letting u7+~ = u~ and ~+~ = ~’), by iteration, by Newton’s
method, or by time linearization. Iteration and Newton’s method are discussed in Section
8.7 for nonlinear one-dimensional boundary-value problems. Time linearization is
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presented in Section 7.11 for nonlinear one-dimensional initial-value problems. The Taylor
series for~"+t with base point (i, n) 

~n+l =~//n _~t_j~tt [~ At + 0(At 2) (10.92)

The defivative~l~ is obtained from the PDE, which is evaluated at grid point (i, n) using
the same spatial finite difference approximations used to derive the implicit FDE. Values of
u~’+1 and a7+~ can be evaluated for the value fn+l obtained from Eq. (10.92). Time
linearization requires a considerable amount of additional work. It also introduces
additional truncation errors that depend on At, which reduces the accuracy and generally
restricts the time step, thus reducing the advantage of unconditional stability associated
with implicit finite difference equations.

10.9.2 Multidimensional Problems

All of the finite difference equations and examples presented so far in this chapter are for
the linear unsteady one-dimensional diffusion equation. Some of the problems which arise
for multidimensional problems are discussed in this section.

Consider the linear unsteady two-dimensional diffusion equation:

I ~tt = O~( f°xx -3V ~yy) (10.93)

The FTCS approximation of Eq. (10.93) 

Jij -fj _ e .+~ - 2f,) +f_~j ~- i,)+~ - 2~ +~._~. (10.94)
~t ~2 ~y2

Equation (10.94) c~ be solved directly for f~+~. No additional n~efical complexities
arise because of the second spatial derivative. For the t~ee-dimensional di~sion
equation, the additional defivative~ is present in the PDE. Rs finite different approxima-
tions is simply added to Eq. (10.94) without ~her complications. This ~e of resuR 
~ical of all explicit finite difference approximations.

The BTCS approximation of Eq. (10.93) 

_
)

"Ji-~a + i~+~ Ji~ ~. (10.95)
At ~l Ay2

Applying Eq. (10.95) at eve~ point in a ~o-dimensional finite difference grid yields 
banded pemadiagonal marx, which requires a l~ge amount of computational effo~.
Successive-over-relaxation (SOR) methods can be applied for ~o-dimensional problems,
but even that approach becomes almost prohibitive for t~ee-dimensional problems.
Alternating-direction-implicit (~I) methods [Peaceman and Rachford (1955) 
Douglas (1962)] ~d approximate-factofization-implicit (AFI) methods can be used 
reduce the banded matrices to ~o (or three for three-dimensional problems) systems 
~diagonal ma~ces, which can be solved successively by the Thomas algorit~ (see
Section 1.5).

10.9.2.1 Alternating-Direction-Implicit (ADI) Method

The alternating-direction-implicit (ADI) approach consists of solving the PDE in ~o
steps. In the first time step, the spatial derivatives in one direction, say y, are evaluated at
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the known time level n and the other spatial derivatives, say x, are evaluated at the
unknown time level n ÷ 1. On the next time step, the process is reversed. Consider the
two-dimensional diffusion equation, Eq. (10.93). For the first step, the semidiscrete (i.e.,
time equation, discretization only) finite difference approximation yields

fn+l n
Ji d -- fi,j ," n+l

At -- O~yxx i,j ÷ ~fYYJ~a" (10.96)

For the second step,

f~.+2 _ ~.+l

At -- O~yxx i,j ÷ ~Jyylij (10.97)

If the spatial derivatives in Eqs. (10.96) and (10.97) are replaced by second-order centered-
difference approximations, Eqs. (10.96) and (10.97) both yield a tridiagonal system 
FDEs, which can be solved by the Thomas algorithm (see Section 1.5). Ferziger (1981)
shows that the alternating-direction-implicit method is consistent, 0(At2) + (0(Ax2) +
0(ky2), and unconditionally stable.

Alternating-direction-implicit (ADO procedures can also be applied to three-dimen-
sional problems, in which case a third permutation of Eqs. (10.96) and (10.97) involving
the z-direction derivatives is required. A direct extension of the procedure presented above
does not work. A modification that does work in three dimensions is presented by Douglas
(1962) and Douglas and Gunn (1964).

The ADI method must be treated carefully at the n + 1 time step at the boundaries.
No problem arises for constant BCs. However, for time dependent BCs, Eq. (10.96), which
is 0(At), yields less accurate solutions than Eq. (10.97), which 0(At2). When accurate
BCs are specified, the errors in the solution at the boundaries at time steps n + 1 and n + 2
are different orders, which introduces additional errors into the solution. Ferziger (1981)
discusses techniques for minimizing this problem.

10.9.2.2 Approximate-Factorization-lmplicit (AFI) Method

The approximate-factorization-impficit (AFI) approach can be illustrated for the BTCS
approximation of the two-dimensional diffusion equation, Eq. (10.93), by expressing it 
the semidiscrete operator form

fp+’ - r, / 02 a~ \ ,+~
-~-t " -- O~ t-~x2x2 -t- ~--y~ ) f (10.98)

Collecting term yields the two-dimensional operator

[1- ~ At(~x2 +~)]f~ +1 =f~" (10.99)

Equation (10.99) can be approximated by the product of two one-dimensional operators:

(,_
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Equation (10.100) can be solved in two steps:

If the

(10.101)

(10.102)

spatial derivatives in Eqs. (10.101) and (10.102) are replaced by three-point second-
order centered-difference approximations, Eqs. (10.101) and (10.102), both yield a tridia-
gonal sytstem of FDEs, which can be solved by the Thomas algorithm (see Section 1.5).

Multiplying the two operators in Eq. (10.100) yields the single operator

[1- c~At(0-~ + ~----2)+c~ 2 At2 0~0y~y]f~ +’ =f~ (10.103)

The 0(At2) term in Eq. (10.103) is not present in the original finite difference equation, Eq.
(10.99). Thus, the factorization has introduced a local 0(At2) error term into the solution.
For this reason this approach is called an approximatefactorization.The local error of the
BTCS approximation is 0(At2), so the approximate factorizaton preserves the order of the
BTCS approximation.

Approximate factorization can be applied to three-dimensional problems, in which
case a third one-dimensional operator is added to Eq. (10.100) with a corresponding third
step in Eqs. (10.101) and (10.102).

10.10 THE CONVECTION-DIFFUSION EQUATION

The solution of the parabolic unsteady diffusion equation has been discussed in Sections
10.2 to 10.9. The solution of the parabolic convection-diffusion equation is discussed in
this section.

10.10.1 Introduction

Consider the unsteady one-dimensional parabolic convection-diffusion equation for the
generic dependent variable s~(x, t):

(10.104)

where u is the convection velocity and ~ is the diffusion coefficient. Since the classification
of a PDE is determined by the coefficients of its highest-order derivatives, the presence of
the first-order convection term U~x in the convection-diffusion equation does not affect its
classification. The diffusion equation and the convection-diffusion equation are both
parabolic PDEs. However, the presence of the first-order convection term has a major
influence on the numerical solution procedure.

Most of the concepts, techniques, and conclusions presented in Sections 10.2 to 10.9
for solving the diffusion equation are directly applicable, sometimes with very minor
modifications, for solving the convection-diffusion equation. The finite difference grids
and finite difference approximations presented in Section 10.3 also apply to the convec-
tion-diffusion equation. The concepts of consistency, order, stability, and convergence
presented in Section 10.5 also apply to the convection-diffusion equation. The present
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section is devoted to the numerical solution of the convection-diffusion equation, Eq.
(10.104).

The solution to Eq_ (10.104) is the functionj~(x, t). This function must satisfy 
initial condition at t = O,f(x, O) = F(x). The time coordinate has an unspecified (i.e, open)
final value. Equation (10.104) is second order in the space coordinate x. Consequently, two
boundary conditions (BCs) are required. These BCs may be of the Dirichlet type (i.e.,
specified values ofjT), the Neumann _type (i.e., specified values Of~x), or the mixed type
(i.e., specified combinations ofj~ andfx). The space coordinate x must be a closed physical
domain.

The convection-diffusion equation applies to problems in mass transport, momentum
transport, energy transport, etc. Most people have some physical feeling for heat transfer
due to its presence in our everyday life. Consequently, the convection-diffusion equation
governing heat transfer in a porous plate is considered in this chapter to demonstrate
numerical methods for solving the convection-diffusion equation. That equation is
presented in Section II1.8, Eq. (111.101), which is repeated below:

Tt + V. VT = (z V2T (10.105)

where T is the temperature, V is the vector convection velocity, and ~ is the thermal
diffusivity. For unsteady one-dimensional heat transfer, Eq. (10.105) becomes

Tt "q- tit x -~- ~Txx (10.106)

The following problem is considered in this chapter to illustrate the behavior of finite
difference methods for solving the convection-diffusion equation. A porous plate of
thickness L = 1.0 cm is cooled by a fluid flowing through the porous material, as
illustrated in Figure 10.26. The thermal conductivity of the porous material is small
compared to the thermal conductivity of the fliaid, so that heat conduction through the
porous material itself is negligible compared to heat transfer through the fluid by
convection and diffusion (i.e., conduction). The temperatures on the two faces of the
plate are

T(0.0, t) = 0.0 C and T(L, t) = 100.0 (10.107)

The initial fluid velocity is zero, so the initial temperature distribution is the pure diffusion
distribution:

T(x, 0.0) = lO0.Ox/L 0.0 < x < (10.108)

T(0,t) ~ -Porous material

~ -T(L,t)

L x

Figure 10.26 Heat convection-diffusion in a porous plate.
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Exact solution of the heat convection-diffusion problem for P = 10.

This initial temperature distribution is illustrated by the top curve in Figure 10.27. The
diffusion coefficient of the fluid is e = 0.01 cm2/s. At time t = 0, the fluid in the plate is
instantaneously given a constant velocity u = 0.1 cm/s to the right. The temperature
distribution T(x, t) in the fluid is required.

The exact solution to this problem is obtained by replacing the original problem with
two auxiliary problems. Both problems satisfy Eq. (10.106). For the first problem,
T(x, 0.0) = 0.0, T(0.0, t) = 0.0, and T(L, t) = 100.0. For the second problem, T(x, 0.0)
is given by Eq. (10.108), T(0.0, t) = 0.0, T(L,t) = 0.0. SinceEq. (10.106) is lin ear
the solution to the original problem is the sum of the solutions to the two auxiliary
problems. The exact solution to each of the two auxiliary problems is obtained by
assuming a product solution of the form T(x, t) = X(x)~(t), separating variables, integrat-
ing the resulting two ordinary differential equations, applying the boundary conditions at
x = 0 and x = L, and superimposing an infinite number of harmonic functions (i.e., sines
and cosines) in a Fourier series to satisfy the initial condition. The final result is

exp(Px/L) - 
T(x,t)= lO0 ~:-i

4re exp(Px/2L)sinh(P/2)exp(P)- 1 m=l ~ Am "~ 2~ exp(Px/2L) ~=t gtn]

(10.109)
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where P is the Peclet number

the coefficients Am and Bm are given by

Am = (- 1)mmfl~n1 sin(m~x/L)e-2mr

[ t mt= 1 + e-P/2 m

and

(10.110)

(10.111)

(10.112)

2

t¢2 m27r2~
2~=~ L - L2 (10.114)

The exact transient solution at selected values of time t for L = 1.0 cm,
u = 0.1 cm/s, and ~ = 0.01 cm2/s, for which the Peclet number P = uL/~ = 10, is
tabulated in Table 10.7 and illustrated in Figure 10.27. As expected, heat flows out of
the faces of the plate to the surroundings by diffusion, and heat is convected out of the
plate by convection. The temperature distribution smoothly approaches the asymptotic
steady-state solution

exp(Px/L) - 1
T(x, ~x~) = 100 exp(P)- (10.115)

From Table 10.7, it can be seen that the transient solution has reached the asymptotic
steady state by t = 50.0 s~

Table 10.7 Exact Solution of the Heat Convection-Diffusion Problem for P = 10

Temperature T(x, t), 

t,s x=O.O x=0.2 x=0.4 x=0.6 x=0.7 x=0.8 x=0.9 x=l.O

0.0 0.00 20.00 40.00 60.00 70.00 80.00 90.00 100.00
0.5 0.00 15.14 35.00 55.00 65.00 75.02 85.43 100.00
1.0 0.00 11.36 30.05 50.00 60.02 70.18 81.57 100.00
1.5 0.00 8.67 25.39 45.02 55.07 65.50 77.99 100.00
2.0 0.00 6.72 21.25 40.14 50.18 60.91 74.55 100.00
2.5 0.00 5.29 17.71 35.46 45.41 56.43 71.20 100.00
5.0 0.00 1.80 7.13 17.74 25.64 36.78 56.13 100.00

10.0 0.00 0.30 1.38 4.81 9.09 18.39 40.96 100.00
50.00 0.00 0.03 0.24 1.83 4.97 13.53 36.79 100.00
~x~ 0.00 0.03 0.24 1.83 4.97 13.53 36.79 100.00
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Figure 10.28 The FTCS stencil method.
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10.10.2 The Forward-Time Centered-Space Method

In this section the convection-diffusion equation ~ + u~ = a~xx is solved numerically by
the forward-time centered-space (FTCS) method. The base point for the finite difference
approximations (F_DAs) of the individual exact partial derivatives is grid point (i, n). 
partial derivativef is _approximated by the first-order forward-difference FDA, Eq. (10.17),
the partial derivativefx is approximate_d by the second-order centered-difference FDA, Eq.
(10.21), and the partial derivative fxx is approximated by the second-order centered-
difference FDA, Eq. (10.23). The corresponding finite difference stencil is illustrated 
Figure 10.28. The resulting finite difference equation (FDE) 

(10.116)

where c = u At/Ax is the convection number and d = ~ At/Ax2 is the diffusion number.
The modified differential equation (MDE) corresponding to Eq. (10.116) 

ft + Ufx = afxx - ½ f. At-{fttt At2 ..... ~ Uf~xxAx2 ....

+ ~2 ~f=~xAx4 +... (10.117)

As At --~ 0 and Ax --~ 0, Eq. (10.117) approaches f + uf~ ~fxx. Consequently, Eq.
(10.1 l 6) is a consistent approximation of the convection-diffusion equation, Eq. (10.104).
The FDE is 0(At)+ 0(Ax2). The amplification factor G corresponding to Eq. (10.116) 

G = (1 - 2d) + 2dcos 0 IcsinO (10.118)

For -cx~ < 0 < ~x~, Eq. (10.118) represents an ellipse in the complex plane, as illustrated
in Figure 10.29. The center of the ellipse is at (1 - 2d +I0) and the axes are 2d and c. For
stability, ]G] _< 1, which requires that the ellipse lie on or within the unit circle IG[ = 1.
From Figure 10.29, two stability criteria are obvious. The real and imaginary axes of the
ellipse must both be less than or equal to unity. From curves a and b,

c < 1 and 2d <_ 1 (10.119)

In addition, at point (1 + I0) the curvature of the ellipse must be greater than the curvature
of the unit circle, or the ellipse will not remain within the unit circle even though c < 1 and
d < 1/2, as illustrated by curve c. This condition is satisfied if

c2 < 2d (10.120)

which, with 2d < 1, includes the condition c _< 1. Thus, the stability criteria for the FTCS
approximation of the convection-diffusion equation are

¢2 .~ ~ (10.121)2d 1
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Locus of the amplification factor G for the FTCS method.

Consequently, the method is conditionally stable. Curve d in Figure 10.29 illustrates a
stable condition. The FTCS approximation of the convection-diffusion equation is
consistent and conditionally stable. Consequently, by the Lax equivalence theorem, it is
a convergent approximation of that equation.

Example 10.7. The FTCS method applied to the convection-diffusion equation

Let’s solve the heat convection-diffusion problem using Eq. (10.116) with Ax = 0.1 cm.
The exact solution at selected times is presented in Table 10.7. The numerical solution for
At = 0.5 s, for which c = u At/Ax = (0.1)(0.5)/(0.1) = 0.5 and d At/Ax2 =
(0.01)(0.5)/(0.1)2 = 0.5 is presented in Figure 10.30, it is apparent that the numerical
solution is a reasonable approximation of the exact solution. Compare these results with
the solution of the diffusion equation presented in Example 10.1 and illustrated in Figure
10.11. It is apparent that the solution of the convection-diffusion equation has larger errors
than the solution of the diffusion equation. These larger errors are a direct consequence of
the presence of the convection term uf~. As the solution progresses in time, the numerical
solution smoothly approaches the steady-state solution.

At t = 50 s, the exact asymptotic steady state solution has been reached. The
numerical solution at t = 50.0 s is a reasonable approximation of the steady state
solution.

In summary, the FTCS approximation of the convection-diffusion equation is
explicit, single step, consistent, 0(At)+ 0(Ax2), conditionally stable, and convergent.
The FTCS approximation of the convection-diffusion equation yields reasonably accurate
transient solutions.
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Figure 10.30 Solution by the FTCS method for P = 10.
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10.10.3 The Backward-Time Centered-Space Method

The BTCS method is applied to the convection-diffusion equation ~ ÷ u~ = ~jT~ in this
section. The base point for the finite difference approximation of the individual exact
partial derivatives is grid point (i, n + 1). The partial derivative ~ is app_roximated by the
first-order backward-difference FDA, Eq. (10.65), the partial derivativef~ is approximated
by the second-order centered-difference FDA, Eq. (10.21), and the partial derivative x is
approximated by the second-order centered-difference FDA, Eq. (10.23), both evaluated 
time level n + 1. The corresponding finite difference stencil is illustrated in Figure 10.31.
The resulting finite difference equation (FDE) 

At 2 z~c ~x2 (10.122)

(i-l,n+l) (i,n+l) (i+l,n+l)

(i,n)
Figure 10.31 The BTCS method stencil,
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Rearranging Eq. (10.122) yields

-)ui+~ =f"
(10.123)

where c = u At/Ax is the convection number and d = ~At/Ax2 is the diffusion number.
Equation (10.123) cannot be solved explicitly for fn+l because the two unknown

neighboring valuesfn~1 andf~_-~1 also appear in the equation. Consequently, an implicit
system of finite difference equations results.

The modified differential equation (MDE) corresponding to Eq. (10.123) 

’ ¯ ¯ ..f + ufx = afxx + ~ ftt At fm At~ + . . - ~ Ufxxx AX2 + . . +.

(10.124)

As At-~ 0 and Ax ~ 0, Eq. (10.124) approaches f +uf~ = ~f~. Consequently, Eq.
(10.123) is a consistent approximation of the convection-diffusion equation, Eq. (10.104).
From a yon Neumann stability analysis, the amplification factor G is

1
G = (10.125)

1 + 2d(l - cos 0) Icsin0

The term (1 - cos 0) is > 0 for all values of 0 = (k,~ Ax). Consequently, the denominator
of Eq. (10.125) is always > 1, IGI _< 1 for all values of c and d, and Eq. (10.123) 
unconditionally stable. The BTCS approximation of the convection-diffusion equation is

consistent and unconditionally stable. Consequently, by t~he Lax Equivalence Theorem it is
a convergent approximation of that equation.

Consider now the solution of the convection-diffusion equation by the BTCS
method. As discussed in Section 10.7 for the diffusion equation, a tridiagonal system of
equations results when Eq. (10.123) is applied at every grid point. That system 
equations can be solved by the Thomas algorithm (see Section 1.5). For the linear
convection-diffusion equation, LU factorization can be used.

Example 10.8. The BTCS method applied to the convection-diffusion equation

Let’s solve the heat convection-diffusion problem using Eq. (10.123) with Ax = 0.1 
and At = 0.5 s. The transient solution for At = 0.5 s, for which c = d = 0.5 s, is
presented in Figure 10.32. These results are a reasonable approximation of the exact
transient solution. At t = 50.0 s, the exact asymptotic steady state solution has been
reached. The numerical solution at t = 50.0 s is a reasonable approximation of the steady
state solution.

The implicit BTCS method becomes considerably more complicated when applied
to nonlinear PDEs, systems of PDEs, and multidimensional problems. A brief discussion
of these problems is presented in Section 10.9.

In summary, the BTCS approximation of the convection-diffusion equation is implicit,
single step, consistent, 0(At) + 0(Ax2), unconditionally stable, and convergent. The implicit
nature of the method yields a set of finite difference equations which must be solved
simultaneously. For one-dimensional problems, that can be accomplished by the Thomas
algorithm. The BTCS approximation of the convection-diffusion equation yields reasonably
accurate transient solutions for modest values of the convection and diffusion numbers.
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10.11 ASYMPTOTIC STEADY STATE SOLUTION TO PROPAGATION
PROBLEMS

Marching methods are employed for solving unsteady propagation problems, which are
governed by parabolic and hyperbolic partial differential equations. The emphasis in those
problems is on the transient solution itself.

Marching methods also can be used to solve steady equilibrium problems and steady
mixed (i.e., elliptic-parabolic or elliptic-hyperbolic) problems as the asymptotic solution 
time of an appropriate unsteady, propagation problem. Steady equilibrium problems are
governed by elliptic PDEs. Steady mixed problems are governed by PDEs that change
classification from elliptic to parabolic or elliptic to hyperbolic in some portion of the
solution domain, or by systems of PDEs which are a mixed set of elliptic and parabolic or
elliptic and hyperbolic PDEs. Mixed problems present serious numerical difficulties due to
the different types of solution domains (closed domains for equilibrium problems and open
domains for propagation problems) and different types of auxiliary conditions (boundary
conditions for equilibrium problems and boundary conditions and initial conditions for
propagation problems). Consequently, it may be easier to obtain the solution of a steady
mixed problem by reposing the problem as an unsteady parabolic or hyperbolic problem
and using marching methods to obtain the asymptotic steady state solution. That approach
to solving steady state problems is discussed in this section.

The appropriate unsteady propagation problem must be governed by a parabolic or
hyperbolic PDE having the same spatial derivatives as the steady equilibrium problem or
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the steady mixed problem and the same boundary conditions. As an example, consider the
steady convection-diffusion equation:

I u~ = ~j~x~ I (10.126)

The solution to Eq. (10.126) is the function ~(x), which must satisfy two boundary
conditions. The boundary conditions may be of the Dirichlet type (i.e., specified values of
f), the Neumann~ type ̂ (i.e., specified values of j~x), or the mixed type (i.e., specified
combinations off andf~).

An appropriate unsteady propagation problem for solving Eq. (10.126) as the
asymptotic solution in time is the unsteady convection-diffusion equation:

~ + U]’x = ~]~xx (10.127)

The solution to Eq. (10.127) is the function j?(x, t), which must satisfy an initial condition,
]’(x, O) = F(x), and two boundary conditions. If the boundary conditions for)~(x, 0 are the
same as the boundary conditions for.~(x), then

j~(x) = tL2~ 37(x, t) = jT(x, (10.128)

_As long as the asymptotic solution converges, the particular choice for the initial condition,
f(x, O)= F(x), should not affect the steady state solution. However, the steady state
solution may be reached in fewer time steps if the initial condition is a reasonable
approximation of the general features of the steady state solution.

The steady state solution of the transient heat convection-diffusion problem
presented in Section 10.10 is considered in this section to illustrate the solution of
steady equilibrium problems as the asymptotic solution of unsteady propagation problems.
The exact solution to that problem is

- 1
(10.129)~(x) =100

where P = (uL/(x) is the Peclet number. The solution for P = 10 is tabulated in Table 10.7
as the last row of data in the table corresponding to t

As shown in Figures 10.30 and 10.32, the solution of the steady state convection-
diffusion equation can be obtained as the asymptotic solution in time of the unsteady
convection-diffusion equation. The solution by the FTCS method required 100 time steps.

¯ The solution by the BTCS method also required 100 time steps. However, the BTCS
method is unconditionally stable, so much larger time steps can be taken if the accuracy of
the transient solution is not of interest. The results of this approach are illustrated in
Example 10.9.

Example 10.9., Asymptotic steady state solution of the convection-diffusion
equation

Let’s solve the unsteady heat convection-diffusion problem for the asymptotic steady state
solution with Ax = 0.1 cm by the BTCS method. Figure 10.33 presents seven solutions of
the heat convection-diffusion equation, each one for a single time step with a different
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value of At. As At is increased from 2.0 s to 1000.0 s, the single-step solution approaches
the steady state solution more and more closely. In fact, the solution for At ---- 1000.0 s is
essentially identical to the steady state solution and was obtained in a single step.

In summary, steady equilibrium problems, mixed elliptic/parabolic problems, and
mixed elliptic/hyperbolic problems can be solved as the asymptotic steady state solution
of an appropriate unsteady propagation problem. For linear problems, the asymptotic
steady state solution can be obtained in one or two steps by the BTCS method, which is the
recommended method for such problems. For nonlinear problems, the BTCS method
becomes quite time consuming, since several time steps must be taken to reach the
asymptotic steady-state solution. The asymptotic steady state approach is a powerful
procedure for solving difficult equilibrium problems and mixed equilibrium/propagation
problems.

10.12 PROGRAMS

Three FORTRAN subroutines for solving the diffusion equation are presented in this
section:

1. The forward-time centered-space (FTCS) method
2. The backward-time centered-space (BTCS) method
3. The Crank-Nicolson (CN) method
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The basic computational algorithms are presented as completely self-contained’
subroutines suitable for use in other programs. Input data and output statements are
contained in a main (or driver) program written specifically to illustrate the use of each
subroutine.

10.12.1 The Forward-Time Centered-Space
(FTCS) Method

The diffusion equation is given by Eq. (10.4):

ft = c~fx~ (10.130)

When Dirichlet (i.e., specified f) boundary conditions are imposed, those values must 
specified at the boundary points. That type of boundary condition is considered in this
section. The first-order forward-time second-order centered-space (FTCS) approximation
of Eq. (10.130) is given by Eq. (10.25):

fn+l =f/,n (f/+l -~- 2’0f/"n +f/n-l) (lO.131)

A FORTRAN subroutine, subroutine ftcs, for solving Eq. (131) is presented 
Program 10.1. Program main defines the data set and prints it, calls subroutineflcs to
implement the solution, and prints the solution.

Program 10.1. The FTCS method for the diffusion equation program

program main

main program to illustrate diffusion equation solvers

nxdim x-direction array dimension, nxdim = ii in this program..

ntdim t-direction array dimension, ntdim = 101 in this progra

imax

nmax

iw
ix
it

f

dt

number of grid points in the x direction

number of time steps

intermediate results output flag: 0 none, 1 all

output increment: 1 every grid point, n every nth point

output increment: 1 every time step, n every nth step

solution array, f(i,n)

x-direction grid increment

time step

alpha diffusion coefficient

dimension f(ll,lOl)

data nxdim, ntdim, imax, nmax, iw, ix, it/ll,lOl,ll,101, O, I, 10/

data (f(i,l),i=l,ll) / 0.0, 20.0, 40.0, 60.0, 80.0, 100.0,

1 80.0, 60.0, 40.0, 20.0, 0.0 /
data dx, dt,alpha,n,t / 0.i, 0.1, 0.01, i, 0.0 /

write (6,1000)

call ftcs (nxdim, ntdim, imax, nmax, f, dx, dr, alpha, n, t, iw, ix)

if (iw. eq.l) stop

do n=l, nmax, i t
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t=float (n-l) *dt

write (6,1010) n, t, (f(i,n),i=l,imax, 

end do
stop

i000 format (’ Diffusion equation solver (FTCS method)’/"

1 ’ n’,2x, ’time’,3x, ’f(i,n)’/’ 

1010 format (i3,fS.l,llf6.2)

end

,/

subroutine f tcs (nxdim, ntdim, imax, nmax, f, dx, dr, alpha, n, t, iw, ix)

the FTCS method for the diffusion equation

dimension f (nxdim, ntdim)
d=alpha *dt/dx* *2

do n=l,nmax-i
t=t+dt

do i=2, imax-I

f (i,n+l )=f (i,n) +d* (f (i +l,n)-2. 0*f (i,n) +f 

end do
if (iw. eq.l) write (6,1000)n+l,t, (f(i,n+l),i=l,imax, 

end do

return

1000 format (i3,f7.3,11f6.2)

end

The data set used to illustrate subroutine tics is taken from Example 10.1. The output
generated by the program is presented in Output 10.1.

A Neumarm (i.e., derivative) boundary condition on the right-hand side of the
solution domain can be implemented by solving Eq. (10.87) at grid point imax. Example
10.6 can be solved to illustrate the application of this boundary condition.

Output 10.1. Solution of the diffusion equation by the FTCS method

Diffusion equation solver (ETCS method)

n time f(i,n)

1 0.0 0.00 20.00 40.00

II 1.0 0.00 19.96 39.68
21 2.0 0.00 19.39 37.81

31 3.0 0.00 18.21 35.06

41 4.0 0.00 16.79 32.12

51 5.0 0.00 15.34 29.25

61 6.0 0.00 13.95 26.57

71 7.0 0.00 12.67 24.11

81 8.0 0.00 11.49 21.86

91 9°0 0.00
101 10.0 0.00

60.00 80.00100.00 80.00 60.00 40.00 20.00 0.00

58.22 72.81 78.67 72.81 58.22 39.68 19.96 0.00

53.73 64.87 68.91 64.87 53.73 37.81 19.39 0.00

48.99 58.30 61.58 58.30 48.99 35.06 18.21 0.00

44.51 52.63 55.45 52.63 44.51 32.12 16.79 0.00

40.39 47.61 50.11 47.61 40.39 29.25 15.34 0.00

36.63 43.11 45.35 43.11 36.63 26.57 13.95 0.00

33.20 39.06 41.07 39.06 33.20 24.11 12.67 0.00

30.10 35.39 37.21 35.39 30.10 21.86 11.49 0.00

0.00

0.00

10.42 19.82 27.28 32.07 33.72 32.07 27.28 19.82 10.42

9.44 17.96 24.72 29.07 30.56 29.07 24.72 17.96 9.44
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10.12.2 The Backward-Time Centered-Space
(BTCS) Method

The first-order backward-time second-order centered-space (BTCS) approximation 
Eq. (10.130) is given by Eq. (10.67):

-dfn_~’ -I- (1 + 2d)f/n+l -- df/~_~ 1 =fin (10.132)

A FORTRAN subroutine, subroutine btes, for solving the system equation arising
from the application of Eq. (10.132) at every interior point in a finite difference grid 
presented in Program 10.2. Subroutine thomas presented in Section 1.8.3 is used to solve
the tridiagonal system equation. Only the statements which are different from the
statements in program main and program tics in Section 10.12.1 are presented. Program
main defines the data set and prints it, calls subroutine btcs to implement the solution, and
prints the solution.

Program 10.2. The BTCS method for the diffusion equation program

~grogram main

c main program to illustrate diffusion equation solvers

dimension f(ll,101) ,a(ll,3) ,b(ll) 
cal i btcs (nxdim, n tdim, imax, nmax, f, dx, dt, alpha, n, t, iw, ix, a, b, 

1000 format (" Diffusion equation solver (BTCS method)’/’ ’/

1 ’ n’,lx, ’time’,3x, ’f(i,n) ’/’ ’)

end

subroutine btcs (nxdim, ntdim, imax, nmax, f, dx, dr, alpha, n, t, iw,

1 ix, a,b,w)
implements the BTCS method for the diffusion equation

dimension f (nxdim, n tdim), a (nxdim, 3 ), b (nxdim), w (nxdim)
d=alpha *dt/dx* *2

a(i,2)=1.0

a(l,3)=O.O

b(1)=O. 

a (imax, 1 ) =0.0

a (imax, 2) =I. 

b(imax) =0.0

do n=l, nmax-i

t=t+dt

do i=2, imax-i

a(i,l)=-d

a (i, 2) =i. 0+2. O*d

a(i,3)=-d

b(i)=f(i,n)

end do
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call thomas (nxdim, imax, a,b, w)

do i=2, imax-i

f (i,n+l)=w(i)

end do

if (iw. eq.l) write (6,1000) n+l,t, (f(i,n+l),i=l,imax, 

end do

return

1000 format (i3,fS.l,llf6.2)

end

The data set used to illustrate subroutine btcs is taken from Example 10.4. The output
generated by the program is presented in Output 10.2.

Output 10.2. Solution of the diffusion equation by the
BTCS method

Diffusion equation solver (BTCS method)

n time f(i,n)

1 0.0 0.00 20.00 40.00

3 1.0 0.00 19.79 39.25

5 2.0 0.00 19.10 37.40

7 3.0 0.00 18.03 34.91

9 4.0 0.00 16.75 32.19

II 5.0 0.00 15.42 29.50
13 6.0 0.00 14.11 26.93

15 7.0 0.00 12.87 24.53

17 8.0 0.00 11.73 22.33

19 9.0 0.00 10.67 20.31
21 10.0 0.00 9.70 18.46

60.00 80.00100.00 80.00 60.00 40.00 20.00 0.00

57.66 73.06 80.76 73.06 57.66 39.25 19.79 0.00

53.62 65.58 70.28 65.58 53.62 37.40 19.10 0.00

49.20 59.06 62.65 59.06 49.20 34.91 18.03 0.00

44.91 53.39 56.39 53.39 44.91 32.19 16.75 0.00

40.90 48.38 50.99 48.38 40.90 29.50 15.42 0.00

37.22 43.90 46.22 43.90 37.22 26.93 14.11 0.00

33.84 39.86 41.94 39.86 33.84 24.53 12.87 0.00

30.77 36.21 38.09 36.21 30.77 22.33 11.73 0.00

27.97 32.90 34.60 32.90 27.97 20.31 10.67 0.00

25.42 29.90 31.44 29.90 25.42 18.46 9.70 0.00

10.12.3 The Crank-Nicolson (CN) Method

The Crank-Nicolson approximation of Eq. (10.130) is given by Eq. (10.78):

_df~1 +2(l+d)fn+l _arn+~ d d n~Ji+l -~" ~_~+2(1 - d)fn+ (10.133)

A FORTRAN subroutine, subroutine cn, for implementing the system equation
arising from the application of Eq. (10.133) at every interior point in a finite difference grid
is presented in Program 10.3. Only the statements which are different from the statements
inprogram main and program btes in Section 10.12.2 are presented. Program main defines
the data set and prints it, calls subroutine cn to implement the solution, and prints the
solution.
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Program 10.3. The CN method for the diffusion equation program

Chapter 10

program main

c main program to illustrate diffusion equation solvers

call cn (nxdim, ntdim, imax, nmax, f, dx, dt,alpha,n,t, iw, ix, a,b,w)

1000 format (" Diffusion equation solver (CN method)’/’ 

1 ’ n’,2x, ’time’,3x,’f(i,n)’/’ 

end

subroutine cn (nxdim, ntdim, imax, nmax, f, dx, dr, alpha, n, t, iw, ix,

1 a,b,w)

the CN method for the diffusion equation

a (i, 2) =2.0* (i. O+d)

b(i) =d*f (i-l, n) +2.0" (i. O-d) *f (i,n) +d*f 

end

subroutine thomas (ndim, n,a,b,x)

the thomas algorithm for a tridiagonal system

end

The data set used to illustrate subroutine cn is taken from Example 10.5. The output
generated by the program is presented in Output 10.3.

Output 10.3. Solution of the diffusion equation by the CN method

Diffusion equation solver (CN method)

n time f(i,n)

1 0.0 0.00 20.00 40.00 60.00 80.00100.00 80.00 60.00 40.00 20.00 0.00

3 1.0 0.00 19.92 39.59 58.20 72.93 78.79 72.93 58.20 39.59 19.92 0.00

5 2.0 0.00 19.34 37.76 53.75 64.97 69.06 64.97 53.75 37.76 19.34 0.00

7 3.0 0.00 18.19 35.06 49.04 58.41 61.72 58.41 49.04 35.06 18.19 0.00

9 4.0 0.00 16.80 32.15 44.59 52.74 55.59 52.74 44.59 32.15 16.80 0.00

ii 5.0 0.00 15.36 29.30 40.48 47.73 50.24 47.73 40.48 29.30 15.36 0.00

13 6.0 0.00 13.98 26.64 36.73 43.23 45.48 43.23 36.73 26.64 13.98 0.00

15 7.0 0.00 12.70 24.18 33.31 39.18 41.21 39.18 33.31 24.18 12.70 0.00

17 8.0 0.00 11.53 21.94 30.21 35.52 37.35 35.52 30.21 21.94 11.53 0.00

19 9.0 0.00 10.46 19.90 27.39 32.21 33.86 32.21 27.39 19.90 10.46 0.00

21 10.0 0.00 9.49 18.04 24.84 29.20 30.70 29.20 24.84 18.04 9.49 0.00

10.12.4 Packages For Solving The Diffusion
Equation

Numerous libraries and software packages are available for solving the diffusion equation.
Many work stations and main frame computers have such libraries attached to their
operating systems.
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Many commercial software packages contain algorithms for integrating diffusion
type (i.e., parabolic) PDEs. Due to the wide variety of parabolic PDEs governing physical
problems, many parabolic PDE solvers (i.e., programs) have been developed. For this
reason, no specific programs are recommended in this section.

10.13 SUMMARY

The numerical solution of parabolic partial differential equations by finite difference
methods is discussed in this chapter. Parabolic PDEs govern propagation problems which
have an infinite physical information propagation speed. They are solved numerically by
marching methods. The unsteady one-dimensional diffusion equation f = af~x is consid-
ered as the model parabolic PDE in this chapter.

Explicit finite difference methods, as typified by the FTCS method, are conditionally
stable and require a relatively small step size in the marching direction to satisfy the
stability criteria. Implicit methods, as typified by the BTCS method, are unconditionally
stable. The marching step size is restricted by accuracy requirements, not stability
requirements. For accurate solutions of transient problems, the marching step size for
implicit methods cannot be very much larger than the stable step size for explicit methods.
Consequently, explicit methods are generally preferred for obtaining accurate transient
solutions. Asymptotic steady state solutions can be obtained very efficiently by the BTCS
method with a large marching step size.

Nonlinear partial differential equations can be solved directly by explicit methods.
When solved by implicit methods, systems of nonlinear FDEs must be solved. Multi-
dimensional problems can be solved directly by explicit methods. When solved by implicit
methods, large banded systems of FDEs results. Alternating-direction-implicit (ADI)
methods and approximate-factorization-implicit (AFI) methods can be used to solve
multidimensional problems.

After studying Chapter 10, you should be able to:

1. Describe the physics of propagation problems governed by parabolic
PDEs

2. Describe the general features of the unsteady diffusion equation
3. Understand the general features of pure diffusion
4. Discretize continuous physical space
5. Develop finite difference approximations bf exact partial derivatives of any

order
6. Develop a finite difference approximation of an exact partial differential

equation
7. Understand the differences between an explicit FDE and an implicit FDE
8. Understand the theoretical concepts of consistency, order, stability, and

convergence, and how to demonstrate each
9. Derive the modified differential equation (MDE) actually solved by a FDE
10. Perform avon Neumann stability analysis
11. Implement the forward-time centered-space method
12. Implement the backward-time centered-space method
13. Implement the Crank-Nicolson method
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14. Describe the complications associated with nonlinear PDEs
15. Explain the difference between Dirichlet and Neumann boundary conditions

and how to implement both.
16. Describe the general features of the unsteady convection-diffusion equation
17. Understand how to solve steady state problems as the asymptotic solution in

time of an appropriate unsteady propagation problem
18. Choose a finite difference method for solving a parabolic PDE

EXERCISE PROBLEMS

Section 10.2 General Features of Parabolic PDEs

I. Consider the unsteady one-dimensional diffusion equation ~ = @xx. Classify
this PDE. Determine the characteristic curves. Discuss the significance of these
results as regards domain of dependence, range of influence, signal propagation
speed, auxiliary conditions, and numerical solution procedures.

2. Develop the exact solution of the heat diffusion problem presented in Section
10.1, Eq. (10.3).

3. By hand, calculate the exact solution for T(0.5, 10.0).

Section 10.4 The Forward-Time Centered-Space
(FTCS) Method

4. Derive the FTCS approximation of the unsteady one-dimensional diffusion
equation, Eq. (10.25), including the leading truncation error terms in 
and Ax.

5.* By hand calculation, determine the solution of the example heat diffusion
problem by the FTCS method at t = 0.5 s for Ax -= 0.1 cm and At = 0.1 s.

6. By hand calculation, derive the results presented in Figures 10.12 and 10.13.
7. Implement the program presented in Section 10.12.1 to reproduce Table 10.2.

Compare the results with the exact solution presented in Table 10.1.
8. Solve Problem 7 with Ax = 0.1 cm and At = 0.5 s. Compare the results with the

exact solution presented in Table 10.1.
9. Solve Problem 8 with Ax = 0.05 cm and At = 0.125 s. Compare the errors and

the ratios of the errors for the two solutions at t = 5.0 s.

Section 10.5 Consistency, Order, Stability,
and Convergence

Consistency and Order

10. Derive the MDE corresponding to the FTCS approximation of the diffusion
equation, Eq. (10.25). Analyze consistency and order.

11. Derive the MDE corresponding to the Richardson approximation of the
diffusion equation, Eq. (10.56). Analyze consistency and order.
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12.

Stability

15.
16.
17.
18.
19.

Derive the MDE corresponding to the DuFort-Frankel approximation of the
diffusion equation, Eq. (10.61). Analyze consistency and order.
Derive the MDE corresponding to the BTCS approximation of the diffusion
equation, Eq. (10.67). Analyze consistency and order.
Derive the MDE corresponding to the Crank-Nicolson approximation of the
diffusion equation, Eq. (10.78). Analyze consistency and order.

Perform avon Neumann stability analysis of Eq. (10.25).
Perform avon Neumann stability analysis of Eq. (10.56).
Perform avon Neumarm stability analysis of Eq. (10.61).
Perform a yon Neumann stability analysis of Eq. (10.67).
Perform avon Neumann stability analysis of Eq. (10.78).

Section

20.

21.

10.6 The Richardson and Du-Fort-Frankel methods

Derive the Richardson approximation of the tmsteady one-dimensional diffu-
sion equation, Eq. (10.56), including the leading truncation error terms in 
and Ax.
Derive the DuFort-Frankel approximation of the unsteady one-dimensional
diffusion equation, Eq. (10.61), including the leading truncation error terms 
At and Ax.

Section 10.7 Implicit Methods

The Backward-Time Centered-Space (BTCS) Method

22. Derive the BTCS approximation of the unsteady one-dimensional diffusion
equation, Eq. (10.67), including the leading truncation error terms in At and
Ax.

23.* By hand calculation, determine the solution of the example heat diffusion
problem by the BTCS method at t = 0.5 s for Ax = 0.1 cm and At = 0.5 s.

24. Implement the program presented in Section 10.12.2 to reproduce the results
presented in Figure 10.18. Compare the results with the exact solution
presented in Table 10.1.

25. Implement the program presented in Section 10.12.2 and repeat the calcula-
tions requested in the previous problem for Ax = 0.05 cm and At = 0.125 s.
Compare the errors and ratios of the errors for the two solutions at t = 10.0 s.

25. Implement the program presented in Section 10.12.2 to reproduce the results
presented in Figure 10.19.

The Crank-Nicolson Method

27. Derive the Crank-Nicolson approximation of the unsteady one-dimensional
diffusion equation, Eq. (10.78), including the leading truncation error terms 
At and ~c.

28,* By hand calculation, determine the solution of the example heat diffusion
problem by the Crank-Nicolson method at t = 0.5 s for Ax = 0.1 cm and
At -- 0.5 s.

29. Implement the program presented in Section 10.12.3 to reproduce the results
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presented in Figure 10.21. Compare the results with the exact solution
presented in Table 10.1.

30. Implement the program developed in Section 10.12.3 and repeat the calcula-
tions requested in the previous problem for Ax = 0.05 cm and At = 0.25 s.
Compare the errors and the ratios of the errors for the two solutions at t = 10.0 s.

31. Use the program presented in Section 10.12.3 to reproduce the results
presented in Figure 10.22.

Section 10.8 Derivative Boundary Conditions

32. Derive Eq. (10.87) for a right-hand side derivative boundary condition.
33.* By hand calculation using Eq. (10.87) at the boundary point, determine the

solution of the example heat diffusion problem presented in Section 10.8 at
t = 2.5 s for Ax = 0.1 cm and At = 0.5 s.

34. Modify the program presented in Section 10.12.1 to incorporate a derivative
boundary condition on the right-hand boundary. Check out the program by
reproducing Figure 10.25.

Section 10.9 Nonlinear Equations and Multidimensional Problems

Nonlinear Equations

35. Consider the following nonlinear parabolic PDE for the generic dependent
variable f(x, y), which serves as a model equation in fluid mechanics:

ff~ = Otfyy (A)

where f(x, O) ----f~, f(x, Y) ----J~, and f(0,y) ---- F(y). (a) Derive the 
approximation of Eq. (A). (b) Perform a yon Neumann stability analysis 
the lineafized FDE. (c) Derive the MDE corresponding to the lineafized FDE.
Investigate consistency and order. (d) Discuss a strategy for solving this
problem numerically.

36. Solve the previous problem for the BTCS method. Discuss a strategy for
solving this problem numerically (a) using lineafization, and (b) using
Newton’s method.

37. Equation (A) can be written 

0c2/2)x = af~ (B)

(a) Derive the FTCS approximation for this form of the PDE. (b) Derive 
BTCS approximation for this form of the PDE.

Multidimensional Problems

38.

39.

Consider the unsteady two-dimensional diffusion equation:

= +L) (c)
(a) Derive the FTCS approximation ofEq. (C), including the leading truncation
error terms in At, Ax, and Ay. (b) Derive the corresponding MDE. Analyze
consistency and order. (c) Perform avon Neumann stability analysis of the
FDE.
Solve Problem 38 using the BTCS method.
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40. Derive the FTCS approximation of the unsteady two-dimensional convection-
diffusion equation:

41. Derive the MDE for the FDE derived in Problem 40.
42. Derive the amplification factor G for the FDE derived in Problem 40.
43. Derive the BTCS approximation of the unsteady two-dimensional convection-

diffusion equation, Eq. (D).
44. Derive the MDE for the FDE derived in Problem 43.
45. Derive the amplification factor G for the FDE derived in Problem 43.

Section 10.10

Introduction

46.

The Convection-Diffusion Equation

Consider the unsteady one-dimensional convection-diffusion equation:

~t + U~’x = ~x~ (E)

Classify Eq. (E). Determine the characteristic curves. Discuss the significance
of these results as regards domain of dependence, range of influence, signal
propagation speed, auxiliary conditions, and numerical solution procedures.

47. Develop the exact solution for the heat transfer problem presented in Section
10.10, Eqs. (10.109) and (10.115).

48. By hand calculation, evaluate the exact solution of the heat transfer problem
for P = 10 for T(0.8, 5.0) and T(0.8,

The Forward-Time Centered-Space Method

49. Derive the FTCS approximation of the unsteady one-dimensional convection-
diffusion equation, Eq. (10.116), including the leading truncation error terms
in At and Ax.

50. Derive the modified differential equation (MDE) corresponding to Eq.
(10.116). Analyze consistency and order.

51. Perform avon Neumann stability analysis of Eq. (10.116).
52. By hand calculation, determine the solution of the example heat transfer

problem for P = 10.0 at t = 1.0 s by the FTCS method for Ax = 0.1 cm and
At = 0.5 s. Compare the results with the exact solution in Table 10.7.

53. Modify the program presented in Section 10.12.1 to implement the numerical
solution of the example convection-diffusion problem by the FTCS method.
Use the program to reproduce the results presented in Figure 10.30.

54. Use the program to solve the example convection-diffusion problem with
Ax = 0.05 cm and At = 0.125 s.

The Backward-Time Centered-Space Method

55. Derive the BTCS approximation of the unsteady one-dimensional convection-
diffusion equation, Eq. (10.123), including the leading truncation error terms
in At and Ax.

56. Derive the modified differential equation (MDE) corresponding to Eq.
(10.123). Analyze consistency and order.

57. Perform a yon Neumann stability analysis of Eq. (10.123).
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58. By hand calculation, determine the solution of the example heat transfer
problem forP = 10.0 at t = 1.0 s with Ax = 0.1 cm and At = 1.0 s.

59. By hand calculation, estimate the asymptotic steady state solution of the
example heat transfer problem for P = 10.0 with Ax = 0.I cm by letting
At = 1000.0 s.

60. Modify the program presented in Section 10.12.2 to implement the numerical
solution of the example convection-diffusion problem by the BTCS method.
Use the program to reproduce the results presented in Figure 10.32.

61. Use the program to solve the convection-diffusion problem for Ax = 0.05 cm
and At = 0.25 s. Compare the errors and the ratios of the errors for the two
solutions t = 5.0 s.

Section 10.11

62.

63.

Asymptotic Steady State Solution of Propagation Problems

Consider steady heat transfer in a rod with an insulated end, as discussed in
Section 8.6. The steady boundary-value problem is specified by

~’xx - a2(~ _ T~) = 0 ~’(0) = T~ and ~x(L) = 0 

where a2 = hP/kA, which is defined in Section 8.6. The exact solution for
T1 = 100.0, ~ = 2.0, and L--- 1.0 is given by Eq. (8.70) and illustrated 
Figure 8.10. This steady state problem can be solved as the asymptotic solution
in time of the following unsteady problem:

fl~’t = ~xx -- 0{2( ~ -- Ta) ~(0) = 1 and ~x(L) =0 (G

with the initial temperature distribution ~(x, 0) F(x), where fl = pC~k, p i s
the density of the rod (kg/m3), C is the specific heat (J/kg-K), and k is 
thermal conductivity (J/s-m-K). Equation (G) can be derived by combining 
analyses presented in Sections II.5 and II.6. (a) Derive Eq. (G). (b) Develop 
FTCS approximation of Eq. (G). (c) Let ~’(0.0)= 100.0, ~’x(1.0)= 
Ta = 0.0, L = 1.0, a = 2.0, fl = I0.0, and the initial temperature distribution
~(x, 0.0) = 100.0(1.0 - x). Solve for the steady state solution by solving 
(G) by the FTCS method with kx = 0.1 cm and At = 0.1 s. Compare the
results with the exact solution presented in Table 8.9,
Solve Problem 61 using the BTCS method. Try large values of At to reach the
steady state as rapidly as possible.

Section 10.12

64.

Programs

Implement the forward-time centered-space (FTCS) program for the diffusion
equation presented in Section 10.12.1. Check out the program using the given
data set.

65. Solve any of Problems 5 to 9 with the program.
66. Implement the backward-time centered-space (BTCS) program for the diffu-

sion equation presented in Section 10.12.2. Check out the program using the
given data set.

67. Solve any of Problem 23 to 26 with the program.
68. Implement the Crank-Nicolson program for the diffusion equation presented in

Section 10.12.3. Check out the program using the given data set.
69. Solve any of Problems 28 to 31 with the program.
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Hyperbolic Partial Differential
Equations

11.1.
11.2.
11.3.
11.4.
11.5.
ll.6.
11.7.
11.8.
11.9.
11.10.
11.11.

Introduction
General Featnres of Hyperbolic PDEs
The Finite Difference Method
The Forward-Time Centered-Space Method and the Lax Method
Lax-Wendroff Type Methods
Upwind Methods
The Backward-Time Centered-Space Method
Nonlinear Equations and Multidimensional Problems
The Wave Equation
Programs
Summary
Problems

Examples

11.1. The FTCS method applied to the convection equation
11.2. The Lax method applied to the convection equation
11.3. The Lax-Wendroff one-step method applied to the convection equation
11.4. The Lax-Wendroff (Richtmyer) two-step method applied to the

convection equation
11.5. The MacCormack method applied to the convection equation
11.6. The first-order upwind method applied to the convection equation
11.7. The second-order upwind method applied to the convection equation
11.8. The BTCS method applied to the convection equation
11.9. The Lax-Wendroff one-step method applied to the wave equation

11.1 INTRODUCTION

The constant-area tube illustrated in Figure 11.1 is filled with a stationary incompressible
fluid having a very low thermal conductivity, so that heat diffusion is neglible. The fluid is
heated to an initial temperature distribution, T(x, 0), at which time the heat source is turned
off and the fluid is instantaneously given the velocity u = 0.1 cm/s to the right. The

651
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Incompressible Liquid

1
ft+Ufx = 0, f(x,0) = F(x), f(x,t) 

Compressible Gas

ftt = a2fxx, f(x,0) = F(x), ft(x,0) = G(x), f(x,t) 

Figure 11.1 Unsteady wave propagation problems.

temperature distribution within the tube is required. The temperature
governed by the unsteady one-dimensional convection equation:

T, + uTx = O (11.1)

In the range 0.0 < x < 1.0, the initial temperature of the fluid is given by

T(x, 0.0) = 200.Ox 0.0 < x < 0.5 (11.2a)

T(x, 0.0) = 200.0(1.0 - 0.5 < x < 1.0 (11.2b)

distribution is

where T(x, t) is measured in degrees Celsius (C). The initial temperature is zero every-
where outside of this range. This initial temperature distribution is illustrated by the curve
labelled t = 0.0 in Figure 11.2.

For the present problem, the temperature distribution specified by Eq. (11.2) simply
moves to the right at the speed u = 0.1 cm/s. The exact solutions for several values of time
are presented in Figure 11.2. Note that the discontinuity in slope at the peak of the
temperature distribution is preserved during convection.

The lower sketch in Figure 11.1 illustrates a long duct filled with a stagnant
compressible gas. The gas is initially at rest. A small triangularly shaped acoustic pressure
perturbation is created in the duct. As shown in Section 1II.7, the acoustic motion within
the duct is governed by a set of coupled first-order PDEs, Eqs. (III,89) and (III.90), where
the subscript zero and the superscript prime have been dropped for clarity:

put q- Px = 0 (11.3)

Pt q- paZux = 0 (11.4)
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Exact solution of the heat convection problem.

As shown in Section III.7, Eqs. (11.3) and (11.4) can be combined to yield the 
equation:

Ptt = aepxx (11.5)

The acoustic pressure distribution within the duct P(x, t) is required. The specific problem,
its exact solution, and its numerical solution are presented in Section 11.9.

Quite a few hyperbolic partial differential equations are encountered in engineering
and science. Two of the more common ones are the convection equation and the wave
equation, presented below for the generic dependent variable f(x, t):

f + Ufx = 0 (11.6)

f, = c2f~ (11.7)

where u is the convection velocity and c is the wave propagation speed. The convection
equation applies to problems in fluid mechanics, heat transfer, etc. The wave equation
applies to problems of vibrating systems, such as acoustic fields and strings.

The convection equation models a wave travelling in one direction, the direction of the
velocity u. Thus, the convection equation models the essential features of the more complex
wave motion governed by the wave equation, in which waves travel in both directions at the
velocities ÷c and -c. The general features of the numerical solution of the convection
equation also apply to the numerical solution of the wave equation. Consequently, this
chapter is devoted mainly to the numerical solution of the convection equation to gain
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insight into the numerical solution of more complicated hyperbolic PDEs such as the ~vave
equation. Section 11.9 presents an introduction to the numerical solution of the wave
equation.

The solution to Eqs. (11.6) and (11.7) is the function f(x, t). For Eqs. (11.6) and
(11.7), this function must satisfy an initial condition at time t = 0, f(x, O)= F(x).
Equation (11.7) must also satisfy a second initial condition f(x, O) = G(x). Since Eq.
(11.6) is first order in space x, only one boundary condition can be applied. Since Eq.
(11.7) is second order in space, it requires two boundary conditions. In both cases, these
boundary conditions may be of the Dirichlet type (i.e., specified values off), the Neumann
type (i.e., specified values off~), or the mixed type (i.e., specified combinations off 
f~). The basic properties of finite difference methods for solving propagation problems
governed by hyperbolic PDEs are presented in this chapter.

Figure 11.3 presents the organization of Chapter 11. Aider this introductory section,
the general features of hyperbolic PDEs are reviewed. This discussion is followed by an

Lax Methods

Hyperbolic PDEs I

General Features of
Hyperbolic PDEs

The Finite Difference Method

Lax-Wendroff { Upwind
Type MethodsJ Methods

Nonlinear PDEs and
Multidimensional Problems

The Wave
Equation

Programs

Summary

The BTCS
Method

Figure 11.3 Organization of Chapter 11.
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introduction to the finite difference method as it applies to hyperbolic PDEs. At this point,
the presentation splits into a discussion of four major types of finite difference methods for
solving hyperbolic PDEs: (1) the FTCS and Lax methods, (2) Lax-Wendrofftype methods,
(3) upwind methods, and (4) the BTCS method. Following these four sections, a brief
discussion of nonlinear PDEs and multidimensional problems is presented. An introduc-
tion to the numerical solution of the wave equation follows. Several programs for solving
the simple convection equation are then presented. The chapter ends with a summary.

11.2 GENERAL FEATURES OF HYPERBOLIC PDES

Several concepts must be considered before a propagation type PDE can be solved by a
finite difference method. Most of these concepts are discussed in Section 10.2, which is
concerned mainly with finite difference methods for solving parabolic PDEs. That section
should be reviewed and considered relevant to finite difference methods for solving
hyperbolic PDEs. In this section, the concepts which are different for hyperbolic PDEs are
presented, the general features of convection are illustrated, and the concept of character-
istics is discussed.

11.2.1 Fundamental Considerations

Propagation problems are initial-boundary-value problems in open domains (open with
respect to time or a timelike variable) in which the solution in the domain of interest is
marched forward from the initial state, guided and modified by the boundary conditions.
Propagation problems are governed by parabolic or hyperbolic partial differential equa-
tions. The general features of parabolic and hyperbolic PDEs are discussed in Part III.
Those features which are relevant to the finite difference solution of parabolic PDEs are
summarized in Section 10.2. Those features which are relevant to the finite difference
solution of hyperbolic PDEs are summarized in this section.

The general features of hyperbolic partial differential equations (PDEs) are
discussed in Section III.7. In that section it is shown that hyperbolic PDEs govern
propagation problems, which are initial-boundary-value problems in open domains.
Consequently, hyperbolic PDEs are solved numerically by marching methods. From the
characteristic analysis presented in Section III.7, it is known that problems governed by
hyperbolic PDEs have afinite physical information propagation speed. As a result, the
solution at a given point P at time level n depends on the solution only within a finite
domain of dependence in the solution domain at times preceding time level n, and the
solution at a given point P at time level n influences the solution only within a finite range
of influence in the solution domain at times after time level n. Consequently, the physical
information propagation speed, c = dx/dt, is finite. These general features of hyperbolic
PDEs are illustrated in Figure 11.4.

11.2.2 General Features of Convection

Consider pure convection, which is governed by the convection equation:

[ f +uf~=O ] (11.8)

where u is the convection velocity. The exact solution of Eq. (11.8) is given 

f(x, t) = F(x - (11.9)
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which can be demonstrated by direct substitution. Equation (11.9) defines a right-traveling
wave which propagates (i.e., convects) the initial property distribution to the right at the
convection velocity u. The first-order (in time) convection equation requires one initial
condition:

f(x, 0) = qS(x) (11.10)

Substituting Eq. (11.10) into Eq. (11.9) gives

F(x) = ¢(x)

Equation (11.11) shows that the functional form ofF(x ut) isidentical to thefunctional
form of q~(x). That is, F(x - ut) = e~(x - ut). Thus, Eq. (11.9) becomes

[ f(x,t) = ck(x-ut) (11.12)

Equation (11.12) is the exact solution of the convection equation. It shows that the initial
property distribution f(x, 0) = q~(x) simply propagates (i.e., convects) to the right at 
constant convection velocity u unchanged in magnitude and shape.

11.2.3 Characteristic Concepts

The concept of characteristics of partial differential equations is introduced in Section
111.3. In two-dimensional space, which is the case considered here (i.e., physical space 
and time t), characteristics are paths (curved, in general) in the solution domain D(x, t)
along which physical information propagates. If a partial differential equation possesses
real characteristics, then physical information propagates along the characteristic paths.
The presence of characteristics has a significant impact on the solution of a partial
differential equation (by both analytical and numerical methods).

Consider the unsteady one-dimensional convection equationf + u£ = 0. It is shown
in Section Ili.3 that the pathline is the characteristic path for the convection equation:

dx
-- = u (11.13)
dt
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Consider the one-dimensional wave equation ft = a2fx~̄ It is shown in Section III.7 that
the wavelines are the characteristic paths for the wave equation:

-- = +a (11.14)
dt

Thus, information propagates along the characteristic paths. These preferred information
propagation paths should be considered when solving hyperbolic PDEs by numerical
methods.

11.3 THE FINITE DIFFERENCE METHOD

The objective of a finite difference method for solving a partial differential equation (PDE)
is to transform a calculus problem into an algebra problem by:

1. Discretizing the continuous physical domain into a discrete finite difference grid
2. Approximating the individual exact partial derivatives in the partial differential

equation (PDE) by algebraic finite difference approximations (FDAs)
3. Substituting the FDAs into the PDE to obtain an algebraic finite difference

equation (FDE)
4. Solving the resulting algebraic FDEs

These steps are discussed in detail in Section 10.3. That section should be reviewed and
considered equally relevant to the finite difference solution of hyperbolic PDEs.

The objective of the numerical solution of a hyperbolic PDE is to march the solution
at time level n forward in time to time level n ÷ 1, as illustrated in Figure 11.5, where the
physical domain of dependence of a hyperbolic PDE is illustrated. In view of the finite
physical information propagation speed c = dx/dt associated with hyperbolic PDEs, the
solution at point P at time level n + 1 should not depend on the solution at any of the other
points at time level n + 1. This requires a finite numerical information propagation speed,
c, = AxlAt.

A discussion of explicit and implicit finite difference methods is presented in Section
10.2. From that discussion, it is obvious that the numerical domain of dependence of
explicit finite difference methods matches the physical domain of dependence of hyper-
bolic PDEs. Consequently, hyperbolic PDEs should be solved by explicit finite difference

P

dr-

///////////////////,’)x

Figure 11.5

n+l

X~

Physical domain of dependence of hyperbolic PDEs.
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methods. The only exception is when solving steady state problems as the asymptotic
solution in time of an appropriate unsteady propagation problem. In that case, as discussed
in Section 10.11, implicit methods may have some advantages over explicit methods.

The solution domain D(x, t) is discretized for the finite difference solution of a
hyperbolic PDE in the same manner as done for a parabolic PDE, as illustrated in Figure
10.8.

Finite difference approximations of the individual exact partial derivatives in a PDE
must be developed. As in Chapters 9 and 10, the exact solution of the PDE will be denoted
by an overbar over the symbol for the dependent variable, that is, ]’(x, t), and the
approximate solution of the PDE will be denoted by the symbol for the dependent
variable without an overbar, that is f(x, t). Thus,

j~(x, t) = exact solution

f(x, t) = approximate solution

The exact time derivative]; can be approximated by forward-time, backward-time, or
centered-time finite difference approximations, as described in Section 10.2.

The first-order space derivative f~ is a model of physical convection. From
characteristic concepts, it is known that the physical information propagation speed
associated with first-order spatial derivatives is finite, and that information propagates
along distinct characteristic paths. For the convection equation, the characteristic paths are
the pathlines, given by dx/dt = u, and the physical information propagation speed is the
convection velocity u. The solution at a point depends only on the information in the
domain of dependence specified by the upstream characteristic paths, and the solution at a
point influences the solution only in the range of influence specified by the downstream
propagation paths.

These characteristic concepts suggest that first-order spatial derivatives, such as ~,
should be approximated by one-sided approximations in the direction from which the
physical information is being propagated. Such approximations are called upwind
approximati_ons. A first-order backward-space approximation of the first-order_ spatial
derivative fx_ can be obtained by writing the backward-space Taylor series for f_l and
solving forfx[i. Thus,

~ii-1 =~ii + frxli(-Ax) + ½ .~xxli(-Ax2) J~xxxli(-Ax3) +"" (11.15)

Solving Eq. (11.15) fOr~xJi gives

-- Ax + ½ ~xx(~) Ax (11.16)

where xi_~ < ~ < xi. Truncating_the remainder term yields the first-order backward-space
(i.e., upwind) approximation offal i, denoted by f~]i:

(11.17)

Two upwind approximations of the convection equation are presented in Section 11.6.
First-order spatial derivatives can also be approximated with centered-space approx-

imations with acceptable results. A second-order centered-space approximation of the first-
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_order spatial derivativefx can be obtained by combining the forwar_d-space Taylor series for
f+l, presented below, with the backward-space Taylor series for f_l, Eq. (11.15). Thus,

fii+l = fi + fxli Ax + ½ f~[i Ax2 + ~ ~xxli ~c3 +"" (11.18)

Subtracting Eq. (11.15) from Eq. (11.18) and solving forfxli gives

J~xli =f/+t-- --J~/-1 1 ~xxx(~) (11.19)
2Ax 2

where xi_1 <_ ~ <_ xi+1. Truncating the remainder term yields the second-order centered-
space approximation off~li, denoted by fxli:

fxli =f+l -f-~ (11.20)
2Ax

Several centered-space approximations of the convection equation are presented in
Sections 11.4, 11.5, and 11.7.

A characteristic analysis of the wave equation shows that information propagates
along two distinct characteristic paths, dx/dt = +a, in both the positive and negative
directions, with the propagation speed a. Since both directions of physical information
propagation are implicit in the PDEs, upwind spatial derivative approximations cannot be
employed directly. However, centered spatial derivative approximations can be employed,
since both forward and backward information are used in the finite difference approxima-
tions. This approach is applied to the wave equation in Section 11.9.

11.4 THE FORWARD-TIME CENTERED-SPACE (FTCS) METHOD AND THE
LAX METHOD

The most straightforward finite difference method for solving hyperbolic partial differ-
ential equations might appear to be the forward-time centered-space (FTCS) method. The
FTCS method is applied to the diffusion equation in Section 10.4. It is shown there that the
FTCS approximation of the diffusion equation is conditionally stable (i.e.,
d = ~ At~fix2 <_ ½). However, when applied to the convection equation ~ + u~ = 0, the
FTCS method is unconditionally unstable. A modification of the FTCS method suggested
by Lax (1954) removes the unconditional instability of the FTCS method, but introduces
an inconsistency into the FDE, which results in excessive numerical damping (i.e.,
numerical diffusion). These two methods are presented in this section. An introduction
to numerical diffusion and numerical dispersion is presented at the end of the section.

11.4.1 The Forward-Time Centered-Space (FTCS) Method

Introducing the first-order forward-difference approxi_mation forE, Eq. (10.17), and the
second-order centered-difference approximation for f~, Eq. (11.20), into the convection
equation ~t + u~ = 0 yields

f/"+1 -f,." f,.~_~ -f~"_~
At +u 2Ax -0

(11.21)

Solving Eq. (11.21) forf "+~ yields the FTCS approximation of the convection equation:

f/.+l =f,.. _ 5 (f’+~ -fi"-l) (11.22)
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The FTCS method stencil.

where c = u At/Ax is the convection number. The corresponding finite difference stencil is
illustrated in Figure 11.6, where the circle denotes the base point for the FDAs, the crosses,
×, denote the_points used to approximate~, and the open squares denote the points used to
approximate fx.

The modified differential equation (MDE) corresponding to Eq. (11.22) 

f + Ufx = -½ftt At - ~fttAfl .. _ ~ Ufx~Ax~ ,
4-. - w~Uf=x~Ax .... (11.23)

As At ---> 0 and Ax --> 0, Eq. (11.23) approaches ft + ufx = 0, which is the convection
equation. Consequently, Eq. (11.22) is a consistent approximation of that equation. The
truncation error is 0(At) + 0(Ax2). From avon Neumann stability analysis, the amplifica-
tion factor G corresponding to Eq. (11.22) 

G = 1 - Ic sin 0 (11.24)

The magnitude of G is

IGI = (1 + a sin2 0)1/2 (11.25)

which is greater than unity for c > 0. Consequently, Eq. (11.22) is unconditionally
unstable. From a graphical point of view, Eq. (11.24) represents a vertical line segment
in the complex plane, as illustrated in Figure 11.7. Its center is at (1 + I0), and the entire
line segment is outside of the unit circle for all values ofc > 0. Consequently, Eq. (11.22)
is unconditionally unstable.

Im
I

Unit circle ~ ~

-I

Figure 11.7 Locus of the amplification factor G for the FTCS method.
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Figure 11.8 Solution by the FTCS method with c = 0.5.

Example 11.1. The FTCS method applied to the convection equation

To illustrate the unstable behavior of the FTCS method applied to the convection equation,
the solution to the convection problem presented in Section 11.1 is presented in Figure
11.8 for Ax = 0.1 cm with At = 0.5 s, for which c = u At/Ax = (0.1)(0.5)/0.1 = 
The solution is presented at times from 1.0 to 5.0 s and at 10.0 s. The amplitude of the
solution increases in an unstable manner as the wave propagates to the right. Solutions for
larger values of c are not shown because they are totally unrealistic. All of the other
examples in this chapter are solved with Ax = 0.05 cm and At = 0.25 s. For the FTCS
method, that combination, for which c = 0.5 as in the present example, goes unstable more
rapidly, so the results could not be illustrated in the figure.

In summary, the FTCS approximation of the convection equation is unconditionally
unstable. Consequently, it is unsuitable for solving the convection equation, or any other
hyperbolic PDE.

11.4.2 The Lax Method

Lax (1954) proposed a modification to the FTCS method that yields a conditionally stable
method. In that modification, the valuern in the finite difference approximation of fiT used
in Eq. (11.21) is approximated by f"= (f/~-I +f’-l)/2’ The resulting finite difference
equation is

: i (fi+l +f"-l) - ~ (f,’+t -f’-t) (11.26)
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Equation (11.26) is the Lax approximation of the convection equation. The corresponding
finite difference stencil is illustrated in Figure 11.9. The modified differential equation
(MDE) corresponding to Eq. (11.26) 

f, +ufx ~ ~= - ~ftt At - ~fttt Ata .... + gfxx ~ ~ Ufxxx Ax2 .... (11.27)

As At --~ 0 and Ax --~ 0, the third term on the right-hand side of Eq. (11.27) becomes
indeterminate. Consequently, Eq. (11.26) is not a consistent approximation of the
convection equation. From a yon Neumann stability analysis, the amplification factor G
corresponding to Eq. (11.26) 

G = cos0 -IcsinO (11.28)

The magnitude of G is

IG[ = (cos2 0 + c2 sin2 0)1/2 --- [1 - sin2 0(1 - c2)]1/2 (11.29)

Since sin2 0 > 0 for all values of 0 = (kin Ax), IGI _< 1 

u At

Ax-
(11.30)

Thus, the Lax approximation of the convection equation is conditionally stable. Equation
(11.30) is the celebrated Courant-Friedrichs-Lewy (1928) stability criterion, commonly
called the CFL stability criterion. In essence, Eq. (11.30) states that the numerical speed 
information propagation un = Ax/At must be greater than or equal to the physical speed of
information propagation u = dx/dt. From a graphical point of view, Eq. (11.28) is 
ellipse in the complex plane, as illustrated in Figure 11.10. The center of the ellipse is at
(0 +I0), and the axes are 1 and c. For stability, IGI < 1, which requires that the ellipse
remain on or within the unit circle. From Figure 11.10, it is obvious that the ellipse remains
on or within the unit circle for c _< 1.

The Lax approximation of the convection equation may behave in a numerically
consistent manner if c is held constant as Ax or At is changed. It is conditionally stable.
Consequently, by the Lax equivalence theorem, it may behave as a convergent approxima-
tion of the convection equation.

Example 11.2. The Lax method applied to the convection equation

Let’s solve the convection problem presented in Section 11.1 using Eq. (11.26) for
Ax = 0.05 cm, forAt = 0.05, 0.25, 0.45, and 0.50 s. Foru --- 0.1 cm/s andAx = 0.05 cm,
c = u At/Ax = (0.1)At/(0.05) = 2 At. Thus, the value ofc is twice the value of At for 
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Figure 11.10 Locus of the amplification factor G for the Lax method.
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choice of physical properties. The results are presented in Figure 11.11 at times from 1.0 to
5.0s for c = 0.5, and at 10.0s for c -- 0.1, 0.5, 0.9, and 1.0. The solution is presented at
every other grid point.

Several important features are illustrated in Figure 11.11. When c = 1.0, the
numerical solution is identical to the exact solution, for the linear convection equation.
This is not true for nonlinear PDEs. When c--0.5, the amplitude of the solution is
severely damped as the wave propagates, and the peak of the wave is rounded. The general
shape of the solution is maintained, but the leading and trailing edges of the wave are quite
smeared out. The result at t = 10.0 s for c = 0.1 is completely smeared out. The numerical
solution does not even resemble the general shape of the exact solution. These effects are
the result of the numerical damping that is present in the Lax method. In effect, the initial-
data distribution is being both convected and diffused, and the effect of diffusion increases
as the time step is decreased. The solution for c = 0.9 is much closer to the exact solution,
except at the peak, which is severely damped. The presence of large amounts of numerical
damping at small values of the convection number, c, is a serious problem with the Lax
method.

In summary, the Lax approximation of the convection equation is explicit, single step,
inconsistent, 0(At) + 0(3xz) + 0(Ax2/At), and conditionally stable. Excessive numerical
damping is present, which makes the Lax method a poor choice for solving hyperbolic
PDEs.

Example 11.2 shows that the accuracy of the solution increases as the convection
number is increased. In fact, the exact solution is obtained for c = 1.0, for the linear
convection equation. For nonlinear PDEs, the exact solution is not obtained for c = 1.0.
However, these results suggest that the most accurate solution might correspond to
c = 1.0. This is indeed the case. The convection number c can be written as

u At u u
-- (ll.31)c- Ax Ax / At u,

where u, is the numerical information propagation speed. Using values of c close to 1.0
causes the numerical information propagation speed to be close to the physical information
propagation speed, which accounts for the increase in accuracy when c is close to 1.0. This
result is true for all explicit finite difference methods.

11.4.3 Numerical Diffusion and Dispersion

The severe numerical damping present the Lax method is a result of the leading spatial
tnmcation error term in the MDE, Eq. (11.27). This term contains the second-order spatial
derivativef~,, which acts in the same manner as real physical diffusion. Hence, this effect is
called numerical diffusion, or numerical damping. As shown in Section 10.2 for physical
diffusion, the effect of the second spatial derivative is to diffuse, or spread out, the initial
property distribution as time progresses. The same result is obtained when the second
spatial derivative is present in a truncation error term. For the Lax method, the numerical
diffusion coefficient (Ax2/2 At) becomes very large as At decreases. This effect 
responsible for the severe damping present in the Lax method. In a more general sense,
all even spatial derivatives in the truncation error contribute to numerical diffusion.

Although the concept is not developed in this book, it can be shown that all odd
spatial derivatives in the truncation error contribute to numerical dispersion, which is a
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type of higher-order convection which tends to distort the shape of the property
distribution in space and causes wiggles in the solution. Numerical diffusion and/or
numerical dispersion are present in all numerical solutions of all PDEs.

11.5 LAX-WENDROFF TYPE METHODS

Lax and Wendroff (1960) proposed an 0(At2) q- 0(x2) method based on an 0(At2) forward-
time Taylor series for d2//n+l. The first and second time derivatives in the Taylor series are

expressed in terms of first and second spatial derivatives, respectively, by using the PDE to
obtain f = -U)Tx and by differentiating the PDE to obtain ft = u2~xx̄ This gives a semi-
discrete expression for ~,+l in terms of j2x and J~x~. The spatial derivatives are then
approximated by second-order centered-difference approximations. When first published,
this approach was called the Lax-Wendroff method. Several other methods have been
developed subsequently, which can be interpreted as Lax-Wendroff type methods. The
original Lax-Wendroff method, which is now called the Lax-Wendroff one-step method, a
two-step Lax-Wendroff type method developed by Richtmyer (1963), and a predictor-
corrector Lax-Wendroff type method developed by MacCormack (1969) are presented 
this section.

11.5.1 The Lax-Wendroff One-Step Method

The Lax-Wendroff (1960) one-step method is a very popular 0(At2) ÷ (Ax2) explicit finite
difference method. For the unsteady one-dimensional convection equation, f + ufx = 0,
the function to be determined is j2(x, t). Expanding~(x, t) in a Taylor series in time gives

At + ~fttli At2 q- 0(At3) (11.32)

The first-order time derivative ~ is determined directly from the partial differential
equation:

~ = -u~ (11.33)

The second-order time derivative~t is determined by differentiating the partial differential
equation with respect to time. Thus,

L = (~)t = (-@x), = -u(~)x = -u(-@x)x (11.34)

Note that this procedure does not work for a nonlinear PDE where u = u(f). Substituting
Eqs. (11.33) and (11.34) into Eq. (11.32) 

d~/n+l =~n _ t,/j~xl~ At q- ½ u2j~xx[~ At2 q- 0(At ’3) (11.35)

Truncating the remainder term, and approximating the two spatial derivativesjTrl7 and~17
by second-order centered-difference approximations, Eqs. (11.20) and (10.23), respec-
tively, gives

fi,+, =A,_ u " ~-a At+½u~ ~-l-2f"+ff-~’~At2 (11.36)



666 Chapter 11

(i,n+l)

(i-1 ,n) (i,n) (i+1 ,n)

Figure 11.12 The Lax-Wendroffone-step method stencil.

Introducing the convection number, c = u At/Ax, yields

C n C2

fi n+l =fi n -- ~ (~i+l --fin|) + ~- (fi~-I -- 2f" +fin (11.37)

Equation (11.37) is the Lax-Wendroff one-step approximation of the linear convection
equation. The corresponding finite difference stencil is presented in Figure 11.12.

The modified differential equation (MDE) corresponding to Eq. (11.37) 

ft .Ji- uL = l ..... ~ ufx~Ax~ ....-~ ftt At-~ftt At2 --~4 fttt At3

+½U2fx~At + ~-4U2fx~xxAx2At +... (11.38)

As At -~ 0 and 5x --~ 0, Eq. (11.38) approaches f + Ufx. Consequently, Eq. (11.37) 
consistent approximation of the convection equation. Equation (11.38) suggests that the
FDE is 0(Ao + 0(Ax2). However, substituting ft U2fxx into Eq. (1 1.38) shows that th
two 0(At) terms cancel exactly, and the FDE is 0(At2) + 0(Ax2). From avon Neumann
stability analysis, the amplification factor G is given by

G = [(1 - 2) +c2cos0] - Ic si n 0(11.39

Equation (11.39) represents an ellipse in the complex plane, as illustrated in Figure 11.13.
The center of the ellipse is at (1 - a +I0), and the axes are c and c2. For st ability,

Figure 11.13 Locus of the amplification factor G for the Lax-Wendroff one-step method.
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IGI < 1, which requires that the ellipse lie on or within the unit circle. From Figure 11.13,
three conditions are obvious. The axes c and c2 must both be less than or equal to unity,
that is, c _< 1. In addition, at point (1 + I0), the curvature of the ellipse must be greater
than the curvature of the unit circle. With some further analysis, it can be shown that this
condition is satisfied if c _< 1. All three necessary conditions are satisfied by the single
sufficient condition

u At
c=--<l

Ax-
(11.40)

Consequently, the FDE is conditionally stable. The Lax-Wendroff one-step approximation
of the convection equation is consistent and conditionally stable. Consequently, by the Lax
equivalence theorem, it is a convergent finite difference approximation of the convection
equation.

Example 11.3. The Lax-Wendroff one-step method applied to the convection
equation.

Let’s solve the convection problem presented in Section 11.1 using Eq. (11.37) for
Ax = 0.05 cm. The results are presented in Figure 11.14 at times from 1.0 to 5.0s for
c = 0.5, and at 10.0s for c = 0.1, 0.5, 0.9, and 1.0.

100 At, s c
¯ 0.05 0.1
© 0.25 0.5
* 0.45 0.9

8O rq 0.50 1.0

6O

4O

u = 0.1 cm/s
Ax = 0.05 cm

2O

Figure 11.14

1.0 1.5 2.0

Location x, cm

Solution by the Lax-Wendroff one-step method.
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Figure 11.14 illustrates several important features of Eq. (11.37). When c = 1.0, the
numerical solution is identical to the exact solution, for the linear convection equation.
That is not the case for nonlinear PDEs. However, these results suggest that the most
accurate solution of nonlinear PDEs will be obtained when c = 1.0. Experience shows that
this is indeed the case. When c = 0.5, the amplitude of the solution is damped slightly, and
the sharp peak becomes rounded. However, the wave shape is maintained quite well. The
result at t = 10.0 s, for c = 0.1, 0.5, and 0.9, are all reasonable approximations of the
exact solution. There is some decrease in the numerical convection velocity. Slight wiggles
appear in the trailing portion of the wave. Such wiggles, which are caused by numerical
dispersion, are a common feature of second-order finite difference approximations of the
time derivative in convection problems. Overall, the Lax-Wendroff one-step method yields
a good solution to the linear convection equation.

The Lax-Wendroff one-step method is an efficient and accurate method for solving the
linear convection equation. For nonlinear PDEs and systems of PDEs, however, the
method becomes quite complieate_d. The complications arise in the replacement of
the second-order time derivative ft in terms of space derivatives by differentiating
the governing partial differential equation. The simple result obtained in Eq. (11.34) 
longer applies. Consequently, the Lax-Wendroff one-step method is not used very often.
More efficient methods, such as the Lax-Wendroff two-step method and the MacCormack
method are generally used for nonlinear equations and systems of equations. These
methods have the same general features as the Lax-Wendroff one-step method, but they are
considerably less complicated for nonlinear PDEs, and thus considerably more efficient.

In summary, the Lax-Wendroff one-step method applied to the convection equation
is explicit, single step, consistent, 0(At2) + 0(Axe), conditionally stable, and convergent.
The method is quite complicated for nonlinear PDEs, systems of PDEs, and two- and
three-dimensional physical spaces.

11.5,2 The Lax-Wendroff (Richtmyer) Two-Step Method

The Lax-Wendroff (1960) one-step method has many desirable features when applied 
the linear convection equation. However, when applied to a nonlinear PDE or a system of
PDEs, the method becomes considerably more complicated. Richtmyer (1963) proposed 
three-time-level two-step method which is equivalent to the Lax-Wendroff one-step
method for the linear convection equation. The first time step uses the Lax (1954)
method to obtain provisional values at the second time level, and the second time step uses
the leapfrog method to obtain final values at the third time level. The Richtrnyer method is
much simpler than the Lax-Wendroff one-step method for nonlinear PDEs and systems of
PDEs. Quite commonly, any two-step method which can be interpreted as a second-order
Taylor series in time is referred to as a two-step Lax-Wendroffmethod or amethod of the
Lax- Wendroff type.

For the linear convection equation ~ + ujTx = 0, the two-step method proposed by
Richtmyer (1963) is as follows:

n C n
fi n+l = -12 (fi+l +fin-l) -- "~ (f+l --f/n-l)

fin+2 =fi n , z’n+l-- C~Ji+l Ji-1

(11.41)

(11.42)
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(i,n+2)

(i,n+l)

(i-1 ,n) (i,n)

Figure 11.15

(i-l,n+l) (i+l,n+l)

(i+1 ,n) (i,n)

The Lax-Wendroff (Richtmyer) two-step method stencil.

where Eq. (11.41) is the Lax method, Eq. (11.26), applied from time level n to time n 
and Eq. (11.42) is the leapfrog method, which is described in Section 10.6, applied from
time level n + 1 to time level n + 2. The first step (i.e., the Lax method) is a provisional
step. The results of this step are used only to implement the second step. The result of the
second step is the desired solution. The finite difference stencil is illustrated in Figure
11.15.

Equations (11.41) and (11.42) do not look anything like the Lax-Wendroff one-step
method, Eq. (11.37). However, substituting Eq. (11.41) applied at grid points (i - 1) 
(i + 1) into Eq. (11.42) gives Eq. (11.37), for a time step of 2 At and a space increment 
2 Ax. Consequently, the two methods are equivalent for the linear convection equation.
Thus, for specific values of At and Ax, the global error of the Lax-Wendroff two-step
method is four times larger than the global error of the Lax-Wendroff one-step method.
Alternatively, to obtain the same global error, At and Ax for the Lax-Wendroff two-step
method must be one-half the values of At and Ax of the Lax-Wendroff one-step method.
Thus, four times as much work is required to reach the same time level. For nonlinear
PDEs or systems of PDEs, the two methods, while similar in behavior, are not identical.

Equations (11.41) and (11.42) comprise a Lax-Wendroff type two-step method 
the linear convection equation. This Lax-Wendroff two-step method is an explicit, three-
time-level, two-step, (At2) ÷ 0(Ax2), finite difference method. The third time level is not 
problem because the value off/"+2 can be stored in place off. n, so only two levels of
computer storage are required.

Since the Lax-Wendrofftwo-step method proposed by Richtmyer is equivalent to the
Lax-Wendroff one-step method for the linear convection equation, it follows that the
consistency and stability analyses are identical. Thus, as demonstrated for the Lax-
Wendroff one-step method, the method is consistent with the convection equation,
0(At2) + 0(Ax2), conditionally stable (c = u At/Ax < 1), and convergent.

Example 11.4. The Lax-Wendroff (Richtmyer) two-step method applied to the
convection equation

Let’s solve the convection problem presented in Section 11.1 using Eqs. (11.41) and
(11.42) for Ax = 0.05 cm. The results are presented in Figure 11.16 at times from 1.0 
5.0s for c = 0.5, and at 10.0s for c = 0.1, 0.5, 0.9, and 1.0. The general features of the
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Solution by the Lax-Wendroff (Richtmyer) two-step method.

numerical solution are similar to those presented in Figure 11.14 for the Lax-Wendroff
one-step method. The errors are somewhat larger, however, because the Lax-Wendroff
two-step method is equivalent to the Lax-Wendroff one-step method with a time step of
2 At and a spatial grid size of 2 Ax. In fact, applying the Lax-Wendroff two-step method
with Ax = 0.025 cm, with a corresponding halving of At, yields the same results as
presented in Figure 11.14.

In summary, the Lax-Wendroff two-step method is explicit, three-time-level, two-step,
consistent, 0(At 2) + 0(Ax2), conditionally stable, and convergent. The method is equiva-
lent to the Lax-Wendroff one-step method for the linear convection equation. However, for
nonlinear PDEs, systems of PDEs, and two- and three-dimensional physical spaces, the
Lax-Wendroff two-step method is much easier to apply than the Lax-Wendroff one-step
method. The explicit Lax-Wendroff two-step method can be used in a straightforward
manner to solve nonlinear PDEs, systems of PDEs, and multidimensional problems, as
discussed in Section 11.9.

11.5.3 The MacCormack Method

MacCormack (1969) proposed a predictor-corrector method of the Lax-Wendroff type.
The MacCormack method uses the same grid spacings as the Lax-Wendroff (1960) one-
step method, thus eliminating the requirement of more grid points associated with the Lax-
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Wendroff (Richtmyer) two-step method. The MacCormack method can be used to solve
linear partial differential equations, nonlinear PDEs, and systems of PDEs with equal ease,
whereas the Lax-Wendroff one-step method becomes quite complicated for nonlinear
PDEs and systems of PDEs. Consequently, the MacCormack method is a widely used
method.

The basis of the Lax-Wendroff one-step method is the second-order Taylor series
given in Eq. (11.32), where~ is determined directly from the PDE and~t is determined 
differentiating the PDE with respect to time. MacCormack (1969) proposed an alternate
approach for evaluating ~t[~ which employs a first-order forward-time Taylor series for
~1"+1 with base point (i, n). Thus,Jti

37ttl7+1 =~1~’ +~t17 At + 0(Atz) (11.43)

Solving Eq. (11.43)for~tl7 yields

f. i - at + 0(At) (11.44)

Substituting Eq. (11.44) into Eq. (11.32) gives

~n÷~ =~. ÷ ½(~17 +~lT+~)(at + 0(at3) (11.45)
Introducing the PDE, ftt= -u~x, into Eq. (11.45) gives

j~/n÷l =~ii n__ ~(Ufxl il - , ÷ U~xlT+~)At ÷ O(At~) (11.46)

Replacing~[,’.’ and~[~’+~ by second-order centered-difference approximations and
truncating the remainder terms yields an 0(At~) + 0(Axa) FDE, which has 0(At2) global
order. This replacement yields an implicit FDE, which is difficult to solve for nonlinear
PDEs.

MacCormack proposed a predictor-corrector procedure which calculates provisional
(i.e.,_predicted) values off"+~ using first-order forward-difference approximations of~ 17
andfx[~’ to give

f/"+~ =f." (f+~ -f,.") (11.47)

where c = u At/Ax is the convection number. In the second (i.e., corrector) step, Eq.
(11.46) is solved by evaluating~xl~ using the first-order forward-space approximation used
in Eq. (11.47) and evaluating jT"xl~+~ using the first-order backward-space approximation
based on the provisional values off/"+1. Equation (11.46) becomes

f"+~ = f" - ½ [c(fi~-~ - f") + c(f"+~ _f,_~l)] (11.48)

Rearranging Eq. (11.48) and introducing Eq. (11.47) yields a computationally 
efficient form of the corrector equation:

(11.49)

Equations (11.47) and (11.49) comprise the MacCormack approximation of the linear
convection equation. The finite difference stencils are presented in Figure 11.17.
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(i,n+l) (i-l,n+l) (i,n+l)

(i,n) (i+1 ,n) (i,n)

Figure 11.17 The MacCormack method stencil.

I

(i+l,n)

Equation (11.47) employs a forward-difference approximation of j2xl,." and Eq.
(11.49) employs a backward-difference approximation of j2xl~+1. This differencing can
be reversed. Either way, there is a slight bias in the solution due to the one-sided
differences. If desired, this bias can be reduced by alternating the direction of the predictor
and corrector spatial differences from one time level to the next.

The properties of the MacCormack method are not readily apparent from Eqs.
(11.47) and (11.49). The time averaging of the space derivatives in the corrector, 
(11,48), suggest that the method may be 0(At2). Since both space derivatives are one-sided
first-order differences, it would appear that the overall method is 0(Ax). However, a very
fortuitous cancellation of the 0(Ax) truncation error terms occurs, and the MacCormack
method is 0(Ax2).

Equations (11.47) and (11.49) do not look anything like the Lax-Wendroff one-step
method, Eq. (11.37). However, substituting Eq. (11.47), applied at grid points (i, n) 
(i - 1, n), into Eq. (11.49) gives Eq. (11.37) identically. Consequently, the two methods
are identical for the linear convection equation. For nonlinear PDEs or systems of PDEs,
the two methods, while similar in behavior, are not identical.

Since the MacCormack method is identical to the Lax-Wendroff one-step method,
for the linear convection equation, it follows that the consistency and stability analyses are
identical. Thus, the method is consistent with the convection equation, 0(At2) + 0(Ax2),
conditionally stable (i.e., c = u At/Ax < 1), and convergent.

Example 11.5. The MacCormack method applied to the convection equation

The MacCormack approximation of the linear convection equation is identical to the Lax-
Wendroff one-step approximation of the linear convection equation. Consequently, the
results presented in Example 11.3 also apply to the MacCormack method. The MacCor-
mack method is an excellent method for solving convection problems.

When the partial differential equation being solved is nonlinear (i.e., the coefficient ofjTx
depends on f), the coefficient is simply evaluated at grid point (i, n) for the predictor and 
grid point (i, n + 1) for the corrector. When solving systems of PDEs, Eqs. (11.47) 
(11.49) are simply applied to every PDE in the system. The MacCormack method extends
directly to two- and three-dimensional physical spaces simply by adding on the appropriate
one-side finite difference approximations of the y and z space derivatives. The stability
boundaries are more restrictive in those cases. The MacCormack method also can be used
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to solve the parabolic convection-diffusion equation discussed in Section 10.10. In view of
these features of the MacCormack method, it is a very popular method for solving PDEs.

In summary, the MacCormack approximation of the convection equation is explicit,
two step (i.e., predictor-corrector), 0(At2) + 0(Ax2), conditionally stable, and convergent.
The method is identical to the Lax-Wendroff one-step method for the linear convection
equation. However, for nonlinear equations, systems of equations, and two- and three-
dimensional physical spaces, the MacCormack method is much more efficient than the
Lax-Wendroff one-step method.

11.6 UPWIND METHODS

From a method of characteristics analysis of the convection equation, it is known that
information propagates along the characteristic paths specified by dx/dt = u [see Eq.
(11.13)]. Thus, information propagates from either the left or the right side of the solution
point, depending on whether u > 0 or u < 0, respectively. This type of information
propagation is referred to as upwind propagation, since the information comes from the
direction from which the convection velocity comes, that is, the upwind direction. Finite
difference methods that account for the direction of information propagation are called
upwind methods. Two such methods are presented in this section.

11.6.1 The First-Order Upwind Method

The simplest procedure for developing an upwind finite difference equation is to replace
the time derivative ~1~’ by the first-order forward-difference approximation at grid point
(i, n), Eq. (10.17), and to replace the space derivative J~x}~’ by the first-order one-sided
approximation in the upwind direction, Eq. (11.17), for u > 0. The corresponding finite
difference stencil is presented in Figure 11.18. Substituting Eqs. (10.17) and (11.17) 
the convection equation gives

fin+l --fin ~-u’i Ji--I = 0 (11.50)

At Ax

Solving Eq. (11.50) forfi "+1 yields

[ fin+’=fn-c(f~-f"_l)I
(11.51)

where c = uAt/Ax is the convection number.
The modified differential equation (MDE) corresponding to Eq. (11.51) 

f + uf~ = 1 At - ~fn At2 " (11.52).... + ½ ,fx + ¯

0-1,n)
Figure 11.18

(i,n+l)

(i,n)

The first-order upwind method stencil.
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I111

Unit circle~ ~

Figure 11.19 Locus of the amplification factor G for the first-order upwind method.

As At --~ 0 and Ax --~ 0, Eq. (11.52) approachesft + uf~ = 0. Consequently, Eq. (11.50) 
consistent with the convection equation. The truncation error is 0(At) ÷ 0(Ax). From a 
Neumann stability analysis, the amplification factor G is given by

G = (1 - c) + coos0 -IesinO (11.53)

Equation (11.53) is the equation of a circle in the complex plane, as illustrated in Figure
11.19. The center of the circle is at (1 - c +I0), and its radius is c. For stability, IGI < 1,
which requires the circle to be on or within the unit circle. This is guaranteed if

u At
Ax-

(11.54)

Equation (11.54) is the CFL stability criterion. Consequently, the first-order upwind
approximation of the convection equation is conditionally stable. It is also consistent.
Consequently, by the Lax Equivalence Theorem, it is a convergent approximation of the
convection equation.

Example 11.6. The first-order upwind method applied to the convection equation

As an example of the first-order upwind method, let’s solve the convection problem
presented in Section ll.1 using Eq. (11.51) for Ax = 0.05 cm. The results are presented
in Figure 11.20 at times from 1.0 to 5.0s for c = 0.5, and at 10.0s for c = 0.1, 0.5, 0.9,
and 1.0.

Several important features of Eq. (11.51) are illustrated in Figure 11.20. When
c = 1.0, the numerical solution is identical to the exact solution, for the linear convection
equation. This is not true for nonlinear PDEs. When c = 0.5, the amplitude of the solution
is damped as the wave moves to the right, and the sharp peak becomes rounded. The
results at t = 10.0 s for c = 0.1, 0.5, 0.9, and 1.0 show that the amount of numerical
damping (i.e., diffusion) depends on the convection number, c. The large errors associated
with the numerical damping make the first-order upwind method a poor choice for solving
the convection equation, or any hyperbolic PDE.
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Figure 11.20 Solution by the first-order upwind method.

2.5

The first-order upwind method applied to the convection equation is explicit, single step,
consistent, 0(At)+ 0(Ax), conditionally stable, and convergent. However, it introduces
significant amounts of numerical damping into the solution. Consequently, it is not a very
accurate method for solving hyperbolic PDEs. Second-order upwind methods can be
developed to give more accurate solutions of hyperbolic PDEs.

11.6.2 The Second-Order Upwind Method

An 0(At)+ 0(Ao¢ 2) finite difference approximation of the unsteady convection equation
can be derived by replacing ~ by the first-order forward-difference approximation at grid
point (i, n), Eq. (10.17), and replacing x bythesecond-order one-sided upwind-space
approximation based on grid points i, i- 1, and i- 2, Eq. (5.96). Unfortunately, the
resulting FDE is unconditionally unstable. It cannot be used to solve the unsteady
convection equation, or any other hyperbolic PDE.

An 0(At2) + 0(z~ 2) finite difference approximation of the unsteady convection
equation is given, without derivation, by the following FDE:

fn+l =fn -- C(fn _iin_l) C(1~- C)(fi n -- 2f/n 1 q_f//n_2)
(11.55)
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(i-2,n) (i-1 

Figure 11.21
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The second-order upwind method Stencil.

where c = u At/Ax is the convection number, iThe corresponding finite difference stencil
is illustrated in Figure 11.21. The modified differential equation (MDE) corresponding 
Eq. (11.55) 

ft + uf~ =½ftt At - ~ttt At2- "[- ½u2 Atfxx "-[- (½U ~¢2 __ ½U2 AX At)fx~x -I-"" (11.56)

As At --~ 0 and Ax --~ 0, Eq. (11.56) approachesft + Ufx = 0. Consequently, Eq. (11.55) 
consistent with the convection equation. Equation (11.56) appears to be 0(At) + 0(Axe).
However, whenftt = U2fxx is substituted into ’Eq. (11.56), the two 0(At) terms cancel, 
Eq. (11.56) is seen to be 0(At2) + 0(Axe), as desired.

From a von Neumann stability analysis, the amplification factor, G, is given by

G= 1-3~+-~+(2c-c2)cosO+ (c2-~)cos20

-I((2c-c~)sinO+(c2-~)sin20) (11.57)

Equation (11.57) is too complicated to solve analytically for the conditions required 
ensure that [G[ < 1. Equation (11.57) can be solved numerically by parametrically varying
0 from 0 to 2n in small increments (say 5 deg), then at each value of 0 varying 
parametrically from 0 to some upper value, such as 2.2, in small increments (say 0.1), and
calculating IGI at each combination of 0 and c. Searching these results for the range of
values of c which yields IGI < 1 for all values of 0 yields the stability range for Eq.
(11.55). Performing these calculations shows that IGI < 1 for c < 2. Thus, Eq. (11.55) 
conditionally stable. It is also consistent with the convection equation. Consequently, by
the Lax equivalence theorem, it is a convergent approximation of the convection equation.

Example 11.7. The second-order upwind method applied to the convection equation

As an example of the second-order upwind method, let’s solve the convection problem
presented in Section 11.1 using Eq. (11.55)for Ax = 0.05 c~ The results are presented 
Figure 11.22 at times from 1.0 to 5.0s for c = 0.5, and at 10.0s for c = 0.1, 0.5, 0.9,
and 1.0.

Several important features are illustrated in Figure 11.22. When c = 1.0, the
numerical solution is identical to the exact solution, for the linear convection equation.
This is not tree for nonlinear PDEs. When c = 0.5, the amplitude of the solution is
damped only slightly as the wave propagates (i.e., convects) to the right. The results 
t = 10.0 s for c = 0.1, 0.5, 0.9, and 1.0 show that the amount of numerical damping is
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Figure 11.22 Solution by the second-order upwind method.

much less than for the first-order upwind method. The second-order upwind method is a
good choice for solving the convection equation, or any hyperbolic PDE.

The second-order upwind method applied to the convection equation is explicit, single
step, consistent, 0(At2) ÷ 0(Ax2), conditionally stable (c < 2), and convergent. It is a 
method for solving hyperbolic PDEs. Explicit upwind methods can be used in a
straightforward manner to solve nonlinear PDEs, systems of PDEs, and multidimensional
problems, as discussed in Section 11.8. Although upwind methods do not match the
physical information propagation paths exactly, they do account for the direction of
physical information propagation. Thus, they match the physics of hyperbolic PDEs more
accurately than centered-space methods.

11.7 THE BACKWARD-TIME CENTERED-SPACE (BTCS) METHOD

The Lax method, the Lax-Wendroff type methods, and the upwind methods, are all
examples of explicit finite difference methods. In explicit methods, the finite difference
approximations to the individual exact partial derivatives in the partial differential equation
are evaluated at grid point i at the known time level n. Consequently, the solution at grid
point i at the next time level n + I can be expressed explicitly in terms of the known
solution at grid points at time level n. Explicit finite difference methods have many
desirable features. Foremost among these for hyperbolic PDEs is that explicit methods
have a finite numerical information propagation speed, which gives rise to finite numerical
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domains of dependence and ranges of influence. Hyperbolic PDEs have a finite physical
information propagation speed, which gives rise to finite physical domains of dependence
and ranges of influence. Consequently, explicit finite difference methods closely match the
physical propagation properties of hyperbolic PDEs.

However, explicit methods share one undesirable feature: they are only conditionally
stable. Consequently, the allowable time step is usually quite small, and the amount of
computational effort required to obtain the solution of some problems is immense. A
procedure for avoiding the time step limitation would obviously be desirable. Implicit
finite difference methods furnish such a procedure. Implicit finite difference methods are
unconditionally stable. There is no limit on the allowable time step required to achieve a
stable solution. There is, of course, some practical limit on the time step required to
maintain the truncation errors within reasonable limits, but this is not a stability
consideration; it is an accuracy consideration.

Implicit methods do have some disadvantages, however. The foremost disadvantage
is that the solution at a point at the solution time level n + 1 depends on the solution at
neighboring points at the solution time level n + 1, which are also unknown. Conse-
quently, the solution is implied in terms of other unknown solutions at time level n + 1,
systems of FDEs must be solved to obtain the solution at each time level, and the
numerical information propagation speed is infinite. Additional complexities arise when
the partial differential equations are nonlinear. This gives rise to systems of nonlinear finite
difference equations, which must be solved by some manner of linearization and/or
iteration. However, the major disadvantage is the infinite numerical information propaga-
tion speed, which gives rise to infinite domains of dependence and ranges of influence.
This obviously violates the finite domains of dependence and ranges of influence
associated with hyperbolic PDEs. In spite of these disadvantages, the advantage of
tmconditional stability makes implicit finite difference methods attractive for obtaining
steady state solutions as the asymptotic solution in time of an appropriate unsteady
propagation problem. This concept is discussed in Section 10.11. Consequently, the
backward-time centered-space (BTCS) method is presented in this section.

In this section, we will solve the unsteady one-dimensional convection equation by
the backward-time centered-space (BTCS) method. This method is also called the fully
implicit method. The finite difference equation (FDE) which approximates the partial
differential equation is obtained by replacing the exact partial defi, vativef by the first-order
backward-difference approximation, Eq. (10.65), and the exact partial derivative x bythe
second-order centered-space approximation, Eq. (11.20), evaluated at time level n -+- 
The finite difference stencil is presented in Figure 11.23. The resulting finite difference
approximation of the convection equation is

~- u + -- 0 (11.58)
At 2 Ax

(i-l,n+l) (i,n+l) (i+l,n+l)

(i,n)

Figure 11.23 The BTCS method stencil.
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Rearranging Eq. (11.58) yields

C__4"n+l _.[_fi.n+l ± C cn+l-- 2Ji_1
~: 5Ji-P1 =fin (11.59)

where c = u At/Ax is the convection number.
Equation (11.59) cannot be solved explicitly for fn+~ because the two unknown

neighboring valuesf"~I andf~_-~1 also appear in the equation. The value off"+1 is implied
in Eq. (11.59), however. Finite difference equations in which the unknown value off"+i is
implied in terms of its unknown neighbors, rather than being given explicitly in terms of
known initial values, are called implicit finite difference equations.

The modified differential equation (MDE) corresponding to Eq. (11.59) 

+ .ix 1= ~f, At - ~ttt At2 "" - ~ Ufx~x AxZ ~ Ax4-" - ~6 uf~.~x~ .... (11.60)

As At --~ 0 and x --~ 0, the truncation error terms go to zero, and Eq. (11.60) approaches
f + uf~ = 0. Consequently, Eq. (11.59) is consistent with the convection equation. From
Eq. (11.60), the FDE is 0(At)+ 0(&~c2). From avon Neumann stability analysis, 
amplification factor, G, is given by

l
G - (11.61)

1 +IcsinO

Since I1 +IcsinO] _> 1 for all values of 0 and all values of c, the BTCS method is
unconditionally stable when applied to the convection equation. The BTCS method
applied to the convection equation is consistent and unconditionally stable. Consequently,
by the Lax Equivalence Theorem, it is a convergent finite difference approximation of the
convection equation.

Consider now the solution of the unsteady one-dimensional convection equation by
the BTCS method. The finite difference grid for advancing the solution from time level n
to time level n + 1 by an implicit finite difference method is illustrated in Figure 11.24.
There is an obvious problem with the boundary conditions for a pure initial-value problem,
such as the convection problem presented in Section 11.1. Boundary conditions can be
simulated in an initial-value problem by placing the open boundaries at a large distance
from the region of interest and applying the initial conditions at those locations as
boundary conditions.

Boundary condition f(O,t)

Boundary condition f(L,t) 

2 3 i-1 i i+1 imax-1

0

Figure 11.24 Finite difference grid for implicit methods.

imax
:;n+l

L x
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Equation (11.59) applies directly at points 2 to imax- 1 in Figure 11.24. The
following set of simultaneous linear equations is obtained:

__C ¢,nq_1 C- 0
f2n+l + 2J3 =f2n b2+ ~f( , t) 

-----C ¢’n+l -t-A n+l -I---C ¢’n+l =f3n b3
2J2 -- 2J4

_ _c ¢.n+1 +f4n+l c n+l (11.62)

2J3 + ~J~ = f4" = b4

__ C¢’n+l _{_ ¢’n+] __ n
C -

2,imax-2 Jimax-1 --f~nax-1 -- ~f(L, t) = bimax_1

Equation (11.62) is a tridiagonal sysem of linear equations. That system of equations may
be written as

Aft +~ = b (11.63)

where A is the (imax - 2) x (imax - 2) coefficient matrix, fn+l is the (imax - 2) x 
solution column vector, and b is the (imax - 2) x 1 column vector of nonhomogeneous
terms. Equation (11.63) can be solved very efficiently by the Thomas algorithm presented
in Section 1.5. Since the coefficient matrix A does not change from one time level to the
next, LU factorization can be employed with the Thomas algorithm to reduce the
computational effort ever further. As shown in Section 1.5, once the LU factorization
has been performed, the number of multiplications and divisions required to solve a
tridiagonal system of linear equations by the Thomas algorithm is 3n, where n =
(imax - 2) is the number of equations.

100 At, s c
¯ 0.05 0.1
o 0.25 0.5
¯ 0.45 0.9

80 rn 0.50 1.0

6O

u = 0.1 cm/s
Ax = 0.05 cm

20

Figure 11.25

1,5 2.0 2.5

Location x, cm

Solution by the BTCS method for c = 0.1 to 1.0.
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Example 11.8. The BTCS method applied to the convection equation
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Let’s solve the convection problem presented in Section 11.1 by the BTCS method for
Ax = 0.05 cm. For this initial-value problem, numerical boundaries are located 100 grid
points to the left and right of the initial triangular wave, that is, at x = -5.0 cm and
x = 6.0 cm, respectively. The results are presented in Figure 11.25 at times from 1.0 to
5.0s for c = 0.5, and at 10.0s for c = 0.1, 0.5, 0.9, and 1.0, and in Figure 11.26 at 10.0s
for c = 1.0, 2.5, 5.0, and 10.0.

Several important features of the BTCS method applied to the convection equation
are illustrated in Figures 11.25 and 11.26. for c = 0.5, the solution is severely damped as
the wave propagates, and the peak of the wave is rounded. These effects are due to implicit
numerical diffusion and dispersion. At t = 10.0 s, the best solutions are obtained for the
smallest values of c. For the large values of c (i.e., c > 5.0), the solutions barely resemble
the exact solution. These results demonstrate that the method is indeed stable for c > 1, but
that the quality of the solution is very poor. The peaks in the solutions at t = 10.0 s for the
different values of c are lagging further and further behind the peak in the exact solution,
which demonstrates that the numerical information propagation speed is less than the
physical information propagation speed. This effect is due to implicit numerical disper-
sion. Overall, the BTCS method applied to the convection equation yields rather poor
transient results.

100

80

60

mt, sl c
¯ 0.50 1.0
o 1.251 2.5
¯ 2.50 5.0

5.00 I0.0

u = 0.1 cm/s
Ax = 0.05 cm

20

-0.5 0.0

Figure 11.26

0.5 1.0 1.5 2.0 2.5

Location x, cm

Solution by the BTCS method for c = 1.0 to 10.0.
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The BTCS method is 0(At). An 0(Aft) implicit FDE can be developed using the Crank-
Nicolson approach presented in Section 10.7.2 for the diffusion equation. The procedure is
straightforward. The major use of implicit methods for solving hyperbolic PDEs is to
obtain the asymptotic steady state solution of mixed elliptic/hyperbolic problems. As
pointed out in Section 10.11, the BTCS method is preferred over the Crank-Nicolson
method for obtaining asymptotic steady state solutions. Consequently the Crank-Nicolson
method is not developed for the convection equation.

The implicit BTCS method becomes considerably more complicated when applied
to nonlinear PDEs, systems of PDEs, and multidimensional problems. A discussion of
these problems is presented in Section 11.8.

In summary, the BTCS approximation of the convection equation is implicit, single
step, consistent, 0(At)+ 0(Ax2), unconditionally stable, and convergent. The implicit
nature of the method yields a system of finite difference equations which must be solved
simultaneously. For one-dimensional problems, that can be accomplished by the Thomas
algorithm. The infinite numerical information propagation speed does not correctly model
the finite physical information propagation speed of hyperbolic PDEs. The BTCS
approximation of the convection equation yields poor results, except for very small
values of the convection number, for which explicit methods are generally more efficient.

11.8 NONLINEAR EQUATIONS AND MULTIDIMENSIONAL PROBLEMS

Some of the problems associated with nonlinear equations and multdimensional problems
are summarized in this section.

11.8.1 Nonlinear Equations

The finite difference equations and examples presented in this chapter are for the linear
one-dimensional convection equation. In each section in this chapter, a brief paragraph is
presented discussing the suitability of the method for solving nonlinear equations. The
additional complexities associated with solving nonlinear equations are discussed in
considerable detail in Section 10.9.1 for parabolic PDEs. The problems and solutions
discussed there apply directly to finite difference methods for solving nonlinear hyperbolic
PDEs.

Generally speaking, explicit methods can be extended directly to solve nonlinear
hyperbolic PDEs. Implicit methods, on the other hand, yield nonlinear FDEs when applied
to nonlinear PDEs. Methods for solving systems of nonlinear FDEs are discussed in
Section 10.9.

11.8.2 Multidimensional Problems

The finite difference equations and examples presented in this chapter are for the linear
one-dimensional convection equation. In each section a brief paragraph is presented
discussing the suitability of the method for solving multidimensional problems. The
additional complexities associated with solving multidimensional problems are also
discussed in considerable detail in Section 10.9.2 for parabolic PDEs. The problems
and solutions discussed there apply directly to finite difference methods for solving
hyperbolic PDEs.

Generally speaking, explicit methods can be extended directly to solve multi-
dimensional hyperbolic PDEs. When applied to multidimensional problems, implicit
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methods result in large banded systems of FDEs. Methods for solving these problems,
such as alternating-direction-implicit (ADI) methods and approximate-factorization-
implicit (AFI) methods, are discussed in Section 10.9.2.

11.9 THE WAVE EQUATION

The solution of the hyperbolic convection equation is discussed in Sections 11.4 to 11.8.
The solution of the hyperbolic wave equation is discussed in this section.

11.9.1 Introduction

Considerthe one-dimensional wave equation for the generic dependent variable ~(x, t):

I~t-~¢2f~xx ] (11.64)

where c is the wave propagation speed. As shown in Section III.7, Eq. (11.64) is equivalent
to the following set of two coupled first-order convection equations:

~ + C~x = 0 (11.65)

~t + cf~ =0 (11.66)

Equations (11.65) and (11.66) suggest that the wave equations can be solved by the 
methods that are employed to solve the convection equation.

Sections 11.4 to 11.8 are devoted to the numerical solution of the convection
equation, Eq. (11.6). Most of the concepts, techniques, and conclusions presented 
Sections 11.4 to 11.8 for solving the convection equation are directly applicable, some-
times with very minor modifications, for solving the wave equation. The present section is
devoted to the numerical solution of the wave equation, Eq. (11.64), expressed as a set 
two coupled convection equations, Eqs. (11.65) and (11.66).

The finite difference grids and the finite difference approximations presented in
Sections 10.3 and 11.3 are used to solve the wave equation. The concepts of consistency,
order, stability, and convergence presented in Section 10.5 are directly applicable to the
wave equation.

The exact solution of Eqs. (11.65) and (11.66) consists of the two functions.~(x, 
and ~(x, t). These functions must satisfy initial conditions at t = 

~f(x, O) = F(x) and ~(x, 0) G(x) (11.67)

and boundary conditions at x = 0 or x = L. The boundary conditions may be of the
Dirichlet type (i.e., specified j~ and ~), the Neumann type (_i.e., specified derivatives 
j2 and ~), or the mixed type (i.e., specified combinations off and ~ and derivatives of~

and ~).
As shown in Section 11.2, the exact solution of a single convection equation, for

example, Eq. (11.6), is given by Eq. (11.12):

~f(x, t) = 49(x - (11.68)
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which can be demonstrated by direct substitution. Equation (11.68) defines a right-
_traveling wave which propagates (i.e., convects) the initial property distribution,
f(x, O) = ~b(x), to the right at the velocity u, unchanged in magnitude and shape.

The exact solution of the wave equation, Eq. (11.64), is given 

j~(x, t) = F(x - ct) + G(x + (11.69)

which can be demonstrated by direct substitution. Equation (11.69) represents the super-
position of a positive-traveling wave, F(x - ct), and a negative-traveling wave, G(x + ct),
which propagate information to the right and left, respectively, at the wave propagation
speed c, unchanged in magnitude and shape. The second-order (in time) wave equation
requires two initial conditions:

f~(x, O) = dp(x) and ~(x, O) (11.70)

Substituting Eq. (11.70) into Eq. (11.69) gives

¢(x) =~?(x, 0) F(x) + 6( (11.71)

O(x) =~t(x, 0) -cF’(x) + ca’(x) (11.72)

where the prime denotes ordinary differentiation with respect to the arguments ofF and G,
respectively. Integrating Eq. (11.72) yields

-F(x) + G(x) =_1 0(4) (11.73)
C o

where xo is a reference location and ~ is a dummy variable. Subtracting Eq. (11.73) from
Eq. (11.71) gives

1 -~ 0
F(x) = -~ c~(x) 0(4) (11.74)

Adding Eqs. (11.71) and (11.73) gives

1( lli 
G(x) = ~ ~(x) + ~ 0(4) (11.75)

0

Equations (11.74) and (11.75) show that the functional forms F(x- ct ) and G(x + ct
are identical to the functional forms specified in Eqs. (11.74) and (11.75) with x replaced
by (x- ct) and (x + ct), respectively. Substituting these values into Eqs. (11.74) and
(11.75), respectively, and substituting those results into Eq. (11.69) yields

f(x, t) : -~ ~(x - ct) -1- dp(x + ct) q- ~c x-ct 0(4) (11.76)

Equation (11.76) is the exact solution of the wave equation. It is generally called the
D’Alembert solution.

The wave equation applies to problems of vibrating systems, such as vibrating
strings and acoustic fields. Most people have some physical feeling for acoustics due to its
presence in our everyday life. Consequently, the wave equation governing acoustic fields is
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Figure 11.27 Acoustic Wave propagation in an infinite duct.

considered in this section to demonstrate numerical methods for solving the wave
equation. That equation is presented in Section III.7, Eq. (III.91), and repeated below:

Ptt = aZPxx (11.77)
where P is the acoustic pressure perturbation (N/me = Pascals = Pa) and a is the speed of
sound (m/s). The superscript prime on P and the subscript 0 on a have been dropped for
clarity. Equation (11.77) requires two initial conditions P(x, 0) and Pt(x, 0). As shown in
Section III.7, Eq. (11.77) is obtained by combining Eqs. (III.89) and (III.90), which 
repeated below:

put + Px = 0 (11.78)

P~ + paZux = 0 (11.79)

where p is the density (kg/m3) and u is the acoustic velocity perturbation (m/s). Equations
(11.78) and (11.79) can be expressed in the form of Eqs. (11.65) and (11.66) in terms 
and the secondary variable Q -- (Pa)u, where Pa is a constant. Thus, Qt + aPx =- 0 and
P~ + aQx = O.

The following problem is considered in this section to illustrate the behavior of finite
difference methods for solving the wave equation. A long duct, illustrated in Figure 11.27,
is filled with a stagnant compressible gas for which the density p = 1.0 kg/m3 and the
acoustic wave velocity a = 1000.0 m/s. The fluid is initially at rest, u(x, 0) = 0.0, and has
an initial acoustic pressure distribution given by

P(x, 0) = 200.0(x - 1) 1.0 < x < (11.80)

P(x, 0) = 200.0(2 - x) 1.5 < x < (11.81)

where P is measured in Pa (i.e., N/mz) and x is measured in meters. This initial pressure
distribution is illustrated in Figure 11.28. For an infinitely long duct, there are no boundary
conditions (except, of course, at infinity, which is not of interest in the present problem).
The pressure distribution P(x, t) is required.

For the acoustic problem discussed above, combining Eq. (11.79) and the initial
condition u(x, 0) = 0.0 shows that Pt(x, 0) = 0, so that O(x) = 0. Combining Eqs. (11.69)
and (11.76) shows that

fr(x, t) = F(x - at) + G(x + at) ½ [~b(x- at) + d)(x+ at)] (11.82)

Equation (11.82) must hold for all combinations ofx and t. Thus,

F(x - at) -= ½ $(x - at) and G(x + at) = ½ (o(x + (11.83)

Equation (11.83) shows that at t = 0, F(x) = 4~(x)/2 and G(x) = ~b(x)/2. Thus, the exact
solution of the acoustics problem consists of the superposition of two identical traveling
waves, each having one-half the amplitude of the initial wave. One wave propagates to the
right and one wave propagates to the left, both with the wave propagation speed a.
Essentially, the initial distribution, which is the superposition of the two identical waves,
simply decomposes into the two individual waves. The exact solution for P(x, t) for several
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Exact solution of the wave propagation problem.Figure 11.28

values of time t, in ms (millisec), is presented in Figure 11.28. Note that the discontinuities
in the slope of the initial pressure distribution at x = 1.0, 1.5, and 2.0 m are preserved
during the wave propagation process.

11.9.2 Characteristic Concepts

The concep.t of characteristics of partial differential equations is introduced in Section
III.3. In two independent variables, which is the case considered here (i.e., physical space 
and time t), characteristics are paths (curved, in general) in the solution domain D(x, t)
along which physical information propagates. If a partial differential equation possesses
real characteristics, then information propagates along the characteristic paths. The
presence of characteristic paths has a significant impact on the solution of a partial
differential equation (by both analytical and numerical methods).

Let’s apply the concepts presented in Sections III.3 and III.7 to determine the
characteristics of the system of two coupled convection equations, Eqs. (11.65) and
(11.66), where c has been replaced by a to model acoustic wave propagation:

~+a~x =0 (11.84)

+ aL = 0 (11.85)
Applying the chain rule to the continuous functions ~(x, t) and ~(x, t) yields

df = f dt + ~x dx and d~, = ~t dt + ~,~ dx (11.86)
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Writing Eqs. (11.84) to (11.86) in matrix form yields

dx
0 0 = d~

0 dt dx I_gx_l d~

The characteristics of Eqs. (11.84) and (11.85) are determined by setting the determinant
of the coefficient matrix of Eq. (11.87) equal to zero. This gives the characteristic equation:

(1)[-(ax)21 + dt(a2 at) = 0 (11.88)

Solving Eq. (11.88) for dx/dt gives

~ = +a (11.89)

Equation (11.89) shows that there are two real distinct roots associated with the
characteristic equation. The physical speed of information propagation c along the
characteristic curves is

dx
c = -- = ±a (11.90)

dt

Consequently, information propagates in both the positive and negative x directions at the
wave speed a.

11.9.3 The Lax-Wendroff One-Step Method

The one-step method developed by Lax and Wendroff (1960) is a very popular
0(At2) + (Ax2) explicit finite difference method for solving hyperbolic_PDEs. For the
pair of first-order PDEs that correspond to the linear wave equation, f + a~ = 0 and
~t + ajax = 0, the functions to be determined are jT(x, t) and ~(x, t). Expandingf(x, t) 
Taylor series in time gives

" j~in+l t_? in At2 + 0(At3)
(11.91)

The derivative~ is determined directly from the PDE:

~ = -@x (11.92)

The derivative~t is determined by differentiating Eq. (11.92) with respect to time. Thus,

At = (~)t = (-@:~)t = -a@t)x = -a(-aj’x)x (11.93)

Substituting Eqs. (11.92) and (11.93) into Eq. (11.91) 

~//n+l = y2/in _ a3ox[,~ At + ½a2~xx[i~ Aft + 0(At3) (11.94)

Approximating the two space derivatives ~x}~ - ~and£xli by second-order centered-difference
approximations, Eqs. (11.20) and (10.23), respectively, gives

a At . n a2 At2
f~.+l =fin _ ~--~(gi+l - g7-1) + T--~ (f,+~ - 2f~n +fL0 (11.95)
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Introducing the convection number c = a At/Ax yields

I c ~ c2 ~
f/n+l =f/" - ~ (g/+l - ~-1)+ ~-(fi+l - 2fi" +f/"-l) (11.96)

Performing the same steps for the function ~(x, t) yields

C n C2 n
[g’~÷~ = g’/ - -~ ( fi÷~ - fi~-~) + ~ (gi÷~ - 2g’~ ÷ g~_~) (11.97)

Equations (11.96) and (11.97) are the Lax-Wendroff one-step approximation of 
coupled convection equations that correspond to the linear wave equation.

The MDE corresponding to Eq. (11.96) 

f + agx = - ½ft At - ~fttt At~ - ~4fttt At3 ....

_ ~a2r~ 1 a2~̄  At Ax2 +... (11.98)-~agx~ "+~ ~xat+~ ~x~

Substituting Eq. (11.93) into Eq. (11.98) gives

f +agx=~(aa At2-aAx2)g~cx~+½(a4 At3-a2 AtAx2)fx~c~x+... (11.99)

As At --~ 0 and Ax -~ 0, the remainder terms in Eq. (11.98) go to zero, and Eq. (11.98)
approachesf + agx. Consequently, Eq. (11.96) is consistent with jTt a~,x -- 0. From Eq.
(11.99), the FDE is 0(At2) + 0(Axe). Similar results and conclusions apply to Eqs. (11.97).

Performing a yon Neumann stability analysis of Eqs. (11.96) and (11.97) gives

_ c, n#O c2 (£nelo
f,+l=f, ~tgie -g’~e-Z°)+-f i - -2fn + fine-10 ) (11.100)

C~¢:~10
~ ~ "0

g~+l = g~ __ -~ kJ i -- -- fin e-lO) -~- -~ (gi et -- 2g~ + g’~ e-I°) (11.101)

Introducing the relationships between the exponential functions and the sine and cosine
functions gives

fn+~ =fn _ g’~Ic sin 0 + c2f"(cos 0 -- 1) (11.102)

~+~ = g~ - f~"Ic sin 0 + cZg~ (cos 0 - 1) (11.103)

Equations (11.102) and (11.103) can be written in the matrix 

If/n+lG~f.~

/ -- Lgi"_ (11.104)
J

where G is the amplification matrix:

G = [1 +c2(cos0- 1) -lcsinO ]
(11.105)

-Ic sin 0 1 + c2(cos 0 - 1)

For Eqs. (11.96) and (11.97) to be stable, the eigenvalues, 2, of the amplification matrix,
G, must be _< 1. Solving for the eigenvalues gives

I [1 + c2(cos0- 1)- 

-IcsinO

I-Ic sin 0 [ 1 + c2(cos 0 - 1) - 2] = 
(11.106)



Hyperbolic Partial Differential Equations

Solving Eq. (11.106) gives

[1 + C2(COS 0 -- 1) -- 2 + C2sin2 0 ---- 0

Solving Eq. (11,107) for 2 gives

2± = (1 - ca) + z cos O+ IcsinO

689

(11.107)

(11.108)

Equation (11.108) represents an ellipse in the complex plane with center at (1 2 + I0)
and axes c and c2. For stability, I;~+l <- l. This is guaranteed if the convection number
c = a At/Ax _< 1. The Lax-Wendroff one-step approximation of the wave equation is
consistent and conditionally stable. Consequently, by the Lax equivalence theorem, it is a
consistent approximation of that equation.

Example 11.9. The Lax-Wendroff one-step method applied to the wave equation

Now let’s solve the acoustics problem presented at the beginning of this section by the
Lax-Wendroff one-step method Eqs. (11.96) and (11.97), with Ax = 0.05 m. Let f 
and g = Q = (Pa)u. Let g(x, O) = (Pa)u(x, 0) = 0.0. The results are presented in Figure
11.29 at times from 0.1 to 0.5ms for c = 0.5, corresponding to At = 0.025 ms, and at
t --- 1.0 ms for c = 0.1, 0.5, 0.9, and 1.0, corresponding to At = 0.005, 0.025, 0.045, and
0.05 ms, respectively.

100 a = 1000 m/s
Ax = 0.05 rn

80

¯ 0.005 0.1,
o 0.025 0.5
* 0.045 0.9
[] 0.050 1.0

20

-0.5 0.0

Figure 11.29
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Location x, m

Solution of the wave propagation problem by the Lax-Wendroff one-step method.
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When c = 1.0, the numerical solution is identical to the exact solution, for the linear
wave equation. This is not true for nonlinear PDEs. For the other three values of c, the
solutions are all quite good. As c decreases, the numerical solution lags the exact solution
slightly due to numerical dispersion. The peak of the wave is slightly rounded. Overall, the
Lax-Wendroff one-step method gives excellent results for hyperbolic PDEs.

As demonstrated in Example 11.9, the Law-Wendroff one-step method is an efficient and
accurate method for solving the linear wave equation. For nonlinear PDEs and systems of
PDEs, however, the method becomes quite complicated. The complications arise in the
replacement of the second-order time derivatives ft and ~,tt in terms of spatial derivatives
by differentiating the goveming partial differential equations. The simple result obtained in
Eq. (11.93) no longer applies. Consequently, the Lax-Wendroff one-step method is not
used very often. More efficient methods, such as the Lax-Wendroff two-step method
presented in Section 11.5.2 and the MacCormack method presented in Section 11.5.3 are
generally used for nonlinear equations and systems of equations. These methods have the
same general features as the Lax-Wendroff one-step method, but they are considerably less
complex for nonlinear PDEs, and thus considerably more efficient.

In summary, the Lax-Wendroff one-step method applied to the coupled convection
equations and the wave equation is explicit, single step, consistent, 0(At2) + 0(zS~),
conditionally stable, and convergent. The method is quite complicated for nonlinear PDEs,
systems of PDEs, and two- and three-dimensional problems.

11.9.4 Flux-Vector-Splitting Methods

As shown in Section 11.9.2, the coupled system of two linear convection equations, Eqs.
(11.84) and (11.85), that corresponds to the linear wave equation, (Eq. (11.64), 
preferred physical information propagation paths: dx/dt = +a and dx/dt = -a. Informa-
tion comes from and propagates to both the positive and negative directions at every point.
When the spatial derivatives are approximated by centered-difference approximations, the
preferred paths of information propagation are ignored. Upwind methods account for the
preferred paths of information propagation. However, the upwind direction is not readily
apparent in Eqs. (11.84) and (11.85). flux-vector-splitting method identifies thes e
preferred propagation paths in a system of hyperbolic PDES.

Consider the system of two coupled linear convection equations, Eqs. (11.84) and
(11.85):

~ +a~, x = 0 (11.109)

[ ~t + afx = 0 (11.110)

Assume ~(t, x) and ~(t, x) are continuous functions. Thus,

d~f =~ dt +~ dx (11.111)

d~ = E at + ~,x dx (11.112)

which can be written as

dx-
(11.113)~t=~ + ~-~f~

= + gx
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Along the positive-traveling wave, dx/dt = +a, Eqs. (11.113) and (11.114) 

@
d~fdt =~ + afrx and -~ = ~,t + a~x (11.115)

and along the negative-traveling wave, dx/dt = -a, Eqs. (11.113) and (11.114) 

@ -
~= ft - af~ and ~- = gt - a~,x (11.116)

Adding Eqs. (11.115a) and (11.115b) yields

(~ + a~) + (~, + a~) (11.117)

which applies along dx/dt = +a, and adding Eqs. (11.116a) ~d (11.116b) yields

(~ - aft) - (~t - a~) (11.118)

which applies along dx/dt = -a.
The spatial flux derivatives (i.e., ~ and ~) in Eqs. (11.117) and (11.118) 

associated with positive-traveling waves ~d negative-traveling waves, respectively.
Consequently, they should be differenced in the appropriate upwind directions. Let’s
a~ach superscripts + and - to the spatial flux derivatives in Eqs. (11.117) and (11.118),
respectively, to remind us that they ae associated with positive-~aveling and negative-
traveling waves, respectively. Thus,

~ + a~F) + (~t + a~) (11.119)

@ - a~-) - (~t- a~;) (11.120)

Solving Eqs. (11.119) and (11.120) explicitly for~ mad ~t yields the final oftheflux-
vector-split PDEs:

- a + - a +
(11.121)f+~ -L-)+5(~ +~;)

a + a +
(11.122)

Equations (11.121) and (11.122) are in a fo~ suitable for developing upwind finite
difference approximations. First-order FDEs can be developed using finite difference
approximations such as Eq. (11.51), and second-order FDEs can be developed using finite
difference approximations such as Eq. (11.55).

11.10 PROGRAMS

Five FORTRAN subroutines for solving the convection equation are presented in this
section:

1.
2.
3.
4.
5.

The Lax method
The Lax-Wendroff one-step method
The MacCormack method
The ~pwind method
The backward-time centered-space (BTCS) method
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The basic computational algorithms are presented as completely self-contained
subroutines suitable for use in other programs. Input data and output statements are
contained in a main (or driver) program written specifically to illustrate the use of each
subroutine.

11.10.1 The Lax Method

The convection equation is given by Eq. (11.6):

f +uf~ = 0 (11.123)

The Lax approximation of the convection is given by Eq. (11.26):

f/n+l __ 1 n _ C n
-- ~ (J~iq-1 +f/n-l) ~(f/+l --f/n-I) (11.124)

AFORTRAN subroutine, subroutine lax, for implementing Eq. (11.124) 
presented in Program 11.1. Program main defines the data set and prints it, calls
subroutine lax to implement the solution, and prints the solution.

Program 11.1. The Lax method for the convection equation program

program main

main program to illustrate convection equation solvers

nxdim x-direction array dimension, nxdim = 61 in this program

ntdim t-direction array dimension, ntdim = 41 in this program

imax number of grid points in the x direction

nmax number of time steps

iw intermediate results output flag: 0 none, 1 all

ix grid point output interval: 1 all, n every nth point

it time level output interval: 1 all, n every nth level

f solution array, f(i,n)

dx x-direction grid increment

dt time step

u convection vel oci ty

dimension £(61,41)

data nxdim, ntdim, imax, nmax, iw, ix, it /61, 41, 61, 41, 0, 2, 4/

data (f(i,l),i=l,20) / 0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,0.,

1 0.,0.,0.,0.,0.,0.,0.,0. /

data (f(i,l),i--21,41) / 0.,10.,20.,30.,40.,50.,60.,70.,80.,

1 90.,100.,90.,80.,70.,60.,50.,40.,30.,20.,10.,0. /

da~a (f(i,I),i=42,61) / 0.,0.,0.~0.,0.,0.,0.,0.,0.,0.,0.,0.,

1 0.,0.,0.,0.,0.,0.,0.,0. /

data dx, dt,u / 0.05, 0.25, 0.1 /

c=u *dt/dx

write (6,1000) 
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call lax (nxdim, ntdim, imax, nmax, f, dx, dr, u, c, iw, ix, i t)
if (iw. eq.l) stop

do n=l, nmax, i t

t=float (n-l) *dt

write (6,1010) n-l, t, (f(i,n),i=l,imax, 

end do

stop

1000 format ( ’ Convection equation solver (Lax method), c=’, f4.2

1 /" ’/’ n’,2x, "time’,3x, ’f(i,n) ’/’ ’)

1010 format (i3, f5.1,11f6.2/14x, 10f6.2/14x, 10f6.2/14x, 10f6.2/

1 14x, 10f6.2/14x, 10f6.2)

end

subroutine lax (nxdim, ntdim, imax, nmax, f, dx, dr, u, c, iw, ix, i t)
implements the Lax method for the convection equation

dimension f (nxdim, ntdim)

do n=l, nmax-i

t=float (n-l) *dt

f (l,n+l)=f (l, 

do i=2, imax-i

f (i,n+l) =0.5* [f (i+l,n) +f (i-l,n)) -0.5"c* (f (i+l,n) -f(i-l, 

end do
f (imax, n+l ) =f (imax, 

if (iw. eq.l) write (6,1000) n+l,t, (f(i,n+l),i=l,imax, 

end do

return

1000 format (i3, f5.1,11f6.2/14x, 10f6.2/14x, lOf6.2/14x, 10f6.2/

I 14x, 10f6.2/14x, 10f6.2)
end

The data set used to illustrate subroutine lax is taken from Example 11.2. The output

generated by the program is presented in Output 11.1.

Output 11.1. Solution of the convection equation by the Lax method

Convection equation solver (Lax method), c = 0.50

n time f(i,n)

0 0.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
20.00 40.00 60.00 80.00100.00 80.00 60.00 40.00 20.00 0.00

0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

4 1.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.08 1.09
6.33 20.00 40.00 59.84 77.81 87.34 80.00 60.00 40.08 21.09
6.33 0.00 0.00 0.00 0.00 0.00 0.00 O. 00 0.00 0.00
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8 2.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.09 0.64

2.91 9.34 21.99 39.82 58.72 74.17 81.31 76.00 60.09 40.64

22.91 9.34 2.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

20 5.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.02 0.i0

0.38 1.20 3.23 7.47 14.97 26.12 39.98 54.09 65.05 69.75

66.62 56.45 42.13 27.39 15.17 6.88 2.37 0.55 0.06 0.00

40 10.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.02 0.05 0.14 0.37 0.89 1.96 3.95 7.35 12.58 19.86

28.90 38.81 48.10 55.01 58.03 56.38 50.34 41.10 29.32 0.00

11.10.2 The Lax-Wendroff One-Step Method

The Lax-Wendroff one-step approximation of the convection equation is given by Eq.
(11.37):

c c~ .
f/n+l ~___f/n -- ~ ~/~-1 --f/n-l) "q- "~- ~/+1 -- 2f/n ~-f/~l) (11.125)

A FORTRAN subroutine, subroutine lwl, for implementing Eq. (11.125) 
presented in Program 11.2. Only the statements which are different from the statements
in program main and program lax in Section 11.I0.I are presented. Program main defines
the data set and prints it, calls subroutine lwl to implement the solution, and prints the
solution.

Program 11.2. The Lax-Wendroff method for the convection
equation program

program main

c main program to illustrate convection equation solvers

call lwl (nxdim, ntdim, imax, nmax, f, dx, dr, u, c, iw, ix, i t)
1000 format (" Convection equation solver (Lax-Wendroff method)

1 ’ c = ’,f4.2/’ ’/’ n’,2x, ’time’,3x, "f(i,n)’/’ ’)

end

c

subrou fine i wl (nxdim, n tdim, imax, nmax, f, dx, dr, u, c, iw, ix, i t)
the Lax-Wendroff method for the convection equation

f (i,n+l) =f (i,n) -0.5"c* (f (i +l,n) -f (i-l,n) ) 

1 * (f(i+l,n) -2. O*f(i,n) +f(i-l,n) 

end
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The data set used to illustrate subroutine lwl is taken from Example 11.3. The output
generated by the program is presented in Output 11.2.

Output 11.2. Solution of the convection equation by the Lax-Wendroff method

Convection equation solver (Lax-Wendroff method), c = 0.50

n time f(i,n)

0 0.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

20.00 40.00 60.00 80.00100.00 80.00 60.00 40.00 20.00 0.00

0.00 0.00 0.00 0.00 0,00 0.00 0.00 0.00 0.00 0.00

4 1.0 0.00 0.00 0.00 0,00 0.00 0.00 0.00 0.00 0.00 -0.05 -0.75

1.98 20.00 40,00 60.11 81.50 96.04 80.00 60.00 39.95 19.25

1.98 0.00 0,00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

8 2.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.01 -0.09 0.47

-1.87 2.66 20.08 40,18 59.05 83.74 94.67 79,85 59.91 40.47

18.13 2.66 0.07 0.00 0.00 0.00 0.00 0.00 0.00 0.00

20 5.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0,00 -0.01 0.06

-0.20 0.49 -0.27 -3.02 3.68 20.80 39.04 60,54 86.08 92.45

78.99 60.45 39.73 16,95 3.80 0.41 0.02 0.00 0.00 0.00

40 I0.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.00 -0.01 -0.01 0.10 -0.33 0.35 0.93 -2.32 -3.62 5.56

20.23 38.28 64.68 86.92 89.88 78.47 60.68 37.64 16.48 0.00

11.10.3 The MacCormack Method

The MacCormack approximation of the convection equation is given by Eqs. (11.47) and
(11.49):

f,..+l =f/, _ c~/$i -f/")

f/.+l _ ~ .- ~[f~ - c(f,"+~

(11.126)

(11.127)

A FORTRAN subroutine, subroutine mac, for implementing Eqs. (11.126) and (11.127) 
presented in Program 11.3. Only the statements which are different from the statements in
program main andprogram lax in Section 11.10.1 are presented. Program main defines the
data set and prints it, calls subroutine mac to implement the solution, and prints the
solution.
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Program 11.3. The MacCormack method for the convection

equation program

Chapter 11

program main

c main program to illustrate convection equation solvers

dimension f(61,41),g(61,41)

call mac (nxdim,ntdim, imax, nmax, f, g, dx, dt, u, c, iw, ix, it)

1000 format (’ Convection equation solver (MacCormack method),’

1 ’ c = ’,f4.2/" ’/’ n’,2x, ’time’,3x, ’f(i,n) ’/" 

end

subroutine mac (nxdim, ntdim, imax, nmax, f, g, dx, dr, u , c, iw, ix, i t)

the MacCormack method for the convection equation

dimension f (nxdim, ncdim) , g (nxdim, n tdim)

do i=l, imax-I

g(i,n+l) =f (i, n) -c* (f (i +l,n) -f ( 

end do

do i=2, imax-i

f (i,n+l) =0.5* (f (i,n) +g(i,n+l)-c* (g(i,n+l) -g(i-l,n+l) 

end do

end

The data set used to illustrate subrou~’ne mac is taken from Example 10.5. The output

generated by the program is presented in Output 11.3.

Output 11.3. Solution of the convection equation by the

MacCormack method

Convection equation solver (MacCormack method), c = 0.50

n time f(i,n)

0 0.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
20.00 40.00 60.00 80. 00100.00 80.00 60.00 40.00 20.00 0.00

0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

4 1.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.05 -0.75

1.98 20.00 40.00 60.11 81.50 96.04 80.00 60.00 39.95 19.25
1.98 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

8 2.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.01 -0.09 0.47
-1.87 2.66 20.08 40.18 59.05 83.74 94.67 79.85 59.91 40.47

18.13 2.66 0.07 0.00 0.00 0.00 0.00 0.00 0.00 0.00
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20 5.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0,00 -0.01 0.06

-0.20 0.49 -0.27 -3.02 3.68 20.80 39.04 60.54 86.08 92.45

78.99 60.45 39.73 16.95 3.80 0.41 0.02 0.00 0.00 0.00

40 10.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.00 -0.01 -0.01 0.10 -0.33 0.35 0.93 -2.32 -3.62 5.56

20.23 38.28 64.68 86.92 89.88 78.47 60.68 37.64 16.48 0.00

11.10.4 The Upwind Method

The first-order upwind approximation of the convection
Eq. (11.51):

equation is given by

f/"÷~ =f? - c~" (11.128)

The second-order upwind approximation of the convection equation is given by Eq.
(1155):

f/n+l = f/n_ c~in_fiinl) c(l~¢)~in -- 2~,f/_l ~l_f/_2)n (11.129)

A FORTRAN subroutine, subroutine up, for implementing Eqs. (11.128) and
(11.129) is presented in Program 11.4. When iu = 1, the first-order upwind method is
implemented. When iu = 2, the second-order upwind method is implemented. Only the
statements which are different from the statements in program main and program lax in
Section 11.10.1 are presented. Program main defines the data set and prints it, calls
subroutine up to implement the solution, and prints the solution.

Program 11.4. The upwind method for the convection
equation program

c
c

~rogram main

main program to illustrate convection equation solvers

iu upwind method selector: 1 first-order, 2 second-order

data dx, dt, u, iu / 0.05, 0.25, 0.i, 2 /
write (6,1000) iu, 

call u~ (nxdim, nCdim, imax, nmax, f, g, dx, dr, u, c, iw, ix, it, iu)
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1000 format (’ Convection equation solver (Upwind method), iu = 

1 il,’ and c = ",f4.2/" ’/’ n’,3x, ’time’,3x, "f(i,n)’/’ 

end

c

s ubrou tine up (nxdim, n tdim, imax, nmax, f, g, dx, d t, u, c, i w, ix, i ~, i u 

the upwind method for the convection equation

do i=2, imax-i

f (i,n+l)=f (i,n)-c* (f (i,n)-f (i-l,n) 
if (iu.eq.2) f(i,n+l)=f(i,n+l)-O.5*c*(c-l.O)*(f(i,n)

1 -2. O*f (i-l,n) +f(i-2,n) 
end do

end

The data set used to illustrate subroutine up is taken from Example 11.7. The output

generated by the program is presented in Output 11.4.

Output 11.4. Solution of the convection equation by the second-order upwind

method

Convection equation solver (Upwind method), iu = 2 and c = 0.50

n time f(i,n)

0 0.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

20.00 40.00 60.00 80.00100.00 80.00 60.00 40.00 20.00 0.00

0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

4 1.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

5.49 20.65 40.02 60.00 80.00 89.01 78.69 59.95 40.00 20.00

5.49 0.65 0.02 0.00 0.00 0.00 0.00 0.00 0.00 0.00

8 2.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

1.21 7.88 21.87 40.27 60.02 77.58 84.25 76.26 59.47 39.96

21.21 7.88 1.87 0.27 0.02 0.00 0.00 0.00 0.00 0.00

20 5.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.01 0.17 1.19 4.71 12.55 25.23 41.44 58.10 70.67 74.92

69.52 56.62 40.23 24.51 12.51 5.24 1.77 0.48 0.10 0.00

40 10.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00’ 0.00 0.00

0.00 0.00 0.00 0.02 0.10 0.45 1,54 4.18 9.31 17.60
28.85 41.70 53.74 62.15 64.79 61.04 51.99 40.00 27.72 0.00

Example 11,6, which illustrates the first-order upwind method, can be solved by setting

iu = 1 in program main.
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11.10.5 The BTCS Method

The BTCS approximation of the convection equation is given by Eq. (l 1.59):

699

_ _c ¢.+t2Ji-~ +f.+t + -~Ji+~c "n+! =f" (11.13o)

A FORTRAN subroutine, subroutine btcs, for solving the system equation arising
from the application of Eq. (11.130) at every interior grid point is presented in Program
11.5. Only the statements which are different from the statements in program main and
program lax in Section 11.10.1 are presented. To close the implicit solution grid, 100 grid
points are added to the left and right sides of the triangular initial-value data. Program
main defines the data set and prints it, calls subroutine btcs to implement the solution, and
prints the solution. Subroutine thomas from Section 1.8.4 is used to solve the tridiagonal
system equation.

Program 11.5. The BTCS method for the convection
equation program

c

1000 format

1 " c =
end

program main

main progral~ to illustrate convection equation solvers

dimension f (221,41) ,a(221,3) ,b(221) ,w(221)

data nxdim, ntdim, imax, nmax, iw, ix, it/221,41, 221, 41~ 0, 2, 4/

data (f(i,l),i=lOl,121) / 0.,10.,20.,30.,40.,50.,60.,70.,80.,
1 90.,100.,90.,80.,70.,60.,50.,40.,30.,20.,10.,0. /

data dx, dt, u, / 0.05, 0.25, 0.1 /

do i=l, 100

f(i,l)=O.O

end do

do i=122,221

f(i,l)=O.O

end do

ca/1 btcs (nxdim, ntdim, imax, nmax, f, dx, dt, u, c, n, t, iw, ix, i t, a, b, w)

(" Convection equation solver (BTCS method),’

¯ ,f4.2/" ~/’ n’,2x, ’time’,3x,’f(i,n)’/" 

subroutine btcs (nxdim, ntdim, imax, nmax, f, dx, dr, u, c, n, t, iw, ix,

1 it,a,b,w)
the BTCS method for the diffusion equation

dimensi on f (nxdim, n tdim) , a (nxdim, 3 ), b (nxdim) , w (nxdim)
d=alpha *dt/dx* *2

a(1,2)=1.0

a(l,3)=O. 

b(1)=O. 
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a (imax, I) =0.0

a (imax, 2)=i. 

b (imax) =0.0

do n=l,nmax-I

t=t+dt

do i=2, imax-i

a(i,l)=-0.5*c

a(i,2)=l.0

a (i, 3) =0.5"c

b(i)=f (i,n)

end do

call thomas (nxdim, imax, a, b, w)

do i=2, imax-i

f (i,n+l)=w(i)
end do

if (iw. eq.l) write (6,1000) n+l, t, (f(i,n+l),i=81,141,ix)

end do

re t urn

The data set used to illustrate subroutine btcs is taken from Example 11.8. The output
generated by the program is presented in Output 11.5.

Output 11.5. Solution of the convection equation by the
BTCS method

Convection equation solver (BTCS method), = 0. 50

n time f(i,n)

0 0.0 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
20.00 40.00 60.00 80.00100.00 80.00 60.00 40.00 20.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

4 1.0 0.00

8 2.0 0.00

0.00 0.00 0.00 0.00 0.00 0.00 -0.02 -0.13 -0.68 -1.23

3.94 20.59 40.32 61.37 82.47 92.13 78.88 59.75 39.31 18.76

3.94 0.55 0.06 0.01 0.00 0.00 0.00 0.00 0.00 0.00

0.00 0.00 0.00 0.00 -0.01 -0.04 -0.18 -0.56 -0.76 0.61

-I.ii 6.00 22.36 41.73 58.83 82.35 88.53 76.96 58.81 40.53

18.80 5.64 1.24 0.22 0.03 0.00 0.00 0.00 0.00 0.00

20 5.0 0.00 -0.01 -0.03 -0.09 -0.21 -0.39 -0.44 -0.11 0.32 0.35 0.83

0.84 0.51 -1.10 0.79 8.48 22.85 40.36 61.82 78.27 82.14

73.57 58.30 38.79 20.74 8.93 3.18 0.96 0.25 0.06 0.01

40 10.0 -0.28 -0.27 -0.11 0.18 0.45 0.59 0.60 0.40 -0.03 -0.29 -0.30

-0.28 -0.25 -0.01 0.00 0.06 0.01 -0.36 0.07 4.05 12.55

25.87 43.26 60.72 72.35 74.84 68.20 54.65 38.24 23.32 12.45
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11.10.6 Packages For Solving The Convection
Equation

Numerous libraries and software packages are available for solving the convection
equation. Many work stations and mainframe computers have such libraries attached to
their operating systems.

Many commercial software packages contain algorithms for integrating convection
type (i.e., hyperbolic) PDEs. Due to the wide variety of hyperbolic PDEs governing
physical problems, many hyperbolic PDE solvers (i.e., programs) have been developed.
For this reason, no specific programs are recommended in this section.

11,11 SUMMARY

The numerical solution of hyperbolic partial differential equations by finite difference
methods is discussed in this chapter. Hyperbolic PDEs govern propagation problems,
which have a finite physical information propagation speed. They are solved num_erically
by marching methods. The unsteady one-dimensional convection equation ~ + Ufx = 0 is
considered as the model hyperbolic PDE in this chapter.

Explicit finite difference methods, as typified by the Lax-Wendroff type methods and
the upwind methods, are conditionally stable and require a relatively small step size in the
marching direction to satisfy the stability criteria. Implicit methods, as typified by the
BTCS method, are unconditionally stable. The marching step size is restricted by accuracy
requirements, not stability requirements. For accurate solutions of transient problems,
explicit methods are recommended. When steady state solutions are to be obtained as the
asymptotic solution in time of an appropriate unsteady propagation problem, the BTCS
method with a large step size is recommended.

In all the examples solved by explicit FDEs in this chapter, the most accurate
solutions are obtained for the largest value of the convection number, c = u At/Ax. In fact,
for linear PDEs, the exact solution is obtained for c = I. Although this is not the case for
nonlinear PDEs, these results suggest that all explicit finite difference methods applied to
hyperbolic PDEs should march forward in time with the largest possible time step allowed
by stability considerations.

Nonlinear partial differential equations can be solved directly by explicit methods.
When solved by implicit methods, systems of nonlinear FDEs must be solved. Multi-
dimensional problems can be solved directly by explicit methods. When solved by implicit
methods, large banded systems of FDEs result. As discussed in Section 10.9.2, alternating
direction implicit (ADI) methods and approximate factorization implicit (AFI) methods
can be used to solve multidimensional problems.

After studying Chapter 11, you should be able to:

1. Describe the physics of propagation problems governed by hyperbolic PDEs
2. Describe the general features of the unsteady convection equation
3. Understand the general features of pure convection
4. Discretize continuous physical space
5. Understand the differences between an explicit FDE and an implicit FDE
6. Understand the theoretical concepts of consistency, order, stability, and

convergence



702 Chapter 11

7. Derive the modified differential equation (MDE) actually solved by a FDE
/8. Perform avon Neumann stability analysis
9. Implement the Lax method

10. Describe the concepts underlying Lax-Wendroff type methods
11. Implement the Lax-Wendroff one-step method
12. Implement the Law-Wendroff (Ritchtmyer) two-step method
13. Implement the MacCormack method
14. Describe the concepts underlying upwind methods
15. Implement the first-order upwind method
16. Implement the second-order upwind method
17. Implement the backward-time centered-space (BTCS) method
18. Describe the complications associated with nonlinear PDEs
19. Describe the complications associated with multidimensional problems
20. Describe the differences between explicit and implicit FDEs
21. Describe the general features of the wave equation
22. Describe the similarities and differences between the convection equation and

the wave equation
23. Solve linear wave propagation problems by the Law-Wendroff one-step

method
24. Describe the concepts underlying flux-vector splitting
25. Choose a finite difference method for solving a hyperbolic PDE

EXERCISE PROBLEMS

Section

1.

3.
4.
5.
6.

11.2 General Features of Hyperbolic PDEs

Consider the unsteady one-dimensional convection equation~ + ~. = 0. Clas-
sify this PDE. Determine the characteristic curves. Discuss the significance of
these results as regards domain of dependence, range of influence, physical
information propagation speed, auxiliary conditions, and numerical solution
procedures.
Discuss the general feaures of hyperbolic PDEs.
Discuss the major similarities of parabolic and hyberboic PDEs.
Discuss the major differences between parabolic and hyperbolic PDEs.
Develop the exact solution of the convection equation, Eq. (11.12).
Discuss the significance of Eq. (11.12) as regards the general behavior 
convection problems.

Section 11.4 The Forward-Time Centered-Space (FTCS) Method and The
Lax Method

The Forward-Time Centered Space Method

7. Derive the forward-time centered-space (FTCS) approximation of the unsteady
one-dimensional convection equation, (Eq. (11.22), including the leading
truncation error terms in At and z~x.
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8. Perform avon Neumann stability analysis of Eq. (11.22).
9.* By hand calculation, solve the convection problem presented in Section 11.1 by

the FTCS method with Ax = 0.1 cm and At = 1.0 s for t = 2.0 s.

The Lax method

10. Derive the Lax approximation of the unsteady one-dimensional convection
equation, Eq. (11.26), including the leading truncation error terms in At and
Ax.

11. Derive the modified differential equation (MDE) corresponding to Eq. (11.26).
Analyze consistency and order.

12. Perform a yon Neumann stability analysis of Eq. (11.26).
13.* By hand calculation, solve the convection problem presented in Section 11.1

by the Lax method with Ax = 0.1 cm and At = 0.5 s for t = 1.0 s. Compare
the results with the exact solution.

14. Implement the program presented in Section 11.10.1 to solve the example
convection problem by the Lax method. Use the program to solve the example
convection problem with Ax = 0.1 cm and At = 0.5 s for t = 10.0 s. Compare
the results with the exact solution and the results of Problem 13.

15. Use the program to reproduce the results presented in Figure 11.11, where
Ax = 0.05 cm. Compare the errors with the errors in Problem 14 at selected
locations and times.

Section 11.5 Lax-Wendroff-Type Methods

The Lax-Wendroff One-Step Method

16. Derive the Lax-Wendroff one-step approximation of the unsteady one-dimen-
sional convection equation, Eq. (11.37), including the leading truncation error
terms in At and

17. Derive the MDE corresponding to Eq. (11.37). Analyze consistency and order.
18. Perform avon Neumann stability analysis of Eq. (11.37).
19. By hand calculation, solve the convection problem presented in Section 11.1

by the Lax-Wendroff one-step metehod with Ax = 0.1 cm and At = 0.5 s for
t = 1.0 s. Compare the results with the exact solution.

20. Implement the program presented in Section 11.10.2 to solve the example
convection problem by the Lax-Wendroff one-step method. Use the program to
solve the example convection problem with Ax = 0.1 cm and At = 0.5 s for
t = 10.0 s. Compare the results with the exact solution and the results of
Problem 19.

21. Use the program to reproduce the results presented in Figure 11.14, where
Ax = 0.05 era. Compare the errors with the errors in Problem 20 at selected
locations and times.

The Lax-Wendroff (Richtmyer) Two-Step Method

22. Discuss the Lax-Wendroff (Richtmyer) two-step approximation of the unsteady
one-dimensional convection equation, Eqs. (11.41) and (11.42). Show that, 
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the linear convection equation, the two-step method is equivalent to the Lax-
Wendroff one-step method for 2 At and 2 Ax.

23. By hand calculation, solve the convection problem presented in Section 11.1
by the Lax-Wendroff two-step method with Ax = 0.1 cm and At = 0.5 s for
t = 1.0 s. Compare the results with the exact solution.

24. Modify the program presented in Section 11.10.2 to solve the example
convection problem by the Lax-Wen&off (Richtmyer) two-step method. Use
the program to solve the example convection problem with Ax = 0.1 cm and
At = 0.5 s for t --- 10.0 s. Compare the results with the exact solution and the
results of Problem 23.

25. Use the program to reproduce the results presented in Figure 11.16, where
Ax = 0.05 cm. Compare the errors with the errors in Problem 24 at selected
locations and times.

The MacCormack Method

26. Develop the MacCormack approximation of the unsteady one-dimensional
convection equation, Eqs. (11.47) and (11.49), including the leading truncation
error terms. Show that, for the linear convection equation, the two-step method
is identical to the Lax-Wendroff one-step method.

27.* By hand calculation, solve the convection problem presented in Section 11.1
by the MacCormack method with Ax = 0.1 cm and At = 0.5 s for t = 1.0 s.
Compare the results with the exact solution and the results of Problem 19.

28. Implement the program presented in Section 11.10.3 to solve the example
convection problem by the MacCormack method. Use the program to solve the
example convection problem with Ax = 0.1 cm and At = 0.5 s for t = 10.0 s.
Compare the results with the exact solution and the results of Problem 27.

29. Use the program to reproduce the results presented in Figure 11.14, where
Ax = 0.05 cm. Compare the errors with the errors of Problems 21 and 28.

Section 11.6 Upwind Methods

The First-Order Upwind Method

30. Derive the first-order upwind approximation of the unsteady one-dimensional
convection equation for u > 0, Eq. (11.51), including the leading truncation
error terms in At and Ax.

31. Derive the MDE corresponding to Eq. (11.51). Analyze consistency and order.
32. Perform a von Neumann stability analysis of Eq. (11.51).
33.* By hand calculation, solve the convection problem presented in Section 11.1

by the first-order upwind method with Ax= 0.1 cm and At= 0.5 s for
t = 1.0 s. Compare the results with the exact solution.

34. Implement the program presented in Section 11.10.4 to solve the example
convection problem by the first-order upwind method. Use the program to
solve the example convection problem with Ax = 0.1 cm and At = 0.5 s for
t = 10.0 s. Compare the results with the exact solution and the results of
Problem 33.
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35. Use the program to reproduce the results presented in Figure 11.20, where
Ax = 0.05 cm. Compare the errors with the errors in Problem 34 at selected
locations and times.

The Second-Order Upwind Method

36. A second-order upwind approximation of the unsteady one-dimensional
convection equation can be developed by using the second-order backward
difference approximation forfx specified by Eq. (5.101). (a) Derive the 
including the leading truncation error terms in At and Ax. (b) Perform a von
Neumarm stability analysis of this FDE.

37. Derive the MDE corresponding to Eq. (11.55). Analyze consistency and order.
38. Perform avon Neumann stability analysis of Eq. (11.55). This is best

accomplished numerically.
39. By hand calculation, solve the convection problem presented in Section 11.1

by the second-order upwind method with Ax = 0.1 cm and At = 0.5 s for
t -- 1.0 s. Compare the results with the exact solution.

40. Implement the program presented in Section 11.10.4 to solve the example
convection problem by the second-order upwind method. Use the program to
solve the example convection problem with Ax = 0.1 cm and At = 0.5 s for
t = 10.0 s. Compare the results with the exact solution and the results of
Problem 39.

41. Use the program to reproduce the results presented in Figure 11.22, where
Ax = 0.05 cm. Compare the errors with the errors of Problem 40 at selected
locations and times.

Section 11.7

42.

The Backward-Time Centered-Space Method

Derive the BTCS approximation of the unsteady one-dimensional convection
equation, Eq. (11.59), including the leading truncation error terms in At and
Ax.

43. Derive the MDE corresponding to Eq. (11.59). Analyze consistency and order.
44. Peform avon Neumann stability analysis of Eq. (11.59).
45.* By hand calculation, determine the solution of the example convection

problem by the BTCS method for t = 1.0s for Ax= 0.25 cm and
At = 1.0 s. Apply the initial conditions as boundary conditions at x = -0.5
and 1.5 cm. Compare the results with the exact solution.

46. Implement the program presented in Section 11.10.5 to solve the example
convection problem by the BTCS method. Use the program to solve the
example convection problem with Ax = 0.1 cm and At = 0.5 s for t = 10.0 s.
Apply the initial conditions as boundary conditions 100 grid points to the left
and right of the initial triangular wave. Compare the results with the exact
solution.

47. Use the program to reproduce the results presented in Figure 11.25, where
Ax = 0.05 cm. Apply the initial conditions as boundary conditions 100 grid
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48.

points to the left and right of the initial triangular wave. Compare the errors
with the errors in Problem 46 at selected locations and times.
Use the program to reproduce the results presented in Figure 11.26. Discuss
these results.

Section 11.8 Nonlinear Equations and Multidimensional Problems

Nonlinear Equations

49. Consider the following hyperbolic PDE for the generic dependent variable
37(x, t), which serves as a model equation in fluid dynamics:

f, +/Z = 0 (A)

where 37(x, 0)= F(x). (a) Develop the Lax approximation of Eq. (A). 
Discuss a strategy for solving this problem numerically.

50. Solve Problem 49 by the MacCormack method.
51. Solve Problem 49 by the BTCS method. Discuss a strategy for solving this

problem numerically by (a) linearization, (b) iteration, and (c) Newton’s
method.

52. Equation (A) can be written 

~ + (372/2)x = (B)

which is the conservation form of the nonlinear PDE. (a) Develop the Lax
approximation of Eq. (B). (b) Discuss a strategy for solving this problem
numerically.

53. Solve Problem 52 by the MacCormack method. Develop the MacCormack
approximation of Eq. (B). Discuss a strategy for solving this problem
numerically.

54. Solve Problem 52 by the BTCS method. Develop the BTCS approximation of
Eq. (B). Discuss a strategy for solving this problem numerically by (a)
linearization, (b) iteration, and (c) Newton’s method.

55. Equation (B) can be written in the form

Qt + Ex = 0 (C)

where Q =37 and E = (372/2). Solving Eq. (C) by the BTCS method yields 
nonlinear FDE:

Q~/+I _ Q~/+ At (E~++I 1 En+l ) 0
2Ax + - i-1 =

(D)

Equation (D) can be time linearized as follows:

~E I.(Q.+1 EnEn+l =En j¢__.~ _Qn)= ~-An(Qn+l --On) (E)
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56.

where An= (OEIOQ)~. Combining Eqs. (D) and (E) and letting 
(Q~+I _ Q~) yields the delta form of the FDE, which is linear in AQ:

At ~ A At E" E~
AQi+~--~(Ai+I Qi+I-A’]-~AQi-~)=--~-~( i+1-- i--1) (F)

Apply this procedure to develop a strategy for solving Eq. (B).
Write a program to solve Problem 55 numerically for F(x)= 200.0x for
0.0 < x < 0.5 and F(x) = 200.0(1.0 - x) for 0.5 < x < 1.0. March from
t = 0.0 to t = 10.0 s with Ax = 0.1 cm and At = 1.0s.

Multidimensional Problems

57.

58.

Consider the unsteady two-dimensional convection equation:

+ = 0
(a) Derive the Lax-Wendroff one-step approximation of Eq. (G), including 
leading truncation error terms in At, Ax, and Ay. (b) Derive the corresponding
MDE. Analyse consistency and order. (c) Perform a yon Neumann stability
analysis of the FDE.
Solve Problem 57 by the BTCS method. (a) Derive the backward-time
centered-space (BTCS) approximation of Eq. (G), including the leading
truncation error terms in At, Ax, and Ay. (b) Derive the corresponding
MDE. Analyze consistency and order. (c) Peforrna avon Neumann stability
analysis of the FDE.

Section 11.9

Introduction

59.

The Wave Equation

Consider the set of two coupled unsteady one-dimensional convection equa-
tions:

~ + a~x = 0 and ~,t + afCx ----- 0 (H)

Classify this set of PDEs. Determine the characteristic curves. Discuss the
significance of these results as regards domain of dependence, range of
influence, physical information propagation speed, and numerical solution
procedures.

50. Develop the exact solution for the acoustics problem presented in Section
11.9.1 and discuss its significance.

Characteristic Concepts

61. Develop the method Qf characteristics analysis of the two coupled unsteady
one-dimensional convection equations presented in Section 11.9.2. Discuss the
effects of nonlinearities on the results.

The kax-Wendroff One-Step Method

62. Derive the Lax-Wendroff one-step approxirrlation of the coupled convection
equations, Eq. (H), including the leading truncation error terms in At and Ax.

63. Derive the MDE corresponding to the finite difference approximation of Eq.
(H). Analyze consistency and order.
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64. Perform avon Neumann stability analysis of the finite difference approxima-
tion of Eq. (H).

65. By hand calculation, determine the solution of the example acoustics problem
at t = 0.1 ms by the Lax-Wendroff one-step method with Ax = 0.1 m and
At = 0.05 ms. Compare the results with the exact solution.

66. Modify the program presented in Section 11.10.2 to solve the example
acoustics problem by the Lax-Wendroff one-step method with Ax = 0.1 m
and At = 0.05 ms for t = 1.0 ms. Compare the results with the results of
Problem 65.

67. Use the program to reproduce the results in Figure 11.29 where Ax = 0.05 m.
Compare the errors with the errors in Problem 66.

Flux-Vector-Splitting Methods

68. Develop the flux-vector-splitting approximation of Eq. (C), Qt ~- Ex = O.
69. Substitute the first-order upwind finite difference approximation, Eq. (11.51),

into Eqs. (11.121) and (11.122) to derive the first-order flux-vector-split FDEs.
Derive the corresponding MDEs. Investigate consistency and order. Perform a
yon Neumarm stability analysis of the FDEs.

70. By hand calculation, determine the solution of the example acoustics problem
by the first-order flux-vector-splitting method with z~x=0.1 m and
At = 0.05 ms for t = 0.1 ms. Compare the results with the exact solution.

71. Modify the program presented in Section 11.10.2 to solve the example
acoustics problem by the first-order flux-vector-spiitting method with
Ax --= 0.1 m and At = 0.05 ms for t = 1.0 ms. Compare the results with the
results of Problem 70.

72. Use the program to solve the example acoustics problem with ~x = 0.05 m
and At = 0.01, 0.025, 0.045, and 0.05 ms for t = 1.0 ms. Compare the errors
with the errors in Problem 71.

73. Substitute the second-order finite difference approximation, Eq. (11.55), into
Eqs. (11.121) and (11.122) to derive the second-order flux-vector-split FDEs.
Derive the corresponding MDEs. Investigate consistency and order. Perform a
von Neumarm stability analysis of the FDEs.

74. By hand calculation, determine the solution of the example acoustics problem
by the second-order flux-vector-splitting method with Zkx = 0.1 m and
At = 0.05 ms for t = 0.1 ms. Compare the results with the exact solution
and the results of Problem 65.

75. Modify the program presented in Section 11.10.2 to solve the example
acoustics problem by the second-order flux-vector-splitting method with
ZXx = 0.1 m and At = 0.05 ms for t = 1.0 ms. Compare the results with the
results of Problem 74.

76. Use the program to solve the example acoustics problem with ~x = 0.05 m
and At = 0.025 ms for t = 1.0 ms. Compare the errors with the errors in
Problem 75.

Section 1

77.

1.10 Programs

Implement the Lax method program presented in Section 11.10.1. Check out
the program using the given data set.
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78. Solve any of Problems 13 to 15 with the program.
79. Implement the Lax-Wendroff method program presented in Section 11.10.2.

Check out the program using the given data set.
80. Solve any of Problems 19 to 21 with the program.
81. Implement the MacCormack method program presented in Section 11.10.3.

Check out the program using the given data set.
82. Solve any of Problems 27 to 29 with the program.
83. Implement the upwind method program presented in Section 11.10.4. Check

out the program using the given data set.
84. Solve any of the Problems 33 to 35 and 38 to 40 with the program.
85. Implement the BTCS method program presented in Section 11.10.5. Check out

the program using the given data set.
86. Solve any of Problems 44 to 46 with the program.
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The Finite Element Method

12.1. Introduction
12.2. The Rayleigh-Ritz, Collocation, and Galerkin Methods
12.3. The Finite Element Method for Boundary-Value Problems
12.4. The Finite Element Method for the Laplace (Poisson) Equation
12.5. The Finite Element Method for the Diffusion Equation
12.6. Programs
12.7. Summary

Problems

Examples

12.1. The Rayleigh-Ritz method
12.2. The collocation method
12.3. The FEM on a one-dimensional uniform grid
12.4. The FEM on a one-dimensional nonuniform grid
12.5. The FEM with a derivative boundary condition
12.6. The FEM for the Laplace equation
12.7. The FEM for the Poisson equation
12.8. The FEM for the diffusion equation

12.1. INTRODUCTION

All the methods for solving differential equations presented in Chapters 7 to 11 are based
on the finite difference approach. In that approach, all of the derivatives in a differential
equation are replaced by algebraic finite difference approximations, which changes the
differential equation into an algebraic equation that can be solved by simple arithmetic.
Another approach for solving differential equations is based on approximating the exact
solution by an approximate solution, which is a linear combination of specific trial
functions, which are typically polynominals. The trial functions are linearly independent
functions that satisfy the boundary conditions. The unknown coefficients in the trial
functions are then determined in some manner.

To illustrate this approach, consider the one-dimensional boundary-value problem:

[~" ÷ Q~ = F with appropriate boundary conditions ] (12.1)

711
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where Q = Q(x) and F = F(x). Let’s approximate the exact solution ~(x) by an approx-
imate solution y(x), which is a linear combination of specific trial functions
yi(x)(i = 1, 2 ..... 1):

I
~(x) ~, y(x) = ~,CiYi(X) (12.2)

i=1

This approach can be applied to the global solution domain D(x). The Rayleigh-Ritz
method, the collocation method, and the Galerkin weighted residual method for determin-
ing the coefficients, Ci (i = 1, 2 ..... I) for the global solution domain are presented in
Section 12.2. The heat transfer problem illustrated in Figure 12.1a is solved by these
methods in Section 12.2.

T1

/~o(x)

X1 X2T"- ¢x2 T _~2 Ta’ T(x) = 

(a) One-dimensional boundary-value problem.

./-
f specified on
boundaries

fxx+fyy = F(x,y), f(x,y) 

(b) The Laplace (Poisson) equation.

f(O,t) -~-"-’~

I~.- f(L,t)
I I

OL.j.~L x

ft = °~fxx, f(x,O) = F(x), f(x,t) 

(c) The diffusion equation.

Figure 12.1. Finite element problems.
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Another approach is based on applying Eq. (12.2) to a subdomain of the global
solution domain Di(x), which is called an element of the global solution domain. The
solutions for the individual elements are assembled to obtain the global solution. This
approach is called the finite element method. The finite element method for solving Eq.
(12.1) is presented in Section 12.3. The heat transfer problem illustrated in Figure 12.1 a 
solved by the finite element method in Section 12.3.

The finite element method also can be applied to solve partial differential equations.
Consider the two-dimensional Poisson equation:

[ fxx +fyy = F(x, y) with appropriate boundary conditions [ (12.3)

The finite element method for solving Eq. (12.3) is presented in Section 12.4. Figure 12. 
illustrates the heat transfer problem presented in Chapter 9 to illustrate finite difference
methods for solving elliptic partial differential equations. That problem is solved by the
finite element method in Section 12.4.

Consider the one-dimensional diffusion equation:

[ ft = ~f~x with appropriate initial and boundary conditions I (12.4)

Figure 12. lc illustrates the heat transfer problem presented in Chapter 10 to illustrate finite
difference methods for solving parabolic partial differential equations. That problem is
solved in Section 12.5 to illustrate the application of the finite element method for solving
unsteady time marching partial differential equations.

The treatment of the finite element method presented in this chapter is rather
superficial. A detailed treatment of the method requires a complete book devoted entirely
to the finite element method. The books by Rao (1982), Reddy (1993), Strang and 
(1973), and Zienkiewicz and Taylor (1989 and 1991) are good examples of such books.
The objective of this chapter is simply to introduce this important approach for solving
differential equations.

The organization of Chapter 12 is illustrated in Figure 12.2. After the general
introduction presented in this section, the Rayleigh-Ritz, collocation, and Galerkin
methods are presented for one-dimensional boundary-value problems. That presentation
is followed by a discussion of the finite element method applied to one-dimensional
boundary-value problems. Brief introductions to the application of the finite element
method to the Laplace (Poisson) equation and the diffusion equation follow. The chapter
closes with a Summary, which discusses the advantages and disadvantages of the finite
element method, and lists the things you should be able to do after studying Chapter 12.

12.2. THE RAYLEIGH-RITZ, COLLOCATION, AND GALERKIN METHODS

Consider the one-dimensional boundary-value problem specified by Eq. (12.1):

I ~" + Q~ = V with appropriate boundary conditions ] (12~5)

where Q -- Q(x) and F = F(x). The Rayleigh-Ritz, collocation, and Galerkin methods for
solving Eq. (12.5) are presented in this section.
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IThe Finite Element Method I

General Features of
The Finite Element Method

IRayleigh-Ritz
Method I IC°ll°ca ti °n Method I I GalerkinMethod

One-dimensional Boundary-Value Problems

The Finite Element Method for
The Poisson Equation

The Finite Element Method for I
The Diffusion Equation I

Figure 12.2. Organization of Chapter 12.

12.2.1. The Rayleigh-Ritz Method

The Rayleigh-Ritz method is based on the branch of mathematics known as the calculus of
variations. The objective of the calculus of variations is to extremize (i.e., minimize or
maximize) a special type of function, called a functional, which depends on other
unknown functions. The simplest problem of the calculus of variations in one independent
variable (i.e., x) is concerned with the extremization of the following integral:

I~(x)] G(x, ~, .~’ )dx (12.6)

where G(x, ~, ~’), which is called the fundamental function, is a function of the
independent variable x, the unknown function ~(x), and its first derivative ~/(x). The 
points a and b are fixed. The square bracket notation, I[~(x)], is used to emphasize that I 
not a function of x; it is a function of the function ~(x). In fact, I[~(x)] does not depend 
at all since x is not present in the result when the definite integral is evaluated for a specific
function ~(x). The objective of the calculus of variations is to determine the particular
function ~(x) which extremizes (i.e., minimizes or maximizes) the functional I[~(x)].
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Functionals are extremized (i.e., minimized or maximized) in a manner analogous 
extremizing ordinary functions, which is accomplished by setting the first derivative of the
ordinary function equal to zero. The derivative of a functional is called a variation and is
denoted by the symbol 6 to distinguish it from the derivative of an ordinary function,
which is denoted by the symbol d. The first variation of Eq. (12.6) (for fixed end points 
and b) is given by

b b 3G

~l=I’a(~y3y+O~ry’)dx=j’a(~-f3yq OGd(rY)~Oy’ dx .] dx (12.7)

where ~5y’ = 3(dy/dx) = d(3y)/dx from continuity requirements. Integrating the last term
in Eq. (12.7) by parts yields

lab OG a(@) d OG b

-~ ~ ax =-Ja
d

~)3y x +~3ya (12.8)

where the last term in Eq. (12.8) is zero since 6y = 0 at the boundaries for fixed end points.
Substituting Eq. (12.8) into Eq, (12.7) and setting 31 = 0 gives

Equation (12.9) must be satisfied for arbitrary distributions of 6y, which requires that

ay ax =0 (12.10)

Equation (12.10) is known as the Euler equation of the calculus of variations.
How does the calculus of variations relate to the solution of a boundary-value

ordinary differential equation? To answer this question, consider the following simple
linear boundary-value problem with Dirichlet boundary conditions:

~(Xl) =.Pl and/~(x2) =.~2] (12.11)~"+Q~ =F

where Q = Q(x) and F = F(x). The problem is to determine a functional I[p(x)] whose
extremum (i.e., minimum or maximum) is precisely Eq. (12.11). If such a functional 
be found, extremizing that functional yields the solution to Eq. (12.11).

The particular functional whose extremization yields Eq. (12.11) is given 

I[p(x)] = [(p,)2 _ Q~ + 2F,)ldx (12.12)

where the fundamental function G(x, ~, ~’) is defined as
G(X, y, ~t) C~,)2 _ Q~2 nt - 2F~

(12.13)

Applying the Euler equation, Eq. (12.10), to the fundamental function given by Eq. (12.13)
gives

d 0 -t 2

~ [(P’)2- Q~2 + eFt] = ~xx 1~ [(P)- Q~2 + 2F.p] (12.14)
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Performing the differentiations gives

d , 2d2~
-2Q~+ 2F = ~x(2~) dx 2 (12.15)

which yields the result

~" +Q~=F (12.16)

which is identically Eq. (12.11). Thus, the function ~(x) which extremizes the functional
I[p(x)] given by Eq. (12.12) also satisfies the boundary-value ODE, Eq. (12.11).

The Rayleigh-Ritz method is based on approximating the exact solution ~(x) of the
variational problem by an approximate solution y(x), which depends on a number of
unspecified parameters a, b ..... That is, ~(x) ~-y(x) = y(x, a, b .... ). Thus, Eq. (12.12)
becomes

I~(x)] ~ I[y(x)] I[ y(x, a,b ... )1 (12.17)

Taking the first variation of Eq. (12.17) with respect to the parameters a, b, etc., yields

OI Ol rb
aiD{x, a, b .... )1 =-~aaa +-~ + ... (12.18)

which is satisfied only if

OI OI
Oa Ob 0

(12.19)

Equation (12.19) yields exactly the number of equations required to solve for the
parameters a, b ..... which determines the function y(x) that extremizes the functional
/[y(x)]. The function y(x) is also the solution of the differential equation, Eq. (12.11).

In summary, the steps in the Rayleigh-Ritz method are as follows:

1. Determine the functional IF(x)] that yields the boundary-value ODE when the
Euler equation s applied.

2. Assume that the functional form of the approximate solution y(x) is given by

I
~(x) ~ y(x) ~-~.Cyi(x) (12.20)

Choose the functional forms of the trial functions yi(x), and ensure that they are
linearly independent and satisfy the boundary conditions.

3. Substitute the approximate solution, Eq. (12.20), into the functional I[P(x)] 
obtain I[C~].

4. Form the partial derivatives of I[Ci] with respect to Ci, and set them equal to
zero:

OI
--= 0 (i = 1, 2 .... , I) (12.21)

5. Solve Eq. (12.21) for the coefficients C/(i = 1, 2 ..... I).

Let’s illustrate the Rayleigh-Ritz method by applying it to solve the boundary-value
problem specified by Eq. (12.11):

I~" + Q~ = e ~(x,) =~ andy(x2) 1 (12.22)
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As a specific example, let the boundary conditions be ~(0.0) = 0.0 and,~(1.0) = Y. Thus,
Eq. (12.22) becomes

~" + Q~ = F ~(0.0) = 0.0 andS(1.0) (12.23)

Step 1. The functional I[~(x)] corresponding to Eq. (12.23) is given by Eq. (12.12):

iLS(x)] = [(~,)2 _ Q~2 + 2F~] dx (12.24)

where the fundamental function G(x,~,~/-1) is defined as

G(x, ~, ~’) = ~,)z _ Q]v2 + 2F.~ (12.25)

As shown by Eqs. (12.14) to (12.16), the function ~(x) which extremizes the functional
I[~(x)] given by Eq. (12:24) also satisfies the boundary-value ordinary differential
equation, Eq. (12.23).
Step 2. Assume that the functional form of the approximate solution y(x) is given by

y(x) = C~y~(x)+Czyz(x)+C3y3(x) = C~x+Czx(x- 1) + C3x2(x- 1) (12.26)

The three trial functions in Eq. (12.26) are linearly independent. Applying the boundary
conditions yields C1 = Y. Thus, the approximate solution is given by

y(x) = Yx + Czx(x 1)+ C3x~(x - 1) = y(x, C 2,C3) (12. 27)

Step 3. Substituting the approximate solution, Eq. (12.27), into Eq. (12.24) gives

I[y(x)] -OyZ+2Fy]dx=I[C2, C3] (12.28)

Step 4. Form the partial derivatives of Eq. (12.28) with respect to z and C3:

3--~2= ~--~z [(y) ] dx 0  Qy2]dx+ [2Fy]dx=O (12.29a)

I’o__ = [~y,)2] ax Q~2] ax + [2Fyl & = 0 (12.29b)~C3 o o o~
Evaluating Eq. (12.29) yields

f2,0Y f~.~ Oy= y dx - dx + o2F~c~__ dx = 0 (12.30a)

3C--7= ~Tdx- ~3dx+ 2F~-7 dx = 0 (12.30b)

Step 5. Solve Eq. (12.30) for 2 and C3. Equation (12.30) requires the functions y(x),
3y/OC2, 3y/OC3, y’(x), 3y’/OC~, and Oy’/OC3. Recall Eq. (12.27):

y(x) = Yx + C2x(x- 1)+ C3x2(x- 1) (12.31)

Differentiating Eq. (12.31) with respect to x, C2, and 3 gives

y’(x) = Y + C2(2x - 1) + C3(3xz - 2x) (12.32)

or = (~2 _ x) and ~ = (~ _ ~2) (1233)0C2 OC3
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Differentiating Eq. (12.32) with respect to 2 and C3 gives

0y’ = (2x - 1) and ~ = (3x 2 - 2x)
(12.34)

~c2

Substituting Eqs. (12.31) to (12.34) into Eq. (12.30) and dividing through by 2 

- 0[Yx (12.35a)

0
1

-IoQ[Yx (12.35b)

The functions Q = O(x) and F = F(x) must be substituted into Eq. (12.35) before
integration.

At this point, all that remains is a considerable amount of simple algebra, integration,
evaluation of the integrals at the limits of integration, and simplification of the results.
Integrate Eq. (12.35) for {2 = constant and F = constant and evaluate the results. The final
result is:

C2 ~- ~C3 " --20 I 12

Solving Eq. (12.36) for 2 and C3 and substituting the results into Eq. ( 12.27) yields t
approximate solution y(x).

C2(2x - 1) ÷ C3(3x2 - 2x)](2x 1)dx

+ C~(x~ -x) + C3(x3 - x~)](x ~ -x)dx+ F(x~ -x)dx = 

C2(2x - 1) + C3(3x2 - 2x)](3x2 - 2x)dx

+ Ca(x~ - x) + C~(x~ - x~)](x3 - x~) ax + F(x3 - x~) ax = 0

Example 12.1. The Rayleigh-Ritz method.

Let’s apply the Rayleigh-Ritz method to solve the heat transfer problem presented in
Section 8.1. The boundary-value ODE is [see Eq. (8.1)]

T" - o:2T = -e2Ta T(0.0) = 0.0 and T(1.0) = 100.0 (12.37)

Let Q = _e2 = -16.0 cm-2, Ta = 0.0 (which gives F = 0.0), and Y = 100.0. For these
values, Eq. (12.36) becomes

C [1 16"~ [1 16~ (16)(100)2~-~t-f~) q-C3~-~-~) - 12

[1 16"~ (1-~ 16) (16)(100)
- 2o

Solving Eq. (12.38) gives C2 = 57.294430 and
results into Eq. (12.27) gives the approximate solution T(x):

T(x) = 100x + 57.294430(x2 - x) + 193.103448(x3 - x2)

(12.38a)

(12.38b)

C3 = 193.103448. Substituting .these

(12.39)
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Table 12.1 Solution by the Rayleigh-Ritz Method

x, eva T(x), C ~(x), Error(x), 

0.00 0.000000 0.000000
0.25 5.205570 4.306357 0.899214
0.50 11.538462 13.290111 -1.751650
0.75 37.102122 36.709070 0.393052
1.00 100.000000 100.000000
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Simplifying Eq. (12.39) yields the final solution:

[ T(x)= 42.705570x-135.809109x2 + 193.103448x3 I
/ I

(12.40)

Table 12.1 presents values from Eq. (12.40) at five equally spaced points (i.e.,
Ax = 0.25 cm). The solution is most accurate near the boundaries and least accurate in the
middle of the physical space. The Euclidean norm of the errors in Table 12.1 is
2.007822C, which is comparable to the Euclidean norm of 1.766412 C for the errors
obtained by the second-order equilibrium method presented in Table 8.8.

12.2.2. The Collocation Method

The collocation method is a member of a family of methods known as residual methods. In
residual methods, an approximate form of the solution y(x) is assumed, and the residual
R(x) is defined by substituting the approximate solution into the exact differential equation.
The approximate solution is generally chosen as the sum of a number of linearly
independent trial functions, as done in the Rayleigh-Ritz method. The coefficients are
then chosen to minimize the residual in some sense. In the collocation method, the residual
itself is set equal to zero at selected locations. The number of locations is the same as the
number of unknown coefficients in the approximate solution y(x).

In summary, the steps in the collocation method are as follows:

1. Determine the differential equation which is to be solved, for example, Eq.
(12.5).

2. Assume that the functional form of the approximate solution y(x) is given by

1

.~(x) ~ y(x) = ~Ciyi(x) (12.41)
i=1

Choose the functional form of the trial functions yi(x) and ensure that they are
linearly independent and satisfy the boundary conditions.

3. Substitute the approximate solution y(x) into the differential equation and define
the residual R(x):

R(x)=y" +Qy-F=R(x, C1, 2 . .... C1). (12.42)

4. Set R(x, Cz, C2 ..... Cz) = 0 at I values of x.
5. Solve the system of residual equations for the coefficients Ci (i = 1, 2 ..... I).
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Let’s illustrate the collocation method by applying it to solve the boundary-value
problem specified by Eq. (12.11). Consider the specific example given by Eq. (12.23):

I~"+ Q)5 = )5(0.0) 3(1.0) ] (12.43)F 0.0and Y

Step 1. The differential equation to be solved is given by Eq. (12.43).
Step 2. Assume that the functional form of the approximate solution y(x) is given by Eq.
(12.27):

y(x) = Yx + Czx(x 1)÷ C3x~(x - 1) (12.44)

Step 3. Define the residual R(x):

R(x) = y" + Qy - (12.45)

From Eq. (12.44):

y"(x) = 2C2 + C3(6x - 2) (12.46)

Substituting Eqs. (12.44) and (12.46) into Eq. (12.45) 

R(x) = 2C2 + C3(6x - 2) Q[Yx + Cz(x2 - x)+ C3( 3 - x2 )] - F (12.47)

Step 4. Since there are two unknown coefficients in Eq. (12.47), the residual can be set
equal to zero at two arbitrary locations. Choose x = 1/3 and 2/3. Thus,

R(1/3) = 2C2 + 3 ( ~-2)+ Q[~-+ C2 ( ~-~)-~-C 3 ( ~7-~-)] - f = 

(12.48a)

= C 4R(2/3) 2C2+C3(~-~-2)+Q[~+ 2(~-})+C3(2~-;)I-F-0

(12.48b)

Step 5. Solve Eq. (12.48) for C2 and 3. The final r esult i s:

(2-~)C2-(~-~)C 3 - Q3Y t-F (12.49a)

--- 3 +F
(12.49b)

Solving Eq. (12.49) for z and C3 and substituting the results into Eq. ( 12.44) yields t
approximate solution y(x).

Example 12.2. The collocation method.

To illustrate the collocation method, let’s solve the heat transfer problem presented in
Section 8.1 [see Eq. (8.1)]:

T" -- ~2T = -c~ZTa T(0.0) = 0.0 and T(1.0) = 100.00 (12.50)
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Table 12.2 Solution by the Collocation Method

x, cm T(x), C f’(x), Error(x), 

0.00 0.000000 0.000000
0.25 5.848837 4.306357 1.542480
0.50 14.000000 13.290111 0.709888
0.75 40.151163 36.709070 3.442092
1.00 100.000000 100.000000
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Let Q = -0~2 = -16.0 cm-2, Ta = 0.0 C (which gives F = 0.0), and Y = 100.0. Equation
(12.49) becomes

(~)

32 1600
(12.51a)2+ C2"1-’~ C3- 3

(~) (6~) 
(12.51b)2+ C2+ 2+ C3 =- 3

Solving Eq. (12.51) gives C2 = 60.279070 and 3 =167.441861. Substituting th ese
results into Eq. (12.44) gives the approximate solution T(x):

T(x) = 100x + 60.279070(x2 - x) + 167.441861(x3 - x2) (12.52)

Simplifying Eq. (12.52) yields the final solution:

T(x) = 39.720930x- 107.162791x2 + 167.441861x3 ] (12.53)

Table 12.2 presents values from Eq. (12.53) at five equally spaced points (i.e.,
Ax = 0.25 cm). The Euclidean norm of the errors is 3.838122 C, which is 91 percent larger
than the Euclidean norm of the errors for the Rayleigh-Ritz method presented in Example
12.1.

12.2.3. The Galerkin Weighted Residual Method

The Galerkin weighted residual method, like the collocation method, is a residual method.
Unlike the collocation method, however, the Galerkin weighting residual method is based
on the integral of the residual over the domain of interest. In fact, the residual R(x) is
weighted over the domain of interest by multiplying R(x) by weighting functions
Wj(x) (j = 1, 2 .... ), integrating the weighted residuals over the range of integration,
and setting the integrals of the weighted residuals equal to zero to give equations for the
evaluation of the coefficients Ci of the trial functions yi(x).

In principle, any functions can be used as the weighting functions W)(x). 
example, letting Wj(x) be the Dirac delta function yields the collocation method presented
in Section 12.2.2. Galerkin showed that basing the weighting functions Wj(x) on the trial
functions yi(x) of the approximate solution y(x) yields exceptionally good results. That
choice is presented in the following analysis.

In summary, the steps in the Galerkin weighted residual method are as follows:

1. Determine the differential equation which is to be solved, for example Eq.
(12.5).
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2. Assume that the functional form of the approximate solution y(x) is given by

1

~(x) ~ y(x) = ~CiYi(X) (12.54)
i=1

Choose the functional form of the trial functions Yi(X), and ensure that they are
linearly independent and satisfy the boundary conditions.
Introduce the approximate solution y(x) into the differential equation and define
the residual R(x):

R(x) = y" + Qy - (12.55)

4. Choose the weighting functions Wj(x) (j = 1, 2 .... 
5. Set the integrals of the weighted residuals Wj(x)R(x) equal to zero:

Ii2 Wj(x)R(x) = 0(j = 1, 2 ... ) (12.56)

6. Integrate Eq. (12.56) and solve the system of weighted residual integrals for the
coefficients Ci (i = 1, 2 ..... 1).

To illustrate the Galerkin weighted residual method, let’s apply it to solve the
boundary-value problem specified by Eq. (12.11). Consider the specific example given 
Eq. (12.23):

~" + Oy - F .~(0.0) = 0.0 and.~(1.0) (12.57)

Step 1. The differential equation to be solved is given by Eq. (12.57).
Step 2. Assume the functional form of the approximate solutiony(x) given by Eq. (12.27):

y(x) = Yx + Czx(x 1)+ C3xZ(x - 1) (12.58)

Step 3. Define the residual R(x):

R(x) = y" + Qy - (12.59)

From Eq. (12.58):

y" = 2C2 + C3(6x - 2) (12.60)

Substituting Eqs. (12.58) and (12.60) into Eq. (12.59) 

R(x) = 2C2 + C3(6x - 2) Q[Yx + C2(x2 - x)+ C3(3 - x2)] - F (12.61)

which is the same as the residual given by Eq. (12.47) for the collocation method.
Step 4. Choose two weighting functions W2(x) and W3(x). Let W2(x) =y2(x) and
W3(x) = y3(x) from Eq. (12.26). Thus,

W2(x) = 2 - x and W3(x ) = x3-x 2 (12.62)
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Step 5. Set the integrals of the weighted residuals equal to zero. Thus,

/~(x 2 - x){2C 2 + C3(6x - 2) Q[Yx + - x) + - - F} =G(x~ C3(~3 dx 0
o

(12.63a)

(x3 - x2){2C~ + C3(6x - 2) Q[Yx + C2(x2 - x)+ C3(3 - x~)] - F} dx0
,to

(12.63b)

The functions Q = Q(x) and F = F(x) must be substituted into Eq. (12.63) before
integrating.
Step 6. Integrate Eq. (12.63), for Q = constant and F = constant, evaluate the results, and
collect terms. The final result is

C 1 F (12.64a)

C3(~-~0) + C3(~5 1~-~)- QY20 t-12F (12.64b)

Equation (12.64) is identical to the result obtained by the Rayleigh-Ritz method, Eq.
(12.36). This correspondence always occurs when the weighting functions
Wj.(x) (j" = 1, 2 .... ), are chosen as the trial functions, yi(x).

32.2.4. Summa~

The Rayleigh-Ritz method, the collocation method, and the Galerkin weighted residual
method are based on approximating the global solution to a boundary-value problem by a
linear combination of specific trial functions. The Rayleigh-Ritz method is based on the
calculus of variations. It requires a functional whose extremum (i.e., minimum or
maximum) is also a solution to the boundary-value ODE. The collocation method is 
residual method in which an approximate solution is assumed, the residual of the
differential equation is defined, and the residual is set equal to zero at selected points.
The collocation method is generally not as accurate as the Rayleigh-Ritz method and the
Galerkin weighted residual method, so it is seldom used. Its main utility lies in the
introduction of the concept of a residual, which leads to the Galerkin weighted residual
method in which the integral of a weighted residual over the domain of interest is set equal
to zero. The most common choices for the weighting functions are the trial functions of the
approximate solution y(x). In that case, the Rayleigh-Ritz method and the Galerkin method
yield identical results.

There are problems in which the Rayleigh-Ritz approach is preferred, and there are
problems in which the Galerkin weighted residual approach is preferred. If the variational
functional is known, then it is logical to apply the Rayleigh-Ritz approach directly to the
functional rather than to develop the corresponding differential equation and then apply the
Galerkin weighted residual approach. This situation arises often in solid mechanics
problems where Hamilton’s principle (a variational approach on an energy principle)
can be employed. If the governing differential equation is known, then it is logical to apply
the Galerkin weighted residual approach rather than look for the functional corresponding
to the differential equation. This situation arises often in fluid mechanics and heat transfer
problems.
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12.3. THE FINITE ELEMENT METHOD FOR BOUNDARY-VALUE
PROBLEMS

The Rayleigh-Ritz method presented in Section 12.2.1 and the Galerkin weighted residual
method presented in Section 12.2.3 are based on approximating the exact solution of a
boundary-value ordinary differential equation)5(x) by an approximate solution y(x), which
is a combination of linearly independent trial functions yi(x) (i = 1, 2 .... ) that apply over
the global solution domain D(x). The trial functions are typically polynominals. To
increase the accuracy of either of these two methods, the degree of the polynominal trial
functions must be increased. This leads to rapidly increasing complexity. As discussed in
Chapter 4, increased accuracy of polynominal approximations can be obtained more easily
by applying low degree polynominals to subdomains of the global domain. That is the
fundamental idea of the finite element method. The finite element method (FEM)
discretizes the global solution domain D(x) into a number of subdomains
Di(x) (i = 1, 2 .... ), called elements, and applies either the Rayleigh-Ritz method or the
Galerkin weighted residual method to the discretized global solution domain.

The finite element method is developed in this section by applying it to solve the
following simple linear boundary-value problem with appropriate boundary conditions
(BCs):

[3" + Q~ = F with appropriate boundary conditions ] (12.65)

where Q = Q(x) and F = F(x).
The concept underlying the extension of the basic Rayleigh-Ritz approach or the

Galerkin weighted residual approach to the finite element approach is illustrated in Figure
12.3. Figure 12.3a illustrates the global solution domain D(x). The functional I[Ci] from
the Rayleigh-Ritz approach, or the weighted residual integral I(Ci) from the Galerkin
weighted residual approach, applies over the entire global solution domain D(x). Let the
symbol ! denote either I[Ci] or I(Ci). Figure 12.3b illustrates the discretized global solution
domain D(x) which is discretized into/nodes and I - 1 elements. Note that the symbol I is
being used for the functional I[Ci], the weighted residual integral I(Ci), and the number of
nodes. The subscript i denotes the grid points, or nodes, and the superscript (i) denotes the
elements. Element (i) starts at node i and ends at node i + I. The element lengths (i.e., grid
increments) are Ax; = x~+l - xi. Figure 12.3c illustrates the discretization of the global
integral I into the sum of the discretized integrals I(O(i = 1, 2 ..... I- 1). Each
discretized integral I (i) in Figure 12.3c is evaluated exactly as the global integral I in
Figure 12.3a. This process yields a set of equations relating the nodal values within each
element, which are called the nodal equations.

The global integral I = ~ I (0 could be differentiated directly with respect to C~ in
one step by differentiating all of the individual element integrals (i.e., OI(O/OCi) and
summing the results. This approach would immediately yield I equations for the I nodal
values Ci. However, the algebra is simplified considerably by differentiating a single
generic discretized integral I(;) with respect to every C~ present in (0, to obtain ageneric
set of equations involving those values of C~. These equations are called the element
equations. This generic set of element equations is then applied to all of the discretized
elements to obtain a complete set of I equations for the nodal values C;. This complete set
of element equations is called the system equation. The system equation is adjusted to
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¯
Xl

I : I[Ci] or I(Ci)

(a) Global Integral, 

¯
x2

D(x)

Elements (1) (2)

Nodes 1 2 3

Di’I(X)DXx)~ ~
)_ O)

/-1 i i+1 I-1 I

(b) Discretized global solution domain, D(x).

Figure 12.3.

I 2 3 I-I I

(c) Discrctized integral, 

Finite element discretization.

account for the boundary conditions, and the adjusted system equation is solved for the
nodal values Ci (i = 1, 2 ..... I).

In summary, the steps in the finite element approach are as follows:

1. Formulate the problem. If the Rayleigh-Ritz approach is to be used, find the
functional/to be extremized. If the Galerkin weighted residual approach is to be
used, determine the differential equation to be solved.

2. Discretize the global solution domain D(x) into subdomains (i.e., elements)
Di(x) (i = 1, 2 ..... l). Specify the type of element to be used (i.e., linear,
quadratic, etc.).

3. Assume the functional form of the approximate solution y(O(x) within each
element, and choose the interpolating functions for the elements.

4. For the Rayleigh-Ritz approach, substitute the approximate solution y(x) into the
functional I to determine I[C,.]. For the Galerkin weighed residual approach,
substitute the approximate solution y(x) into the differential equation to
determine the residual R(x), weight the residual with the weighting functions
Wj(x), and form the weighted residual integral I(Ci).

5. Determine the element equations. For the Rayleigh-Ritz approach, evaluate the
partial derivatives of the functional I[Ci] with respect to the nodal values Ci, and
equate them to zero. For the Galerkin weighted residual approach, evaluate the
partial derivatives of the weighted residual integral I(Ci) with respect to the
nodal values Ci, and equate them to zero.
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6. Assemble the element equations to determine the system equation.
7. Adjust the system equation to account for the boundary conditions.
8. Solve the adjusted system equation for the nodal values Ci.

Discretization of the global solution domain and specification of the interpolating
polynominals are accomplished in the same manner for both the Rayleigh-Ritz approach
and the Galerkin weighted residual approach. Consequently, those steps are considered in
the next section before proceeding to the Rayleigh-Ritz approach and the Galerkin
weighted residual approach developments in Sections 12.3.2 and 12.3.3, respectively.

12.3.1. Domain Discretization and the Interpolating Polynominals

Let’s discretize the global solution domain D(x) into I nodes and I- 1 elements, as
illustrated in Figure 12.4, where the subscript i denotes the grid points, or nodes, and the
superscript (i) denotes the elements. Element (i) starts at node i and ends at node i ÷ 1. 
element lengths (i.e., grid increments) are i = xi+1 - xi .

Let the global exact solution ~(x) be approximated by the global approximate
solution y(x), which is the sum of a series of local interpolating polynominals
y(i)(x) (i = 1, 2 ..... ! - 1) that are valid within each element.

I-1
y(x) = y(l)(x) + y(2)(X) y(i)(x ) q- " " " yg-1)(x) = ~ y(i)(x)

i=1
(12.66)

The local interpolating polynominals y(i)(x) defined as follows:

ly(O(x) yiN~!i)(x) yi+iN~i)+l (12.67)+ (x)

where Yi and y~+l are the values ofy(x) at nodes i and i + 1, respectively, and N,!i)(x) 
Ni(~l(x) are linear inte~olating polynominals within element (i). The subscript i denotes
the grid point where N~i3(x) = 1.0, and the superscript (i) denotes the element within which
N{i)(x) applies. The interpolating polynominals are generally called shape functions in the
finite element literature. The shape functions are defined to be unity at their respective
nodes, zero at the other nodes, and zero everywhere outside of their element. Thus,
Y(i)(xi) = Yi, that is, the to-be-determined coefficients Yi represent the solution at the nodes.
Figure 12.5 illustrates the linear shape functions for element (i). From Figure 12.4,

JVi(i)(x ) _ x - xi+ 1 _ x - xi+1
(12.68)

Nt!~l(x ) _ x--xi x--xi (12.69)

xi+ 1 -- xi Axi

Substituting Eqs. (12.68) and (12.69) into Eq. (12.67) 

( x x,+q.(x-xi (12.70)y(O(x)= i
AX1 ,] q-Yi+l\ Ax i ~]

Elements :(I)~=(2)= ~/-I~ (i) = 
Nodes 1 2 3 /-1 i i+1 I-,1 I

Figure 12.4. Discretized global solution domain.
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1.01

Figure 12.5.

i+1

Linear shape functions for element (i).

Equation (12.70) is actually a linear Lagrange polynominal applied to element (i). Since
there are I - 1 elements, there are 2(I - 1) shape functions in the global solution domain
D(x). The 2(1 - 1) shape functions in Eqs. (12.68) and (12.69) form a linearly independent
set.

The interpolating polynominal presented in Eq. (12.70) is a linear polynominal. The
corresponding element is called a linear element. Higher-order interpolating polynominals
can be developed by placing additional nodes within each element. Thus, quadratic, cubic,
etc., elements can be defined. All of the results presented in this chapter are based on linear
elements.

12.3.2. The Rayleigh-Ritz Approach

As discussed in Section 12.2.1, the Rayleigh-Ritz approach is based on extremizing (i.e.,
minimizing or maximizing) the following functional [see Eq. (12.6)]:

I[~(x)] G(x, ,) , .V )dx (12.71)

where the functional I[~(x)] yields the boundary-value ODE, Eq. (12.65), when the Euler
equation, Eq. (12.10), is applied.

In terms of the global approximate solution y(x) and the discretized global solution
domain illustrated in Figure 12.4, Eq. (12.71) can be written as follows:

/Lv(x)] G dx+ Gdx+ . . . + G dx+ G dx + . . . + G dx

(12.72)

I[y(x)] = I(1)[y(x)] + f2)Lv(x)] +... + I(i-l)Lv(x)] f° [y(x)] +... + fl -l~Lv(x)]

(12.73)

where G(x, y, y’) within each element (i) depends on the interpolating polynominal within
that element y~O(x). Consider element (i). Substituting Eq. (12.67) y(O(x) intothe
integral in Eq. (12.73) corresponding to element (i) gives

I(i)[y(x)] : G(x, y, y’)dx = I(i)D,(i)(x)] = I(i)[yi, (12.74)
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Thus, Eq. (12.73) can be expressed in terms of the nodal values Yi (i = 1, 2 ..... I), as
follows:

/[y(X)] = I(1)[yl, Y2] q-/(2)~2, Y3] +"" I(i -1)[Yi-l, Yi]

+ I(O[Yi, Yi+I] +"" q-I(t-1)[Yi-1, Y~] (12.75)

Extremizing (i.e., minimizing or maximizing) Eq. (12.75) is accomplished by setting
the first variation 61 of I[y(x)] equal to zero. This gives

OI OI3 ~I3 OI OI6I[y(x)]= -~6y1 +~-~9__ 72+ "" +-~i-~ Yi-~ + ~ 6yi + ... +-~6y, ---- 0

(12.76)

Since the individual variations 6yi (i = 1, 2 ..... I) are arbitrary, Eq. (12.76) is satisfied
only if

OI OI OI OI
............... 0 (12.77)
0Y 1 072 0Yi 0Yl

Equation (12.77) yields I equations for the determination of the I nodal values

Yi (i = 1, 2 ..... I).
Consider the general nodal equation corresponding to OI/Oyi. From Eq. (12.75), Yi

appears only in I(i-l)[~i_l, Yi] and I(i)[fli, Yi+I]’ Thus,

OI 0I (i-1) OI(i)

3y’--~ = 3y--~ + ~,. = 0 (12.78)

which yields

-- - ] G|x, y(i-1)(x), dx q- G x, y(i)(x), dx = 0

OYi OYix,._l L

(12.79)

The result of evaluating Eq. (12.79) is the nodal equation corresponding to node i. A
similar nodal equation is obtained at all the other nodes. For Dirichlet boundary
conditions, y~ = p~ and Yt = 35~, so @1 = 6Yl = O, and nodal equations are not needed
at the boundaries. For Neumann boundary conditions, ~ = ~ and ffz = 4, and ~ and 31
are not specified. Thus, 671 and ~y~ are arbitrary. In that case, the Euler equation must be
supplemented by equations arising from the variations of the boundary points, which
yields nodal equations at the boundary points. That process is not developed in this
analysis. The results presented in the remainder of this section are based on Dirichlet
boundary conditions. Neumann boundary conditions are considered in Section 12.3.3,
which is based on the Galerkin weighted residual approach. Gathering all the nodal
equations into a matrix equation yields the system equation, which can be solved for the
nodal values, yi(i = 2, 3 ..... ! - 1).

Let’s develop the finite element method using the Rayleigh-Ritz approach to solve
Eq. (12.65). As shown in Section 12.2.1, the functional whose extremum (i.e., minimum 
maximum) is equivalent to Eq. (12.65) is [see Eq. (12.12)]

~r[~(x)l - Q~ + 2F~] dx (~2.80)
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where the fundamental function G(x, ), .~’) is defined as

G(x, ), ~’) = @,)2 _ 0)2 + (12.81)

Let’s evaluate the second integral inEq. (12.79), OI(O/Oyi, to illustrate the procedure.
The corresponding result for the first integral in Eq. (12.79), oI(i-1)/Oyi, will be presented
later. Substituting Eq. (12.81), with )(x) approximated y(x), int o thesecond integral in
Eq. (12.79) and differentiating with respect to Yi gives

(12.82)

02.83)

Equation (12.83) requires the functions y(O(x), O[y(O(x)]/Oyi, y’(x)= d[y(O(x)l/dx, and
O[y’(x)]/Oyi. Recall Eq. (12.70) for y(i)(x):

=~i J +Y/+I k’~-/) (12.84)

Differentiating Eq. (12.84) with respect to yi yields

0[.y(i)(X)] X -- Xi+1- (12.85)ayi z~xi
Differentiating Eq. (12.84) with respect to x gives

.v’(x) - d[v~0(x)] _ Y~ ~_Yi÷__L _Yi÷l (12.86)

Differentiating Eq. (12.86) with respect to Yi gives

~V(x)] 1
- (12.87)

Substituting Eqs. (12.84) to (12.87) into Eq. (12.83) 

1)dx+2[x’+’F( x-xi+,~dx

where the order of the second and third terms in Eq. (12,83) has been interchanged,
Simplifying the integrals in Eq. (12.88) gives

~I(i)

(12.89)
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Now let’s evaluate the integrals in Eq. (12.89). Let the values of Q and F in Eq.
(12.89) be average values, so they can be taken out of the integrals. Thus,

73(i) (Qi + Qi+~) (12.90)
2

/~(i) __ (Fi +/7/+1) (12.91)
2

Integrating Eq. (12.89) yields

Evaluating Eq. (12.92) gives

o](i)

OYi

The four terms in parentheses involving xi and xi+1 on the right-hand side of Eq. (12.93)
reduce as follows:

Term 1: Axi
Term 2: -Axe//2

Term 3: Axe/3

Term 4: -Axe/6 (12.94)

Substituting Eq. (12.94) into Eq. (12.93) and dividing through by 2 yields

oI(i) (Yi-1 +Yi) + (12.95)
Oyi AXi 2 3 6

The first integral in Eq. (12.79), ~I(i-1)/Oyi, is evaluated by repeating the steps
presented above. The result is

~I(i-1) = (Yi --Yi-1) -I /~(i-1) Axi_1

~(i-1)yi-1 Axi-1 O(i-1)yi Axi-1 (12.96)
Oyi kxi_~ 2 6 3
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Substituting Eqs. (12.95) and (12.96) into Eq. (12.79), collecting terms, 
multiplying through by -1 yields the nodal equation for node i for a nonuniform grid:

1

+ Yi+l \&xi 

([:(i-~)Axi_1 + ~’(0

2
(12.97)

Equation (12.97) is valid for a nonuniform grid. Letting Axi_ 1 = [~x i = AX and multi-
plying through by Ax yields the nodal equation for node i for a uniform grid:

Yi_l (l + O(i-l~ Ar2.) _ 2yiIl _ (O(i-1) q-_6O(i)) ~c2.] _F Yi+l 

(12.98)

Example 12.3. The FEM on a one-dimensional uniform grid.

Let’s apply the results obtained in this section to solve the heat transfer problem presented
in Section 8.1. The boundary-value ODE is [see Eq. (8.1)]

T" - ~2T = -~z2Ta T(0.0) = 0.0 and T(1.0) = 100.00 (12.99)

Let Q = _a2 = _16.0cm-2, Ta = 0.0 C (which gives F = 0.0), and Ax = 0.25cm,
corresponding to the physical domain discretization illustrated in Figure 12.6. For these
values, Eq. (12.98) becomes

ST. =0 (12.100)

Applying Eq. (12.100) at nodes 2 to 4 in Figure 12.5 gives

Node 2"5.g T~ - ~ r2 + ~ r3 .= 0 (12.101a)Node 3 :~r2-g8~3-]- ~r 4 = 0

(12.101b)

Node 4 :~T3 -IT 4 +~T5 = 0 (12.101c)

Setting T1 = 0.0 and T5 = 100.0 yields the following system of linear algebraic equations:

-2.666667 0.833333 0.000000 1 I T~ 1 I 0.0000001
0.833333 -2.666667 0.833333 T3 = 0.000000 (12.102)
0.000000 0.833333 -2.666667 T4 -83.333333

1 (1) 2 (2) 3 (3) 4 

0.0 0.25 0.50 0.75 1.0
Figure 12.6. Uniform physical domain discretization.
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Table 12.3 Solution by the FEM on a Uniform
Grid

x, cm .T(x), C ~’(x), Error(x), 

0.00 0.000000 0.000000
0.25 3.792476 4.306357 -0.513881
0.50 12.135922 13.290111 -1.154189
0.75 35.042476 36.709070 -1.666594
1.00 100.000000 100.000000

Solving Eq. (12.102) using the Thomas algorithm yields the results presented in Table
12.3. The Euclidean norm of the errors in Table 12.3 is 2.091354 C, which is 18 percent
larger than the Euclidean norm of 1.766412C for the errors for the second-order
equilibrium finite difference method presented in Table 8.8.

Let’s illustrate the variable Ax capability of the finite element method by reworking
Example 12.3 on a nonuniform grid.

Example 12.4. The FEM on a one-dimensional nonuniform grid.

Let’s solve the heat transfer problem in Example 12.3, Eq. (12.99), by applying Eq. (12.97)
on the nonuniform grid generated in Example 8.12 in Section 8.8 and illustrated in Figures
8.22 and 12.7. Let Q = -c¢2 = -16.0cm-2 and Ta = 0.0C (which gives F = 0.0). The
geometric data from Table 8.25 are tabulated in Table 12.4. Those results and the
coefficients of T,-_1, T~., and Ti+1 in Eq. (12.97) are presented in Table 12.4.

Applying Eq. (12.97) at nodes 2 to 4 gives:

Node 2 : 1.666667T1 - 9.650794T2 + 2.650794T3 = 0 (12.103a)

Node 3 : 2.650794T2 - 10.895238T3 + 4.244445T4 = 0 (12.103b)

Node 4 : 4.244445T3 - 14.577778T4 + 7.666667T5 = 0 (12.103c)

Setting T~ = 0.0 and T5 = 100.0 yields the following tridiagonal system of FDEs:

I-9.650794 2.650794 0.0000001 I T2 ] r 0.0007

2.650794 -10.895238 4.244445 / T3 = | 0.000| (12.104)
0.000000 4.244445 -14.577778 ] T4 [. -766.667 ]

0.0
Figure 12.7.

Table 12.4

2 (2) 3 (3) 4 (4) 

0,375 0.666667 0.875 1.0 x
Nonuniform physical domain discretization.

Geometric Data and Coefficients for the Nonuniform Grid

Node x, cm Ax_, cm Ax+, cm (...)T/_1 (’" .)Ti (’"-)T/+1

1 0.000
2 0.375 0.375000 0.291667 1.666667 -9.650794 2.650794
3 0.666667 0.291667 0.208333 2.650794 -10.895238 4.244445
4 0.875 0.208333 0.125000 4.244445 -14.577778 7.666667
5 1.000
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Table 12.5 Solution by the FEM on a Nonuniform Grid

Node x, cm T(x), ]"(x), Error(x), 

1 0.0 0.000000 0.000000
2 0.375 6.864874 7.802440 -0.937566
3 0.666667 24.993076 26.241253 -1.248179
4 0.875 59.868411 60.618093 -0.749682
5 1.0 100.000000 100.000000

733

Solving Eq. (12.104) using the Thomas algorithm yields the results presented in Table
12.5.

Comparing these results with the results presented in Table 12.3 for a uniform grid
shows that the errors are a little larger at the left end of the rod and a little smaller at the
right end of the rod. The Euclidean norm of the errors in Table 12.5 is 1.731760 C, which
is smaller than the Euclidean norm of 2.091354C for the uniform grid results in Table
12.3, and which is comparable to the Euclidean norm of 1.766412C for the errors
presented in Table 12.7 for the second-order equilibrium finite difference method.

12.3,3. The Galerkin Weighted Residual Approach

The Rayleigh-Ritz approach is applied in Section 12.3.2 to develop the finite element
method. As discussed in Section 12.2.4, the Galerkin weighted residual approach is
generally more straightforward than the Rayleigh-Ritz approach, since there is no need to
look for the functional corresponding to the boundary-value ODE. The finite element
method based on the Galerkin weighted residual approach is illustrated in this section by
applying it to solve the following simple linear boundary-value problem:

I ~" + Q~ = F with appropriate boundary conditions ]
(12.105)

where Q = Q(x) and F = F(x).
As discussed in Section 12.2.3, the Galerkin weighted residual method is based on

the residual obtained when the exact solution ~(x) of the boundary-value ODE, Eq.
(12.105), is approximated by an approximate solution y(x). The resulting residual R(x) is
then

R(x) = y" + Qy - (12.106)

The residual R(x) is multiplied by a set of weighting factors Wj(x) (j = 1, 2 .... ) 
integrated over the global solution domain D(x) to obtain the weighted residual integral:

IO,(x)) = ~.(x)R(x)dx = 0 (12.107)

Substituting Eq. (12.106) into Eq. (12.107) gives

~O,(x)) = ~(x)O/’ + ~y - F)dx = (12.108)
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Integrating the first term in Eq. (12.108) by parts gives

bwjy" dx= y’Wj’ dx + y’Wj y’Wj’ dx ’-- = -- + ybWj(b) - y’aWj(a) (12.109)

The last two terms in Eq. (12.109) involve the derivative at the boundary points. For
Dirichlet boundary conditions, these terms are not needed. For Neumann boundary
conditions, these two terms introduce the derivative boundary conditions at the boundaries
of the global solution domain. Substituting Eq. (12.109) into Eq. (12.108) yields

I(y(x)) (- y’Wj’+QyWj-FWj)dx+y’bWj(b)-y’aWj(a)=O (12.110)

In terms of the global approximate solution y(x) and the discretized global solution
domain illustrated in Figure 12.4, Eq. (12.110) can be written as follows:

l~y(x)) = to~(v(x)) + l~2)(y(x)) +... + I~’-O(v(x)) 
-~- 1(1- l)(y(x)) + y; Wi(b) -- a W1(a)

=0 (12.111)

where I(i)(y(x)) is given by

I(’)(Y(x))= , \ ax +QyWj-FWj (12.112)

where y(i)(x) is the interpolating polynominal and Wa.(x) denotes the weighting factors
applicable to element (i). The interpolating polynominal y(O(x) is given by Eq. (12.67):

y(O (x) = YiN~i) (x) + Yi+IN{~I (x) ( 12.113 

where the shape functions N{O(x) and N/~l(x) are given by Eqs. (12.68) and (12.69):

N~O(x) - x-xi+~ (12.114)
ZXxi

N}2, (x) X--Xi--- ~ (12.115)

In the Galerkin weighted residual approach, the weighting factors Wj(x) are chosen
to be the shape functions ~0~(x) and N/~1 (x). Recall that N~!i)(x) and/V/(2I (X) are defined 
be zero everywhere outside of element (i). Letting Wj = ~/(i) in Eq. (12.112) 

Iii+l { i X ld[N~i)(x)] 
I@(x)) = + ayNi(i) - FN~!i) dx -- 0 (l 2.116)

Equation (12.116) is equal to zero since N/(i)(x) is zero in all the integrals except I(O(y(x))
and N,!O(a) = N,!i)(b) = 0.0. Letting Wj(x) = N,!~ (x) in Eq. (12.112) 

]i’+’(-y’d[N~ (x)l t-QyN’~_, FN{i)+,)dx (12.117)lfy(x)) - =

Equations (12.116) and (12.117) are element equations for element (i).
An alternate approach is based on the function N/(x) illustrated in Figure 12.8. Thus,

N,.(x) = N(ii-1)(x) + N,!i)(x) (12.118)
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N~x)

/+I

Figure 12.8. Shape function for node i,

Equation (12.118) simply expresses the fact that Ni(x) = N~i-1)(X) in element (i- 1) and
Ni(x) = N~i)(x) in element (i). Letting Wj(x) Ni(x) inEq.(12.110) give

I(y(x))--ll ~,_, I-Y’d[N{i-])(x)] + QyN(ii-1) - FN{i-1) dxdx

X’+l l-y’d[N(ii)(x)]Ldx+dxf,
+QyN~O-FN(i i) dx=O (12.119)

Equation (12.119) is the nodal equation for node i.
Note that Eq. (12.116), which is the first element equation for element (i), is identical

to the second integral in Eq. (12.119). When the element equations are developed for
element (i- 1), it is found that the second element equation for element (i- 1), which
corresponds to Eq. (12.117) for element (i), is identical to the first integral in Eq. (12. l 
Thus, Eq. (’12.119) can be obtained by combining the proper element equations from
elements (i - 1) and (/). This process is called assemblying the element equations. Thus,
the element equation approach and the nodal equation approach yield identical results.

Which of two approaches is preferable? For one-dimensional domains, there is no
appreciable difference in the amount of effort involved in the two approaches. However,
for two- and three-dimensional domains, the element approach is considerably simpler.
Thus, the element approach is used in the remainder of this section to illustrate that
approach.

Let’s illustrate the Galerkin weighted residual approach by applying it to solve Eq.
(12.105). Steps 1 and 2, discretizing the solution domain and choosing the interpolating
polynominals, are discussed in Section 12.3.1 and illustrated in Figures 12.4 and 12.5. For
element (i), the shape functions and the linear interpolating polynominal are given by Eqs.
(12.68) to (12.70). Thus,

mi(i)(x) X - xi+1 and N{i)+~(x) -- X -- Xi
(12.120)

( x~x~+].~ (x-xi~
(12.121)Y(i)(x) 

Ax i ) + Yi+~ ~, Axi j
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Note that Eq. (12.121) is simply a linear Lagrange interpolating polynominal for element
(i). The element equations for element (i) are given by Eqs. (12.116) and (12.117). 

I(y(x)) -y’ ~ + ~:~ylvi+1 - FNi(i)+l dx = 

(12.122)

(12.123)

From Eq. (12.120),

d[N:O(x)] 1

dx Axi
(12.124)

d[N/(~l (x)] 1dx - Axi
(12.125)

Substituting Eqs. (12.124) and (12.125) into Eqs. (12.122) and (12.123), respectively,
gives

(12.126a)

(12.126b)

Equation (12.126) requires the functions y(x), y’(x), Ni(i)(x), and N/(~l (x), which 
given by Eqs. (12.121), (12.86), and (12.120). Substituting all of these expressions 
Eq. (12.126), evaluating Q(x) and F(x) as average values for each element as done in Eqs.
(12.90) and (12.191), integrating, and evaluating the results at the limits of integration
yields the two element equations:

--Yi(~X i ~---fli)-3-Z~i ) +Yi+l (~----~. -t-. ~) /~(i)2 Axi 0
(12.127a)

t~ii~) (1 O(i)~l~X)~7(i)~i
~ -- 0 (12.127b)Yi + -- Yi+l ’l~¢i 2

Equation (12.127) is valid for nonuniform Ax. Letting i = Ax= constant andmulti-
plying through by Ax yields

--yi(10(O-3-Ax2)+Yi+l(1+~)-((i’2~2--O (12.128a)

Yi( 1 +----~) -Yi+~ 2 -- (12.128b)

Equation (12.128) is valid for uniform Ax.
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Let’s assemble the element equations for a uniform grid, Eq. (12.128). Applying Eq.
(12.128) for element (i- 1) gives:

-- Yi-I (1 O(i-~ AxZ) ._}_ yi(1._}- O(i-l~ zk.r2.) /~(i-1)/kx2 -- (12.129a)

Yi_l(1+O(i-1)l~(2) -’- /~(i- 1) ~f__26 --Yi( 1 Q(’~Axe) 2 --0
(12.129b)

Applying Eq. (12.128) for element (/) gives:

+ ----~---) 2 
(12.130a)

yi(l+O(i)~x2)_y~+,(l_O(i)_~c2.)_~_(i)2Ax2--0

Adding Eqs.

(12.130b)

(12.129b) and (12.130a) yields the nodal equation for node i. Thus,

Yi-I (1"-i O(i-7 ax2-)- 2yi(1 Ax2-)’’p" Yi+l (1 O(i)

(12.131)

Equation (12.131) is identical to Eq. (12.98), which was obtained by the Rayleigh-
Ritz nodal approach. Applying the assembly step to Eq. (12.127), which is valid for
Axi_l ¢ Axi, yields Eq. (12.97). These results demonstrate that the nodal approach and the
element approach yield identical results, and that the Rayleigh-Ritz approach and the
Galerkin weighted residual approach yield the same results when the weighting factors
Wj(x) are the shape functions of the interpolating polynominals.

At the left and right boundaries of the global solution domain, elements (1) and (/),
respectively, Eq. (12.110) shows that Y’a Wi (a) and )/b WI(b)’ respectively, must be added to

the element equations corresponding to W~ = N~l)(x) and t =N}l-1)(x). Note th at
and Wt(b) = 1.0. Subtracting ~ =y’(a) from Eq. (12.128a) and addingve~(,~) = 1.0

~ = y’(b) to Eq. (12.128b) yields

--y~(1

Y/-i( 1 +~)--YI(1

For Dirichlet boundary conditions, ~(xl)=.~l and ~(xt)=.~t, and Eqs. (12.132) 
(12.133) are not needed. However, for Neumann boundary conditions, ~’(x~) =~ 
.P’(xz) =~, Eqs. (12.132) and (12.133) are included as the first and last equations,
respectively, in the system equation.
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Example 12.5. The FEM with a derivative boundary condition.

Chapter 12

Let’s apply the Galerkin finite element method to solve the heat transfer problem presented
in Section 8.5. The boundary-value ODE is [see Eq. (8.75)]

T" - ~2T = -~2T~ T(0.0) = 100.0 and T’(1.0) = (12.134)

Let Q = -~ = -16.0cm-2, T~ = 0.0C (which gives F = 0.0), and Ax = 0.25 cm,
corresponding to the physical domain discretization illustrated in Figure 12.6. For interior
nodes 2 to 4, the nodal equations are the same as Eq. (12.101) in Example 12.3:

Node2" ~T1-~Tz +~T3 =0 (12.135a)

Node 3 : ~T2 -~T3 +~T4 =0 (12.135b)

Node 4 : ~T3-~T4+~Ts=O (12.135c)

In Eq. (12.135a), 1 =100.0. Th e boundary condition at x= 1.0cm is T~ =0.0.
Applying Eq. (12.133) at node 5 yields

Node 5" - - (00)(0"25)2 (0.25)(0.0) (12.135d)
2

Equation (12.135) yields the following system of linear algebraic equations:

-2.666667 0.833333 0.000000 0.000000 ~ F T2

0.833333 -2.666667 0.833333
0.000000|IT3

0.000000 0.833333 -2.666667 0.833333 / T4

0.000000 0.000000 0.833333 -1.333333_] Ts

-83.3333331
0.000000 /

= 0.000000 /
(12.136)

0.000000 _]

Solving Eq. (12.136) using the Thomas algorithm yields the results presented in Table
12.6. The Euclidean norm of the errors in Table 12.6 is 2.359047 C, which is 15 percent
larger than the Euclidean norm of 2.045460 C for the errors for the second-order
equilibrium finite difference method results presented in Table 8.17.

Table 12.6 Solution by the FEM with a Derivative
Boundary Condition

x, cm T(x), C ~"(x), Error(x), 

0.00 100.000000 100.000000
0.25 35.157568 36.866765 --1.709197
0.50 12.504237 13.776782 -1.272545
0.75 4.856011 5.650606 --0.794595
1.00 3.035006 3.661899 -0.626893
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12.3.4. Summary

The finite element method is an extremely important and popular method for solving
boundary-value problems. It is one of the most popular methods for solving boundary-
value problems in two and three dimensions, which are elliptic PDEs. The application of
the finite element method to elliptic PDEs is discussed in Section 12.4.

The finite element method breaks the global solution domain into a number of
subdomains, called elements, and applies either the Rayleigh-Ritz approach or the
Galerkin weighted residual approach to the individual elements. The global solution is
obtained by assemblying the results for all of the elements. As discussed in Section 12.2.4,
the choice between the Rayleigh-Ritz approach and the Galerkin weighted residual
approach generally depends on whether the variational principle is known or the governing
differential equation is known.

Two approaches can be taken to the finite element method: the nodal approach and
the element approach. The ultimate objective of both approaches is to develop a system of
nodal equations, called the system equation, for the global solution. The nodal approach
yields a set of nodal equations directly, which gives the system equation directly. The
element approach yields a set of element equations, which must be assembled to obtain the
nodal equations and the system equation. For one-dimensional problems, the two
approaches are comparable in effort since each node belongs only to the two elements
lying on either side of the node. However, in two- and three-dimensional problems, each
node can belong to many elements, thus, the element approach is generally simpler and
preferred.

One of the major advantages of the finite element method is that the element sizes do
not have to be uniform. Thus, many small elements can be placed in regions of large
gradients, and fewer large elements can be placed in regions of small gradients. This
feature is extremely useful in two- and three-dimensional problems. The finite element
method is a very popular method for solving boundary-value problems.

12.4. THE FINITE ELEMENT METHOD FOR THE LAPLACE (POISSON)
EQUATION

The finite element method is applied to one-dimensional boundary-value problems in
Section 12.3. In this section, the finite element method is applied to the two-dimensional
Laplace (Poisson) equation:

Ifc~, +]~y = F(x, y) with appropriate boundary conditions (12.137)

The steps in the finite element approach presented in Section 12.3 also apply to multi-
dimensional problems. The Galerkin weighted residual approach presented in Section
12.3.3 is applied to develop the element equations for a rectangular element. The element
equations are assembled to develop the system equation for a rectangular physical space.

12.4.1. Domain Discretization and the Interpolating Polynominals

Consider the rectangular global solution domain D(x, y) illustrated in Figure 12.9a. The
global solution domain D(x, y) can be discretized in a number of ways. Figure 12.9b
illustrates discretization into rectangular elements, and Figure 12.9c illustrates discretiza-
tion into right triangles.
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Triangular elements and quadrilateral elements are the two most common forms of
two-dimensional elements. Figure 12.10a illustrates a general triangular element, and
Figure 12.10b illustrates a set of fight triangular elements. Figure 12.11a illustrates a
general quadrilateral element, and Figure 12.11b illustrates a rectangular quadrilateral
element.

(a) Global domain.

Figure 12.9.

(b) Rectangular elements.

Rectangular solution domain D(x y).

Y

(e) Triangular elements.

3

1 2

Figure 12.10.

3

(a) General triangular elements.

4 4 3 4 .3

2 1

(b) Right triangular elements.

Triangular elements.

2

3

(a) General quadrilateral element.

Figure 12.11. Quadrilateral elements.

(b) Rectangular element.
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In this section, we’ll discretize the rectangular global Solution domain D(x, y)
illustrated in Figure 12.9a into rectangular elements, as illustrated in Figure 12.12. The
global solution domain D(x, y) is covered by a two-dimensional grid of lines. There are !
lines perpendicular to the x axis, which are denoted by the subscript i. There are J lines
perpendicular to the y axis, which are denoted by the subscript j. There are
(I- 1) x (J- 1) elements, which are denoted by the superscript (i, j). Element (i, 
starts at node i, j and ends at node i + 1, j + 1. The grid increments are Axi --- xi+l - xi
and Ayj =Yj+I - Yj"

Let the global exact solution 37(x, y) be approximated by the global approximate
solution f(x, y), which is the sum of a series of local interpolating polynominals
f(id)(X, y) (i -~ 2 ... .. 1 - 1, j = 1, 2 ..... J - 1) that are valid within each element.
Thus,

1-1 J-I
f(x, y) = ~ f( id)(X, y) (12.138)

i----1 j-----I

Let’s define the local interpolating polynominal f(iJ)(x, as a linear bivariate polynomo
inal. Element (i,j) is illustrated in Figure 12.13. Let’s use a local coordinate system, where
node i,j is at (0.0), node i + 1, j is at (Ax, 0), etc. Denote the grid points as 1, 2, 3, and 
The linear interpolating polynominal,f(i,J)(x, y), corresponding to element (i,j) is given by

f(id)(x, y) = flNl(x, y) + f2Nz(x, y) + f3N3(x, y) + (12.139)

where f~, fz, etc., are the values off(x, y) at nodes 1, 2, etc., respectively, and N1 (x, 
Nz(x, y), etc., are linear interpolating polynominals within element (i,j). The interpolating
polynominals, Nl(X, y), N2(x, y), etc., are called shape functions in the finite element
literature. The subscripts of the shape functions denote the node at which the correspond-
ing shape function is equal to unity. The shape function is defined to be zero at the other

3-1

i+1

J ij
j-~

2

1 2 /-1 i i+1 I x
Figure 12.12. Discretized global solution domain D(x, y).
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(O,Ay) (~X,Z~y)

(~

1 2
(0,0) (~,0)

Figure 12.13. Rectangular element (i, j).

three nodes and zero everywhere outside of the element. Since the element approach is
being used, only one element is involved. Thus, the superscript (i, j) identifying the
element will be omitted for clarity. Figure 12.14 illustrates the shape functions Nl(x, y),
N2(x, y), etc.

Next, let’s develop the expressions for the shape functions N~(x, y), N2(x, y), etc.
First, consider N~ (x, y):

Nl(x, y) = ao + alYc + a~f~ + a3Yc~ (12.140)

where ~ and ~ are normalized values of x and y, respectively, that is, ~ = x/Ax and
~ = y/Ay. Introducing the values of N~(x, y) at the four nodes into Eq. (12.140) gives

NI(0, 0) = 1.0 = 0 +al(0) + a2(0) + a3(0)(0) = a0 (12.141a)

N~(1, 0) = 0.0 = o +a~(1) + a2) + a3(1)(0) = ao+ al (12.141b)

NI(0, 1) = 0.0 = o +al(0) + a2(1) + a3(0)(1) = 0 + a2 (12.141c)

Nl(1, 1) = 0.0 = o +a~(1) + a~(1) + a3(1)(1) = 0 + a1 + a2 + a3 (12 .141d)

4 4

(a) N~(x,y). Co) N2(x,y).

1 2 1 2
(C) N3(x,y). (d) N4(x,y).

Figure 12.14. Rectangular element shape functions.
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Let ar=[ao a1 a2 a3]. Solving Eq. (12.141) Gauss elimination yields
ar = [1.0 -1.0 -1.0 0.0]. Thus, Ni(x, y) is givenby

Nl(x, y) = 1.0 -~-~+~ (12.142a)

In a similar manner, it is found that

Nz(x, y) = x - (12.142b)

N3(x, y) = Yc~ (12.142c)

N4(x, y) = y- (12.142d)

Equation (12.142) comprises the shape functions for a rectangular element. Substituting
Eq. (12.142) into Eq. (12.139) yields

[f(x, y)=f~(1.O-2-f~+2f~)+f2(~-Yc~)~f3(2f~)+f4@-Yc~,)l (12.143)

Equation (12.143) is the interpolating polynominal for a rectangular element.

12.4.2. The Galerkin Weighted Residual Approach

The Galerkin weighted residual approach is applied in this section to develop a finite
element approximation of the Laplace (Poisson) equation, Eq. (12.137):

Iff~+~y=F(x,y) with appropriate boundary conditions 1 (12.144)

Let’s approximate the exact_solutionJT(x, y) by the approximate solutionf(x, y) given 
Eq. (12.138). Substituting f(x, y) into Eq. (12.144) gives the residual R(x, y):

R(x, y) =Lx + fyy - F (12.145)

The residual R(x, y) is multiplied by a set of weighting functions Wk(x, y) (k = 1, 2 .... )
and integrated over the global solution domain D(x, y) to obtain the weighted residual
integral I(f(x, y)), which is equated to zero. Consider the general weighting function
W(x, y). Then

= IID W(fxx + fyy - F)dxdy (12.146)I(f(x, Y))

The first two terms in Eq. (12.146) can be integrated by parts. Thus,

Wf~ = W(£)x = (Wf~)~ - ~ (12.147a)

Wfyy = W(fy)y = (Wf~)y - (12.1478)

Substituting Eq. (12.147) into Eq. (12.146) gives

I(f(x, y)) = l" ID((Wfx)x + (Wj;)y - Wxfx - Wyf~ (12.148)

The first two terms in Eq. (12.148) can be transformed by Stokes’ theorem to give

J ID(Wf~)xdx dy = ~Wfxnx (12.149a)

f l~( Wfy)y dx dy = ~ Wfyny (12.149b)
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where the line integrals in Eq. (12.149) are evaluated around the outer boundary B of the
global solution domain D(x, y) and x and ny are t he components of t he unit normal vector
to the outer boundary n. Note that the flux off(x, y) crossing the outer boundary B of the
global solution domain D(x, y) is given by

q. = a. vf = xfx + (12.150)

Substituting Eqs. (12.149) and (12.150) into Eq. (12.148) 

[(f(x, Y)) = - J ID(WXfx + Wyf~-t- WF)dxdy + (12.151)

The line integral in Eq. (12.151) specifies the flux qn normal to the outer boundary 
of the global solution domain D(x, y). For all interior elements which do not coincide with
a portion of the outer boundary, these fluxes cancel out when all the interior elements are
assembled. For any element which has a side coincident with a portion of the outer
boundary, the line integral expresses the boundary condition on that side. For Dirichlet
boundary conditions, f(x, y) is specified on the boundary, and the line integral is not
needed. For Neumann boundary conditions, the line integral is used to apply the derivative
boundary conditions.

In terms of the global approximate solution f(x, y) and the discretized global
solution domain illustrated in Figure 12.12, Eq. (12.151) can be written as follows:

I(f(x, y)) = I(1A)(f(x, y)) + ... + I(i~i)(f(x, + [( 1-1"J- 1)(f(x, y))

+ ~ Wq, ds = O

where I(i,J)(f(x, is given by

(12.153)

wheref(x, y) is the approximate solution given by Eq. (12.143) W(x,y) isan as yet
unspecified weighting function.

The evaluation of the weighed residual integral, Eq. (12.153), requires the fimction
f(x, y) and its partial derivatives with respect to x and y. From Eqs. (12.143),

f(x, y) =fl(1 - J -~ +2~) +j~(J - Y¢~) + j~YO3 +Aft (12.154)

Differentiating Eq. (12.154) with respect to x and y gives

(12.155a)

(12.155b)
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Substituting Eq. (12.155) into Eq. (12.153) yields

I Wx-~-[f~(-1 +}) +f2(1 -~) -F f3@) +f4(-~)]dxdyI(f(x, Y))

- ! o Wy~---~[J~(-1 +2) +f2(-~) +J~(2) -2)]d xdy

o WFdxdy = 0 (12.156)

where the superscript (i, j) has been dropped from I for simplicity.
In the Galerkin weighed residual approach, the weighting factors

Wk(x, y) (k = 1, 2 .... ) are chosen to be the shape functions Nl(X, y), N2(x, y), etc.
specified by Eq. (12.142). Let’s evaluate Eq. (12.156) W(x,y) = Nl(x,y). From Eq.
(12.142a),

Wl(x, y) = N~(x, y) = 1 - £c- y- (12.157)

Differentiating Eq. (12.157) with respect to x and y gives

(W1)x = (- ~--- +-~) and "(W1 )y ~--" (- ~-~ --~ )
(12.158)

Substituting Eqs. (12.157) and (12.158) into Eq. (12.156) 

I(f(x, y)) -- 2 (- 1 -F~)[A(-1 q- ~)-FA(1 -. ~)+f3@)-Ff4(-.~)]axay

1 I Io(- 1 + ~)IA (-1 ~)+A(-~) +A(+f4(1 - ~)] axay

- JJ (1 - + )F xay = 0 (12.159)
Recall that J = x/Ax, and .~ = y/Ay. Thus, dx = AxdYc and dy = Ayd~,. Thus, Eq..
(12.159) can be written 

~r(f(x, y)) .) ~ zXyd~, (12.160)

where the integrand of the inner integral, denoted as (...), is obtained from Eq. (12.159).
Evaluating the inner integral in Eq. (12.160) gives

(12.161)
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Let ~" denote the average value ofF(x, y) in the element. Integrating Eq. (12.161) gives

Ax -

’
3]Jlo

-- ~k(~--~--~+~) (12.162)

Evaluating Eq. (I 2.162) yields

(...) = - ~[~(1 - 2~ +~) +A(-1 + 2~-~) +A(-P +~) +A~-~)]

a~ g~ +~f~-gA -gA - (1 -~) (12.163)

Substituting Eq. (12.163) into Eq. (12.160) gives

~Ayf1

+A(-~ +~ +A~ - ~)] 

- - fi) d~ (12.164)

Integrating Eq. (12.164) gives

~(f(x, y)) 

~ 1 1

AxAy~ {__~ o =o
Evaluating Eq. (12.165) and collecting terms yields

Ay Ax 1

AxAY/~ 0
4

(12.165)

1 l/ Ay 2Ax

(12.166a)
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Repeating the steps in Eqs. (12.156) to (12.166) for 2 =N2, W3= N3,and W4 =N4
yields the following results:

2Ax1 (_2_ Ay6\Ax ~y)L~ - ~ 1 (-~- + ~y)f2 + 1 (--~- + -~-y 

+-~ -~ +--~y 4

if& 1
+ ~2__ 1 fay ~X

l/by &X ~by~ _ 0

(12.166c)

(12.166d)

Equations (12.166a) to (12.166d) are the element equations for element (i, j) for Ax¢ 
The next step is to assemble the element equations, Eqs. (12.166a) to (12.166d), 

obtain the nodal equation for node i,j. This process is considerably more complicated for
two- and three-dimensional problems than for one-dimensional problems because each
node belongs to several elements. Consider the portion of the discretized global solution
domain which surrounds node i,j, which is illustrated in Figure 12.15. Note that
Ax_ = (xi - xi_~) :~ Ax+ = (xi+l - xi), and Ay_ = (Yi - Yi-1) Ay+ = (Yi+~ -- Yi)

These differences in the grid increments must be accounted for while assemblying the
equations for four different elements using the element equations derived for a single
element. Also note that the average value of F(x, y), denoted by ~, can be different in the
four elements surrounding node i,j. Local node 0 is surrounded by local elements (1), (2),
(3), and (4). The assembled nodal equation for node 0 is obtained by combining all of 
element equations for elements (1), (2), (3), and (4), respectively, which correspond 
shape functions associated with node 0.

Figure 12.16 illustrates the process. Figure 12.16a illustrates the basic element used
to derive Eqs. (12.166a) to (12.166d). Figures 12.16b to 12.16e illustrate elements (1) 
(4), respectively, from Figure 12.15. Consider element (1) illustrated in Figure 12.16b.

(/--1 d’) (id~

2
6

(4) (3)

3
0

(1) (2)

7
4

Portion of global grid surrounding node i, j.
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2

(1) (2)

2 7 4 4
(a) (ij). (b) (1). (c) (2).

Figure 12.16. Element correspondence.

8 0

(3) (4)

3 0
(d) (3). (e) (4).

Node 0 in element (1) corresponds to node 3 in the basic element. Thus, the element
equation corresponding to node 3, Eq. (12.166c), is part of the nodal equation for node 
Renumbering the function values in Eq. (12.166c) to correspond to the nodes in Figure
12.16b yields:

Element (1) Equation (12.166c) with Ax = Ax_ and Ay = Ay_.

l[Ay_~ )jTAX-
_1 (~y__ A~_)f0

g_~__+k_~_’~ 1 [ Ay_ 2Ax_’~_ kx_
l[2Ay_ zXx_)f3 ZXx_Ay_~m=0

(12.167a)

Repeating the process for elements (2) to (4) show that Eq. (12.166d) corresponds 
element (2), Eq. (12,166a) corresponds to element (3), and Eq. (12.166b) corresponds 
element (4). Renumbering the function values in those equations to agree with the node
numbers in Figure 12.16 yields the remaining three element equations corresponding to
node 0.

Element (2) Equation (12.166d) with Ax = Ax+ and Ay = Ay_.

~(_ Ay_ 2Ax+\ 1 Ax+ 1 (2Ay_ 

1 (-~ + Ax+)fo k°c+ AY-/>(2’ -- (12.167b)
-~ ~ 4

Element (3) Equation (12.166a) with Ax = Ax+ and Ay = A2+.

1 (_Ay+ 2~+~ c ~+AY+~(3} = 0 (12.167c)+gV 4
Element (4) Equation (12.166b) with ~ = ~_ ~d Ay = Ay+.

~(~Ay+ ~_ l(Ay+ ~_ 1 2~_
6,~_ ~) - ~,~_ +~° +~ -Ay+

1 (Ay+ + ~_~f~ ~_ Ay+~(4} _ 0
+g~_ ~f" 4

(12.167d)
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Summing Eqs. (12.167a) to (12.167d) yields the nodal equation for node 

+

1

= 0 (~e.~68)

Let ~_ = ~+ = ~ ~d Ay_ = Ay+ = Ay, multiply t~ough by 3, ~d collect te~s.

Ay Ax 2Ax

4
(12.169)

For Ax = Ay _= AL and F = constant, Eq. (12.169) yields

-Sf0 + (f~ +f2 +J~ +f4 +k +f6 +J~ +A) - AL2F = (12.170)

Example 12.6. The FEM for the Laplace equation.

Let’s apply the results obtained in this section to solve the heat transfer problem presented
in Section 9.1. The elliptic partial differential equation is [see Eq. (9.1)]

Txx + Tyy = 0 (12.171)

with T(x, 15.0) = 100.0 sin(~x/10.0) and T(x, 0.0) = T(0.0, y) = T(10.0, y) = 0.0. 
exact solution to this problem is presented in Section 9.1. Let Ax = Ay = 2.5 cm. The
discretized solution domain is illustrated in Figure 12.17.
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Y
15.0

12.5

oE 10.0

.£ 7.5

" 5.0

2.5

T~ T~ T~

T23 T33 ~3

~2 ~2 ~2

0 ~
0 2.5 5.0 7.5 10.0 x

Locationx, cm

Figure 12.17. Discretized solution domain D(x, y).

In terms of the i, j notation, Eq. (12.170) becomes

-- 8Ti, j --~ (T/+Ij+I -~ Ti+l, j ’~ Ti+l,j_ 1 --~ Tij+l Jl- ~,j-1 + ~-l,j+l

+ E._~,j + E_z,:_~) = (12.172)

Solving Eq. (12.172) for T~,j, adding the te~, ~E.,j, to the result, and applying the over-
relaxation factor, ~, yields

T~~ = T~j + wATi~1 (12.173a)

~+l,j+l + ~+lj + ~+l,j-I + ~,j+l + ~,j-1

~+~
+~._~j+~ + ~_~j + ~_~j_~ -

i,j =
8

(12.173b)

where the most recent values of the te~s in the numerator of Eq. (12.173b) are used.
Let ~)= 0.0 at all the interior nodes and let m = 1.23647138, which is the

optimum value of ~ for the five point ~ite difference method. Solving Eq. (12.173) yields
the results presented in Table 12.7.

The solution for both a 5 ~ 7 grid and a 9 x 13 grid ~e presented in Table 12.7.
Comp~ing these results with the results obtained by the five point finite difference method
in Section 9.4, which ~e presented in Table 9.2, shows that the ~ite element method has
slightly larger e~ors. The Euclidean no~s of the e~ors in Table 9.2 for the ~o grid sizes
~e 3.3075 C ~d 0.8503 C, respectively. The ratio of the no~s is 3.89, which shows that
the five-point method is second order. The Euclidean no~ of the e~ors in Table 12.7 for
the ~o grid sizes is 3.5889 C and 0.8679 C, respectively, which are slightly l~ger than the
no~s obtained by the five-point method. The ratio of the no~s is 4.14, which shows that
the finite element method is second order.
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Table 12,7 Solution of the Laplace Equation by the FEM

T(~,, y), 
Error (x, y) IT(x, y)- ~’( y)], C

Ax = Ay = 2.5cm, 5 x 7 grid Ax = Ay = 1.25 cm, 9 x 13 grid

y, cm x= 2.5cm d= 510cm x= 2.5cm x = 5.0crn

12.5 30.8511 43.6301 31.9007 45.1144
-1.3787 -1.9497 -0.3291 -0.4654

10.0 13.4487 19.0194 14.3761 20.3308
-1.2243 -1.7314 -0.2969 -0.4200

7.5 5.8360 8.2534 6.4438 9.1129
-0.8063 -1.1402 -0.1985 -0.2807

5.0 2.4715 3.4952 2.8110 3.9754
-0.4524 -0.6398 -0.1129 -0.1596

2.5 0.9060 1.2813 1.0539 1.4904
-0.1977 -0.2795 -0.0498 -0.0704

Example 12.6 illustrates the application of the finite element method to the Laplace
equation. Let’s demonstrate the application of the finite element method to the Poisson
equation by solving the heat diffusion problem presented in Example 9.6.

Example 12.7. The FEM for the Poisson equation.

Let’s apply the FEM to solve the heat diffusion problem presented ,in Section 9.8. The
elliptic partial differential equation is [see Eq. (9.58)]

Tx~ + Tyy = -~- (12.174)

with T(x, y) = 0.0 C on all the boundaries and O/k = 1000.0 C/cm2. The width of the
solution domain is 1.0cm and the height of the solution domain is 1.5 cm. The exact
solution to this problem is presented in Section 9.8. Let Ax = Ay = 0.25cm. The
discretized solution domain is presented in Figure 12.17.

Equations (12.173a) and (12.173b) also apply to this problem, with the addition 
the source term, Ax2F(x, y) = -Ax20/k = 1000.0 Ax2. Thus,

T~-+’ = T/~ + coAT/~,j+’ (12.175a)

Ti+l,j+~ + Ti+t,j + Ti+t,j-i + ri,j+i + Tij-i

+ T~-l,j+l + T~_1,/+ T,._I,j_~ - 8T~,y + Ax2F,.~
A T~5- t =

8
(12.175b)

where the most recent values of the terms in the numerator of Eq. (12.175b) are used.
Let T{ff ) : 0.0 at all the interior nodes and co = 1.23647138, which is the optimum

value of co for the five-point finite difference method. Solving Eq. (12.175) gives the
results presented in Table 12.8.

Table 12.8 presents the solution for both a 5 × 7 grid and a 9 × 13 grid. Comparing
these results with the results presented in Table 9.8 for the five-point method shows that
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Table 12.8 Solution of the Poisson Equation by the FEM

Chapter 12

~(x, y), 
~(x, y), 

Error (x, y) = IT(x, y) - ~(x, y)], 

Ax = Ay = 0.25cm, 5 x 7 grid Ax = Ay = 0.125 cm, 9x grid

y, cm x = 0.25crn x = 0.50cm x = 0.25cm x = 0.50cm

1.25 52,9678 66.9910 51.0150 65.2054
50.4429 64.6197 50.4429 64.6197
2.5249 2.3713 0.5721 0.5857

1.00 73.2409 96.0105 71.5643 93.6686
71.0186 92.9387 71.0186 92.9387
2.2223 3.0718 0.5457 0.7299

0.75 78.7179 103.7400 77.1238 101.4930
76.6063 10.7714 76.6063 100.7714
2.1116 2.9686 0.5175 0.7216

the finite element method has about 10 percent larger errors than the five-point method.
The Euclidean norms of the errors in Table 9.8 are 5.6663 C and 1.4712 C, respectively.
The ratio of the norms is 3.85, which shows that the five-point method is second order. The
Euclidean norms of the errors in Table 12.8 are 6.2964C and 1.5131 C, respectively. The
ratio of the norms is 4.16, which shows that the finite element method is second order.

12.5. THE FINITE ELEMENT METHOD FOR THE DIFFUSION EQUATION

Section 12.4 presents the application of the finite element method to the two-dimensional
Laplace (Poisson) equation. In this section, the finite element method is applied to the one-
dimensional diffusion equation:

[ ~ = Cg~x~ + QjT- F with appropriate auxiliary conditions ] (12.176)

where Q = Q(x) and F = F(x). The steps in the finite element approach presented in
Section 12.3 also apply to initial-boundary-value problems, with modifications to account
for the time derivative. The Galerkin weighted residual method is applied in this section to
develop the element equations for the one-dimensional diffusion equation.

12.5.1. Domain Discretization and the Interpolating Polynominals

Consider the global solution domain D(x, t) illustrated in Figure 12.18. The physical space
is discretized into I nodes and I - 1 elements. The subscript i denotes the nodes and the
superscript (/) denotes the elements. Element (i) starts at node i and ends at node i + 1. 
element lengths (i.e., grid increments) are i = xi+1 - xi . The ti me axis is discretized into
time steps Atn = tn+l - t n. The time steps Atn can be variable, that is, Atn-~ ~ At~, or
constant, that is, Atn-1 = Atn -= At = constant.
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n+l

n

1

e (/-~).
/-1 i

Figure 12.18.

(0
i+1 ] x

Finite element discretization.

Let the global exact solution jT(x, y) be approximated by the global approximate
solution f(x, t), which is the sum of a series of local interpolating polynominals
f(i)(x, t) (i = 1, 2 ..... 1)that are validwithineach element. Thus,

I-1

f(x, t) =f(1)(x, t) +...f(i)(x, t) -k’" .f(’-~)(x, ~~f(O(x, t)
i=1

(12.177)

The local interpolating polynominals, f(i)(x, t), are defined by Eqs. (12.67) to (12.70),
where the nodal values, f/(i = 1, 2 ..... I), are functions of time. Thus,

f(O (x, t) = f( t)N~i) --]- fi+ l ( t) N~i) + l (X) (12.178)

N,!i)(x) _ x - ~ _ x- xi +~ (12.179)
Xi+ l -- Xi

Ni(i)+~(x) = x- xi _ i (12.180)
Xi-b I -- Xi

Substituting Eqs. (12.179) and (12.180) into Eq. (12.178) 

f(i)(x, t) =f/(t)(-- x - xi+~"~
x - xi

Axi ,] -P f+a(t) (~-~-/) (12.181)

Equation (12.181) is a linear Lagrange polynominal applied to element (i). Since there 
I- 1 elements, there are 2(1- 1) shape functions in the global physical space. The
2(I-1) shape functions specified by Eqs. (12.179) and (12.180) form a linearly
independent set.

12.5.2. The Galerkin Weighted Residual Approach

The Galerkin weighted residual approach is applied in this section to develop a finite
element approximation of the one-dimensional diffusion equation, Eq. (12.176):

I ft = ~f~ + QJ?- F with appropriate auxiliary conditions } (12.182)
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where Q = Q(x) and F = F(x). Substituting the approximate solution f(x, t) into Eq.
(12.182) yields the residual R(x, t):

R(x, t) = f - ~fx~ - Qf + (12.183)

The residual R(x, t) is multiplied by a set of weighting functions Wk(x) (k = 1, 2 .... ) and
integrated over the global physical domain D(x) to obtain the weighted residual integral,
which is equated to zero. Consider the general weighting function W(x). Then,

l(f(x, t)) = W(f - ~fxx - Qf + F) (12.184)

-IiW~f~dx = Ji~Wffxdx- (W~fx)b~ (12.185)

The last term in Eq. (12.185) cancels out at all the interior nodes when the element
equations are assembled. It is applicable only at nodes 1 and I when derivative boundary
conditions are applied. Consequently, that term will be dropped from further consideration
except when a derivative boundary condition is present. Substituting Eq. (12.185), without
the last term, into Eq. (12.184) gives

I(f(x,t))= dx+ ~W~fxdx- dx+ WFdx=O (12.186)

In terms of the global approximate solution, f(x, t), and the discretized global
physical domain illustrated in Figure 12.18, Eq. (12.186) can be written as follows:

I(f(x, t)) = I(1)(f(x, t)) +... + l(i)(f(x, t)) +... + I(1-1)(f(x, 

where I(i)(f(x, is given by

I (i) (f(x, t)) = Wft(i) dx + ~ Wx fx (i) dx - WQf(i) dx + WF dx = 0

(12.188)

where f(i)(x, is given by Eq.(12.181) and W(x)is anas yetunspecified weighting
(,) (,)function. Since the shape functions N~! (x) and N;~I (x) are defined to be zero everywhere

outside of element (i), each individual weighted residual integral l(i)(f(x, mustbe zero
to satisfy Eq. (12.187).

The evaluation of Eq. (12.188) requires the function f(O(x, t) and its partial
derivatives with respect to t and x. From Eqs. (12.178) to (12.80),

f(i)(x, t) = f(t)g{i)(x) +f+l (t)g{21 (x) (12.189)
X -- XiN[i)(x) = _ x__- x,+, and Nt~l (x) = (12,190)

Axi

(12.187)

where I(f(x, t)) denotes the weighted residual integral.
The second term on the right-hand size of Eq. (12.184) can be integrated by parts.

Thus,
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Differentiating Eq. (12.189) with respect to t and x gives

ft (i) = ~i( X --7~ Xi+l’~’} -~-~i4-1(X --~k ~i xi~} (12.191)

fx(i’ -~’~ f/(-- ]’-~-~ -]-f/+l 1)~k z~’Xi}  ~ = fi+l --f//~_~.__ (12.192)

where~ = d[fi(t)]/dt and~+~ = d[f+~(t)/dt]. Substituting Eqs. (12.189) to (12.192) 
Eq. (12.188) yields

I(i)(f(x, W(~iiNt !i) +~ii+lN}i)+~) dx fx,.+~ .., f+l -f ,-~ ~ ~X~x -- ax
i Jxi "

WQ -fiN}i)- WFax=O (12.193)

Let’s denote I(O(f(x, y)) symbolically as

z(0(f(x, y)) = a + ~ + c (12.194)

where A, B, etc., denote the four integrals in Eq. (12.193).
In the Galerkin weighted residual ap.,proach, the weighting factors Wk (k = 1, 2 .... )

(i) 0)are chosen to be the shape functions N~(x) and N~(x) specified by Eq. (12.190). 
W(x) = N,.~0(~). Then,

W(x) = N}i)(x) -- x - xi+~ and Wx
1

zXxi
= -~/,. (12.195)

Substitute W(x) and x i nto Eq. ( 12.193) and evaluate integrals A, B, C, and D

(12.196)

1 [x,+, .
A = ~ j~, [~(x2 - 2xi+~x + x~+~) - f+~(x2 - xi+~x - xix + xi+ixi) ] dx (12,197)

1 r..,l/X3

) " X(~.._’~
)qxi+I

= 2

2 -{- Xi+lXiX/a ,xi

Introducing the limits of integration and simplifying Eq. (12.198) gives

A = -~-2 (2j7/ +~/+~)

Substituting Eq. (12.195) into integral B and evaluating gives

~(fi+~ - fi)

Substituting Eq. (12.195) into integral C gives

X--Xi+l~QFf [- --Xi+l~ -~-f+1 dx

Axi

(12.198)

(12.199)

(12.200)

(12.201)
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Let {) denote the average value of Q(x) over element (i). Then,

C= Z~i [fi(x2-2xi+~x+~+l)-fi+l(x2-xi+~x-xix+xi+lXi)]dx

Chapter 12

(12.202)

Integrating Eq. (12.202) and evaluating the result yields

C - ~(~’-’(2f/+fi+~) (12.203)

Finally, substituting Eq. (12.195) into integral D, integrating, and evaluating the result
yields

--~ii (-~- Xi+lX) xi+’ dx 
(12.204)D: Ji:+’( x-xi+l~Fdx: ~ x2

where/" denotes the average value of F(x) over element (i). Substituting the results for A,
B, C, and D into Eq. (12.194) yields the first element equation for element (i). Thus,

I(i)(f(x, y)) = ? (2~ q-~+l)
~(f/+l --f/) 0Axi Z~iJ~ 0]

Axi 6 (2f+f+~)q -

(12.205)

Next, let W(x) = N}_~I (x). Then,

~t’~(X) : N(i21 (X) -- X i
1

and Wx = ~-- (12.206)

Substituting Eq. (12.206) into Eq. (12.193) and evaluating integrals A, B, C, and D yields
the second element equation for element (i). Thus,

I(i)(f(x, y)) : ~-~ q- 2~+1) 
o~(fi+l --fi) 0/~fi

Axi 6
AxiP 0

(f + 2f+1) + T 

(12.207)

Equations (12.205) and (12.207) are the element equations for element 
Next let’s assemble the element equations to obtain the nodal equation for node i.

Figure 12.19a illustrates the portion of the discretized global physical domain surrounding
node i. Note that Ari_1 = xi - xi_~ ¢ Axi = xi+ 1 - Xi. Consider element (i -- 1) in Figure
12.19a. Node i in element (i- 1) corresponds to node (i+ 1) in the general element
illustrated in Figure 12.19b. Thus, the element equation corresponding to node i in element
(i - 1) is Eq. (12.207) with i replaced by i - 1. 

Ax_ ~/-1 -~ 2~/) -~ (~(fi -f/-1) 0(i-1> Ax_ (f/-1

6 Ax 6
+ 2f) q Ax_ ~(i-1) __ 0 (12.208)

_ 2
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Elements (/-1)

Nodes /-1 i i+1

(a) Portion of global grid surrounding node i,

757

(0 (/-1) CO
i i+1 /-1 i i i+1

(b) General element. (c) Element i-1. (d) Elememt 

Figure 12.19. Element correspondence.

Consider element (i) in Figure 12.19c. Node i in element (i) corresponds to node i in 
general element illustrated in Figure 12.19a. Thus, the element equation corresponding to
node i in element (i) is Eq. (12.205). Thus,

_~+(2~+~+1) ~(f+l-f/) O(i)Ax+(2f+f+l)_~Ax+p(i)_0
(12.209)

kx+ 6 2

Multiplying Eq. (12.208) by 6/Ax_ and Eq. (12.209) by 6/Ax+ and adding yields 
nodal equation for node i:

6~(f -f_l) 6~(f+1 
~-1 +4~ "3t-j~/+l-I

-- 0(i)(2fi +fi+l) + 3(j~(i-1) "t- ~’,(i)) 

0(i--1)(f/_l ~- 2f/)

(12.210)

Next, let’s develop a finite difference approximation forj’. Several possibilities exist.
For example,

j’n f,+l _ f, j’n+l f,+l __ fn j’n+l/2 fn+l __ fn
-- At -- At -- At

(12.211)

The first expression is a first-order forward-time approximation, the second expression is a
first-order backward-time approximation, and the third expression is a second-order
centered-time approximation. When using any of these finite difference approximations,
the function values in Eq. (12.210) must be evaluated at the corresponding time level.

Let’s develop the forward-time approximation. Substituting the first expression in
Eq. (12.211) into Eq. (12.210), evaluating all the function values in Eq. (12.210) at 
level n, and multiplying through by At yields

.j_ ~en+l n
f~--~ + 4f"+1 "ai+l =f~-~ + 4f" +f+l

6~At(f" _fn_~) + 6~At(f~ -fin)

+ AtO(i-1)(f~1 -k 2fn) q- AtO(i)(2fn q-f~-l)

_ 3 At (~’(;-~)+p(0) (12.212)
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Let Ax_ = Ax+ = Ax, Q = constant, F = constant, and d = ~At/Ax2. Equation (12.212)
becomes

fin_+l1 -t- 4f/n+l ¢’n+l n n"~-Ji+l = (f/n--I "~- mY/n q-f/+l) + 6d(f/n-1 -- 2fi n +f/+l)

+ AtQ(f~-i + 4fn +f~-l) - 6AtF (12.213)

Equation (12.212) is the nodal equation for a nonuniform grid, and Eq. (12.213) is 
nodal equation for a uniform grid with Q = constant and F = constant.

Example 12.8. The FEM for the diffusion equation.

Let’s apply the results obtained in this section to obtain the solution of the steady heat
transfer problem presented in Section 8.1 as the asymptotic steady-state solution of the
one-dimensional diffusion equation at large time. The boundary-value ODE is [see Eq.
(8.1)]:

T" - ~2T : -~2T a T(0.0) = 0.0 T(1.0) = 100.0 (12.214)

where ~2 = 16.0cm-2 and Ta = 0.0C. The exact solution to this steady-state problem is
presented in Section 8.1. Applying Eq. (12.176) to this heat transfer problem gives

Tt = ~T~x + QT - F (12.215)

Note that ~2 in Eq. (12.214) is not the same ~ as the ~ in Eq. (12.215). For the present
problem, let ~=0.01cm2/s, Q=-0.16s -1, Ta=0.0 (for which F=0.0), and
Ax = 0.25 cm. The discretized physical space is illustrated in Figure 12.20. Let the initial
temperature distribution be T(x, 0.0) = 100.0x. Let At = 1.0 s, and march 50 time steps to
approach the asymptotic steady-state solution.

For these data, 6d = 6c~At/Ax2 = 6(0.01)(1.0)/(0.25) 2 = 0.96 and (1 + AtQ) 
(1 ÷ 1.0(-0.16)) = 0.84. Equation (12.213) 

fin-+l 1~- q- 4fn+l "Ji+l’r"+l = 0.84(f~_~ -t- 4fi n -t-f~_l) q- 0.96(fn_1 - 2f" -t-f/~_l)

(12.216)

Applying Eq. (12.216) at nodes 2 to 4 gives

Node 2: T~+~ + 4T~+1 + Tff +1 : b2 (12.217a)

Node 3: T~+~ + 4T~+~ ÷ T,~+l = b3 (12.217b)

Node 4: T~+1 + 4T~+~ + T~+l = b4 (12.217c)

where

hi = 0.84(f/n_l -t-4fi n -~f/~-l) "l- 0.96(f~_~ - 2f" +f~_~) (12.218)

Setting Tl(0.0 ) = 0.0, T2(0.0) = 25.0, 3 =(0.0) = 50.0, T4 (0.0) = 75.0, an d
Ts(0.0) = 100.0 and applying the Thomas algorithm to solve Eq. (12.217) yields the
solution presented in line 2 of Table 12.9. The results for subsequent time steps are also

1 (1) 2 (2) 3 (3) 4 

0.0 0.25 0.50 0.75 1.0

Figure 12.20. Discretized physical space.

X~
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Table 12.9 Solution of the Diffusion Equation by the FEM

759

x~ C171

t, s 0.00 0.25 0.50 0.75 1.00

0.0 0.0 25.000000 50.000000 75.000000 100.0
1,0 0.0 20.714286 43.142857 58.714286 100.0
2.0 0.0 18.466122 33.621224 52.146122 100.0
3.0 0.0 14.646134 28.524884 46.770934 100.0
4.0 0.0 12.119948 23.955433 43.684876 100.0
5.0 0.0 9.907778 20.941394 41.271152 100.0

10.0 0.0 5.132565 14.030479 36.383250 100.0
20.0 0.0 3.855092 12.224475 35.105092 100.0
30.0 0,0 3.795402 12.140060 35.045402 100.0
40.0 0.0 3.792612 12.136116 35.042612 100.0
50.0 0.0 3.792482 12.135931 35.042482 100.0

Steady-st~e 0.0 4.761905 14.285714 38.095238 100.0

Exact 0.0 4.306357 13.290111 36.709070 100.0

presented in Table 12.9. The next to the last line presents the solution Obtained by the
second-order equilibrium method in Example 8.4, and the last line presents the exact
solution.

The Euclidean norm of the errors in the steady-state solution obtained in Example
8.4 is 1.766412C. The Euclidean norm of the errors in Table 12.9 at t = 50.0s is
2.091343 C, which is 18 percent larger.

12.6. PROGRAMS

Three FORTRAN programs for implementing the finite element method are presented in
this section:

1. Boundary-value ordinary differential equations
2. The two-dimensional Laplace (Poisson) equation
3. The one-dimensional diffusion equation

The basic computational algorithms are presented as completely self-contained
subroutines suitable for use in other programs. Input data and output statements are
contained in a main (or driver) program written specifically to illustrate the use of each
subroutine.

12.6.1. Boundary-Value Ordinary Differential Equations

The boundary-value ordinary differential equation considered in Section 12.3 is given by
Eq. (12.65):

~" + Q~ = F with appropriate boundary conditions (12.218)
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The finite element method applied to Eq. (12.218) yields Eq. (12.97) for a nonuniform
grid. For a uniform grid, the corresponding result is given by Eq. (12.98). These equations
are applied at every interior point in a finite difference grid. The resulting system of FDEs,
which is called the system equation, is solved by the Thomas algorithm. An initial
approximation y(x)~°) must be specified. If the ODE is linear, the solution is obtained in
one pass. If the ODE is nonlinear, the solution is obtained iteratively.

A FORTRAN subroutine, subroutinefeml, for implementing Eqs. (12.97) and Eq.
(12.98) is presented below in Program 12.1. Program main defines the data set and prints
it, calls subroutinefeml to set up and solve the system of FDEs, and prints the solution. A
first guess for the solution y(i) (°>, must be supplied in a data statement. Subroutine thomas,
Section 1.8.3, is used to solve the system equation.

Program 12.1. The boundary-value ordinary differential equation FEM program.

c
c

c
c
c
c
c
c
c
c
c

c
c
c
c

c2

c2

c3

c3

program main

main program to illustrate the FEM for ODES

nd array dimension, nd = 9 in this program

imax number of grid points in the x direction

x x direction grid points, x(i)
dxm dx- grid increment

dxp dx+ grid increment

y solution array, y(i)

q coefficient of y in the ODE

£x nonhomogeneous term

bc right side boundary condition, 1.0 y, 2.0 y’

yp2 right side derivative boundary condition, y"

iter maximum number of iterations

tol convergence tolerance

iw intermediate results output flag: 0 none, 1 all

ix output increment: 1 all points, n every nth point
dimension x(9) , dxm (9), dx1~ (9), y(9) , a (9, 3), b(9) 

data nd, imax, iter, tol,ix, iw /9, 5, i, 1.0e-06, i, I/

data (x(i),i=l,5) /0.0, 0.25, 0.50, 0.75, 1.00/

data (x(i),i=l,5) /0.0, 0.375, 0.66666667, 0.875, 
data (y(i),i=l,5) /0.00, 25.0, 50.0, 75.0, 100.0/

data (y(i),i=l,5) /0.0, 37.5, 66.666667, 87.5, 100.0/

data (y(i),i=l,5) /100.0, 75.0, 50.0, 25.0, 
data bc, yp2 /1.0, 0.0/

data bc, yp2 /2.0, 0.0/

data fx, q /0.0, -16.0/

write (6,1000)

if (iw. eq.l) write (6,1010) (i,x(i),y(i),i=l,imax, 

do i=2, imax-i

dxm(i)=x(i) -x(i-l)

dx~(i)=x(i+l) -x(i)

end do
call £eml (nd, imax, x, dxm, dx~,y,q, fx, bc,yp2,a,b,z, iter,

1 tol, ix, iw)
if (iw. eq.O) write (6,1010) (i,x(i),y(i),i=l,imax, 

stop
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1000 format (" Finite element method for ODEs’/’

1 "x’,12x,’f’/" ’)

1010 format (i3,2f13.6)

end

’/’ i’,7x,

1000

1010

1020

subroutine feral (nd, imax, x, dxm, dxp, y, q, fx, bc, yp2 , a, b, z,

1 iter, tol, ix, iw)

implements the FEM for a second-order ODE

dimension x (nd) , dxm (nd) , dxp (nd) , y (nd) , a (nd, 3), 

1 z (nd)

a(i,2)=1.0

a(l,3)=O.O

b(1)=y(1)
if (bc.eq.l.O) then

a (imax, 1 ) =0.0

a (imax, 2) =I. 
b (imax) =y(imax)

else

a (imax, 1 ) =i. O+q*dxp (imax-i) * *2/6.0

a (imax, 2) =- (I. O-q*dxp (imax-I) **2/3.0)

b (imax) =0.5 *fx*dxp (imax-i) * *2-dxp (imax-i) 

end if

do it=ititer

do i=2, imax-i
a (i, i) =I. O/dxm(i) +q*dxm(i)/6.0

a (i, 2) =- (i. O/dxm(i) +i. O/dxp(i)-q*dxm(i)/3.0

1 -q*dxp (i)/3.0)

a (i, 3) =i. O/dxp (i) +q*dxp (i)/6.0

b (i) =0.5 * (fx*dxm (i) +fx*dxp 

end do

call thomas (nd, imax, a,b, z)
dymax= 0.0

do i=l, imax
dy=abs ( y ( i ) - z ( i 

i f (dy. gt. dymax) dymax=dy

y(i)=z(i)

end do
if (iw. eq.l) write (6, 1000)

if (iw.eq.l) write (6,1010) (i,x(i),y(i),i=l,imax, 

if (dymax.le. tol) return

end do
if (iter.gt.l) write (6,1020) 

return

format (’ ’)

format (i3,2f13.6)

format (" "/’ Solution failed to converge, it = ",i3)

end

c

subroutine thomas (ndim, n,a,b,x)
the Thomas algorithm for a tridiagonal system

end
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The data set used to illustrate subroutine fetnl for a uniform grid is taken from
Example 12.3. The uniform grid is defined in the data statements. The output generated by
the program is presented in Output 12.1.

Output 12.1. Solution of a boundary-value ODE with a uniform grid by the FEM.

Finite element method for ODEs

i x y

1 0.000000 0.000000
2 0.250000 25.000000

3 0,500000 50,000000

4 0.750000 75.000000

5 1.000000 100.000000

1 0.000000 0.000000
2 0.250000 3.792476
3 0.500000 12.135922
4 0.750000 35.042476
5 1.000000 100.000000

The solution for a nonuniform grid also can be obtained by subroutefeml. All that is
required is to define the nonuniform grid in a data statement. The data set used to illustrate
this option is taken from Example 12.4. The required data statements are included in
program main as comment statements c2. The output generated by the program for a
nonuniform grid is illustrated in Output 12.2.

Output 12.2. Solution of a boundary-value ODE with a nonuniform grid by the
FEM.

Finite element method for ODEs

i x y

1 0.000000 0.000000
2 0.375000 37.500000

3 0.666667 66.666667

4 0.875000 87.500000

5 1.000000 100.000000

1 0.000000 0.000000

2 0.375000 6.864874

3 0.666667 24.993076

4 0.875000 59.868411

5 1.000000 100.000000

Lastly, the solution of a boundary-value ODE with a derivative boundary condition
also can be obtained by subroutinefeml. The data set used to illustrate subroutinefeml for
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a uniform grid with a derivative boundary condition is taken from Example 12.5. The
required data statements are included in program main as comment statements c3. The
output generated by the program is presented in Output 12.3.

Output 12.3. Solution of a boundary-value ODE with a derivative boundary
condition.

Finite element method for ODEs

i x y

1 0.000000 100.000000
2 0.250000 75.000000
3 0.500000 50.000000
4 0.750000 25.000000
5 1.000000 0.000000

1 0.000000 100.000000

2 0.250000 35.157578

3 0.500000 12.504249

4 0.750000 4.856019

5 1.000000 3.035012

12.6.2. The Laplace (Poisson) Equation

The Laplace (Poisson) equation is given by Eq. (12.137):

~x +]~ = F(x, y) with appropriate boundary conditions (12.221)

The finite element algorithm for solving Eq. (12.221) for a rectangular global domain with
rectangular elements for uniform Ax and Ay is presented in Eq. (12.168). The correspond-

ing algorithm for Ax = constant and Ay = constant, but Ax ¢ Ay, is presented in Eq,
(12.169). For Ax = Ay = constant, the corresponding algorithm is given by Eq. (12.170).
A FORTRAN subroutine, subroutine fern2, for implementing Eq. (12.170) is presented 
Program 12.2. Program main defines the data set and prints it, calls subroutine fern2 to
implement the solution, and prints the solution.

Program 12.2. The Laplace (Poisson) equation FEM program

C

C

C

C

C

C

C

C

C

C

C

program main

main program to illustrate the FEM for PDEs

nxd x-direction array dimension, nxd = 9

nyd y-direction array dimension, nyd = 13

imax

jmax

iw
ix

X

Y
f

fx

number of grid points in the x direction

number of grid points in the y direction

intermediate results output flag: 0 none, 1 all

output increment: 1 all points, n every nth point

x direction array, x(i,j)

y direction array, y(i,j)

solution array, f(i,j)

right-hand side derivative boundary condition
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c2

c2

c2

c2

i000 format

i010 format

end

fxy nonhomogeneous term in the Poisson equation

dx, dy x-direction and y-direction grid increments
iter maximum number of iterations

tol convergence tolerance
omega sot overrelaxation factor

dimension x(9,13),y(9,13),f(9,13)

data nxd, nyd, imax, jmax, iw, ix / 9, 13, 5, 7, 0, 1 /

data (f(i,l),i=l,5) /0.0,

1 70. 71067812, 0.0/

data (f(i,l),i=l,5) /0.0,

data (f(i,7),i=l,5) /0.0,
data (f(l,j),j--2,6) /0.0,

data (f(5,j),j=2,6) /0.0,

i00.0,~ 70.71067812,

data fx, fxy /0.0, 0.0/

data fx, fxy /0.0, 1000.0/
data dx, dy, i ter, to1, omega

1 1.23647138/
data dx, dy, iter, to1, omega

1 1.23647138/
do i=2, imax-i

do j=2, jmax-i
f(i,j) =0.0

end do

end do

write (6,1000)

if (iw. eq.l) then
do j=l, jmax, ix

write (6, 1010)

end do

end if

0.0,0.0,0.0,0.0/

0.0,0.0,0.0,0.0/

0.0,0.0,0.0,0.0/

0.0,0.0,0.0,0.0/

/2.5, 2.5, 25, 1.0e-06,

/0.25, 0.25, 25, 1.0e-06,

(f (i, j ) , i=l, imax, 

call fern2 (nxd, nyd, imax, jmax, x, y, f, fx, fxy, dx, dy, i ter,

1 tol, omega, iw, ix)

if (iw. eq.O) then
do j=l, jmax, ix

write (6,1010) (f(i,j),i=l,imax, 

end do

end i f

stop

(’ FEM Laplace (Poisson equation solver’/" 

(5f12.6)

subrou fine fern2 (nxd, nyd, imax, 3max, x, y, f, fx, fxy, dx, dy,
1 iter, Col, omega, iw, ix)

c Laplace (Poisson) equation solver with Dirichlet BCs
dimensi on x (nxd, nyd), y (nxd, nyd), f (nxd, 

do it=l,iter

dfmax= 0.0
do j=2, jmax-i

do i=2, imax-i

df=(f(i+l,j+l)+f(i+l,j)+f(i+l,j-l)+f(i,j+l)
1 +f(i,j-l)+f(i-l,j+l)+f(i-l,j)+f(i-l,j-l)

2 -8. O*f(i, j) +3. O*dx**2*fxy)/8.0
if (abs(df).gt.dfmax) dfmax=abs(df)
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if (abs (dr) .gt. dfmax) dfmax=abs 

f (i, j) =f (i, j) +omega*df

end do
end do
if (iw. eq.l) then

do j=l, jmax, ix

write (6,1000) (f(i,j),i=l,imax, 

end do
end if

if (dfmax.le. tol) then

write (6,1010) it,dfmax

return

end i f
end do

write (6,1020) iter
return

000 format (5f12.6)
010 format (’ Solution converged, it =’,i3,

1 ’, dfmax =’,e12.6/’ ’)

020 format (’ Solution failed to converge, iter =’,i3/’

end

,)

The data set used to illustrate subroutinefem2 for the Laplace equation is taken from
Example 12.6. The output generated by the program is presented in Output 12.4.

Output 12.4. Solution of the Laplace equation by the FEM.

FEMLaplace (Poisson) equation solver

The solution converged, it = 14, dfmax =0.361700E-06

0.000000 70.710678 i00.000000 70.710678 0.000000

0.000000 30.851112 43.630061 30.851112 0.000000
0.000000 13.448751 19.019405 13.448751 0.000000

0.000000 5.836032 8.253395 5.836032 0.000000
0.000000 2.471489 3.495213 2.471489 0.000000

0.000000 0.905997 1.281273 0.905997 0.000000
0.000000 0.000000 0.000000 0.000000 0.000000

The solution of the Poisson equation also can be obtained with subroutine fern2. The
only additional data required are the boundary values and the value of the nonhomoge-
neous term F(x, y).. The data set used to illustrate this option is taken from Example 12.7.
The present subroutine fern is limited to a constant value of F(x, y). The necessary data
statements are included in program main as comment statements c2. The output generated
by the Poisson equation program is presented in Output 12.5.

Output 12.5. Solution of the Poisson equation by the FEM.

FEM Laplace (Poisson) equation solver

The solution converged, it = 16, dfmax =0.300418E-06

0.000000 0.000000 0.000000 0.000000 0.000000

0.000000 52.967802 66.990992 52.967802 0.000000
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0.000000 73.240903 96.010522 73.240903 0.000000
0.000000 78.717862 103.740048 78.717862 ~0.000000
0.000000 73.240903 96.010522 73.240903 0.000000
0.000000 52.967802 66.990991 52.967802 0.000000
0.000000 0.000000 0.000000 0.000000 0.000000

12.6.3. The Diffusion Equation

The diffusion equation is given by Eq. (12.176):

~ = ~f~x~ + Qfc _ F(x) with appropriate auxiliary conditions (12.222)

The finite element algorithm for solving Eq. 02.222) for a nonuniform grid is given by Eq.
(12.211). The corresponding algorithm for a uniform grid is given by Eq. (12.212).

A FORTRAN subroutine, subroutine fern3, for implementing Eq. (12.211) 
presented in Program 12.3. Program main defines the data set and prints it, calls
subroutine fern3 to implement the solution, and prints the solution.

Program 12.3. The diffusion equation FEM program.

c

c

c
c

c

c
c

c

c

c

c
c

c

c

c

c2

c2

c2

c2

program main

main program to illustrate the FEM for PDEs

nxd x-direction array dimension, nxd = 9

ntd t-direction array dimension, ntd = 101

imax number of grid .points in the x direction

nmax number of time steps

iw intermediate results output flag: 0 none, 1 all

ix, it output increment: 1 all points, n every nth point

f solution array, f(i,n)

q coefficient of f in differential equation

fx nonhomogeneous term

x x axis grid points, x(i)

dxm dx- grid increment

dxp dx+ grid increment

dt time step

alpha diffusion coefficient
dimension f(9,1Ol) ,x(9) ,dxm(9) ,dxp(9) ,a(9,3) ,b(9) 

data nxd,ntd, imax, nmax, iw, ix, it /9,101,5,50,0, i,i/

data nxd, ntd, imax, nmax, iw, ix, it /9,101,5,101,0,1,2/

data (x(i),i=l,5) /0.0, 0.25, 0.50, 0.75, 

data (x(i),i=l,5) /0.0, 0.375, 0.66666667, 0.875, 
data (f(i,l),i=l,5) /0.0, 25.0, 50.0, 75.0, 100.0/

data (f(i,l),i=l,5) /0.0, 37.5, 66.666667, 87.5,100.0/

data dt, alpha,n,t,q, fx /1.0, 0.01, i, 0.0, -0.16, 0.0/
data dt,alpha,n,t,q, fx /0.5, 0.01, i, 0.0, -0.16, 0.0/

do i=2, imax-i
dxm(i) =x(i) -x(i-l)
dxp(i)=x(i+l) -x(i)

end do
write (6, 1000)

write (6,1010) n,t, (f(i,l),i=l,imax, 
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call fern3 (nxd, ntd, imax, nmax, f, q, fx, dxm, dxp, dr, alpha, n,

1 t, iw, ix, a,b,z)
if (iw.eq.l) stop

do n=i t+l, runax, i t

t=float (ix* (n-l)) 

write (6,1010) n,t, (f(i,n),i=l,imax, 

end do
stop

1000 format (" FEM diffusion equation solver’/’ ’/

1 ’ n’,ix, "time’,18x, ’f(i,n)’/’ 

1010 format (i3, f5.1,9f8.3)

end

subroutine fern3 (nxd, ntd, imax, nmax, f, q, fx, dxm, dxp, dr,

1 alpha,n, t, iw, ix, a,b,z)

implements the FEM for the diffusion equation
dimension f (nxd, n td) , dxm (nxd) , dxp (nxd) , a (nxd, 

1 b (nxd), z (nxd)
if (iw. eq.l) write (6,1000) n,t, (f(i,l),i=l,imax, 

a(l,2)=l.O
a(i,3)=0.0

b(1)=f(l, 

a (imax, i) =0.0
a (imax, 2)=i. 

b (imax) =f (imax, 

do n=l,nmax-I
t=t+dt

do i =2, imax- 1

a (i, l)=dxm(i)
a (i, 2) =2.0* (dxm (i) +dxp 

a (i, 3) =dxp (i)

b(i) =dxm(i) *f (i-l,n) +2. O* (dxm(i) +dxp(i) 

1 +dxp(i) *f(i+l,n)

2 +6.0 *alpha *dt * ( (f (i +i, n) -f (i, n) )/dx~ 

3 - (f (i,n) -f (i-l,n))/dxm 

4 +q*dt*dxp (i) * (2. O*f (i,n) +f (i+l,n))
5 +q*dt *dxm (i) * (f (i -I, n) +2.0 *f (i, 

6 -3.0 *dr * (dxm (i) *fx+dxp (i) 

end do

call thomas (nxd, imax, a, b, z)

do i=1, imax

f(i,n+l) =z (i)
end do
if (iw. eq. 1) write (6, 1000)n, t, (f(i,n+l) , i=1, imax, 

end do

return

(i3, f5.1,9f8.3)1000 format
end

subroutine thomas (ndim, n, a, b, x)
the Thomas algorithm for a tridiagonal system

end
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The data set used to illustrate subroutine fem3 for a uniform grid is taken from
Example 12.8. The output generated by the diffusion equation program is presented in
Output 12.6.

Output 12.6. Solution of the diffusion equation by the FEM for a uniform grid.

FEM diffusion equation solver

n time f(i,n)

0 O. 0 O. 000

1 1.0 O. 000

2 2.0 O. 000

3 3.0 O. 000

4 4.0 O. 000

5 5.0 0. 000

25 000

20 714

18 466

14 646

12 120

9 908

50. 000 75. 000 i00.000

43.143 58.714 i00.000

33.621 52.146 I00.000

28.525 46.771 100.000

23. 955 43. 685 100.000

20.941 41.271 100.000

50 50.0 0.000 3.792 12.136 35.042 100.000

Subroutinefem3 also can implement the solution for a nonuniform physical grid. All
that is required is to define the nonuniform physical grid in a data statement. The data set
used to illustrate subroutine fern for a nonuniform grid is taken from Example 12.9. The
necessary data statements are included in program main as comment statements c2. The
output generated by the diffusion equation program is presented in Output 12.7.

Output 12.7. Solution of the diffusion equation by the FEM for a nonuniform grid.

FEM diffusion equation solver

n time f(i,n)

1 0.0 0.000 37.500 66.667 87.500 I00.000

2 0.5 0.000 34.422 61.692 78.888 i00.000

3 1.0 0.000 31.916 55.796 75.263 100.000

4 1.5 0.000 29.365 50.990 72.549 100.000

5 2.0 0.000 26.889 47.062 70.424 100.000

6 2.5 0.000 24.567 43.815 68.729 100.000

i01 50.0 0.000 6.865 24.993 59.868 100.000

12.6.4. Packages for the Finite Element Method

Numerous libraries and software packages are available for implementing the finite
element method for a wide variety of differential equations, both ODEs and PDEs.
Many work stations and mainframe computers have such libraries attached to their
operating systems.
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Several large commercial programs are available for solid mechanics problems,
acoustic problems, fluid mechanics problems, heat transfer problems, and combustion
problems. These programs generally have one-, two-, and in some cases three-dimensional
capabilities. Many of the programs consider both steady and unsteady problems. They
contain rather sophisticated discretization procedures and graphical output capabilities.
Generally speaking, the use of these programs requires an experienced user.

12.7. SUMMARY

The Rayleigh-Ritz method, the collocation method, and the Galerkin weighted residual
method for solving boundary-value ordinary differential equations are introduced in this
chapter. The finite element method, based on the Galerkin weighted residual approach, is
developed for a boundary-value ODE, the Laplace (Poisson) equation, and the diffusion
equation. The examples presented in this chapter are rather simple, in that they all involve
a linear differential equation and linear elements. Extension of the finite element method to
more complicated differential equations and higher-order elements is conceptually
straightforward, although it can be quite tedious. The objective of this chapter is to
introduce the finite element method for solving differential equations so that the reader is
prepared to study more advanced treatments of the subject.

After studying Chapter 12, you should be able to:

1. Describe the basic concepts underlying the calculus of variations
2. Describe the general features of the Rayleigh-Ritz method
3. Apply the Rayleigh-Ritz method to solve simple linear one-dimensional

boundary-value problems
4. Describe the general features of residual methods
5. Describe the general features of the collocation method
6. Apply the collocation method to solve simple linear one-dimensional bound-

ary-value problems
7. Describe the general features of the Galerkin weighted residual method
8. Apply the Galerkin weighted residual method to solve simple linear one-

dimensional boundary-value problems
9. Describe the general features of the finite element method for solving

differential equations
10. Disceretize a one-dimensional space into nodes and elements
11. Develop and apply the shape functions for a linear one-dimensional element
12. Apply the Galerkin weighted residual approach to develop a finite element

solution of simple linear one-dimensional boundary-value differential equations
13. Discretize a two-dimensional rectangular space into nodes and elements
14. Develop and apply the shape functions for a linear two-dimensional rectan-

gular element
15. Apply the Galerkin weighted residual approach to develop a finite element

solution of the Laplace equation and the Poisson equation
16. Describe how the time derivative is approximated in a finite element solution

of a partial differential equation
17. Apply the Galerkin weighted residual approach to develop a finite element

solution of the one-dimensional diffusion equation
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EXERCISE PROBLEMS

12.2. The Rayleigh-Ritz, Collocation, and Galerkin Methods

The Rayleigh-Ritz Method

1. Derive the Rayleigh-Ritz algorithm, Eq. (12.36), for the boundary-value ODE,
Zq. (12.5).

2. Solve Example 12.1 with T(0.0) = 0.0C, T(1.0) = 200.0C, 
Ta = 100.0 C. Evaluate the solution at increments of Ax = 0.25 cm. Compare
the results with the results obtained in Example 12.1.

3. Solve Example 12.1 with T(0.0) = 0.0C, T(1.0) = 200.0C, Ta =0.0C.
4. Apply the Rayleigh-Ritz approach to solve the following boundary-value

ODE:

~" + P~’ + Q~ = F ~(0.0) = 0.0 andS(1.0) (A)

where P, Q, and F are constants. Let P = 5.0, Q = 4.0, F = 1.0, and
y(1.0) = 1.0. Evaluate the resulting algorithm for these values. Calculate the
solution at increments of Ax = 0.25. Compare the results with the exact
solution.

5. Solve Problem 4 with P = 4.0, Q = 6.25, and F = 1.0.
6. Solve Problem 4 with P = 5.0, Q = 4.0, and F(x) = -1.0.
7. Solve Problem 4 with P = 4.0, Q = 6.25, and F(x) = -1.0.

The Collocation Method

8. Derive the collocation algorithm, Eq. (12.49), for the boundary-value ODE,
Eq. (12.5).

9. Solve Example 12.2 with T(0.0) = 0.0C, T(1.0) = 200.0C, 
Ta = 100.0 C. Compare the results with the results obtained in Example 12.2.

10. Solve Example 12.2 with T(0.0) = 0.0C, T(1.0) = 200.0C, Ta =0.0C.
11. Apply the collocation approach to solve boundary-value ODE (A). Let

P = 5.0, Q = 4.0, F = 1.0, andy(1.0) = 1.0. Evaluate the resulting algorithm
for these values. Calculate the solution at increments of Ax = 0.25. Compare
the results with the exact solution.

12. Solve Problem 11 with P = 4.0, Q = 6.25, and F = 1.0.
13. Solve Problem 11 withP= 5.0, Q=4.0, and F(x) = -1.0.
14. Solve Problem 11 with P = 4.0, Q = 6.25, and F(x) = -1.0.

The Galerkin Weighted Residual Method

15. Derive the Galerkin weighted residual algorithm, Eq. (12.64), for the bound-
ary-value ODE, Eq. (12.5).

16. Solve Example 12.1 with T(0.0) = 0.0C, T(1.0) = 200.0C, 
Ta = 100.0 C. Compare the results with the results obtained in Example 12.1.

17. Solve Example 12.1 with T(0.0) = 0.0 C, T(1.0) = 200.0 C, Ta =0.0C.
18. Apply the Galerkin weighted residual approach to solve boundary-value ODE

(A). Let P = 5.0, Q = 4.0, F = 1.0, y(0.0) = 0.0, and y(1.0) = 1.0. Evaluate
the resulting algorithm for these values. Calculate the solution at increments of
Ax = 0.25. Compare the results with the exact solution.
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19. Solve Problem 18 with P = 4.0, Q = 6.25, and F = 1.0.
20. Solve Problem 18 with P = 5.0, Q = 4.0, and F(x) = -1.0.
21. Solve Problem 18 with P = 4.0, Q = 6.25, and F(x) = -1.0.

12.3. The Finite Element Method for Boundary-Value Problems

22. Derive the finite element algorithm Eqs. (12.97) and (12.98), for the boundary-
value ODE, Eq. (12.65).

23. Solve Example 12.3 with T(0.0) =0.0C, T(1.0) = 200.0C, 
Ta = 100.0 C, using Eq. (12.98). Compare the results with the results obtained
in Example 12.3.

24. Solve Example 12.3 with T(0.0) = 0.0 C, T(1.0) = 200.0 C, and Ta = 0.0 
using Eq. (12.98).

25. Solve Example 12.4 with T(0.0) =0.0C, T(1.0) =200.0C, 
T~ = 100.0 C, using Eq. (12.97) for a nonuniform grid. Compare the results
with the results obtained in Example 12.4.

26. Solve Example 12.4 with T(0.0) = 0.0C, T(1.0) = 200.0C, and T~ = 
using Eq. (12.97) for a nonuniform grid.

27. Apply the finite element approach to solve boundary-value ODE (A), where 
Q, and F are constants. Apply the Galerkin weighted residual approach. Let
P = 5.0, Q -- 4.0, F = 1.0, and y(1.0) ----- 1.0. Apply the resulting algorithm
for these values. Evaluate the solution for Ax = 0.25. Compare the results with
the exact solution.

28. Solve Problem 27 with P = 4.0, Q = 6.25, and F = 1.0.
29. Solve Problem 27 with P = 5.0, Q = 4.0, and F(x) = -1.0.
30. Solve Problem 27 with P = 4.0, Q = 6.25, and F(x) = -1.0.
31. Apply the finite element method to solve boundary-value ODE (A), where 

Q, and F are constants. Let P = 5.0, Q = 4.0, F = 1.0, and y(1.0) = 1.0.
Apply the resulting algorithm for these values. Evaluate the solution for
Ax = 0.25. Compare the results with the exact solution.

32. Solve Problem 31 with P = 4.0, Q = 6.25, and F = 1.0.
33. Solve Problem 31 with P = 5.0, Q = 4.0, and F(x) = -1.0.
34. Solve Problem 31 with P = 4.0, Q = 6.25, and F(x) = -1.0.

12.4.

35.

36.

37.
38.

39.
40.

41.

The Finite Element Method for the Laplace (Poisson) Equation

Derive the finite element algorithm, Eqs. (12.168), (12.169), and (12.170), 
solving Laplace (Poisson) equation.
Implement the program presented in Section 12.6.2 and solve the problem
presented in Example 12.6.
Solve Example 12.6 with Ax = Ay = 5.0cm.
Solve Example 12.6 with Ax = Ay = 1.25 cm. Let variable ix = 2 to print
every other point.
Solve Example 12.6 with T(x, 15.0) = 200.0sin(~x/10.0).
Modify the problem presented in Example 12.6 by letting T = 0.0 C on the top
boundary and T= 10.0sin(~y/15.0)C on the fight boundary. Solve this
problem by the FEM program for Ax = Ay = 2.5 cm.
Consider steady heat diffusion in the unit square, 0.0 <x < 1.0 and
0.0<y< 1.0. Let T(0.0, y)=T(x, 0.0)= 100.0C and T(1.0, 
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T(x, 1.0)=0.0C. Solve this problem using the FEM program with
Ax = Ay = 0.25.

42. Solve Problem 41 with T(0.0, y)= T(x, 0.0)=0.0C and T(1.0, y)=
T(~, 1.o)= lOO.OC.

43. Implement the program presented in Section 12.6.2 and solve the problem
presented in Example 12.7.

44. Work Example 12.7 with Ax = Ay = 5.0cm.
45. Solve Example 12.7 with Ax = Ay = 1.25 cm. Let variable ix = 2 to print

every other point.
46. Solve Example 12.7 with O/k = -2000.0C/cm2.

12.5.

47.

48.

49.
50.
51.

52.

The Finite Element Method for the Diffusion Equation

Derive the finite element algorithm, Eqs. (12.212) and (12.213), for the 
dimensional diffusion equation.
Implement the program presented in Section 12.6.3 and solve the problem
presented in Example 12.8.
Solve Example 12.8 using the nonuniform grid presented in Example 12.4.
Work Example 12.8 with Ax = Ay = 0.125 cm.
Develop the finite element algorithm for the one-dimensional diffusion
equation, Eqs. (12.212) and (12.213), using the backward-time approximation
for j~. Modify the program presented in Section 12.6.3 to implement the
algorithm. Solve Example 12.8 using the modified finite element program.
Compare the results with the results obtained in Examples 12.3 and 12.8.
Develop the finite element algorithm for the one-dimensional diffusion
equation,. Eqs. (12.212) and (12.213), by using the centered-time approxima-
tion forf. Modify the program presented in Section 12.6.3 to implement the
algorithm. Solve Example 12.8 using the modified finite element program.
Compare the results with the results obtained in Example 12.3 and 12.8.

12.6.

53.

54.

55.

56.

57.

58.

Programs

Implement the boundary-value ordinary differential equation FEM program
presented in Section 12.6.1. Check out the program using the given data.
Solve any of Problems 23 to 26 or 28 to 30 using the boundary-value ODE
FEM program.
Implement the Laplace (Poisson) equation FEM program presented in Section
12.6.2. Check out the program using the given data.
Solve any of Problems 37 to 39 or 41 to 44 with the Laplace (Poisson) equation
FEM program.
Modify the Laplace (Poisson) equation FEM program to account for variable
Ax and Ay in the manner in which variable Ax is accounted for in the
boundary-value ordinary differential equation FEM program presented in
Section 12.6.1. The algorithm is given by Eq. (12.169). Solve Example 12.6
using the quadratic transformation presented in Example 8.12 to pack constant
x lines on the left and right sides of the physical domain and constant y lines at
the top of the physical domain.
Implement the diffusion equation FEM program presented in Section 12.6.3.
Check out the program using the given data.
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59. Solve any of Problems 48 to 52 using the diffusion equation FEM program.

APPLIED PROBLEMS

60. The deflection of a simply supported and uniformly loaded beam is governed
by the ordinary differential equation (for small defections)

Er~ d2y qI, x qx2
y(O) = 0 and y(L) = 0 (B)

dx2 2 -t-2

where q is the uniform load per unit length, L is the length of the beam, 1is the
moment of inertia of the beam cross section, and E is the modulus of elasticity.
For a rectangular beam, I = wh3/12, where w is the width and h is the height.
Consider a beam (E = 200GN/mz) 5.0m long, 5.0cm wide, and 10.0cm
high, which is subjected to the uniform load q = -1,500 N/m on the 5.0 cm
face. Evaluate ~" for each element by integrating F(x) for each element by the
trapezoid rule. Solve for the deflection y(x). Compare the results with the
results obtained in Example 8.6 and Problem 8.119.
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Answers to Selected Problems

All of the problems for which answers are given in this section are denoted in the
individual chapters by an asterisk appearing before the corresponding problem numbers.

Chapter 1. Systems of Linear Algebraic Equations

3. (a) 11 (b) 
2221 -3 9 17 19 2 0

15 19 [19 33 6 14 16 8 22 30]

(g) 21 17 11 (h) 15 15 12 (i) 
31 28 12 19 22 17 10 28 38

11 35 20 -1 14 7 19 25
8 20 14 31 -2 26] 9 25 35

8. (a) 24 (b) 18 (d) 4 (e) 432 (f) 96 (g) 
9. (a) 24 (b) 18 (d) 4 (e) 432 (f) 96 (g) 

13. xr=[-1 2 1]
15. x:r=[1 2 3 4]
21. x:r = [-1 2 1]
23. x~’=[1 2 3 4]
29. x:r=[-1 2 1]
31. x:r=[1 2 3 4]

[0.272727 0.227273 0.863636"

I-}l

37. A-1 = /0.363636 0.136364 0.318182 , x =

L°.454545 0.045455 0.772727

39. A-1 =

164 -107 84
14 -9 7

-127 83 -65
-49 32 -25

779
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[ -2.000000
45. LU = |-1.500000

L-O.5OOOOO
9.000000-

b’ = 0.000000 ,
-4.000000

1.00 3.00
4.00 -10.00

47. LU =
3.00 1.20

-1.00 -0.50

9.000000-
-9.000000

2.800000 ’
1.000000

3 4]

= [0.805664 1.611328

= [1.000000 2.000000

= [1.017937 1.976521

= [1.000001 1.999999

= [0.999989 1.999969

= [1.000000 2.000000

Chapter 2. Eigenproblems

9. k = 5,2 = 4:506849, x~ = [1.000000
15. k = 7,2 = 6.634483, xr = [1.000000

3.000000 1.000000 "]
8.500000 -3.500000~,

-0.058824 1.294118

2.00 -1.00
-3.00 5.00
-0.40 1.00 ’

6.25 0.25

53. xT = [1 2

59. k = 10, xT 2.685547 3.759766]

k = 75, xv 3.000000 4.000000]

64. k = 10, xr 3.018995 3.990502]

k = 33, xv 3.000001 3.999999]

69. k = 10, x~ 2.999997 4.000004]

k = 14, x~ 3.000000 4.000000]

0.936778 1.285106]
0.902441 1.437482 1.647300]

25. The inverse power method fails when xI is the unity component, let x2 be the unity
component, k = 12, 2 = -0.285157, x~" = [-0.578414 1.000000 - 0.128329]

31. The inverse power method fails when x1 or x2 is the unity component. Let x3 be
the unity component, k = 15, 2 = -0.407585, x~ = [0.874085 - 1.799727
-1.000000 - 0.215193]

-3.5 1.0

2.0]

46. As = 2.0 -3.5 1.0

1.0 1.0 -1.5

k = 30, 2 = -0.284702, x~ = [1.000000 -1.726150 0.220675]

51.

0.2 1.0 2.0]

I 0.200000 1.000000 2.000000

Ds = 2.0 0.2 1.0 , LU= 10.000000 -9.800000 -19.000000

1.0 1.0 2.2 5.000000 0.408163 -0.044898

k= 5,2 = 0.778124, xr =[1.000000 6.792161 -3.507019]
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54. D~ = I
-0.5 1.0 1.0 2.01

2.0 -0.5 1.0 1.0

3.0 2.0 -0.5 2.0 ’

2.0 1.0 1.0 2.5

F-0.500000 1.000000 1.000000

-4.000000 3.500000 5.000000
LU= /-6.0 00000

2.285714 -5.928571

L -4.000000 1.428571 0.361446

k = 5,2 = 1.508563, xr =[1.000000

i
1.5 1.0 1.0 2.01
2.0 1.5 1.0 1.0

Ds= 3.0 2.0 1.5 2.0 ’

2.0 1.0 1.0 4.5

i
1.500000 1.000000

1.333333 0.166667
LU =

2.000000 0.000000

1.333333 -2.000000

5.046599

2.000000"

9.000000

-6.571429

0.018072

5.671066

1.000000 2.000000-

-0.333333 -1.666667

-0.500000 -2.000000

2.000000 2.500000

k = 14,2 = -0.407454, xr = [1.000000 -2.058322

56. 2 = 2~l°) ÷ 4.5 = -4.722050 + 4.5 = -0.222050

1.222050 1.000000 2.0000001
D~= 2.000000 1.222050 1.000000/,

1.000000 1.000000 3.222050~

1.222050 1.000000 2.0000001
LU = 1.636594 -0.414544 -2.273188/

0.818297 -0.438320 0.589073 J

k = 5,2~, i = -15.836736,2s = -0.063093,2=2~ - 0.222050

2 = -0.285143, xr = [1.000000 -1.728895 0.221876]
61. k = 7,2 = 4.507019, det(D) = -0.000001

66. k = 7,2 = -0.285142, det(D) = 0.000000
1.000000 0.000000 0.0000001

74. Q~lO) 
0.0004561,

-1.ooooooj

R(10) :

A0°) =

0.000000 1.000000

0.000000 0.000456

"4.507018 0.749863

0.000000 0.777730

0.000000 0.000000

"4.507019 0.749951

0.000000 0.778268

0.000000 0.000130

0.197048~
1.182967/
0.2852873

-0.1967061
-1.182613 /

-0.2852873
22=0.778268,23 = -0.285287

1.143127

k = 9,2~ = 4.507019,

-5.104551]

-0.246129]
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82. ’~1 = 4.507019, x( = [1.000000 0.936734 1.285143]

Chapter 3. Roots of Nonlinear Equations

1. i = 13,x = 0.739075,f(x) - 0.00001745

6. i = 15,x = -0.815582,f(x) = -0.00007538

i = 16,x = 1.429611,f(x) = 0.00000465
8. i = 4, x = 0.739083,f(x) = -0.00000288

13. i = 8,x = -0.815544,f(x) = 0.00002565

i = 16, x = 1.429600,f(x) --- 0.00008531
15. x --- cos(x) g(x), g’ (x) = - sin(x)

i --- 22, x = 0.739050, g1(x) = -0.673586

24. x ----- exp(x)°’25 = g(x), g’(x) = 0.25/exp(x)°’75

i ----- 12, x = 1.429605, g’(x) = 0.085563

29. i = 4, x = 0.739085,f(x) = 0.00000000
33. i = 4, x = 1.O00000,f(x) = 0.00000000
37. i = 4, x = 0.739085,f(x) = 0.00000000
41. i = 7,x = 1.O00000,f(x) = 0.00000011
45. (a) o =1.5, i = 12, x- --- 1. O00088,f(x)= -0.00000002

Xo ----- 2.5, i = 6, x = 3.000000,f(x) = 0.00000002

Xo = -3.0, i = 17,x = 0.999923,f(x) = -0.00000001

46. (a) o=l.O+II.O,i=ll
xo = 1.O-II.O,i= 11

xo = 2.0+I0.0, i = 6

xo = 5.0 +II.O,i = 9

47. (xo, Yo) = (1.0, 1.0), i = 6, (x, y) = (1.906287, 0.523977)

(Xo, Yo) = (0.0, 1.0), i = 5, (x, y) = (-0.691051, 1.625373)

Chapter 4. Polynomial Approximation and Interpolation

1. (a) P3(1.5)=-1.8750, (b) P~(1.5)=5.7500, Q2(x)=x2-7x+12

13. (a)

16.(a)
(b)
(c)
(d)
(e)

f(2.0, 0.8) = 5.201650, Error = 0.201650, Ratio = 4.02

f(2.0, 0.4) = 5.050100, Error = 0.050100

P2(x) -- 10.8336 - 18.7510x + 11.4175x~, P2(0.9) = 3.205875

P2(x) = 6.16700 - 6.25075x + 3.08375x2, P2(0.9) = 3.039163

P3(x) = 12.8340 - 29.5865x + 30.1713x2 - 10.4187x3, P3(0.9) = 3.049594

P3(x) = 9.49900 - 16.5244x + 13.4963x2 - 3.47083x3,/03(0.9
) = 3.028750

P4(x)= 14.5015 - 40.2863x + 54.8364x2 - 34.7365x3 + 8.68490x4,

P4(0.9) = 3.036566
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105.

Chapter 5.

21. (a) 3.205875 (b) 3.039163 (c) 3.049594 (d) 3.028750 (e) 
26. (a) 3.205875 (b) 3.039163 (c) 3.049594 (d) 3.028750 (e) 
43. (a) 3.205875 (b) 3.039163 (c) 3.049594 (d) 3.028750 (e) 
48. (a) 3.205875 (b) 3.039163 (c) 3.049594 (d) 3.028750 (e) 

65. v(9000, T) --= -0.0165440 + 0.0777550 × 10-3T - 0.0120500 × 10-6T2,

v(9000, 750) = 0.034994

v(10000, T) = -0.0171970 + 0.0740200 × 10-3T - 0.0128000 × 10-6T:~,

v(10000, 750) = 0.031118

v(11000, T) = -0.0172360 + 0.0697700 × 10-3T - 0.0127000 × 10-6T2,

v(11000, 750) = 0.027948

v(P, 750)= 0.101644- 0.0105819 × 10-3p ÷ 0.353000 × I0-9p2,

v(9500, 750) = 0.032968

69. v(P, T) = -7.69900 × 10-3 + 0.103420 × 10-3T - 0.233000 × 10-6p - 4.86000

× 10-9pT

v(9500, 750) = 0.033025
77. Cp(T) = 0.999420 + 0.142900 × 10-3T

82. Cp(T) = 0.853364 + 0.454921 × 10-3T - 0.228902 × 10-6T2 + 0.0729798

× 10-9T3 - 0.0113636 × 10-

f = 15.9146/Re°. 999125

Numerical Differentiation and Difference Formulas

1. (a) f(x) = -0.01363717 ÷ 2.73191900x

f’(x) = 2.73191900,f’(1.0) = 2.73191900, Error = 0.01363717

f"(x) = 0,f"(1.0) cannot be calculated

(b) f(x) --- 1.37284033 - 0.027308500x + 1.37275000x2

f’(x) = -0.02730850 + 2.745500x,f’(1.0) = 2.71819150, Error = -0.00009033

f"(x) = 2.74550000,f"(1.0) = 2.74550000, Error = 0.02721817

(c) f(x) = 0.08937973 ÷ 1.39568450x - 0.03620000x~ ÷ 0.46500000x3

f’(x) = 1.39568450 - 0.07240000x ÷ 1.39500000x2

f’(1.0) = 2.71828450, Error = 0.00000267

f"(x) = -0.0724000 + 2.79000000x,

f"(1.0) = 2.71760000, Error = -0.00068183

(x-1.01) (x ~.~ ~00) (2.74560102)
8. (a) f’(x) - ZO-~-~ (2.71828183) -~ 

f’(1.0) = 2.73191900, Error = 0.01363717

f"(x) cannot be calculated
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(2x - 2.02)
(b) f’(x) (2~3)v.uuvz (2.71828183) + ---~-.0-~ (2.74560102)

(2x - 2 01) 
-~ ~ (.77319476)

f’(1.0) = 2.71819150, Error = -0.00009033

f"(1.0) = 2.74550000, Error = 0.02711817

(c) f’(1.0) = 2.71828450, Error = 0.00000267

f"(1.0) = 2.71760000, Error = -0.00068183

13. Xi f/(O) f/(1) f/(2) fi(3)

1.00 2.71828183
2.73191900

1.01 2.74560102
2.75937400

1.02 2.77319476
2.78710800

1.03 2.80106584

1.37275000

1.38670000
0.46500000

f’(x) = 2.73191900 + [2x - (x0 + Xl)](1.37275000)

+ [3x2 - 2(x0 + X1 -[- X2)X -q- (X0X1 -[- XoX2 -~- xlx2)](0.46500000)
(a) f’(1.0) = 2.731919000, Error = 0.01363717

ft1(x) cannot be calculated

(b) f’(1.0) = 2.71829150, Error = -0.00009033

f"(1.0) = 2.74550000, Error = 0.02721817

(c) f’(1.0) = 2.71828450, Error = 0.00000267

f"(1.0) = 2.71760000, Error = -0.00068183

17. x f(x) Af(x) A2f(x) A3f(x)

1.00

1.01

1.02

1.03

2.71828183
0.02731919

2.74560102
0.02759374

2.77319476
0.02787108

2.80106584

0.00027455

0.00027734
0.00000279
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(a) f’(1.0) = ~ 0.02731919 - ~ (0.00027455) + g (0.00000279)

f’(1.0) = 2.73191900, 2.71819150, 2.71828450

Error = 0.01363717, -0.00009033, -0.00000267

1
f"(1.0) -- (0’01)2 [0.00027455 - 0.00000279] = 2.74550000, 2.71760000

Error = 0.02721817, -0.00068183

(b) f’(1.0) = 0.-~ [0.05491293 - ½ (0.00110932) + ~- (0.00002241)]

f’(1.0) = 2.74564650, 2.71791350, 2.71828700

Error = 0.02736467, -0.00036833, 0.00000517

1
f"(1.0) - (0"02)2 [0.00110932 - 0.00002241]

= 2.77330000, 2.71727500

Error = 0.05501817, -0.00100683

33. f’(1.0) = 2.71900675, 2.71846300, 2.71832750
1

(a) Error = ~UZ]-(2.71846300 - 2.71900675) = -0.00018125

1
(b) Error - 22 _ 1 (2.71832750 -2.71846300) = -0.00004517

Extrapolated value = 2.71846300 - 0.00018125 = 2.71828175

Extrapolated value = 2.71832750 - 0.00004517 = 2.71828233

51. (b)u’(0.0) = 1-~I55.5600-½(-22.2300)+~(0.0100)],

= 55.5600, 66,6750, 66.6783

Chapter 6. Numerical Integration

5. (D) h I Error Ratio

1 n 15.70796327 -2.00000000 4.66
2 n/2 17.27875959 -0.42920368 4.13
4 n/4 17.60408217 -0.10388110 4.03
8 n/8 17.68219487 -0.02576840

Exact 17.70796327

7. n h I Error Ratio

1 1.6 8.12800000 2.26379084 3.30
2 0.8 6.54936000 0.68515084 3.60
4 0.4 6.05468000 0.19047084 3.83
8 0.2 5.91394000 0.04973084

Exact 5.86420916
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12. (D) 

1
2
4

19. (D) 

1
2
4

h I Error

n/2 17.80235837 0.09439510
n/4 17.71252302 0.00455975
~/8 17.70823244 0.00026917

Answers to Selected Problems

R~io

20.70
16.94

Exact 17.70796327

h I Error Ratio

n/3 17.74848755 0.04052428 20.16
n/6 17.70997311 0.00200984 16.84

n/12 17.70808265 0.00011938

Exact 17.70796327

35. (D) n 0(h2) 0(h4) 0(h6) 0(h8)

2 ~/2
4 n/4
8 z/8

15.70796327
17.27875959 17.80235837
17.60408217 17.71252302
17.68219487 17.70823244

17.70653400
17.70794640 17.70796882

Exact 17.70796327

43. (D) 

1
2
4

46. (D) 

1
2
4

49. (D) 

1
2
4

h I E~or R~io

n 17.64378284 -0.06418043 21.01
~/2 17.70490849 -0.00305478 17.00
~/4 17.70778360 -0.00017967

Exact 17.70796327

h 1 Error Ratio

n 17.70935218 0.00138891 85.52
n/2 17.70797951 0.00001624 67.67
~/4 17.70796351 0.00000024

Exact 17.70796327

h I Error Ratio

n 17.70794750 -0.00001577 315.4
~/2 17.70796322 -0.00000005
n/4 17.70796327 -0.00000000

Exact 17.70796327
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15. At=

At =

21. At=

At =

26. At =

At =

39. At =

At =

At =

40. At

At

At

59. At

At =

65. At =

At =

70. At =

At =

76, At =

At =

84. At =

At =

90. At =

At =

94. At =

At =

to Selected Problems

7. One-Dimensional Initial-Value Problems

0.2, y(1.O)

0.1, y(1.O)

0.2, y(1.0)

0.1, y(1.O)

0.2,y(1.0)

0.1, y(1.0)

0.2, y(1.0)

= 0.672320, E(0.2) 

= 0.651322,E(0.1) 

= 2.102601, E(0.2) 

= 2.243841, E(0.1) 

= 0.598122, E(0.2) 

= 0.614457, E(0.1) 

= 2.102601, E(0.2) 

0.1,y(1.0) = 2.243841, E(0.1) 

0.05, y(1.0) = 2.335222

0.040199, Ratio = 2.09

0.019201

-0.345453, Ratio = 1.69

-0.204213

-0.033998, Ratio = 1.92

-0.017664

-0.232621, Ratio = 2.54

-O.O91381

= 0.20, y(1.0) = 2.426707, E(0.2) = -0.019843, Ratio = 

= 0.10, y(1.0) = 2.442230, E(0.1) = -0.004320

= 0.05, y(1.0) = 2.446550

= 0.2, y(1.0) = 0.629260, E(0.2) = -0.002860, Ratio = 

0.1, y(1.O)

0.2, y(1.O)
0.1,y(1.0)

0.2, y(1.0)
0.1, y(1.0)

0.2, y(1.0)
0.1,y(1.0)

0.2,y(1.0)
O. 1, y(1.O)

0.2, y(1.0)
0.1,y(1.0)

0.2, y(1.0)
O.l,y(1.o)

= 0.631459, E(0.1) = -0.000662

---- 2.401971, E(0.2) = -0.046084, Ratio = 3.39

= 2.434473, E(0.1) = -0.013581

---- 0.629260, E(0.2) = -0.002860, Ratio = 4.32

= 0.631459, E(0.1) = -0.000662

= 2.426707, E(0.2) = -0.021348, Ratio = 3.66

= 2.442230, E(0.1) = -0.005825

= 0.63211476, E(0.2) = -0.00000580, Ratio = 17.6

= 0.63212023, E(0.1) = -0.00000033

---- 2.44802522, E(0.2) = -0.00002910, Ratio = 35.9

= 2.44805351, E(0.1) = -0.00000081

= 2.00007303, E(0.2) = -0.00007303, Ratio = 26.0

= 2.00000281, E(0.1) = -0.00000281

787

100. M y(0.2), 0(h2) 4 MAV - LAV 16 MAV - LAV 64 MAV - LAV
3 15 63

2 0.18100000 0.18126833
4 0.18120125 0.18126919
8 0.18125220 0.18126924

16 0.18126498

0.18126925
0.18126925

0.18126925
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t~ y~ .~ Error

0.0 0.00000000 0.00000000
0.2 0.18126925 0.18126925 0.00000000
0.4 0.32967995 0.32967995 0.00000000
0.6 0.45118836 0.45118836 0.00000000
0.8 0.55067104 0.55067104 0.00000000
1.0 0.63212056 0.63212056 0.00000000

106. M y(0.2), 0(h2) 4 MAV - LAV 16 MAV - LAV 64 MAV - LAV

3 15 63

2 0.73860604 0.73851857
4 0.73854044 0.73851818
8 0.73852374 0.73851815

16 0.73851955

0.73851815 0.73851815
0.73851815

tn Yn ~n Error

0.0 0.00000000 0.00000000
0.2 0.73851815 0.73851815 0.00000000
0.4 1.01535175 1.01535175 0.00000000
0.6 1.35522343 1.35522343 0.00000000
0.8 1.80248634 1.80248634 0.00000000
1.0 2.44805432 2.44805432 0.00000000

116. At = 0.2,y(1.0)

At = 0.1,y(1.0)

122. At = 0.2,y(1.0)

At = 0.1,y(1.0)

127. At = 0.2,y(1.0)

At = 0.1,y(1.0)

133. At = 0.2,y(1.0)

At = 0.1, y(1.0)

135. At = 0.2,y(1.0)

At = 0.1, y(1.0)

159. At = 0.2,y(1.0) = 3.039281

At = 0.1,y(1.0) = 2.725422

164. At = 0.2,y(1.0) = 0.598122

At = 0.1,y(1.0) = 0.614457

170. At = 0.2,y(1.0) = 3.837679

At = 0.1, y(1.0)

185. At = 0.2,y(1.0)

At = O. 1, y(1.O)

= 0.63213778 E(0.2)

= 0.63212173 E(0.1)

= 2.44802270 E(0.2)

= 2.44821893 E(0.1)

= 0.63211820 g(0.2)

= 0.63212047 E(0.1)

= 2.44835945 E(0.2)

= 2.44809007 E(0.1)

= 0.598122 E(0.2) 

= 0.614457 E(0.1) 

E(0.2) 

E(0.1) 

E(0.2) ----

E(0.1) 

E(0.2) 

=0.00001722, Rmio=14.7

= O.O0000117

= -0.00003162, R~io is meaningless

= 0.00016461

= -0.00000236, Ratio = 26.2

= -0.00000009

=0.00030513, R~io=8.54

= 0.00003575

-0.033998, Ratio=l.92

-0.017664

0.591227, R~io=2.13

0.277367

-0.033998, Ratio = 1.92

-0.017664

1.389625, Rmio=4.02

= 2.793804 E(0.1) = 0.345749

= 12.391680,z(1.0) = 8.655360

= 15.654961,z(1.0) = 10.685748
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187. At = 0.2,y(1.0) = 21.25212768, z(1.0) = 14.15934151

At = 0.1,y(1.0) = 21.27386712, 1.0) = 14.17277742

210. At = 0.1,y(1.0) = 2.100000, E(0.01) = 0.000000

At = 0.2, y(0.1) = 2.099918, E(0.05) = -0.000082

220. At = 0.010, y(0.990) = 0.369730, z(0.99) = -62.027036

y(1.000) = 0.366032, z(1.00) = -62.396766

At = 0.020, y(0.980) = 0.371602, z(0.98) = -61.839829

y(1.000) = 0.364170, z(1.000000) = -62.583032

At = 0.025, y(0.975) = 0.372546, z(0.975) = -61.745391

y(1.000) = 0.363232, z(1.000) = -62.676756

227. At = 0.0010, y(0.0990) = 3.622791, z(0.0990) = -1.811396

y(0.1000) = 3.619169, z(0.1000) = -1.809584

At = 0.0020, y(0.0980) = 6.626240, z(0.0980) = -4.813120

y(0.1000) = 0.618987, z(0.1000) = 1.190506

At = 0.0025, y(0.0025) = 8.490000, z(0.0025) = -6.495000

y(0.0050) = -2.769975, z(0.0050) = 4.759988

234. At = 1.0, y(99.0) = 0.905698, z(99.0) = 0.905698

y(100.0) = 0.904792, z(100.0) = 0.904792

At = 2.0, y(98.0) = -0.093440, z(98.0) = 0.906560

y(100.0) = 1.904747, z(100.0) = 0.904747

At = 2.5, y(2.5) = -0.502500, z(2.5) = 0.997500

y(5.0) = 3.245006, z(5.0) = 0.995006

Chapter 8. One-Dimensional Boundary-Value Problems

AX = 0.25 AX = 0.125 AX = 0.0625

x ~(x) y(x) Error y(x) Error y(x) Error

0.00 0.000000 0.000000 0.000000 0.000000
0.25 1.045057 2.027778 0.982721 1.327386 0.282329 1.162644 0.117587
0.50 1.233303 1.583333 0.350031 1.392072 0.158769 1.304867 0.071564
0.75 1.149746 1.250000 0.100254 1.203698 0.053952 1.175560 0.028515
1.00 1.000000 1.000000 1.000000 1.000000

Ax= 0.25 Ax= 0.125 Ax= 0.0625

x ~) y~) E~or y~) E~or y~) Error

0.00 0.000000 0.000000 0.000000 0.000000
0.25 1.0450570.819554 -0.225503 1.002372-0.042685 1.036161-0.008896
0.50 1.2333031.077398-0.155905 1.206372-0.026931 1.227779-0.005523
0.75 1.1497461.087621-0.062125 1.139889-0.009857 1.147752-0.001994
1.00 1.0000001.000000 1.000000 1.000000
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AX = 0.25 Ax = 0.125 Ax = 0.0625

x ~(x) y(x) Error y(x) Error y(x) Error

0.00 0.000000 0.000000 0.000000 0.000000
0.25 1.045057 1.031965 -0.013092 1.044519 -0.000539 1.045030 -0.000027
0.50 1.233303 1.225251 -0.008052 1.232974 -0.000329 1.233286 -0.000017
0.75 1.149746 1.146878 -0.002868 1.149630 -0.000116 1.149740 -0.000006
1.00 1.000000 1.000000 1.000000 1.000000

37. 0.25 Ax= 0.125 Ax= 0.0625

y~) y(x) y(x)

0.00 0.000000 0.000000 0.000000
0.25 0.318463 0.371144 0.394892
0.50 0.619809 0.683537 0.708655
0.75 0.858085 0.896714 0.909746
1.00 0.999622 0.999981 0.999956

43. Ax= 0.25 Ax= 0.125 Ax=0.0625

x ~(x) y~) Error y~) Error y~) Error

0.00 0.000000 0.000000 0.000000 0.000000
0.25 1.045057 1.176150 0.131093 1.072659 0.027601 1.051705 0.006648
0.50 1.233303 1.305085 0.071782 1.249448 0.016146 1.237241 0.003939
0.75 1.149764 1.172518 0.022772 1.155177 0.005431 1.151086 0.001340
1.00 1.000000 1.000000 1.000000 1.000000

54. x ~(x) y(x) Error

0.000 1.000000 1.000000
0.125 0.653429 0.653457 0.000027
0.250 0.449272 0.444518 -0.004753
0.375 0.330781 0.320687 -0.010093
0.500 0.263622 0.249256 -0.014366
0.625 0.227045 0.209876 -0.017169
0.750 0.208528 0.189911 -0.018617
0.875 0.200534 0.181536 -0.018998
1.000 0.198542 0.179923 -0.018619
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60. x ~’(x) y(x) Error

0.000 1.000000 1.000000
0.125 0.653429 0.646682 -0.006748
0.250 0.449272 0.442720 -0.006551
0.375 0.330781 0.326706 -0.004074
0.500 0.263622 0.262284 -0.001338
0.625 0.227045 0.227955 0.000910
0.750 0.208528 0.211022 0.002494
0.875 0.200534 0.204009 0.003475
1.000 0.198542 0.202525 0.003983

66. AX= 0.25 AX= 0.125

x y~) /~) y(x) /(x)

0.00 0.000000 2.580247 0.000000 2.506447
0.25 0.645062 -0.395062 0.446421 0.367691
0.50 0.546296 -0.296296 0.497341 -0.106313
0.75 0.472222 -0.222222 0.463610 -0.178353
1.00 0.416667 -0.166667 0.419605 -0.160791

74. y(2.0) = 0.0 y(5.0) = 0.0 y(lO.O) = 0.0

Ax=0.25 Ax=0.125 Ax=0.25 Ax=0.125 Ax=0.25 Ax=0.125

x y(x) y(x) y(x) y(x) y(x) 

0.00 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000
0.25 0.741458 0.756494 0.749982 0.765603 0.750000 0.765625
0.50 0.545417 0.567634 0.562463 0.586138 0.562500 0.586182
0.75 0.395717 0.419969 0.421819 0.448727 0.421875 0.448795
1.00 0.280105 0.303028 0.316329 0.343513 0.316406 0.343609

86. Ax= 0.250 Ax= 0.125

x ~(x) y(x) E~or y(x) E~or

0.00 0.00000000 0.00000000 0.00000000
0.25 0.18994383 0.18994276 -0.00000108 0.18994377 -0.00000007
0.50 0.43025304 0.43025117 -0.00000127 0.43025296 -0.00000008
0.75 0.70598635 0.70598554 -0.00000081 0.70598630 -0.00000005
1.00 1.00000000 1.00000000 1.00000000
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90. Ax = 0.25 Ax =0.125

x y(x) y(x)

0.00 0.000000 0.000000
0.25 0.420208 0.416310
0.50 0.735142 0.729703
0.75 0.923685 0.919964
1.00 1.000000 1.000000

Answers to Selected Problems

Chapter 9. Elliptic Partial Differential Equations

X

y 0.0 5.0 10.0

15.0 100.000000 100.000000 100.000000
10.0 0.000000 26.666667 0.000000
5.0 0.000000 6.666667 0.000000
0.0 0.000000 0.000000 0.000000

X

y 0.0 5.0 10.0

15.0 0.000000 0.000000 100.000000
10.0 0.000000 33.333333 100.000000
5.0 0.000000 33.333333 100.000000
0.0 0.000000 0.000000 100.000000

11. X

y 0.0 0.25 0.50 0.75 1.00

1.00 100.000000 0.000000 0.000000 0.000000 0.000000
0.75 100.000000 50.000000 28.571429 14.285714 0.000000
0.50 100.000000 71.428571 50.000000 28.571429 0.000000
0.25 100.000000 85.714286 71.428571 50.000000 0.000000
0.00 100.000000 100.000000 100.000000 100.000000 100.000000

26. X

y 0.0 5.0 10.0

15.0 0.000000 0.000000 0.000000
10.0 0.000000 83.333333 0.000000
5.0 0.000000 83.333333 0.000000
0.0 0.000000 0.000000 0.000000
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Chapter 10. Parabolic Partial Differential Equations

793

5. x, cm

t, s 0.0 0.1 0.2 0.3 0.4 0.5

0.0 0.0000 20,0000 40.0000 60.0000 80.0000 100.0000
0.1 0.0000 20.0000 40.0000 60.0000 80.0000 96.0000
0.2 0.0000 20.0000 40.0000 60.0000 79.6000 92.8000
0.3 0.0000 20.0000 40.0000 59.9600 78.9600 90.1600
0.4 0.0000 20.0000 39.9960 59.8640 78.1800 87.9200
0.5 0.0000 19.9996 39.9832 59.7088 77.3224 85.9720

23. x, cm

t, s 0.0 0.1 0.2 0.3 0.4 0.5

0.0 0.0000 20.0000 40.0000 60.0000 80.0000 100.0000
0.5 0.0000 19,9448 39.7790 59.1713 76.9061 88.4530

x, cm

t, s 0.0 0.1 0.2 0.3 0.4 0.5

0.0 0.0000 20.0000 40.0000 60.0000 80.0000 100.0000
0.5 0.0000 19.9881 39.9286 59.5837 77.5736 85.8579

t, s 0.0 0.1 0.2 0.3 0.4 0.5

28.

33.

0.0 0.0000 20.0000 40.0000 60.0000 80.0000 100.0000
0.5 0.0000 20.0000 40.0000 60.0000 80.0000 80.0000
1.0 0.0000 20.0000 40.0000 60.0000 70.0000 80.0000
1.5 0.0000 20.0000 40.0000 55.0000 70.0000 70.0000
2.0 0.0000 20.0000 37.5000 55.0000 62.5000 70.0000
2.5 0.0000 18.7500 37.5000 50.0000 62.5000 62.5000

Chapter 11. Hyperbolic Partial Differential Equations

x, em

t, s 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2

0.0 0.00 20.00 40.00 60.00 80.00 100.00 80.00 60.00 40.00 20.00 0.00 0.00 0.00
1.0 -10.00 0.00 20.00 40.00 60.00 t00.00 100.00 80.00 60.00 40.00 10.00 0.00 0.00
2.0 -10.00 -15.00 0.00 20.00 30.00 80.00 110.00 100.00 80.00 65.00 30.00 5.00 0.00
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13. X~ cm

t, s 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2

0.0 0.00 20.00 40.00 60.00 80.00 100.00 80.00 60.00 40.00 20.00 0.00 0.00 0.00
0.5 5.00 10.00 30.00 50.00 70.00 80.00 90.00 70.00 50.00 30.00 15.00 0.00 0.00
1.0 2.50 11.25 20.00 40.00 57.50 75.00 77.50 80.00 60.00 41.25 22.50 11.25 0.00

t, s 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2

0.0 0.00 20.00 40.00 60.00 80.00 100.00 80.00 60.00 40.00 20.00 0.00 0.00 0.00
0.5 -2.50 10.00 30.00 50.00 70.00 95.00 90.00 70.00 50.00 30.00 7.50 0.00 0.00
1.0 -3.12 2.81 20.00 40.00 59.38 86.25 94.38 80.00 60.00 40.31 16.88 2.81 0.00

X, cnl

t, s 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2

0.0 0.00 20.00 40.00 60.00 80.00 100.00 80.00 60.00 40.00 20.00 0.00 0.00 0.00
0.5 0.00 10.00 30.00 50.00 70’.00 90.00 90.00 70.00 50.00 30.00 10.00 0.00 0.00
1.0 0.00 5.00 20.00 40.00 60.00 80.00 90.00 80.00 60.00 40.00 20.00 5.00 0.00

X~ cm

t, s -0.5 -0.25 0.0 0.25 0.50 0.75 1.00 1.25 1.50

0.0 0.00 0.00 0.00 50.00 100.00 50.00 0.00 0.00 0.00
1.0 0.00 1.16 -5.82 30.27 92.85 66.03 12.70 2.54 0.00

27.

33.

45.
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Abramowitz, M., 290, 296, 303
Absolute error, 62
Accelerating convergence of eigenproblems,

99-101
Accuracy, 4, 62

criterion, 62
machine, 62

Acoustic wave propagation, 514, 521-523,
684-686

exact solution, 685-686
Acoustics, 521

example problem, 652-654
Acronyms, definitions of:

BC, boundary condition, 441
BTCS, backward-time centered-space, 614
FDA, finite difference approximation, 347
FDE, finite difference equation, 350
FEM, finite element method, 724
FTCS, forward-time centered-space, 599,

659
MDE, modified differential equation, 544,

605
ODE, ordinary differential equation, 323
PDE, partial differential equation, 501

Acton, ES., 169
Adams, J.C., 383
Adams methods for ODEs, 383
Adams-Bashforth fourth-order FDE, 383-384

stability analysis, 386-387
Adams-Bashforth methods for ODEs, 383

coefficients, table of, 389
stability, 389

Adams-Bashforth-Moulton fourth-order
method, 383-388

example, 387
program for, 412-413

Adams-Moulton fourth-order FDE, 385
Adams-Moulton methods for ODEs, 383

coefficients, table of, 390
stability, 390

Adaptive integration, 299-302
ADI method (see Alternating-direction implicit

method)
Adjusted system equation (FEM), 725
AFI method (see Approximate-factorization

implicit method)
Aitken’s acceleration method, 145
Algebraic equations (see Systems of linear

algebraic equations)
definition of, 129

Alternating-direction implicit (ADI) method:
hyperbolic PDEs, 683
parabolic PDEs, 627-628

Amplification factor G for ODEs:
definition of, 361
for FDEs: 361,363, 366, 369, 374,

386-387
Amplification factor G for PDEs:

convection equation FDEs, 660, 662, 666,
674, 676, 679

convection-diffusion equation FDEs,
633-636

definition of, 607
diffusion equation FDEs, 609, 612, 615,

620
wave equation FDEs, 688-689

Application subroutine, 3
Applied problems, definition of, 4
Approach of the book, 1
Approximate fits, 189-190, 225
Approximate-factorization implicit (AFI)

method:
hyperbolic PDEs, 683
parabolic PDEs, 623-629

Approximate Newton’s method, 149
Approximate physical boundaries, 563

795
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Approximate solution notation:
ODEs, 347, 442
PDEs, 534, 597, 658

Approximating functions (see Polynomial
approximation)

Approximating polynomials (see Polynomial
approximation)

Approximation error, 5
Assembling finite element equations:

boundary-value problem, 736
diffusion equation, 756-758
Laplace (Poisson) equation, 748-750

Associative property of matrices, 24
Asymptotic steady-state solution of PDEs,

637439
Auxiliary conditions:

ODEs, 324, 325
PDEs, 524-525

Back substitution, 33, 35
Backward difference:

definition of, 208
operator, 208
table, 209

Backward-time centered-space method (see
BTCS method)

Bairstow’s method, 164-167
Banded matrix, 24

for the five-point method, 539
Bashforth, E, 383

¯ Basic, 3
Basic Tools of Numerical Analysis, Part I, 11-16
BC, acronym, 441
BCs (see Boundary conditions)
Beam (laterally loaded), 331,436-437
Beam applied problems, 498-499
Bessel centered-difference polynomial, 216
Best manner possible fit, 189-190, 225
Binomial coefficient, 212

nonstandard, 214
Bisection method (see Interval halving

method)
Block tridiagonal matrix, 52
Block tridiagonal systems, 52
Boundary conditions:

for ODEs, 441
for PDEs, 524-525

Dirichlet, 441,524
mixed, 441,524
Neumann, 441,524

Boundary-value ODEs (see ODEs,
Boundary-value)

Bounding a root, 129, 130-133
Bracketing methods, 129, 133, 135-140
Brandt, A., 571,580
Brent, R.E, 169
Brent’s method, 169
BTCS, acronym, 614
BTCS method:

convection equation, 677-682
convection-diffusion equation, 635-637
diffusion equation, 614-619

Bulirsch, R., 381

C, 3
Calculus of variations, 714
Canale, R.P., 222
Cauchy problem, 525
Centered difference:

definition of, 208
operator, 208
table, 209

Centered-difference formulas for
differentiation, 260-261,267-268,
271

CFL stability criterion (see
Courant-Friedrichs-Lewy stability
criterion)

Chapra, S.C., 222
Characteristic concepts:

for hyperbolic PDEs, 656-657
for parabolic PDEs, 593
for upwind approximations, 658

Characteristic curves (see Characteristic paths)
Characteristic equation (see Characteristic

paths)
Characteristic equation in eigenproblems, 85,

87, 88
Characteristic paths:

definition of, 505-506, 526
for the convection equation, 506, 507, 509
for the convection-diffusion equation,

523-524
for the diffusion equation, 520
for first-order PDEs, 506, 509
for hyperbolic PDEs, 514-515
for the Laplace equation, 518
for parabolic PDEs, 513-514
for PDEs, 505-515
for second-order PDEs, 507-508
for a system of first-order PDEs, 509-510
for the wave equation, 522

Chemical reaction applied problem, 432-433
Circular pyramid volume applied problem, 321
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Classification of:
ODEs, 325-326
PDEs, 504-511
physical problems, 326--327, 511-516

Closed domain, 327, 511
Closed domain methods (see Nonlinear

equations, Roots of)
Colebrook, C.E, 186
Colebrook equation applied problem, 186
Collocation method, 438, 719-721

for boundary-value problem, 720
numerical example, 720-721
steps in, 719-720

Column vector, 22
Commutative property of matrices, 25
Compact fourth-order approximations:

first derivative, 468
second derivative, 468-469

Compact fourth-order method:
boundary-value ODEs, 467-471
PDEs, 557-561

Compatibility equation, 507
Complementary solution of ODEs, 340-341,

440
Complex characteristics, 511
Complex roots of polynomials, 158, 162-163
Computational stencils (see Finite difference

stencils)
Conditional stability, 358
Conformable property of matrices, 25
Conic sections, 505
Conservation of mass (see Continuity

equation)
Consistency for ODE methods:

boundary-value ODEs, 442, 452
initial-value ODEs, 359-361,365-366,

368-369, 373, 378, 384, 385
Consistency for PDE methods:

elliptic PDEs, 544-545
hyperbolic PDEs, 660, 662, 666, 674, 676,

679, 688
parabolic PDEs, 605-606, 613, 615, 620,

633
Continuity equation, 520
Control volume discretization, 571-574
Control volume method, 571-575
Convection, 506

definition of, 506
general features of, 506, 655-656

Convection equation, 506, 521,526, 652-653,
655-656

characteristic equation for, 506

compatibility equation for, 506
exact solution of, 652-653, 656
programs for, 691-701

Convection equation, Numerical examples,
661,662-664, 667-668, 669-670,
672, 674-675, 676-677, 680-682

Convection equation, Numerical methods:
BTCS method, 677-682
FTCS method, 659-661
Lax method, 661-664
Lax-Wendroff one-step method, 665-668
Lax-Wendroff two-step method, 668-670
MacCormack method, 670-673
upwind methods, 673-677

Convection of heat, 330
Convection-diffusion equation, 523-524, 526,

629-637
asymptotic steady-state solution,

638-639
BTCS method, 635-637
exact solution of, 630-632
FTCS method, 633-635
introduction to, 629-632

Convection-diffusion equation, Numerical
examples, 634-635, 636-637,
638-639

Convection-diffusion equation, Numerical
methods:

asymptotic steady-state solution,
637-639

BTCS method, 635-637
FTCS method, 633-635

Convection number, definition of, 633, 660
Convergence:

boundary-value ODE methods, 450
elliptic PDE methods, 545
hyperbolic PDE methods, 662
initial-value ODE methods, 360, 363, 364
parabolic PDE methods, 610-611

Convergence criteria, 547
Convergence rate:

fixed-point iteration, 144-145
Newton’s method for roots, 147-149
secant method, 152

Converging solutions of ODEs, 351
Courant, R., 662
Courant-Friedrichs-Lewy stability criterion,

662
Cramer’s rule, 31-32

in characteristic analysis, 507
in eigenproblems, 85-86

Crank, J., 619
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Crank-Nicolson method, 619-623
diffusion equation, 619-623
system equation for, 620

Crout LU factorization method, 45
Cubic splines, 221-225
Curve fitting (see Polynomial approximation)
Cylindrical coordinates, 563

d’Alembert solution of the wave equation,
683-684

Deflated polynomial, 195
Deflation of matrices, 111
Deflation of polynomials, 159-160, 195-196
Deflation technique for eigenvalues, 111
Dennis, J.E., 173
Derivative BCs:

boundary-value ODEs, 458-464
elliptic PDEs, 550-552
finite element method, 735, 745, 754
parabolic PDEs, 623-625

Derivative function for ODEs, 324, 338
Descartes’ rule of signs, 156
Determinants, 28-30

cofactor of, 29
definition of, 28
evaluation by cofactors, 29
evaluation by diagonal method, 28-30
evaluation by elimination, 43-45
minor of, 29
nonsingular, 30
singular, 30

Deviations (least squares), 225
Diagonal dominance, definition of, 24
Diagonal matrix, 23
Differences, 208-211

backward, 208
centered, 208
forward, 208

Difference formulas:
introduction to, 15
from polynomial differentiation, 262-264
table of, 271
from Taylor series, 270-271

Difference tables, 208-211
backward, 209
centered, 209
definition of, 208-209
example of, 209
forward, 209
polynomial fitting, 210-211
round-off errors, 210

Difference polynomials, 208, 211-216

Bessel centered-difference, 216
Newton backward-difference, 213-215
Newton forward-difference, 211-213
Stifling centered-difference, 216

Differential equations, Ordinary (see ODEs)
Differential equations, Partial (see PDEs)
Differentiation of discrete data, 251
Differentiation, Numerical (see Numerical

differentiation)
Differentiation of polynomials, 193, 194-195
Diffusion equation, 502, 512-513, 519-520,

526, 587-589
classification of, 519-520
domain of dependence, 520, 594
derivative BCs, 623-626
exact solution of, 588-589, 592-593
example problem, 587-589
finite element solution of, 712-713
general features of, 592-593
implicit methods, 613-623
introduction to, 592-593
multidimensional problems, 627-629
nonlinear equations, 625-626
range of influence, 520, 592
signal propagation speed, 520, 593

Diffusion equation, Numerical examples, 600-
605, 616-618, 621-623, 625--626,
758-759

Diffusion equation, Numerical methods:
BTCS method, 614-619
Crank-Nicolson method, 619-623
derivative BCs, 623-625
DuFort-Frankel method, 613
finite element method, 752-759
FTCS method, 599-605
Richardson method, 611-613

Diffusion of heat, 330
Diffusion number, definition of, 599, 633
Diffusion, numerical (see Implicit numerical

diffusion)
Diffusion, physical, 592
Dirac delta function, 721
Direct elimination methods (see System of

linear algebraic equations)
Direct fit polynomials: 197-198

differentiation of, 255-257
error of, 198
fitting, 197-198
integration of, 288-289
interpolation with, 197-198
programs for, 235-236

Direct method for eigenvalues, 101-104
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Direct methods for systems of linear algebraic
equations (see Systems of linear

algebraic equations)
Direct power method for eigenvalues, 90-91
Direct fit multivariate polynomials, 220
Dirichlet BCs:

ODEs, 441
PDEs, 524

Discrete perturbation stability analysis, 607
Discriminant:

of conic sections, 505
of the convection-diffusion equation, 523
of the diffusion equation, 519
of the Laplace equation, 517
of PDEs, 505
of two coupled convection equations, 510
of the wave equation, 522

Dispersion, numerical (see Implicit numerical
dispersion)

Dissipation function, 503
Distributive property of matrices, 26
Diverging solution of ODEs, 351
Divided difference, 204

definition of, 204
operator, 204
table, 204-206

Divided difference polynomials, 206-208
differentiation of, 255-257
error of, 207-208
fitting, 206
interpolation with, 207-208
program for, 238

Division algorithm for polynomials, 194
Domains:

closed for ODEs, 327
closed for PDEs, 511
open for ODEs, 327
open for PDEs, 512

Domain of dependence of differential
equations:

convection equation, 506
definition of, 508
diffusion equation, 520
elliptic PDEs, 508, 512, 518, 531
hyperbolic PDEs, 508, 528, 655, 657
Laplace equation, 518
parabolic PDEs, 508, 520, 592, 593
wave equation, 523

Domain of dependence, numerical:
of explicit methods, 595, 657
of implicit methods, 595

Domain discretization for the finite element

method:
one-dimensional, 726, 753
two-dimensional, 740-742

Doolittle LU factorization method, 45-48
in eigenproblems, 93-95
for matrix inverse, 48

Double precision, 5
Douglas, J., 618, 627, 628
Drag coefficient, 329
DuFort, E.C., 613
DuFort-Frankel method, 613

Eigenproblems, Chapter 2, 81-125:
basic characteristics of, 81-85
basis of power method, 91-92
for boundary-value ODEs, 327, 480-482

approximate eigenvalues, 481-482
exact eigenvalues, 480-481

characteristic equation for, 87, 88
classical form, 87
Cramer’s rule, 85-86
definition of, 83-84
deflation techniques, 111
direct method, 101-104

linear eigenproblems, 102-103
nonlinear eigenproblems, 103-104

direct power method, 90-91
Doolittle LU method for inverse power

method, 93
example of, 81-84
illustration of, 84-85
introduction to, 81-85
inverse power method, 92-95
largest eigenvalue, 90-92
mathematical characteristics of, 85-89
nonlinear eigenproblems, 101-104
other methods, 111
packages, 118
programs for, 112-118
PDEs, 514-515
power method, 89-104
programs for, 112-118

direct power method, 112-114
inverse power method, 115-118

QR method, 104-109
shifting eigenvalues, 95-101

to accelerate convergence, 99-101
for intermediate eigenvalues, 97-99
for opposite extreme eigenvalues, 95-97

smallest eigenvalue, 95-96
summary, 101
unity component, 90, 92
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Eigenproblems, Boundary-value ODEs, 480-482
approximate eigenvalues, 481-482
exact eigenvalues, 480-481
example, 481-482

Eigenproblems, Numerical examples, 90-91,
94-104, 107-109, 110-111

Eigenproblems in PDEs, 515-516
Eigenvalues (see Eigenproblems)
characteristic equation for, 87, 88
definition of, 13, 83, 84, 87
example of, 81-84, 84-85
Eigenvalues of ODEs, 327, 480-482

approximate, 481-482
exact, 480-481

Eigenvectors:
definition of, 13, 83, 84, 88
determination of 88, 110-111
unity component of, 90, 92, 110

EISPACK, 111, 118
Electric circuit applied problems, 431-432
Elements, FEM, 724

one-dimensional, 724-725
rectangular, 740-741
trapezoidal, 740-741
triangular, 740-741

Elementary row operations, 32
Element equations, FEM, 724, 735, 748, 756

boundary-value ODEs, 737
diffusion equation, 756
Laplace (Poisson) equation, 748

Elimination, 32-39
Elimination methods (see Systems of linear

algebraic equations)
Elliptic PDEs (see Laplace (Poisson) equation)
Elliptic PDEs, Chapter 9, 527-585:

consistency, 544-545
convergence, 545-546
definition of, 505
the finite difference method for, 532-536
Laplace equation, 516
multidimensional problems, 571
nonlinear equations, 570-571
packages, 580
Poisson equation, 518
programs for, 575-580
summary, 580-581

Energy equation, 520
Equally spaced data:

differentiation of, 257-264
fitting polynomials to, 208-216
integration of, 290-299
interpolation of, 208-216

Equations:
algebraic (see Systems of linear algebraic

equations)
Colebrook, 186
convection, 526, 652-653, 655-656
convection-diffusion, 523-524, 526,

629-637
diffusion, 512-514, 519-520, 524,

587-591, 599426
Fourier’s law of conduction, 330, 516, 529,

571
Laplace, 502, 516-518, 526, 528, 530,

536-552
least squares normal, 227 229, 232
linear (see Systems of linear algebraic

equations)
Newton’s law of cooling, 330
Poisson, 503, 518, 530, 552-557
Stefan-Boltzmann law of radiation, 328
van der Waal, 185
wave, 653, 683491

Equilibrium method for boundary-value
ODEs, 438, 450-458

advantages of, 489
derivative BCs, 461-464
disadvantages of, 489
extrapolation, 453-454
higher-order ODEs, 466-471
nonlinear problems

iteration, 471-474
Newton’s method, 474-477

second-order ODE, 450-453
Equilibrium problems:

ODEs, 326-327, 437
PDEs, 511-512, 516-519

Equivalence theorem for ODEs, 363
Equivalence theorem for PDEs, 610
Error control for ODEs (see Error estimation

for ODE methods)
Error estimation for numerical

approximations:
for difference formulas, 272
of numerical algorithms, 270, 272

Error estimation for ODE methods:
fourth-order Adams-Bashforth-Moulton

method, 390-391
multipoint methods, 390-391
Runge-Kutta-Fehlberg method, 377-378
single-point methods, 376

Error propagation, 351-352
Error term:

polynomial, 192
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Taylor polynomial, 8, 192
Errors, 5, 62

absolute, 62
approximation, 5
iteration, 5
relative, 62
round-off, 5

Errors in the solution of ODEs, 351-352
absolute error, 62
algebraic errors, 351
global, 292, 294, 296
inherited error, 352
initial data errors, 351
local, 292, 294, 296, 297
relative error, 62
round-off error, 352
tnmcation error, 351

Euclidean norm:
of errors in ODE solutions, 446-447
of a matrix, 56
of a vector, 56

Euler equation in calculus of variations, 714
Euler’s explicit method (see Explicit Euler

method)
Euler’s implicit method (see Implicit Euler

method)
Euler’s modified method (see Modified Euler

method)
Exact fits, 189-190
Exact solution notation, 347, 442, 534, 597,

658
Exact solutions:

boundary-value ODEs, 436-437
convection equation, 652-653, 656
convection-diffusion equation, 630-632
diffusion equation, 587-589
initial-value ODEs, 336, 398
Laplace equation, 528-530
linear first-order ODE, 340-341
linear second-order ODE, 440
Poisson equation, 553-554

Excel, 6, 75
Exercise problems, definition of, 4
Evaluation of polynomials, 194-198
Explicit Euler method, 352-355

comparison with implicit Euler method,
357-359

consistency, 360-361
convergence, 363
order, 353, 361
as predictor, 368-370
stabilit3, of, 363

for stiff ODEs, 403-404
Explicit method, definition of, 350, 355
Explicit methods:

hyperbolic PDEs, 657
initial-value ODEs, 350
parabolic PDEs, 594

Extrapolated modified midpoint method,
378-381

Bulirsch-Stoer method, 381
comparison with Runge-Kutta method,

380-381
concept, 378
program for, 410-412

Extrapolation:
of boundary-value ODE solutions,

448-449
of difference formulas, 272
of integration formulas, 297-299
of initial-value ODE solutions, 378-381
of Laplace equation solutions, 561-562
of numerical algorithms, 270, 272

Extremization, 714

Factor theorem for polynomials, 194
Fadeev, D.K., 111
Fadeeva, V.N., 111
False position method, 135, 138-140
FDA, acronym, 347
FDE, acronym, 350
Fehlberg, E., 377
Fehlberg method (see Runge-Kutta-Fehlberg

method)
FEM, acronym, 724
Ferziger, J.H., 628
Finite difference approximations for:

boundary-value ODEs, 450-451
elliptic PDEs, 534-536
hyperbolic PDEs, 658-659
initial-value ODEs, 347-349
parabolic PDEs, 597-598

Finite difference grids for:
boundary-value ODEs, 450-451
elliptic PDEs, 533-534
hyperbolic PDEs, 658
initial-value ODEs, 346-347
parabolic PDEs, 596

Finite difference equations:
elliptic PDEs, 536
explicit, 350
hyperbolic PDEs, 658-659
implicit, 350
introduction to ODEs, 349-350
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parabolic PDEs, 599
Finite difference method for ODEs:

approximate solution, 348
exact solution, 347
finite difference approximations, 347-349
finite difference equations, 349-350
finite difference grids, 346-347

Finite difference method for PDEs:
elliptic PDEs, 532-536
hyperbolic PDEs, 657-659
parabolic PDEs, 593-599

Finite difference stencil, definition of, 537
Finite difference stencils:

convection equation
BTCS FDE, 678
FTCS FDE, 660
Lax FDE, 662
Lax-Wendroff one-step FDE, 666
Lax-Wendroff two-step FDEs, 669
MacCormack FDEs, 672
upwind (first order) FDE, 673
upwind (second-order) FDE, 676

convection-diffusion equation
BTCS FDE, 635
FTCS FDE, 633

diffusion equation
BTCS FDE, 614
Crank-Nicolson FDE, 620
derivative BC, 624
FTCS FDE, 599
Richardson FDE, 611

Laplace (Poisson) equation
compact fourth-order FDE, 559
control volume method, 574
derivative BC, 552
five-point FDE, 537
nonuniform grid, 564

Finite element method, Chapter 12, 711-773:
for boundary-value problems, 438,

724-740
for the diffusion equation, 752-759
Galerkin method, 721-723
introduction to, 711-713
for the Laplace (Poisson) equation,

740-752
packages, 769
programs for, 759-769
Rayleigh-Ritz method, 714-719
summary, 769-770

Finite element method, boundary-value ODEs,
438, 724-740

assembly, 736, 738

boundary conditions, 738-739
domain discretization, 726
element equations, 728, 735, 737
functional, 727
Galerkin weighted residual approach,

734-739
interpolating polynomials, 726-727, 735
nodal equation, 728, 731,736, 738
numerical examples, 731-732, 732-733,

739
Rayleigh-Ritz approach, 727-734
shape functions, 726-727, 735
steps in, 725-726
system equation, 728
weighted residual integral, 734
weighting factors, 734, 735

Finite element method, diffusion equation,
752-759

assembly, 756-757
domain discretization, 753
element equations, 756
Galerkin weighted residual approach,

754-758
interpolating polynomials, 753-754
nodal equations, 758
numerical example, 758-759
shape functions, 753-754
weighted residual integral, 754
weighting factors, 755

Finite element method, Laplace (Poisson)
equation, 740-752

assembly, 748-750
domain discretization, 740-742
element equation, 748
Galerkin weighted residual approach,

744-750
interpolating polynomials, 742
nodal equation, 750
numerical examples, 750-752
shape functions, 742-744
weighted residual integral, 744
weighting factors, 746

First law of thermodynamics, 520
Five-point approximation of the Laplace

equation, 536-543
Fix, G.J., 713
Fixed point, 141
Fixed-point iteration, 140, 141-145

convergence rate of, 144-145
Flannery, B.P. (see Press, W.H.)
Flow problems, 430-431
Flux-vector-splitting method, 690-691
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Forsythe, G.E., 545
FORTRAN, 3
Forcing function, 324, 503
Forward-difference:

definition of, 208
operator, 208
table, 209

Forward substitution, 46
Forward-time centered-space method (see

FTCS method)
Four-bar linkage, 127-129
Four-bar linkage applied problems, 185
Fourier components, 608
Fourier series, 608
Fourier’s law of conduction, 330, 516, 529,

571
Fourth-order methods for ODEs:

Adams-Bashforth method, 383-387
Adams-Bashforth-Moulton method,

383-388
Adams-Moulton method, 385-388
extrapolated modified midpoint method,

378-381
Gear method, 407
Runge-Kutta method, 373-376

Fox, R.W., 519
Frankel, S,E, 549, 613
Frequency of oscillation, natural, 82, 88
Freudenstein, E, 128
Freudenstein’s equation, 128
Friction coefficient applied problems,

185-186, 249, 430-431
Friedrichs, K.O., 662
FTCS, acronym, 599, 659
FTCS method:

hyperbolic PDEs, 659-661
amplification factor, 660
convection number, 660
finite difference equation, 659
modified differential equation, 660
numerical solution, 661
stability analysis, 660

parabolic PDEs, 599-605
amplification factor, 609
diffusion number, 599
finite difference equation, 599
modified differential equation, 606
multidimensional problems, 605
nonlinear PDEs, 604
numerical information propagation

speed, 604
parametric studies, 600-605

stability analysis, 609-610
Fully implicit method, 614, 678
Function subprogram, 3
Functional, 714, 725
Fundamental function, 714

Rayleigh-Ritz method, 714
Fundamental theorem of algebra, 156

Galerkin method, 438
Galerkin weighted residual method:

boundary-value ODE, 721-723
steps in, 721-722
weighted residual integral, 722
weighted residuals, 721
weighting functions, 721

Galerkin weighted residual approach:
FEM for boundary-value ODEs,

734-739
assembly, 736
domain discretization, 726
element equations, 735
examples, 731-733
interpolating polynomial, 735
nodal equation, 736, 738
shape functions, 735
weighted residual integral, 734
weighting factors, 734, 735

FEM for diffusion equation, 752-759
assembly, 756-758
domain discretization, 753
element equations, 756
examples, 758-759
interpolating polynomials, 753-754
nodal equation, 758
shape functions, 753
weighted residual integral, 754
weighting factors, 755

FEM for Laplace (Poisson) equation,
740-752

assembly, 748-756
domain discretization, 740-742
element equations, 748
examples, 750-752
interpolating polynomials, 740-744
nodal equation, 750
shape functions, 742-744
weighted residual integral, 744
weighting factors, 746

Gauss elimination (see Systems of linear
algebraic equations)

Gauss-Jordan elimination (see Systems of
linear algebraic equations)



804 Index

Gauss-Seidel iteration (see Systems of linear
algebraic equations)

Gauss-Seidel method for the Laplace equation,
546-548

Gaussian quadrature (see Numerical
integration, Gaussian quadrature)

GAMS, 7
Gear, C.W., 402, 407
Gear method for stiff ODEs, 407-408
Generalized coordinate transformations,

566--570
Genereaux, R.P., 186
Genereaux equation, 186
Gerald, C.F., 165, 222
General features of:

boundary-value ODEs, 330-332, 439-441
elliptic PDEs, 531-532
hyperbolic PDEs, 655-657
initial-value ODEs, 327-330, 340-343
ODEs, 323-325
parabolic PDEs, 591-593
PDEs, 502-504, 516

General linear first-order initial-value ODE,
340-341

General linear second-order boundary-value
ODE, 438, 439-440

General nonlinear first-order initial-value
ODE, 341-342

General nonlinear second-order
boundary-value ODE, 438, 440

General quasilinear first-order
nonhomogeneous PDE, 504, 508

General quasilinear second-order
nonhomogeneous PDE, 504

General second-order algebraic equation, 505
General system of quasilinear first-order

nonhomogeneous PDEs, 504
Given method for eigenvalues, 111
Graeff’s root squaring method, 169
Gragg, W., 378
Gram-Schmidt process, 105
Graphing the solution, 130-132
Grid aspect ratio, 536, 549
Grid lines, 596
Grid points, 596
Gunn, J.E., 628

Hackbush, W., 571
Hadamard, J., 525
Hamilton’s principle, 723
Heat conduction (see Heat diffusion)
Heat convection, 330

Heat diffusion:
Fourier’s law of conduction, 330, 516, 529,

571
governing equation, 512, 516-517
with internal energy generation, 552-556
Laplace (Poisson) equation for, 552-556
steady one-dimensional, 330, 436437
steady two-dimensional, 51 6-517,

527-530
unsteady one-dimensional 519-520,

587-589
Heat diffusion problem, one-dimensional,

444-449, 451-454
boundary-value ODE, 436-437
compact three-point fourth-order method,

470-471
derivative BCs, 458-461,462-464
equilibrium method, 451-454
example problem, 436-437
shooting method, 444-449

Heat diffusion problem, two-dimensional,
536-543

compact fourth-order method, 557-561
control volume method, 571-575
derivative BCs, 550-552
example problem, 527-530
five-point method, 547-548, 549-550

Heat radiation (see Stefan-Boltzmann
equation)

Heat transfer coefficient, 330
Heat transfer problem (see Heat diffusion

problem)
Heat transfer applied problems, 429-430, 498
Heat transfer rate, 541
Henrici, P.K., 158, 169
Hessenberg matrix, 111

¯ Heun method, 368
High-degree polynomial approximation:

cubic splines, 221-223
direct fit, 197
divided difference, 204-205
Lagrange, 199
least squares, 228-231
Newton-backward-difference, 213-214
Newton-forward-difference, 211-212

Higher-order boundary-value ODEs, 440
solution by the equilibrium method,

454-458
solution by the shooting method, 449
solution by superposition, 449

Higher-order PDEs, 503
Higher-order equilibrium methods:
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boundary-value ODEs, 466-471
compact three-point fourth-order

method, 467-471
five-point fourth-order method, 467

Higher-order methods for the Laplace
(Poisson) equation:

compact fourth-order method, 557-561
extrapolation, 561-562
fourth-order centered-difference method,

557
Higher-order Newton-Cotes formulas,

296-297
Higher-order ODEs:

boundary-value, 449, 454-458
initial-value, 396-397

Hildebrand, EB., 158, 169
Hoffman, J.D., 186, 430, 521
Homogeneous:

ordinary differential equations, 324
partial differential equations, 504
systems of linear algebraic equations, 19

Homer’s algorithm, 194
Householder, A.S., 111, 169
Householder method for eigenvalues, 111
Hyett, B.J., 544
Hyperbolic PDEs, Chapter 11,651-709:

convection equation (see Convection
equation)

definition of, 505
finite difference method for, 657-659
general features of, 514-515, 655-657
introduction to, 651-655
multidimensional problems, 682-683
nonlinear equation, 682
packages, 701
programs for, 691-701
summary, 701-702
wave equation (see Wave equation)

Hyperspace, 505
Hypersurface, 505

Identity matrix, 23
Ill-conditioned polynomial, 157
Ill-conditioned problem, 54
Ill-conditioned system of equations, 52-55
Implicit Euler method, 355-357

comparison with explicit Euler method,
357-359

Newton’s method for, 356
order, 356
stability of, 363
for stiff ODEs, 403-406

Implicit FDE, definition of, 350, 355
Implicit methods for PDEs:

hyperbolic PDEs, 657
parabolic PDEs, 594, 611-623

Implicit numerical diffusion, 664-665
Implicit numerical dispersion, 664-665
IMSL, 7, 75, 111, 169, 179, 241,413, 488
Inconsistent set of equations, 19
Increment, in numerical integration, 291
Incremental search, 130, 132
Index notation:

dependent variable, 596
grid point, 596
independent variable, 596

Information propagation speed:
for hyperbolic PDEs, 655
numerical, 595,657
for parabolic PDEs, 594
physical, 655, 656

Inherited error, 351
Initial values:

for ordinary differential equations, 325
for partial differential equations, 524-525

Initial-value problems (see ODEs,
Initial-value)

Instability, numerical:
explicit Euler method, 358-359
of finite difference approximations of

ODEs, 361-363
of finite difference approximations of

propagation type PDEs, 606-610
Integration, numerical (see Numerical

integration)
Integration of polynomials, 193
Intermediate eigenvalues, 95
Interpolating functions for the FEM, 725
Interpolating polynomials for the FEM,

726-727, 735, 740-744, 753-754
one-dimensional, 753-754
two-dimensional, 742

Interpolation (see Polynomial approximation)
Interpolation, Chapter 4, 187-250:

Bessel centered-difference polynomial, 216
cubic splines, 221-225
direct fit polynomial, 197-198
divided difference polynomial, 206-208
inverse, 217-218
Lagrange polynomial, 198-204
least square, 225-234
multivariate polynomials, 218-220
Newton backward-difference polynomial,

213-215
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Newton forward-difference polynomial,
211-213

Stirling centered-difference polynomial,
216

successive univariate polynomials,
218-220

summary, 242-243
Interval, in numerical integration, 291
Interval halving method, 135-138
Introduction, Chapter 0, 1-9
Introduction to:

basic tools of numerical analysis, 11-16
the book, 1-10
boundary-value ODEs, 436-439
eigenproblems, 81-85
elliptic PDEs, 527-531
the finite element method, 711-713
hyperbolic PDEs, 651-655
initial-value ODEs, 336-340
interpolation, 188-190
nonlinear equations, roots of, 127-130
numerical differentiation, 251-254
numerical integration, 285-288
ODEs, 323-333
parabolic PDEs, 587-591
polynomial approximation, 188-190
PDEs, 501-502
systems of linear algebraic equations,

18-21
Inverse interpolation, 217-218
Inverse of a matrix, 26-27

evaluation by Doolittle LU factorization, 48
evaluation by Gauss-Jordan elimination, 42

Inverse power method for eigenvalues, 92-95
Iteration:

BTCS approximation of the diffusion
equation, 626

nonlinear boundary-value problems,
471-474

for systems of linear algebraic equations,
59-67

Iteration error, 5
Iterative improvement, 58-59
Iterative methods, 20
Iterative methods for eigenvalues (see

Eigenproblems)
Iterative methods for the Laplace equation, 543
Iterative methods for systems of linear

algebraic equations, 59-67
accuracy, 62
convergence, 62-63
Gauss-Seidel iteration, 63-64

Jacobi iteration, 59-61
over-relaxation factor, 65-65
successive-over-relaxation (SOR), 64-67

Jacobi iteration, 59-61
Jacobi method for eigenvalues, 111
Jeeves, T.A., 152
Jenkins-Traub method, 169
Jury problem, 511

Lagged Newton’s method, 149
Languages (see Programming languages)
Lagrange polynomials, 198-204

differentiation of, 255
fitting, 199
interpolation with, 200-201
Neville’s algorithm, 201-204
program for, 237

Laguerre’s method, 169
LAPACK, 7
Laplace equation, 502, 512, 516, 526, 528,

530, Chapter 9
boundary conditions, 531
coefficient matrix size, 543
compact fourth-order method, 557-561
consistency, 544-545
control volume method, 571-575
convergence, 545-546
convergence criteria, 547
derivative BCs, 550-553
direct methods, 537-541
exact problem, 528-530
example problem, 528-530
extrapolation, 561-562
finite difference approximations, 534-535
finite difference grids, 533-534
finite element method (FEM), 712-713,

740-752
five-point method, 536-537
Gauss-Seidel method, 546-548
grid aspect ratio, 536
higher-order methods, 557-562
initial guess, effect of, 549-550
introduction to, 527-531
iterative methods, 546-550
nonhomogeneous (see Poisson equation)
nonrectangular domain, 562-570
order, 537
over-relaxation factor, 548-549
over-relaxation factor, optimum, 549
operation count, 542-543
packages, 580
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programs for, 575-580
residual, 546, 548
SOR method, 548-550
solution domain, 532-534
successive-over-relaxation (SOR) method,

548-550
summary, 580-581
system equation, 540
three-dimensional problems, 571

Laplace equation, Numerical examples,
540-542, 547-548, 549-550,
552-553, 559-561,561-562,
565-568, 574-575

Laplace equation, Numerical methods:
compact fourth-order method, 557-561
control volume method, 571-575
finite element method, 740-752
five-point method, 536-537
Gauss-Seidel method, 546-548
iterative methods, 546-550
SOR method, 548-550
successive-over-relaxation method,

548-550
Laplacian operator, 503
Lax, ED., 610, 661,665, 668, 687
Lax equivalence theorem, 610, 615, 620, 634,

636, 662
Lax method, 659-664

amplification factor, 660
finite difference equation, 659
modified differential equation, 662
numerical solution using, 663
stability analysis, 662

Lax-Wendroff one-step method, 665-668
convection equation, 665-668

amplification factor G, 666
finite difference equation, 666
finite difference stencil, 666
modified differential equation, 666
numerical example, 667-668
stability analysis, 666-667

wave equation, 687-690
amplification matrix G, 688
finite difference equations, 688
modified differential equation, 688
numerical example, 689-690
stability analysis, 688-689

Lax-Wendroff (Richtmyer) two-step method,
668-670

finite difference equations, 668
finite difference stencil, 669
numerical example, 669-670

Lax-Wendroff type methods, 665-673
Lax-Wendroff one-step method, 665-668
Lax-Wendroff (Richtmyer) two-step

method, 668-670
MacCormack method, 670-673

Leapfrog method, 611-613
Least squares approximation, 225-234

deviations, 225
examples, 227-228, 230-231,232-233
higher-degree polynomials, 228-231
introduction to, 225-227
multivariate polynomials, 231-233
nonlinear functions, 234
normal equations, 227
program for, 240-241
straight line, 227-228

Lehmer-Schur method, 169
Lewy, H., 662
Libraries, software, 6-7

GAMS, 7
IMSL, 7
LAPACK, 7
NAG, 7
NETLIB, 7

Linear differential equations:
first-order initial-value ODE, 340-341
ordinary differential eqt~ations, 324
partial differential equations, 503
second-order boundary-value ODE,

439-440
Linear element in FEM, 727
Linear equations (see Systems of linear

algebraic equations)
Linear systems (see Systems of linear

algebraic equations)
Linearization:

of nonlinear ODEs, 342, 361-362
of nonlinear PDEs, 626-627

LINPACK, 75
Lower triangular matrix, 23
LU factorization, 27, 45-48

Crout method, 45
Doolittle method, 46-48

MacCormack, R.W., 665, 670
MacCormack method, 670--673

finite difference equations, 671
finite difference stencil, 672
numerical example, 672

Machine accuracy, 62
Maclaurin series, 8
Machine vibration applied problem, 431
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Macsyma, 6, 75, 179, 241,488
Major diagonal of a matrix, 23
Maple, 6, 75, 179, 242, 413, 488
Mastin, C.W., 570
Mathcad, 6, 131, 179, 241,413, 488
Mathematica, 6, 75, 179, 241,413, 488
Matlab, 7, 131, 179, 241,413, 488
Matrices, 21-28

addition, 24
associative property of, 24
augmented matrix, 35-36
banded matrix, 24
block tridiagonal matrix, 52
commutative property of, 25
conformable matrices, 25
definition of, 22-24
deflation, 111
determinant of, 28-30
determinants (see Determinants)
diagonal matrix, 23
diagonally dominant, 24
distributive property of, 26
division, 24
elementary algebra, 24-27
elementary properties of, 21-27
factorization, 27
identity matrix, 23
ill conditioned matrix, 54-55
inverse matrix, 26-27

by Doolittle LU method, 48
by Gauss-Jordan elimination, 42

lower triangular matrix, 23
LU factorization, 27, 45-48
major diagonal, 23
multiplication, 24
notation, 22
nonsingular, 30
numerical examples, 25-26
partitioned, 27
QR factorization, 104-107
row operations, 28
singular, 30
size, 22
sparse matrix, 24
square matrix, 23
subtraction, 24
symmetric matrix, 24
systems of linear algebraic equations,

27-28
transpose matrix, 24
. triangular matrix, 23
tridiagonal matrix, 24, 49-52

unity matrix, 23
upper triangular matrix, 23

Matrix deflation, 111
Matrix method of stability analysis, 607
Matrix notation, 22
Matrix partitioning, 27
McDonald, A.T., 521
MDE, acronym, 544, 605
MDEs:

convection equation, 660, 662, 666, 673,
676, 679

convection-diffusion equation, 633, 636
definition of, 360, 544
diffusion equation, 606, 613, 615, 620,

625
Laplace equation, 544-545
for ODEs, 360-361
for PDEs, 544
wave equation, 688

Merson method (see Runge-Kutta-Merson
method)

Midpoint method, 364-365
Minimax criterion, 226
Mixed boundary conditions:

boundary-value ODEs, 441,464
equilibrium method, 464
shooting method, 464

PDEs, 523
Mixed elliptic/hyperbolic problems, 637-639
Mixed elliptic/parabolic problems, 637-639
Mode of oscillation, 83, 88
Model equations:

ODE stability analysis, 362
PDEs, 524-525
stiff ODE, 402-403

Modified differential equation (see MDE)
Modified Euler method, 368-370

consistency, 368
example, 369-370
order, 369
stability, 369

Modified midpoint method, 365-368
consistency, 365-366
example, 366-368
order, 366
stability, 366

Momentum equation (see Newton’s second law
of motion)

Mop up, 391
Muller, D.E., 152, 169
Muller’s method, 141, 152-155

convergence rate of, 155
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Multidimensional problems:
elliptic PDEs, 571
hyperbolic PDEs, 682-683
parabolic PDEs, 627-629

Multidimensional approximation (see
Multivariate approximation)

Multidimensional interpolation (see
Multivariate interpolation)

Multigrid method, 571,580
Multiple b vectors, 36
Multiple integrals, 306-310
Multiple root, 133-134
Multipoint methods for ODEs, 381-391

Adams FDEs, 383
Adams-Bashforth FDEs, 383
Adams-Bashforth-Moulton FDEs, 383
Adams-Moulton FDEs, 383
concept, 381-383
explicit Adams-Bashforth FDEs, 388-389
explicit multipoint methods, 382
fourth-order Adams-Bashforth method,

383-384
fourth-order Adams-Bashforth-Moulton

method, 386, 387-388
fourth-order Adams-Moulton method, 385
general Adams methods, 388-390
implicit Adams-Moulton FDEs, 389-390
implicit multipoint methods, 382-383

Multistep methods for ODEs, 382
Multivalue methods for ODEs, 382
Multivariate interpolation, 218-220

direct multivariate polynomial, 220
least squares polynomials, 231-233
successive univariate polynomials,

218-220
Multivariate polynomials, 218-220

direct multivariate polynomials, 220
least squares polynomials, 231-233
successive univariate polynomials,

218-220

NAG, 7
Nested multiplication algorithm, 194, 195-196
NETLIB, 7
Neumann boundary conditions:

for boundary-value ODEs, 441
for PDEs, 524

Neville’s algorithm, 201-204
Newton backward-difference polynomial,

213-215
differentiation of, 261-262
error of, 215

example, 214-215
fitting, 213-214
interpolation with, 214-215

Newton-Cotes formulas, 290-297
Newton forward-difference polynomial,

211-213
differentiation of, 257-261
error of, 213
example, 212-213
fitting, 211-212
integration of, 290-291
interpolation with, 212-213
program for, 239

Newton’s law of cooling, 330
Newton’s method for nonlinear

boundary-value problems, 474-477
Newton’s method for nonlinear implicit FDEs,

394-396
Newton’s method for roots of nonlinear

equations (see Nonlinear equations,
Roots of, Newton’s method)

Newton’s method for systems of nonlinear
equations, 170-173,444

Newton-Raphson method (see Nonlinear
equations, Roots of, Newton’s
method)

Newton’s second law of motion:
dynamic spring-mass system, 81
in eigenproblems, 81
flight of a rocket, 329
fluid mechanics, 520

Newton-Cotes formulas:
coefficients, table of, 297
definition of, 290
derivation of, 290-297

Nicolson, P., 619
Nodal equations, FEM:

boundary-value ODE, 736, 738
diffusion equation, 758
Laplace (Poisson) equation, 750

Nonbracketing methods, 129, 133, 140-155
Noneonformable matrices, 25
Nonhomogeneous:

ordinary differential equations, 325
partial differential equations, 504
system of linear algebraic equations, 19

Nonlinear boundary-value problems, 471-477
Nonlinear differential equations:

ordinary differential equation, 324
partial differential equation, 503

elliptic, 570-571
hyperbolic, 682
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parabolic, 625-627
Nonlinear equations, Roots of, Chapter 3,

127-186:
Aitken’s acceleration method, 145
Bairstow’s method, 164-167
behavior of nonlinear equations, 132-135
bisection method (see interval halving)
bounding roots, 130-133
Brent’s method, 169
closed domain methods, 135-140
comparison of Newton’s method and the

secant method, 104
example problem, 127-129
false position, 138-140
fixed-point iteration, 141-145

convergence rate, 144-145
error analysis, 144-145

four-bar linkage example, 127-129
general features of, 130-135
general philosophy of root finding, 135
graphing the function, 131-132
Graeff’s method, 169
incremental search, 132
interval halving, 135-138
introduction to, 127-130
Jenkins-Traub method, 169
Laguerre’s method, 169
Lehmer-Schur method, 169
Muller’s method, 141, 152-155
Newton’s method, 140, 146-150

approximate method, 149
complex roots, 162-163
convergence rate, 148-149
error analysis, 148-149
lagged method, 149
for polynomials, 158-163

open domain methods, 140-155
pitfalls of root finding, 167-169
polishing roots, 149, 157
polynomials, 155-167
packages, 179
programs for, 173-179
quotient-difference (QD) method, 169
regula falsi (see false position method)
refining roots, 133
secant method, 150-152

convergence rate, 152
Steffensen’s method, 145
summary, 179-181
systems of nonlinear equations, 169-173

Nonlinear equations, Numerical examples,
137-138, 139-140, 142-144,

147-148, 151-152, 154-155,
158-159, 159-160, 161-162,
162-163, 166-167, 171-172

Nonlinear equations, Systems of, 169-173
Nonlinear first-order initial-value ODE, 338,

341-343
linearization of, 342

Nonlinear implicit finite difference equations:
boundary-value ODEs, 393-396

Newton’s method, 394-396
time linearization, 393-394

elliptic PDEs, 570-571
iteration method, 570
Newton’s method, 571

hyperbolic PDEs, 682
parabolic PDEs, 625-627

iteration, 626
Newton’s method, 626

Nonlinear second-order boundary-value
ODEs, 438, 440

Nonlinear functions, least squares fit, 234
Nonrectangular domains, 562-570

approximate physical boundaries, 563
cylindrical coordinates, 563
nonuniform FDAs, 563-568
spherical coordinates, 563
transformed spaces, 563, 566, 568-570

Nonsmoothly varying problems, 350
Nonsymmetrical difference formulas, 269-270
Nonuniform FDAs, 563-568
Nonuniform grids:

boundary value ODEs, 477-480
finite element method, 731,758
nonequally spaced FDAs, 477-478
solution on a nonuniform grid, 477-480
transformed uniform grid, 477

Normal equations (least squares):
higher-degree polynomials, 228-230
multivariate polynomials, 232
straight line, 227

Norms, 55-58
definition of, 56
matrix, 56
scalar, 56
vector, 56

Notation (see Index notation)
Number representation, 5
Numbers, 5
Numerical differentiation, Chapter 5, 251-284:

centered differences, 260-261,262, 263,
268

difference formulas, 262-264, 270-271
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direct fit polynomials, 255-256
divided difference polynomials, 255-256
equally spaced data, 257-264, 276-278
error estimation, 270, 272
example, 253
extrapolation, 270, 272
introduction to, 251-254
Lagrange polynomials, 255-256
Newton backward-difference polynomial,

261-262
Newton forward-difference polynomial,

257-261
one-sided differences, 258, 262, 263,268
order of approximation, 259, 267
packages, 278-279
programs for, 273-278
space derivatives, 264-268
summary, 279
Taylor series approach, 264-270
time derivatives, 268-269
truncation error, 267
unequally spaced data, 254-257, 273-276

Numerical differentiation, Numerical
examples, 256-257, 259-260, 261,
264, 268, 269-270, 272

Numerical differentiation, Numerical methods:
difference formulas, 262-264, 271
direct fit polynomial, 255-256
divided difference polynomial, 255-257
known functions, 252
Lagrange polynomial, 255-256
Newton backward-difference polynomial,

261-262
Newton forward-difference polynomial,

257-261
Taylor series approach, 264-270

Numerical diffusion, 664-665
Numerical dispersion, 664-665
Numerical information propagation speed,

455, 456
Numerical integration, Chapter 6, 285-321:

adaptive integration, 299-302
composite formulas, 292, 294, 296
direct fit polynomials, 288-289
equally spaced data, 288-289, 290-297
error control, 297-298
error estimation, 297-298
error, global (total), 292, 294, 296
error, local, 292, 294, 296
example, 287
extrapolation, 297-299
Gaussian quadrature, 302-306

table of parameters, 304
higher-order Newton-Cotes formulas,

296-297
increment, 291
interval, 291
introduction to, 16, 285-288
know functions, 286
multiple integrals, 306-310
Newton-Cotes formulas, 290-297
nonequally spaced data, 288-289
packages, 315
programs for, 310-315
quadrature, 285
range of integration, 291
rectangle rule, 290-291
Romberg integration, 297-299
Simpson’s 1/3 rule, 293-295
Simpson’s 3/8 rule, 295-296
summary, 315-316
tabular data, 286
trapezoid rule, 291-293

Numerical integration, Numerical examples,
289, 292-293, 294-295, 298-299,
300-301,304-306, 306-310

Numerical integration, Numerical methods:
adaptive, 299-302
direct fit polynomial, 288-289
extrapolation, 297-299
Gaussian quadrature, 302-306
multiple integrals, 306-310
Newton-Cotes formulas, 290-297
Newton forward-difference polynomials,

290-297
Romberg integration, 297-299
Simpson’s 1/3 rule, 293-295
Simpson’s 3/8 rule, 295-296
trapezoid rule, 291-293

Objective of the book, 1
ODE:

acronym ODE, 323
boundary-value, 435-499
definition of, 323
initial-value, 335-433
stable, 341
unstable, 341

ODEs, Boundary-Value, Chapter 8, 435-499:
boundary conditions, 441
boundary conditions at infinity, 441,

465-466
definition of, 323, 330-332
derivative BCs:
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equilibrium method, 461-464
example problem, 458-459
shooting method, 459-461

Dirichlet boundary conditions, 441
eigenproblems, 480-482
equilibrium method, 438, 450-458
exact solution of, 440, 455
example problem, 436-437, 455
general features of, 439-441
higher-order ODEs, 440
introduction to, 436-439
linear second-order ODE, 439
linearization of, 472
mixed boundary conditions, 441
Neumarm boundary conditions, 441
nonlinear second-order ODE, 438, 440,

471-477
nonuniform grids, 477-480
packages, 488
programs for, 483-488
shooting method, 438, 441-449
summary, 441,488-490
systems of ODEs, 441

ODEs, Boundary-value, Equilibrium method:
boundary condition at infinity, 463-466

asymptotic solution, 466
finite domain, 465-466

boundary conditions, 441
compact three-point fourth-order method,

467-471
consistency, 450
convergence, 450
derivative boundary conditions,

461-464
eigenproblems, 480-482

approximate eigenvalues, 481-482
exact eigenvalues, 480-481
example, 481-482

extrapolation, 453-454
finite difference approximations, 450
finite difference grids, 450-451
five-point fourth-order method, 466-467
higher-order methods, 466-471
mixed boundary condition, 464
nonlinear boundary-value problems,

471-477
iteration, 471-474
Newton’s method, 474M77

order, 450
second-order boundary-value problem,

450-451
summary, 488-490

ODEs, Boundary-value, Equilibrium method,
Numerical examples, 451-458,
462-464, 470-471,473-480

ODEs, Boundary-value, Equilibrium method,
Numerical methods:

compact fourth-order method, 467-471
extrapolation, 453-454
five-point fourth-order method, 469
second-order method, 450-453

ODEs, Boundary-value, Shooting method:
advantages of, 488
boundary condition at infinity, 465-466

asymptotic solution, 466
finite domain, 465-466

boundary conditions, 441
concept, 441-442
consistency, 442
convergence, 442
derivative boundary conditions, 458-461,

464-466
disadvantages of, 489
extrapolation, 448-449
fourth-order Runge-Kutta method, 446-447
higher-order ODEs, 449
higher-order methods, 466
by iteration, 444447
mixed boundary condition, 464
nonlinear boundary-value problem, 471
order, 442
second-order boundary-value ODE,

442-449
second-order shooting method, 444-448
stability, 442
summary, 488-490
superposition of solutions, 447-448

ODEs, Boundary-value, Shooting method,
Numerical examples, 444-447,
447-448, 448-449, 460-461

ODEs, Boundary-value, Shooting method,
Numerical methods:

extrapolation, 448-449
implicit trapezoid method, 444-447
modified Euler method, 444
Runge-Kutta method, 446-447

ODEs, Initial-value, Chapter 7, 335-433:
consistency, 349, 359-361,364
convergence, 360, 363, 364
definition of, 323, 327-330
derivative function, 338
equivalence theorem for convergence, 363
error control, 390-391
error estimation, 390-391
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errors, 351-352
exact solution of, 340, 341
example problems, 327-330, 336-338,

398
extrapolation, 390-391
extrapolation methods, 378-381
families of solutions, 341-342
finite difference approximations, 347-349
finite difference equations, 349-350
finite difference girds, 346-347
finite difference method, 346-352
general features of, 340-343
general nonlinear first-order ODE, 338
higher-order ODEs, 342-343, 396-397

single-point methods, 364-378
introduction to, 327-330, 336-340
linear first-order ODE, 340-341
multipoint methods, 381-391
multistep methods, 382
multivalue methods, 382
nonlinear first-order ODE, 341-342
nonlinear implicit FDEs, 383-396

time linearization, 393-394
Newton’s method, 394-396

order, 359-361,364
packages, 413
programs for, 408-413
smoothness, 350
stability, 360, 361-363, 364
single-point methods, 364-378
single-step methods, 364
single-value methods, 364
stiff ODEs, 400-408
summary, 343, 414-416
summary of methods, 391-393
summary of results, 391-393
systems of, 343,397-400

ODEs, Initial-value, Numerical examples,
344-346, 354-355, 356-357,
366-368, 369-370, 374-376,
379-381,387-388, 393-394, 395,
398-400, 403, 404-405

ODEs, Initial-value, Numerical methods:
Adams methods, 383
Adams-Bashforth method, 383-385,

388-389
Adams-Bashforth-Moulton method,

387-388
Adams-Moulton method, 385-386,

389-390
Bulirsch-Stoer method, 381
explicit Euler method, 352-355

comparison to implicit Euler method,
357-359

extrapolated modified midpoint method,
378-381

extrapolation methods, 378-381
Gear’s methods, 407-408
Heun method, 368
implicit Euler method, 355-357

comparison to explicit Euler method,
357-359

implicit midpoint method, 365
implicit trapezoid method, 368
modified Euler method 368-370
modified midpoint method, 365-368
modified trapezoid method, 368
multipoint methods, 381-391
predictor-corrector methods, 249-251,

383-388
Runge-Kutta methods, 370-376
single-point methods, 364-378
summary, 414-416
systems of ODEs, 397-400
Taylor series method, 343-346

ODEs, Part II, 323-333:
auxiliary conditions, 324, 325
boundary-value ODEs, 325, 330-332
classification of ODEs, 325-326

boundary-value, 325
initial-value, 326

closed domain, 326
constant coefficient, 324
derivative function, 324
eigenproblems, 327
equilibrium problems, 327
examples:

heat conduction, 330-331
heat radiation, 328-329
laterally loaded beam, 331-332
rocket flight, 329-330

families of solutions, 325
forcing function, 324
general features of, 323-325
general first-order ODE, 325, 333
general second-order ODE, 325, 333
homogeneity, 324-325
initial-value ODEs, 325, 327-330
introduction to, 323, 330-332
linear, 324
nonlinear, 324
open domain, 325
order of, 324
physical problem classification, 326-327
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eigenproblems, 327
equilibrium, 326-327
propagation, 326-327

propagation problems, 327
source term, 324
summary, 332-333
systems of ODEs, 325
time-like coordinate, 327
time-like direction, 327
variable coefficient, 324

One-dimensional boundary-value problems
(see ODEs, Boundary-value)

One-dimensional initial-value problems (see
ODEs, Initial-value)

One-sided difference formulas, 268
Open domain:

for ODEs, 326
for PDEs, 512, 513

Open domain methods (see Nonlinear
equations, Roots of)

Opposite extreme eigenvalue, 95-97
Optimum over-relaxation factor, 65-67

effect of grid aspect ratio on, 549
for five-point method, 549-550

Order:
of difference formulas, 267
of FDAs of botmdary-value ODEs, 442,

450
of FDAs of elliptic PDEs, 535, 545
of FDAs of initial-value ODEs, 359-361,
of FDAs of parabolic PDEs, 605-606
of ODEs, 324
of PDEs, 503

Ordinary differential equations (see ODEs)
Organization of the book, 2
Over-relaxation (see

Successive-over-relaxation)
Over-relaxation factor, 65-67

for the five-point method, 548-550
optimum value of, 65-67, 549

Overshoot, 358

Packages:
boundary-value ODEs, 488
eigenproblems, 118
elliptic PDEs, 580
finite element method, 769
hyperbolic PDEs, 701
initial-value ODEs, 413
nonlinear equation, roots of, 179
numerical differentiation, 278-279
numerical integration, 315

parabolic PDEs, 645
polynomial approximation, 241-242
systems of linear algebraic equations, 118

Parabolic PDEs, Chapter 10, 587-650:
asymptotic steady-state solutions, 637-639
backward-time centered-space (BTCS)

method, 614-619
consistency, 605-606
convection-diffusion equation, 522,

629-637
convergence, 610-111
Crank-Nicolson method, 619-623
definition of, 505
diffusion equation, 519
the finite difference method for, 593-599
forward-time centered-space (FTCS)

method, 599-605
general features of, 512-515, 591-593
introduction to, 587-591
order, 605-606
packages, 645
programs for, 639-645
stability, 605-610
summary, 645-646

ParabolicPDEs, Convection-diffusion
equation (see Convection-diffusion
equation)

ParabolicPDEs, Diffusion equation (see
Diffusion equation)

Part I, Basic Tools of Numerical Analysis,
11-16

Part II, Ordinary Differential Equations,
323-333

Part III, Partial Differential Equations,
501-526

Partial differential equations (see PDEs)
Partial pivoting, 36
Particular solution of ODEs, 340-341,440
PASCAL, 3
Path of propagation (see Propagation path)
Pathline, 506, 656

for the convection equation, 506
for the convection-diffusion equation, 522

PDE, acronym, 501
PDEs, Examples of:

convection equation (see Chapter 11)
convection-diffusion equation (see

Chapter 10)
diffusion equation (see Chapter 10)
Laplace (Poisson) equation (see Chapter 9)
wave equation (see Chapter 11)

PDEs, Part III, 501-526:
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auxiliary conditions, 524-525
boundary conditions, 524
Cauchy problem, 525
characteristic curves (paths), 505-506, 509,

510, 513, 514, 520, 522, 526
characteristic equation, 506, 507, 520, 522
classification of PDEs, 504-511
classification of physical problems,

511-516
closed domain, 511
compatibility equation, 507
complex characteristics, 510
conic sections, 505
convection equation (see Convection

equation)
convection-diffusion equation (see

Convection-diffusion equation)
definition of PDE, 502
diffusion equation (see Diffusion equation)
Dirichlet BC, 524
discontinuous derivatives, 506-507
discriminant of PDEs, 505, 510, 517, 519,

522, 523
domain of dependence, 508

elliptic PDEs, 508, 512, 518, 531
hyperbolic PDEs, 508, 523, 655, 657
parabolic PDEs, 508, 520, 592, 593

eigenproblems, 515-516
elliptic PDEs, 505, 516-519
equilibrium problems, 511
examples

acoustic wave propagation, 514-515,
520-523

convection, 506, 521
steady heat diffusion, 512, 516-517
unsteady heat diffusion, 513, 519

general features of, 502-504
general features, table of, 516
general quasilinear first-order PDE, 504,

508-509
general quasilinear second-order PDE, 504,

507-508
general system of quasilinear first-order

PDEs, 504, 509-510
homogeneity, 503
hyperbolic PDEs, 505, 511, 520-523
information propagation path, 510, 518,

520, 523
information propagation speed, 510, 520,

523
initial values, 524-525
initial-value problem, 512

introduction to, 501-502
jury problem, 511
Laplace equation (see Laplace (Poisson)

equation)
linear PDE, 503
mixed BC, 524
Neumann BC, 524
nonhomogeneous term, 50
nonlinear PDE, 503
open domain, 512
order of a PDE, 503
parabolic PDEs, 505, 511,519-520
path of propagation, 506, 510-511
pathline, 506
physical problem classification, 511-516
Poisson equation (see Laplace (Poisson)

equation)
propagation problems, 511,512-515
range of influence, 508

elliptic PDEs, 509, 510-511
hyperbolic PDEs, 510, 523
parabolic PDEs, 510, 520

space-like coordinate, 513
substantial derivative, 521
summary, 526
systems of PDEs, 504
time-like coordinate, 513
types of PDEs, 504-511
variable coefficient, 503
wave equation (see Wave equation)
well posed problems, 525

Peaceman, D.W, 618, 627
Peclet number, 632
Pendulum applied problems, 432
Physical information propagation speed, 454,

455
Physical problems governed by ODEs:

classification of, 326-327
eigenproblems, 326-327
equilibrium problems, 326-327
propagation problems, 326-327

Physical problems governed by PDEs,
511-515

classification of, 511-515
eigenproblems, 514-515
equilibrium problems, 512
propagation problems, 512-514

Piecewise approximation for interpolation, 221
Pitfalls of elimination methods, 52-59
Pitfalls of root finding methods, 150, 167-169
Pivoting, 36-37
Poisson equation, 503, 518, 530, 552-556
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five-point method for, 554-555
numerical example, 555-556

Polishing roots, 149, 157
Polynomial approximation, Chapter 4,

187-250:
approximate fits, 189
approximating functions, 188-190
Bessel polynomial, 216
cubic splines, 221-225
difference polynomials, 211-216
difference tables, 208-210
differentiation, 251-284
direct fit polynomials, 197-198
direct fit multivariate polynomials,

218-220
divided difference polynomials, 204,

206-208
divided difference tables, 204-206
exact fits, 189
general features of, 188-190
integration, 285-321
interpolation, 187-250
introduction to, 14, 188-199
inverse interpolation, 217-218
Lagrange polynomials, 198-204
least squares polynomials (see Least

squares approximation), 225-234
multivariate polynomials, 218-220
Neville’s algorithm, 201-204
Newton backward-difference polynomials,

211-213
Newton forward-difference polynomials,

213-215
properties of polynomials (see

Polynomials, Properties of)
programs for, 235-241
Stifling polynomial, 216
successive univariate polynomials,

218-220
summary, 242-243

Polynomial approximation, Numerical
examples, 197-198, 200-201,
203-204, 207-208, 212-213,
214-215, 217-218, 219-220, 220,
223-225, 227-228, 230-231,
232-233

Polynomial deflation, 195-196
Polynomial interpolation (see Polynomial

approximation)
Polynomials, Properties of, 190-196

deflation, 195-196
differentiation of, 193, 194-195

division algorithm, 194
error term, 192
evaluation of, 194-196
factor theorem, 194
general form of, 190
Homer’s algorithm, 194
integration of, 193
nested multiplication, 194, 195-196
remainder theorem, 194
synthetic division, 195-196
Taylor polynomial, 192

remainder term, 192
Polynomial roots of, 155-167

Bairstow’s method, 164-167
Descartes’ rule of signs, 156-157
ill-conditioned polynomials, 157
introduction to, 155-158
Newton’s method for complex roots,

162-163
Newton’s method for multiple roots,

160-162
basic method, 160
modified function method, 160
multiplicity method, 160

Newton’s method for simple roots,
158-163

polynomial deflation, 159-160
quadratic formula, 156
rationalized quadratic formula, 156
root polishing, 157
summary, 167

Population growth applied problems, 429, 432
Power method (see Eigenproblems, power

method)
basis of, 91-92
direct power method, 90-91
inverse power method, 92-95
shifted power method, 95-101

Power series, 7-8
Precision, 4

double, 5
single, 5
quad, 5

Predictor-corrector methods for ODEs:
Adams-Bashforth-Moulton method,

383-388
modified Euler method, 368-370

Press, W.H., 7, 75, 111, 169, 179, 222, 242,
279, 315,413,488

Program, main, 3
Programs, general philosophy of, 3
Programming languages, 3
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Programs:
boundary-value ODEs, 483-488

fourth-order Runge-Kutta shooting
method, 483-486

second-order equilibrium method,
486-488

convection equation, 691-701
BTCS method, 699-701
Lax method, 692-694
Lax-Wendroff one-step method,

694-695
MacCormack method, 695-697
upwind method, 697-699

eigenvalues, 112-118
direct power method, 112-114
inverse power method, 115-118

finite element method, 759-769
boundary-value ODEs, 760-763
diffusion equation, 766-769
Laplace (Poisson) equation, 763-766

initial-value ODEs, 408-413
extrapolated modified midpoint method,

410-412
fourth-order Adams-Bashforth-Moulton

method, 412-413
fourth-order Runge-Kutta method,

408-410
Laplace (Poisson) equation, 575-580

five-point method, Dirichlet BCs,
575-577

five-point method Neumann BCs,
577-579

Poisson equation, 579-580
nonlinear equations, roots of, 173-179

Newton’s method, 173, 174-176
secafit method, 173, 176-177
systems of equations, 173, 177-179

numerical differentiation, 273-278
direct fit polynomial, 273-274
divided difference polynomial, 276
Lagrange polynomial, 275
Newton forward-difference polynomial,

277-278
numerical integration, 310-315

Romberg integration, 313-315
Simpson’s 1/3 rule, 312-313
trapezoid rule, 310-312

parabolic PDEs, 639-645
BTCS method, 642-643
Crank-Nicolson method, 643-645
FTCS method, 640-642

polynomial approximation, 235-241

direct fit polynomial, 235-236
divided difference polynomial, 238
Lagrange polynomial, 237
least squares polynomial, 240-241
Newton forward-difference polynomial,

239
systems of linear algebraic equations,

67-75
Doolittle LU factorization, 69-71
simple Gauss elimination, 67-69
successive-over-relaxation (SOP.),

73-75
Thomas algorithm, 71-73

Projectile applied problems, 431,432
Propagation path, 510-511

for the convection-diffusion equation, 523
for the convection equation, 506
for the Laplace equation, 518

Propagation problems:
ODEs, 326
PDEs, 510, 512-514

Propagation problems for hyperbolic PDEs
(see Convection equation)

Propagation problems for hyperbolic PDEs
(see Wave equation)

Propagation problems for parabolic PDEs (see
Diffusion equation)

Propagation problems for parabolic PDEs (see
Convection-diffusion equation)

Propagation problems for PDEs, General
concepts:

asymptotic steady state solutions, 637-639
consistency, 605-606
convection, general features of, 655-657
convergence, 605, 610-611
diffusion, general features of, 592-593
domain of dependence, 592, 655-656, 657
exact solutions for

convection, 652-653, 656
diffusion, 587-589

explicit methods, 594-595, 599, 657
finite difference approximations, 597-598,

658-659
space derivatives, 598
time derivatives, 597-598

finite difference equations, 599
finite difference grids, 596, 658
fundamental considerations, 591-596,

657-658
implicit methods, 594-595, 599, 657
implicit numerical diffusion, 664-665
implicit numerical dispersion, 664-665
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information propagation speed, numerical,
594, 595

information propagation speed, physical,
592, 595, 655

introduction to, 587-591,651-655
Lax equivalence theorem, 610
modified differential equation (see MDEs)
order, 605-606
range of influence, 592, 655-656
stability, 606-610
summary, 645~i46, 701-702

Propagation problems for PDEs, Stability
analysis, 606-610:

amplification factor, 607
definition of, 605
discrete perturbation method, 607
examples, 609q510, 612, 615, 620, 633,

636, 660, 662, 666~567, 674,
679, 688-689

Fourier components, 608
Fourier series, 608
matrix method, 607
methods of, 607
nonlinear instability, 607
von Neumann method, 607~510
wave number, 608

Pseudocode, 3

QD method (see Quotient-Difference method)
QR factorization, 105
QR method for eigenprohlems, 104-109
Quad precision, 5
Quadrilateral elements, FEM, 740-741
Quadratic convergence, 149
Quadratic formula, 156

rationalized, 153, 156
Quadrature (see Numerical integration):

definition of, 285-286
introduction to, 16

Quasilinear PDE, definition of, 504
Quotient-Difference method, 169

Rabinowitz, P., 111, 169
Rachford, H.H., 618, 627
Radiation heat transfer problem, 336-338
Ralston, A., 111, 169
Range of influence:

convection equation, 506, 656
definition of, 508
diffusion equation, 520
Laplace equation, 518
wave equation, 523

Range of integration, 291
Rao, S.S., 713
Rationalized quadratic formula, 153, 156
Rayleigh-Ritz approach to FEM, 727-734

element equation, 728
functional, 727
nodal equation, 728, 731
numerical example, 731-732, 732-734

Rayleigh-Ritz method, 438, 714-719
basis of, 716
for boundary-value problems, 717-718
numerical example, 718-719
steps in, 716

Reaction(chemical) rate applied problem,
249-250

Real characteristics, 511
Refining a root, 129, 133
Rectangular elements, FEM, 740-741
Reddy, J.N., 713
Redundant set of equations, 19
Regula falsi method (see False position

method)
Relative error, 62
Relaxation (Southwell) method, 
Relaxation factor (see Over-relaxation factor)
Remainder term of Taylor polynomial, 348
Remainder theorem for polynomials, 194
Residual in linear system iterative methods,

60, 63, 65
Residual methods for ODEs, 719, 721
Rice, J.R., 111
Richardson, L.E, 611
Richardson method:

diffusion equation, 611~512
parabolic PDEs, 611

Richtmyer, R.D., 665, 668
Richtmyer method (see Lax-Wendrofftwo-step

method)
Rocket, vertical flight of, 328-329, 336-337,

396, 398-400
Romberg integration, 297-299
Roots of nonlinear equations (see Nonlinear

equations, Roots of)
Roots, types of, 133
Root finding (see Nonlinear equations, Roots

o0
Roots of polynomials (see Polynomials, Roots

of~
Round-off effect on difference tables, 210
Round-off error, 5, 52-54, 351-352
Rounding, effects of, 210
Row operations for linear systems, 28, 32
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elimination, 28
pivoting, 28
scaling, 28

Row vector, 22
Runge-Kutta methods, 370-378

basic concept, 370-371
error control, 376-378
error estimation, 376-378
fourth-order method, 372-376

program for, 408-410
Runge-Kutta-Fehlberg method, 377-378
Runge-Kutta-Merson method, 421
second-order method, 371-372
third-order method, 420

Runge-Kutta-Fehlberg method, 377-378
Runge-Kutta-Merson method, 421

Scaling, 37
Scaled pivoting, 37-39
Schnabel, R.B., 173
Secant to a curve, 150
Secant method (see Nonlinear equations,

Roots of)
Shape functions for FEM, 735, 742-744, 753

one-dimensional, 726-727, 735
two-dimensional, 742-744

Sharp comer expansion applied problem, 73
Shifted matrix, 95
Shifted power method, 95-101

to accelerate convergence, 99-101
for intermediate eigenvalues, 97-99
for opposite extreme eigenvalue, 95-97

Shifting eigenvalues, 95
Shooting method for boundary-value ODEs

(see ODEs, Boundary-value,
Shooting method)

Significant digits, 4
Similarity transformations, 104
Simple elimination, 35
Simple root, 133-134
Simpson’s 1/3 role, 293-295
Simpson’s 3/8 role, 295-296
Simultaneous linear algebraic equations (see

Systems of linear algebraic
equations)

Single-point methods, 364-378
error estimation for, 376-377
fourth-order Runge-Kutta method, 372-376
implicit midpoint method, 364-365
implicit trapezoid method, 368
modified Euler method, 368-370
modified midpoint method, 365-368

modified trapezoid method, 368
Runge-Kutta methods, 370-376
second-order methods, 364-370
second-order Runge-Kutta method,

371-372
Single-step methods for ODEs, 364
Single-value methods for ODEs, 364
Singular determinant, 30
Singular matrix, 30
Size of a matrix, 22
Smith, B.T. et al., 111
Smoothly varying problems, 350
Smoothness, 350

nonsmoothly varying problems, 350
smoothly varying problems, 350

Sol.are packages, 6-7
Excel, 6
Macsyma, 6
Maple, 6
Mathematica, 6
Mathcad, 6
Matlab, 7

Solutions Manual, 4
SOR (see Systems of linear algebraic

equations, SOR)
Source terms, 324, 503
Southwell, R.V., 64
Southwell’s relaxation method, 64-65
Space marching initial-value problem, 327,

343
Spacelike coordinate, 512-513
Sparse matrix, 24
Speed of propagation, 510

for the convection equation, 506
for the diffusion equation, 520
for the wave equation, 522

Specific heat of air, 228, 230
Spherical coordinates, 563
Spline. 221
Spring-mass system:

dynamic, 87-88
static, 18-19

Square matrix, 23
Stability analysis of ODEs, 360-364

amplification factor G, 361
conditional stability, 359
definition of, 360
explicit Euler method, 363
fourth-order Adams-Bashforth method,

386-387
fourth-order Runge-Kutta method, 374
implicit Euler method, 363
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linear ODEs, 362
model equation, 362
modified Euler method, 366
nonlinear ODEs, 361-362
procedure, 362
stable FDE, 361
summary, 364
unconditional, stability, 359
unstable FDE, 361

Stability analysis of PDEs, discrete
perturbation method, 607

Stability analysis of PDEs, matrix method, 607
Stability analysis of PDEs, von Neumann

method, 607-610
amplification factor G, 607
convection equation

BTCS method, 679
FTCS method, 660
Lax method, 662
Lax-Wendroff one-step method,

666-667
upwind (first-order) method, 674
upwind (second-order) method, 676

convection-diffusion equation
BTCS method, 636
FTCS method, 633-634

diffusion equation
BTCS method, 615
Crank-Nicolson method, 620
DuFort-Frankel method, 613
FTCS method, 609-610
Richardson method, 612

Fourier components, 608
nonlinear instabilities, 607
procedure, 608
wave equation

Lax-Wendroff one-step method,
688-689

Stable ODE, definition of, 341,351
Stefan-Boltzmann constant, 327, 430
Stefan-Boltzmann law of radiation, 327
Steffensen’s method, 145
Stegun, I.A., 290, 296, 303
Stencils (see Finite difference stencils)
Step size control, 376-378, 390-391
Stewart, G.W., 111
Stiff initial-value ODEs, 400-408

definition of stiffness, 400-401
explicit Euler method, 403-404
Gear method, 407-408
higher-order implicit methods, 407-408
implicit Euler method, 403,405-406

model ODE, 402-403
single first-order ODE, 401-406
stiffness ratio, 406
systems of first-order ODEs, 406-407

Stirling centered-difference polynomial, 216
Stoer, J., 381
Straight line approximation, least squares,

227-228
Stmng, G., 104, 111,713
Substantial derivative, 521
Successive-over-relaxation (see System of

linear algebraic equations, SOR)
Successive univariate polynomials, 218-220
Successive univariate interpolation, 218-220
Summation convention, 28
Superposition of linear boundary-value ODE

solutions, 447-448
Symmetric matrix, 24
Synthetic division algorithm for polynomials,

195-196
System condition, 54-55
System equation:

for BTCS method, 546, 616, 680
for Crank-Nicolson method, 620-621
for eigenproblems, 83
for finite element methods, 724, 728

Systems of:
first-order initial-value ODEs, 343
linear algebraic equations (see Systems of

linear algebraic equations)
ordinary differential equations (ODEs), 325
partial differential equations (PDEs), 504
second-order boundary-value ODEs, 441

Systems of linear algebraic equations,
Chapter 1, 17-80:

accuracy, 61-62
back substitution, 32-33
block tridiagonal system, 52
consistent system, 19
convergence, 62-63
defmition of, 19
diagonal dominance, 59
direct elimination methods, 20, 30-52
elimination, 32-35
elimination methods, 32-39
errors, 62
example, 18-19
Gauss elimination, 39-40
Gauss-Jordan elimination, 41-42

for matrix inverse, 42
Gauss-Seidel iteration, 63-64
homogeneous system, 19
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in eigenproblems, 84-86
ill-conditioned systems, 52-59
inconsistent system, 19
introduction to, 11, 18-21
iterative methods, 20, 59-67
Jacobi method, 59-61
matrix notation for, 27
methods of solution, 20

direct elimination, 20
iterative, 20

multiple b vectors, 36
pivoting, 36-37
programs for, 67-75
redundant system, 19
relaxation (Southwell), 
residual, 60, 63, 65

¯ row operation, 28
scaled pivoting, 37-39
scaling, 37-39
simple elimination, 35
solution possibilities, 19
SOR (see successive-over-relaxation)
successive-over-relaxation, 64-67
summary, 76-77
trivial solution, 19
unique solution, 19

Systems of linear algebraic equations,
Numerical examples, 31-32, 34-35,
35, 36, 37, 38-39, 41-42, 42, 43,
44-45, 46-47, 48, 50-51, 52-54,
54-55, 57-58, 60-61, 64, 66

Systems of linear algebraic equation,
Numerical methods:

Cramer’s rule, 31-32
Crout LU factorization, 45
direct elimination methods, 20, 30-45
Doolittle LU factorization, 45-48
elimination methods, 32-39
Gauss-elimination, 39-40
Gauss-Jordan elimination, 41-42

for finding matrix inverse, 42
for solving linear systems, 41-42

Gauss-Seidel method, 63-64
iterative methods, 20, 59-67
Jacobi method, 59-61
LU factorization, 45-48
matrix inverse method, 43
matrix inversion, 42
multiple b vectors, 36
operation counts, 40, 41, 43, 47, 51,

542-543
relaxation (Southwell), 64-65

simple elimination, 35
successive-over-relaxation (SOR), 64-67,

548-550
optimum over-relaxation factor, 67, 549
over-relaxation factor, 65-67, 548-549

Thomas algorithm, 49-52
tridiagonal systems, 49-52

block tridiagonal systems, 52
definition of, 49
LU factorization, 51
Thomas algorithm, 49-51

Systems of nonlinear equations, 169-173
multidimensional minimization, 173
Newton’s method, 170-173

Tangent method, 146
Taylor, R.L., 713
Taylor formula, 8, 535
Taylor polynomial, 7, 8, 34, 182

remainder term, 348
truncation error, 348

Taylor series, 7, 192
in consistency analysis, 349
difference formulas from, 264-270
one independent variable, 8
remainder term, 8
two-independent variables, 9

Taylor series method for ODEs, 353-346
Temperature gradient applied problem, 284
Teukolsky, S.A. (see Press, W.H.)
Thermal diffusivity, 519
Thomas, L.H., 49
Thomas algorithm, 49-52
Thompson, J.E, 570
Three-dimensional problems for elliptic PDEs,

571
Time linearization:

boundary-value ODEs, 393-394
nonlinear parabolic PDEs, 626-627

Time marching initial-value ODEs, 327, 343
Timelike coordinate, 327, 343, 513
Timelike direction, "327, 512
Timoshenko, S., 331
Transcendental equations, 129
Transformation metrics, 569
Transformed spaces, 563, 566, 568-570
Transpose matrix, 24
Trapezoid method for ODEs, 364, 368
Trapezoid rule (see Numerical integration)
Trial functions:

collocation method, 719
finite element method, 724
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Galerkin weighted residual method, 721
Rayleigh-Ritz method, 716

Triangular elements, FEM, 740-741
Triangular matrix, 23

lower triangular, 23
upper triangular, 23

Tridiagonal matrices, 24, 49-52
block tfidiagonal, 52

Tridiagonal system of equations, 49-51
block tridiagonal, 52
definition of, 49
LU factorization, 51
numerical example, 50-51
Thomas algorithm, 49-52

Trivial solution, 19
Truncation error:

definition of, 351
of difference formulas, 267
of PDE approximations, 535
of ODE approximations, 351
of Taylor polynomial, 348

Unconditional stability, 359
BTCS method, 616, 679
Crank-Nicolson method, 620
implicit Euler method, 357-359

Undamped natural frequency, 82
Under-relaxation, 65
Unequally spaced data:

differentiation of, 254-257
fitting polynomials to, 197-208
integration of, 288-289, 292
interpolation of, 197-208

Unique solution of a linear system, 19-20
Uniqueness theorem for polynomials, 192
Unit vector, 22
Unstable ODE, definition of, 341,351
Upper triangular matrix, 23
Upwind methods, 673-677

first-order upwind method, 673-675
amplification factor G, 674
finite difference equation, 673
finite difference stencil, 673
modified differential equation, 673
numerical example, 674-675
stability analysis, 674

second-order upwind method, 675-677
amplification factor G, 676
finite difference equation, 675
finite difference stencil, 676
modified differential equation, 676
numerical example, 676-677

stability analysis, 676

Variable-area channel applied problems, 186,
430-431

Variable-area passage applied problems, 186,
430-431

Variation, calculus of variations, 715
van der Waal equation applied problem, 185
Variable grid spacing (see Nonuniform grids)
Vectors:

column vector, 22
definition of, 22
orthogonal vectors, 22
row vector, 22
unit vector, 22

Velocity distribution applied problem, 498
Velocity gradient applied problem, 283
Vettefling, W.T., (see Press, W.H.)
Vibrating masses, 81-83
Vibration of a machine applied problem, 431
yon Neumann method (see Stability analysis,

von Neumann method)

Wanning, R.E, 544
Warsi, Z.U.A., 570
Wasow, W., 545
Wave equation, 502, 520-523, 526, 683-691

auxiliary conditions, 683
characteristics concepts, 686-687
classification of, 522
coupled convection equations, 523, 685
d’Alembert solution of, 684
derivation of, 520-522
example problem, 684-686
general features of, 683-686
introduction to, 502, 520-523, 653,

683-686
numerical example, 689-690

Wave equation, Numerical methods:
flux-vector-splitting methods, 690-691
Lax-Wendroff one-step method, 687-690

amplification matrix G, 688
finite difference equations, 688
modified differential equation (MDE),

688
numerical example, 689-690
stability analysis, 688-689

Wave number, 608
Wave propagation speed, 653
Wavelines, 657
Weierstrass approximation theorem, 191
Weighting factors for FEM, 734, 746, 755
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Weighted residuals, 721
Weighted residual integral, 725, 734, 744, 754

boundary-value ODE, 722, 734
diffusion equation, 754
Laplace (Poisson) equation, 754

Weighting factors (functions), 721
boundary-value problems, 722, 735
diffusion equation, 755
Laplace equation, 746

Well-conditioned problem, 54
Well-posed problems, 525
Wendroff, B., 665, 668, 687
Wheatley, P.O., 165, 222
Wilkinson, J.H., I 11

Zienkiewicz, O.C., 7J3
Zeros (see Nonlinear equations, Roots of)
Zucrow, M.J., 186, 430, 521
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